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PEE FACE 

It  is  probable  that  almost  every  teacher  of  advanced  calculus  feels  the 
need  of  a  text  suited  to  present  conditions  and  adaptable  to  his  use.  To 
write  such  a  book  is  extremelj'  difficult,  for  the  attainments  of  students 
who  enter  a  second  course  in  calculus  are  different,  their  needs  are  not 
uniform,  and  the  viewpoint  of  their  teachers  is  no  less  varied.  Yet  in 
view  of  the  cost  of  time  and  money  involved  in  producing  an  Advanced 
Calculus,  in  proportion  to  the  small  number  of  students  who  will  use  it, 
it  seems  that  few  teachers  can  afford  the  luxury  of  having  their  own 
text ;  and  that  it  consequently  devolves  upon  an  author  to  take  as  un- 
selfish and  unprejudiced  a  view  of  the  subject  as  possible,  and,  so  far  as 
in  him  lies,  to  produce  a  book  which  shall  have  the  maximum  flexibility 
and  adaptability.  It  was  the  recognition  of  this  duty  that  has  kept  the 
present  work  in  a  perpetual  state  of  growth  and  modification  during 
five  or  six  years  of  composition.  Every  attempt  has  been  made  to  write 
in  such  a  manner  that  the  individual  teacher  may  feel  the  minimmu 
embarrsissment  in  picking  and  choosing  what  seems  to  him  best  to  meet 
the  needs  of  any  particular  class. 

As  the  aim  of  the  book  is  to  he  a  working  text  or  laboratory  manual 
for  classroom  use  rather  than  an  artistic  treatise  on  analysis,  especial 
attention  has  been  given  to  the  preparation  of  numerous  exercises  which 
should  range  all  tlie  way  from  those  which  require  nothing  but  substi- 
tution in  certain  formulas  to  those  which  embody  important  results 
withheld  from  the  text  for  the  purpose  of  leaving  the  student  some 
vital  bits  of  mathematics  to  develop.  It  has  been  fully  recognized  that 
for  the  student  of  mathematics  the  work  on  advanced  calculus  falls  in 
a  period  of  transition,  —  of  adolescence,  —  in  which  he  must  grow  from 
close  reliance  upon  his  book  to  a  large  reliance  upon  himself.  More- 
over, as  a  course  in  advanced  calculus  is  the  ultima  Thide  of  the 
mathematical  voyages  of  most  students  of  physics  and  engineering,  it 
is  appropriate  that  the  text  placed  in  the  hands  of  those  who  seek  that 
goal  should  by  its  method  cultivate  in  them  the  attitude  of  courageous 
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explorers,  and  in  its  extent  supply  not  only  their  immediate  needs,  but 
much  that  may  be  useful  for  later  reference  and  independent  study. 

With  the  large  necessities  of  the  physicist  and  the  growing  require- 
ments of  the  engineer,  it  is  inevitable  that  the  great  majority  of  our 
students  of  calculus  should  need  to  use  their  mathematics  readily  and 
vigorously  rather  than  with  hesitation  and  rigor.  Hence,  although  due 
attention  has  been  paid  to  modern  questions  of  rigor,  the  chief  desire 
has  been  to  confirm  and  to  extend  the  student's  working  knowledge  of 
those  great  algorisms  of  mathematics  which  are  naturally  associated 
with  the  calculus.  That  the  compositor  should  have  set  "vigor"  where 
"rigor"  was  written,  might  appear  more  amusing  were  it  not  for  the 
suggested  antithesis  that  there  may  be  many  who  set  rigor  where  vigor 
should  be. 

As  I  have  had  practically  no  assistance  witli  either  the  manuscript 
or  the  proofs,  I  cannot  expect  that  so  large  a  work  shall  be  free  from 
errors ;  I  can  only  have  faith  that  such  errors  as  occur  may  not  prove 
seriously  troublesome.  To  spend  upon  this  book  so  much  time  and 
energy  which  could  have  been  reserved  with  keener  pleasure  for  vari- 
ous fields  of  research  would  have  been  too  great  a  sacrifice,  had  it  not 
been  for  the  hope  that  I  might  accomplish  something  which  should  be 
of  material  assistance  in  solving  one  of  the  most  difficult  problems  of 
mathematical  instruction,  —  that  of  advanced  calculus. 

EDWIN  BIDWELL  WILSON 

Massachusetts  Institute  of  Technology 
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A1)VA]N^CED  CALCULUS 

INTRODUCTORY  REVIEW 

CHAPTER  I 

REVIEW  OF  FUNDAMENTAL  RULES 

1.  On  differentiation.  If  the  function  f{x)  is  interpreted  as  the 
curve  //  =f (.!■)*  the  quotient  of  the  increments  Ay  and  Aj-  of  the 
dependent  and  independent  variables  measured  from  (.r^,  y^  is 


Aj-  Aj;  \x 


and  represents  the  slujie  of  the  secant  through  the  points  P  (x  ,  ij  )  and 
P'(:r^  +  Xr,  >/^  + Ai/)  On  the  curve.  The  limit  approached  by  the  quo- 
tient Aiji'Xj:  when  P  remains  iixed  and  Aa;  =  0  is  the  slope  of  the 
tangent  to  the  curve  at  the  point  P.    This  limit, 


lim^=lim-^'(^°  +  y--^'(-o)^/'K), 


I  Aa;      Ai=o  Ax 


(2) 


is  called  the  dericntioe  of  fix)  for  the  value  x  =  j-  .  As  the  derivative 
may  be  computed  for  different  points  of  the  curve,  it  is  customary  to 
speak  of  tlie  derivative  as  itself  a  function  of  x  and  write 

lim^^lim/(-  +  ^^)-.^(-)  =/'(.,.)■  (3) 

There  are  numerous  notations  for  the  derivative,  for  instance 

•  Here  and  throughout  the  work,  where  figures  are  not  given,  the  reader  should  draw- 
graphs  to  illustrate  the  statements.  Training  in  making  one's  own  illustrations,  whether 
graphical  or  analytic,  is  of  great  value. 

1 


2  INTEODUCTOKY  EEVIEW 

The  first  five  show  distinctly  that  the  independent  variable  is  a;,  whereas 
the  last  three  do  not  explicitly  indicate  the  variable  and  should  not  be 
used  unless  there  is  no  chance  of  a  misunderstanding. 

2.  The  fundamental  formulas  of  diiierential  calculus  are  derived 
directly  from  the  application  of  the  definition  (2)  or  (3)  and  from  a 
few  fundamental  propositions  in  limits.    First  may  be  mentioned 

d^  ^  df-''  (y)  _    1    _  1 

dy  dy  df(x)       dy 

dx         dx 
D(u±v)  =  Du±Dv,  D(uv)  =  tiDi-  +  vDii.  (6) 


(5) 


K;)- 


Du  —  uDv  « 


D(x")  =  nx''-^  (7) 

It  may  be  recalled  that  (4),  which  is  the  rule  for  differentiating  a  function  of  a 

function,  follows  from  the  application  of  the  theorem  that  the  limit  of  a  product  is 

A2       Az  Ay 

the  product  of  the  limits  to  the  fractional  identity  —  = ;  whence 

Ax      Ay  Ax 

,.      Az        ,.       Az  Ay        ,.     i^      1-       ^y 

lim  — =   lim lim  — =   limt lim  — , 

Aa:=oAa;      Ax~oAy   Ai±oAx      ii/===o  Ay   Ai=s=oAa; 

which  is  equivalent  to  (4).  Similarly,  if  y  =f(i)  and  if  x,  as  the  inverse  function 
of  y,  be  written  z=f-'^(y)  from  analogy  with  y  =  sinx  and  i  =  sin-'2/,  the 
relation  (5)  follows  from  the  fact  that  Ax/ Ay  and  Ay /Ax  are  reciprocals.  The  next 
three  result  from  the  immediate  application  of  the  theorems  concerning  limits  of 
sums,  products,  and  quotients  (§  21).  The  rule  for  differentiating  a  power  is  derived 
in  case  n  is  integral  by  the  application  of  the  binomial  theorem. 

Ay      (x  +  Ax)"  —  X"  ,       n{n  —  l) 

Ax  Ax  2 !  T         -r  \      ;       , 

and  the  limit  when  Aa;=0  is  clearly  nx"-^.   The  result  may  be  extended  to  rational 

p  E 

values  of  the  index  n  by  writing  n  =  —  >  y  =  xi,  yi  =  xp  and  by  differentiating 

both  sides  of  the  equation  and  reducing.  To  prove  that  (7)  still  holds  when  n  is 
irrational,  it  would  be  necessary  to  have  a  workable  definition  of  irrational  numbers 
and  to  develop  the  properties  of  such  numbers  in  greater  detail  than  seems  wise  at 
this  point.  The  formula  is  therefore  assumed  in  accordance  with  the  principle  of 
permanence  of  form  (§  178),  just  as  formulas  like  a'^a"  =  a"'  +  "  of  the  theory  of 
exponents,  which  may  readily  be  proved  for  rational  bases  and  exponents,  are 
assumed  without  proof  to  hold  also  for  irrational  bases  and  exponents.  See,  how- 
ever, §§  18-26  *nd  the  exercises  thereunder. 

*  It  is  frequently  better  to  regard  the  quotient  as  the  product  u  ■  ii-i  and  apply  (6). 
t  For  when  ii  =  0,  then  At/  =  0  or  Ay/Ai  could  not  approach  a  limit. 


in; 
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3.   Sc'oiiul  Ilia}-  \u'.  mentioned  the  formulas  foi-  tliu  derivatives  (if  I  lie 
;oii'inii>tilr.  and  the.  inverse,  tvigonoinetric  fimotions. 

D  sin  -T  =  eos  .r,                      D  ens  r  =  -   sin  .r,  ^8^ 

/J  sin  a.  =  sin  (x  +  4  tt),     />  cosr  =  cos(.r  +  J  tt),  (8') 

D  tan  X  —  sec'a-,                   D  cot  a-  =  —  osc'a-,  (9) 

D  sec  X  =  sec  x  tan  a-,          /)  esc  .<•  =  —  esc  a:  cot  x,  (1  Oj 
/>  vers  a- =  sin  a-,     wlierc       versa- =  1  —  ('osx  =  2  sin'' J  j-,   (]]) 

,                ±1                                1"+  ill  iiuadraiits      I,  IV,  ,.„. 


J)  c.os^'x  = 


7;tiin-ix=- :.,  T)cot-'x  =  —  - r,>         (14) 

1_LV.!  .  1  +  x'  ^      ' 


Vl-^- 

±1 

Vl-a;" 

1 
±1 

±1 

a;Va:^-l 
±1 

f  —  ill  quadrants     I,    II,         .^  „, 
1  +  "         "         III,  IV,       ^^•'^> 


D  sec-' a:  = ^ >  /  +  '"  q"adniiits     I,  III,         . 

\-   "  "  II,  IV,        '^      > 

/>esc-'x  = P—,  f  -  in  quadrants     1,111, 

~-/l2         7  \+     "  "  11,1V,  ^        > 

r>  _i  -1--  r+  in  quadrants     I,    II,         .^^^ 

^--'-=vl^rp'         1-"     ••    iiiiiv:    (^') 

It  may  be  recalled  that  to  differentiate  sini  the  definition  is  applied.   Then 

Asinz      siii(z  +  Az)  —  sinx      sin  Ax  1  — cosAz   . 

= ^— — = cos  X sin  X. 

Az  Ax  Ax  Ax 

It  now  is  merely  a  question  of  evaluating  the  two  limits  which  thus  arise,  namely, 

,.      sin  Ax  ,      ,.       1  — cosAz  „„ 

lim  and      lim (18) 

Ai=o     Ax  Ax=o        Az 

From  the  properties  of  the  circle  it  follows  that  these  are  respectively  1  and  0. 
Hence  the  derivative  of  sinz  is  cosz.  The  derivative  of  cosz  may  be  found  in 
like  manner  or  from  the  identity  cosz  =  sin  (J  ir  —  z).  The  results  for  all  the  other 
trigonometric  functions  are  derived  by  expressing  the  ftinctions  in  terms  of  sin  z 
and  cosz.  And  to  treat  the  inverse  functions,  it  is  sufficient  to  recall  the  general 
method  in  (5).   Thus 

if        j  =  sin-'z,  then        siny  =  z. 


Differentiate  both  sides  of  the  latter  equation  and  note  that  cosy  =  ±  Vl  —  sin'j^ 
=  J.  Vl  —  I*  and  the  result  for  t)  sin-'i  is  immediate.  To  ascertain  which  sign  to 
use  with  the  Tadical,  it  is  sufficient  to  note  that  ±  Vl  —  i-  is  cos  y,  which  is  positive 
when  the  angle  y  =  sin-'x  is  in  quadrants  I  and  IV,  negative  in  II  and  III. 
Sitnilarly  for  the  other  inverse  functions. 


4  INTRODUCTORY  REVIEW 

EXERCISES  * 

1.  Carry  through  the  derivation  of  (7)  whcu  n  =  J)/?,  and  review  the  proofs  of 
typical  formulas  selected  from  the  list  (5)-(17).  Note  that  the  formulas  are  often 
given  as  DxV-"  =  nw  -'  DiU,  D^  sin  u  =  cos  u  D^u,  •  •  - ,  and  may  be  derived  in  this 
form  directly  from  the  definition  (3). 

2.  Derive  the  two  limits  necessary  for  the  differentiation  of  sini. 

3 .  Draw  graphs  of  the  inverse  trigonometric  functions  and  label  the  portions 
of  the  curves  which  correspond  to  quadrants  I,  II,  III,  IV.  Verify  the  sign  in 
(12)-(n)  from  the  slope  of  the  curves. 

4.  Find  Dtani  and  Dcoti  by  applying  the  definition  (3)  directly. 

U  +  17  U  —  17 

5.  Find  D  sin  i  by  the  identity  sin  u  —  sin  u  =  2  cos sin 

6.  Find  D  tan-iz  by  the  identity  tan-'u  —  tan-'t;  =  tan-' and  (3). 

1  +  uv 

7.  Differentiate  the  following  expressions  : 

(a)  csc2i  — cot2i,     (^)  |  tan'i  —  tani  +  i,     (y)  zcos-iz  — Vl  —  i*. 


(a)  sec-i  — .       («)  sin-i  (f)  i  Va^  —  x»  +  o*  sin-i  - , 

Vl  - 1=  Vl  +  i'  " 

(i()  avers-i--V2cuc-a;S      (6)  cot-'    ^"^ 


I'  —  o'  a 

What  trigonometric  identities  are  suggested  by  the  answers  for  the  following : 

(a)  sec»i,  («)      J (e)  — i— .  (8)  0? 

Vl  — 2=  l  +  l' 

8.  In  B.O.Feirce's"  Short  Table  of  Integrals"  (revised  edition)  differentiate  the 
right-hand  members  to  confirm  the  formulas :  Nos.  31,  45-47,  91-97,  125,  127-128, 
131-135,  161-163,  214-216,  220,  260-269,  294-298,  300,  380-381,  886-394. 

9.  If  z  is  measured  in  degrees,  what  is  D  sini  ? 

4.  The  logarithmic,  exponential,  and  hyperbolic  functions.  The 
next  set  of  formulas  to  be  cited  are 

D  log.x  =  - ,  D  log,x  =  ^^^ ,  (19) 

X  X  - 

De'  =  e',  Da"  =  a'  log.  a.\  (20) 

It  may  be  recalled  that  the  procedure  for  differentiating  the  logarithm  is 

Alogoi      loga(i  + Ai)  — log„a;        1  x  +  Ai      1,        /        AzXai 

— T::~- TZ =  7~'°So =  -log„{l  +  — )    . 

Az  Ai  Ai.  zx\x/ 

•  The  student  should  keep  on  file  his  solutions  of  at  least  the  important  exercises ; 
many  subsequent  exercises  and  considerable  portions  of  the  text  depend  on  previous 
exercises. 

t  As  is  customary,  the  subscript  t  will  hereafter  be  omitted  and  the  symbol  log  will 
denote  the  logarithm  to  the  base  e ;  any  base  other  than  e  must  be  specially  designated 
as  such.  This  observation  is  particularly  necessary  with  reference  to  the  common  base 
10  used  in  computation. 
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If  now  x/Ax  be  set  equal  to  h,  the  problem  becomes  that  of  evaluating 


^™(^n) 


A 

e  =  2.71828  •  •  • ,»  logi„e  =  0.434294  •  • . ;  (21) 


and  hence  if  e  be  chosen  as  the  base  of  the  system,  D\ogx  takes  the  simple  form 
l/x.  The  exponential  functions  t^  and  o^  may  be  regarded  as  the  inverse  functions 
of  Icijjx  and  logftOxin  deducing  (21).  Further  it  should  be  noted  that  it  is  frequently 
useful  to  take  the  logarithm  of  an  expression  before  differentiating.  This  is  known 
as  logarithmic  differentiation  and  is  used  for  products  and  complicated  powers  and 
routs.   Thus 

if  y  =  x^,  then        lof^y  =  x\ogx, 

and        -y'  =1  +  logx  or  y'  =  x'' {1  +  log  x) . 

It  is  the  expression  y'/y  which  is  called  the  logarithmic  derivative  of  y.  An  especially 
noteworthy  property  of  the  function  y  =  Ce"  is  that  the  function  and  its  derivative 
are  equal,  y'  =  y  ;  and  more  generally  the  function  y  =  Ce^"  ia  proportional  to  its 
derivative,  y'  =  ky. 

5.   Tlw  ]i  i/perbolic  functions  are  the  hyperbolic  sine  and  cosine, 

sinh  X  = —  !  cosh  x  = ;- ;  (22) 

and  the  related  functions  tanhx,  cotha;,  secha;,  cschx,  derived  from 
them  by  the  same  ratios  as  those  by  which  the  corresponding  trigono- 
metric functions  are  derived  from  sin  x  and  cos  v.  From  these  defini- 
tions in  terms  of  exponentials  follow  the  formulas : 

cosh^'a-  —  sinh'^a;  =  1,  tanh'a;  -f-  sech^a;  =  1,  (23) 

sinh  (j-  ±  I/)  =  sinh  x  cosh  y  ±  cosh  a-  sinh  y,  (24) 

cosh  (x  ±y)  =  cosh  x  cosh  y  ±  sinh  x  sinh  y,  (25) 

.r              lcosha-+l                    X              |cosh  x  —  1 
cosh-  =  -t-^ ,         sinh-  =  ±-y| ,  (26) 

D  sinh  X  =  cosh  .t,  D  cosh  a-  =  sinh  x,  (27) 

D  tanh  x  =  sech^a;,  D  coth  x  =  —  csch'^a;,  (28) 

I)  sech  X  =  —  seeh  a;  tanh  x,    D  csch  x  =  —  csch  a;  coth  x.    (29) 

Tlie  in\erse  functions  are  expressible  in  terms  of  logarithms.    Thus 

//  =  sinh~*  X,  a-  =  sinh  y  =  ^^    > 

-'- "  —  2  ./r"  —  1=0,  e«  =  .r  ±  Va'-  -)- 1. 

»'T'he  treatment  of  this  limit  is  far  from  complete  in  the  majority  of  texts.  Reference 
for  a  careful  presentation  may,  however,  be  made  to  Granville's  "  Calculus,"  pp.  31-34, 
and  Osgood's  "  Calculus,"  pp.  78-82.   See  also  Ex.  1,  (/S),  in  §  165  below. 
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Here  only  the  positive  sign  is  available,  for  e"  is  never  negative.    Hence 


sinh-'  X  =  log(x  +  Va'^+l),  any  x,  (30) 

cosh-la;  =  log(x  ±  Vx'^-l),  x  >  1,  (31) 

tanh-'x  =  \  log  ^ ,  'j:'  <  1,  (32) 

coth-x  =  ^log^,  x^>l,  (33) 


=  ^°^(^=^Ni- 


sech-i .,.  =  log   -  ±     _  _  1    ,         X  <  1,  (34) 


--(1.^ 


csch-',r  =  logl-  +  -J-^  +  l  1.         any  x,  (35) 

D  sinh-'  a  =     ,"*"  Dcosh-'a:=      .^  (36) 

Vx'^+1  Vx'^  — 1 


1  ,^  1 

, 5  =  D  coth-'x  = „ 

1  —  x^  1  —  x'' 


i>tanh-'x  =  :j ^  =  Z)  coth-'x  =  q ^>  (37) 


D  sech-'  X  =  — f         ;     Z)  csch-i  x  =  ■ —  •  (38) 

.7-Vl  — x'-'  xVl+x- 


EXERCISES 

1.  Show  by  logarithmic  difierentiation  that 

D(rau)  ...)=-  +  -  +  —  +  .  -Muxna  ■  ■  ■), 

and  hence  derive  the  rule :  To  differentiate  a  product  differentiate  each  factor 
alone  and  add  all  the  results  thus  obtained. 

2.  Sketch  the  graphs  of  the  hyperbolic  functions,  interpret  the  graphs  as  those 
of  the  inverse  functions,  and  verify  the  range  of  values  assigned  to  x  in  (30)-(35). 

3.  Prove  sundry  of  formulas  (23)-(29)  from  the  definitions  (22). 

4.  Prove  sundry  of  (30)-(38),  checking  the  signs  vfith  care.  In  cases  where 
double  signs  remain,  state  when  each  applies.  Note  that  in  (31)  and  (34)  the 
double  sign  may  be  placed  before  the  log  for  the  reason  thai  the  two  expressions 
are  reciprocals. 

5.  Derive  a  formula  for  sinhu  ±  sinht)  by  applying  (24)  ;  find  a  formula  for 
tanh  \  I  analogous  to  the  trigonometric  formula  tan  J  i  =  sin  x/(  1  +  cos  x) . 

6.  The  gudermannian.   The  function  ^  =  gdx,  defined  by  the  relations 

sinh  X  =  tan  0,     0  =  gd  x  =  tan-*  sinh  x,     —  J  tt  <  0  <  +  |  tt, 
is  called  the  gudermannian  of  x.    Prove  the  set  of  formulas  : 
cosh  X  =  sec  ip,     tanh  x  =  sin  tp,     csch  x  =  cot  0,     etc. ; 
Z)gdx  =  sechx,     x  =  gd->  0  =  log  tan  (J  0  +  J  ir),     Z)gd-'0  =  seci^. 

7.  Substitute  the  functions  of  (p  in  Ex.  6  for  their  hyperbolic  equivalents  in 
(23),  (26),  (27),  and  reduce  to  simple  known  trigonometric  formulas. 
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8.  Differentiate  the  fullowiiig  expressioiiH  : 

(a)  (z  +  1)2(0:  +  2)-8(x  +  S)-^         («  I'ogx  (^)  i„jr^.(x  +  ]), 

(5)  j;  +  logciis(a;— Jtt),  (e)  2t;ui-U"',        (j-)  x  —  laiili j:, 

/   V      1     1    1      ,   1  1      /.        ov  ,ziv  (■"■'((/ sill  »M- —  iiicosmo;) 

(ij)  X  taiili-'x  +  il  log(l  —  x"),  (S)  — ; '-. 

m-  +  a- 

9.  Clieck  sundry  formulas  of  Pcirce's  "Table."  jip.  ]-(ll,  81-82. 

6.  Geometric  properties  of  the  derivative.  As  the  quotient  (1)  and 
its  limit  (2)  give  tlie  slope  of  a  secant  and  of  the  tangent,  it  appears 
from  graphical  considerations  that  when  the  derivative  is  positive  the 
function  is  increasing  with  x,  but  decreasing  when  the  derivative  is 
negative.*  Hence  ta  determine  tlie  I'egions  In  vhich  a  function  is  iii- 
evcdsing  or  decrensiiuj,  one  inai/  Jind  the  derirtitine  and  determine  tJie 
regions  in  ir/iirh   it  is  posit  ire  or  negative. 

One  must,  however,  be  careful  not  to  apply  this  rule  too  blindly  ;  for  in  so 
simple  a  case  as/(x)  =  logx  it  is  seen  that/'(i)  =  1/x  is  positive  when  x>  0  and 
negative  when  x  <  0,  and  yet  log  x  has  no  graph  when  x  <  0  and  is  not  considered 
as  decreasing.  Thus  the  formal  derivative  may  be  real  when  the  function  is  not 
real,  and  it  is  therefor;  best  to  make  a  rough  sketch  of  tlie  function  to  corroborate 
the  evidence  furnished  by  the  examination  of /'(x). 

If  x^  is  a  value  of  x  such  that  immediately  t  ujjou  one  side  of  r  =  j-^ 
the  function  f{j-)  is  increasing  whereas  immediately  upon  the  other 
side  it  is  decreasing,  the  ordinate  y^  =  f(x^)  will  be  a  maximum  or 
minimum  or  f(x)  will  become  positively  or  negatively  infinite  at  x^. 
If  the  case  where  /(j)  becomes  infinite  be  ruled  out,  one  may  say  that 
t lie  function  vi/l  hore  a  minimum  or  maximum  at  x  according  as  tlie 
derivative  changes  from  negative  to  positive  or  from,  positive  to  negative 
u-hen  X,  moving  in  the  2J0sltive  direction,  ]/asses  through  the  value  x  . 
Hence  the  usual  t'ule  for  determining  maxima  and  miniitia  is  to  find 
the  roots  off'(x)=0. 

This  rule,  again,  must  not  be  applied  blindly.  For  first, /'(x)  may  vanish  where 
there  is  no  maximum  or  minimum  as  in  the  case  j/  =  x'  at  x  =  0  where  the  deriva- 
tive does  not  change  sign ;  or  second, /'(x)  may  change  sign  by  becoming  infinite 
as  in  the  case  y  =  x*  at  x  =  0  where  the  curve  has  a  vertical  cusp,  point  down,  and 
a  minimum  ;  or  third,  the  function  f(x)  may  be  restricted  to  a  given  range  of  values 
a  s  X  S  h  for  x  and  then  the  values /(a)  and/(6)  of  the  function  at  the  ends  of  the 
interval  will  in  general  be  maxima  or  minima  without  implying  that  the  deriva- 
tive vanish.  Thus  although  the  derivative  is  highly  useful  in  determining  maxima 
and  minima,  it  should  not  be  trusted  to  the  complete  exclusion  of  the  corroborative 
evidence  furnished  by  a  rough  sketch  of  the  curve  y  =/(x). 

•  The  construction  of  illustrative  figures  is  again  left  to  the  reader. 

t  The  word  "immediately"  is  necessary  because  the  maxima  or  minima  may  be 
merely  relative ;  in  the  ease  of  several  maxima  and  minima  in  an  interval,  some  of 
the  maxima  may  actually  be  less  than  some  of  the  minima. 
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7.  The  derivative  may  be  used  to  express  the  equntions  of  the  tangent 
ami  normal,  the  values  uf  the  suhtangent  and  suhnnniint,  and  scr  on. 


Equation  of  tangent,       //  -  //„  =  i/[  (.-■  -  s-,), 
Equation  of  normal,  (//  —  y j  ij[  +  (.'■  —  .'■„)  =  0, 
TM  =  suhtangent  =  yju[,     MS 


(30) 
(40) 
(41) 
(42) 


:  subnonual  =  y^y'^, 
OT  =  a,--intei-eept  of  tangent  =  x^  —  yf,/y[,  etc. 

The  derivation  of  these  results  is  sufficiently  evi- 
dent from  the  figure.  It  may  be  noted  that  the 
suhtangent,  subnormal,  etc.,  are  numerical  values 
for  a  given  point  of  the  curve  but  may  be  regarded 
as  functions  of  x  like  the  derivative. 
In  geometrical  and  physical  problems  it  is  frequently  necessary  to 
apply  the  definition  of  the  derivative  to  finding  the  derivative  of  an 
unknown  function.  For  instance  if  A  denote  the 
area  under  a  curve  and  measured  from  a  fixed 
ordinate  to  a  variable  ordinate,  A  is  surely  a  func- 
tion A  (x)  of  the  abscissa  x  of  the  variable  ordinate. 
If  the  eiirve  is  rising,  as  in  the  figure,  then  r^ 

MPQ'M'  <AA<  MQP'M',  or  yAa;  <  A.4  <  (y  +  Ay)  Ax. 

Divide  by  Ax  and  take  the  limit  when  Ax  =  0.    There  results 

AA 


lim  y  s  lim  — —  s  lim  (y  -f-  Ay). 
Ai  =  o         ii  =  o  Ax 


Hence 


lim  — 

.^=0  Ax 


Alio 

'Id 
dx 


(4.S) 


Rolle's  Theorem  and  the  Theorem,  of  the  Mean  are  two  important 
theorems  on  derivatives  which  will  be  treated  in  the  next  chapter  but 
may  here  be  stated  as  evident  from  their  geometric  interpretation. 
RoUe's  Theorem  states  that:  If  <(.  function  has  a  deriiHttive  nt  every 


r 

\  1 

V^ 

A 

'^■^ 

B 

0 

f 

-p^ 


Fig.  1 


Fig.  2 


Fig.  3 


point  of  an  interval  and  if  the  function  vanishes  at  the  ends  of  the  in- 
ternal, then  there  is  at  least  one  jioint  irithin  the  internal  at  irhlrli  thf 
deriaatine  vanishes.  This  is  illustrated  in  Fig.  1,  in  which  there  are 
two  such  points.    The  Theorem  of  the  Mean  states  that :  If  a  function 
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has  a  derivative  at  each  point  of  an  interral,  there  is  at  least  one  point 
in  the  interval  such  that  the  tangent  to  the  curve  y:=f{x'^  is  parallel  to 
the  chord  of  the  interral.  This  is  illustrated  in  Fig.  2  in  which  there 
is  only  one  such  point. 

Again  care  must  be  exercised.  In  Fig.  3  the  function  vanislies  at  A  and  B  hut 
there  is  no  point  at  which  the  slope  of  the  tangent  is  zero.  This  is  not  an  excep- 
tion or  contradiction  to  Rolle's  Theorem  for  the  reason  tliat  the  function  does  not 
satisfy  the  conditions  of  the  theorem.  In  fact  at  the  point  P,  although  there  is  a 
tangent  to  the  curve,  there  is  no  derivative  ;  the  quotient  (1)  formed  for  the  point  P 
becomes  negatively  infinite  as  Ax  =  0  from  one  side,  positively  infinite  as  Ax  =  0 
from  the  other  side,  and  therefore  does  not  approach  a  definite  limit  as  is  required 
in  the  definition  of  a  derivative.  The  hypothesis  of  the  theorem  is  not  satisfied  and 
there  is  no  reason  that  the  conclusion  should  hold.         . 

EXERCISES 

1.  Determine  the  regions  in  which  the  following  functions  are  increasing  or 
decreasing,  sketch  the  graphs,  and  find  the  maxima  and  minima : 

(a)  \x^-x^  +  2,  (/3)  {X  +  1)* (I  -  5)^  {7)  log (x^  -  4), 

(«)  (x-2)Va;-l,       (e)  -  (X  +  2)Vl2-x=,        (f)  x"  +  ox  +  6. 

2.  The  ellipse  is  r  =  Vi^  +  y^  =  e(d  +  x)  referred  to  an  origin  at  the  focus. 
Find  the  maxima  and  minima  of  the  focal  radius  r,  and  state  why  D^r  =  0  does 
not  give  the  solutions  while  D^r  =  0  does  [the  polar  form  of  the  ellipse  being 
r  =  k{l  —  ecos0)-i]. 

3.  Take  the  ellipse  as  x'^/a?  +  tfl/b'^  =  1  and  discuss  the  maxima  and  minima  of 
the  central  radius  r  =Vx-  +  y^.  Why  does  BxT  =  0  give  half  the  result  when  r  is 
expressed  as  a  function  of  x,  and  why  will  D)^r  =  0  give  the  whole  result  when 
X  =  acosX,  y  =  6sin\  and  the  ellipse  is  thus  expressed  in  terms  of  the  eccentric 
angle  ? 

4.  If  J/  =  P(x)  is  a  polynomial  in  x  such  that  the  equation  P  (i)  =  0  has  multiple 
roots,  show  that  P'(x)  =  0  for  each  multiple  root.  "What  more  complete  relationship 
can  be  stated  and  proved  ? 

5.  Show  that  the  triple  relation  27  6^  +  4  a'  =  0  determines  completely  the  nature 
of  the  roots  of  x'  +  ox  -(-  6  =  0,  and  state  what  corresponds  to  each  possibility. 

6.  Define  the  angle  6  helween  two  intersecting  curves.   Show  that 

tan  e  =  [/'(x„)  -  /(x„)]  -  [1  +/'(x„)/(x„)] 
if  y  =/(x)  and  y  =  g{x)  cut  at  the  point  (x„,  y„). 

7.  Find  the  subnormal  and  subtangent  of  the  three  curves 

(a)  y^  =  ipx,  (;3)  x^  =  ipy,  (7)  x-  +  y^  =  a-. 

8.  The  pedal  curve.  The  locus  of  the  foot  of  the  perpendicular  dropped  from 
a  fixed  point  to  a  variable  tangent  of  a  given  curve  is  called  the  pedal  of  the  given 
curve  with  respect  to  the  given  point.  Show  that  if  the  fixed  point  is  the  origin, 
the  pedal  of  y  =f(x)  may  be  obtained  by  eliminating  x„,  y^,  yi  from  the  equations 

y-yt  =  y'o(x-Xa),    yyi  +  x  =  0,    yo=f(Xo),    J^o=/'(*o)- 
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Find  the  pedal  (a)  of  the  hyperbola  with  respect  to  the  center  and  (;8)  of  the 
parabola  with  respect  to  the  vertex  and  (7)  the  focus.  Show  (5)  that  the  pedal  of 
the  parabola  with  respect  to  any  point  is  a  cubic. 

9.  If  the  curve  y  =f{z)  be  revolved  about  the  j^axis  and  if  T'(x)  denote  the 
volume  of  revolution  thus  generated  when  measured  from  a  fixed  plane  perpen- 
dicular to  the  axis  out  to  a  variable  plane  perpendicular  to  the  axis,  show  that 
D,V=-7ry"-. 

10.  More  generally  if  A  (i)  denote  the  area  of  the  section  cut  from  a,  solid  by 
a  plane  perpendicular  to  the  a-axis,  show  that  DxV  =  A  (x). 

11.  If  -4  (0)  denote  the  sectorial  area  of  a  plane  curve  r  =/(0)  and  be  measured 
from  a  fixed  radius  to  a  variable  radius,  show  that  D^A  =  I  r-. 

12.  If  p,  h,  p  are  the  den.sity,  height,  pressure  in  a  vertical  column  of  air,  show 
that  dp/dh  =—  p.    If  p  =  }cp,  show p  =  Ce- **. 

13.  Draw  a  graph  to  illustrate  an  apparent  exception  to  the  Theorem  of  the 
Mean  analogous  to  the  apparent  exception  to  Rolle's  Theorem,  and  discuss. 

14.  Show  that  the  analytic  statement  of  the  Theorem  of  the  Mean  for/(x)  is 
that  a  value  x  =  {  intermediate  to  a  and  6  may  be  found  such  that 

/(6)-/(a)=/'(f)(6-(i),  a<f<6. 

15.  Show  that  the  semiaxis  of  an  ellipse  is  a  mean  proportional  between  the 
x-intercept  of  the  tangent  and  the  abscissa  of  the  point  of  contact. 

16.  Find  the  values  of  the  length  of  the  tangent  (or)  from  the  point  of  tangency 
to  the  X-axis,  (j3)  to  the  y-axis,  (7)  the  total  length  intercepted  between  the  axes. 
Consider  the  same  problems  for  the  normal  (figure  on  page  8). 

17.  Find  the  angle  of  intersection  of  (a)  y-  =  2  mx  and  x-  +  y-  =  a-, 
(/3)  x2  =  4ay  and  2/  =  — ^^,     (7)       ^'      +      ^'      =1      forO<A<(, 

18.  A  constant  length  is  laid  off  along  the  normal  to  a  parabola.   Find  the  locus. 

19.  The  length  of  the  tangent  to  x^  +  y^  =  ai  intercepted  by  the  axes  is  constant. 

20.  The  triangle  formed  by  the  asymptotes  and  any  Ungent  to  a  hyperbola  has 
constant  area. 

21.  Find  the  length  PT  of  the  tangent  to  i  =Vc-  -  y^  +  c  sech-i  {y/c). 

22.  Find  the  greatest  right  cylinder  inscribed  in  a  given  right  cone. 

23.  Find  the  cylinder  of  greatest  lateral  surface  inscribed  in  a  sphere. 

24.  From  a  given  circular  sheet  of  metal  cut  out  a  sector  that  will  form  a  cone 
(without  base)  of  maximum  volume. 

25.  Join  two  points  A,  B  in  the  same  side  of  a  line  to  a  point  P  of  the  line  in 
such  a  way  that  the  distance  PA  +  PB  shall  be  least. 

26.  Obtain  the  formula  for  the  distance  from  a  point  to  a  line  as  the  minimum 
distance. 

27.  Test  for  maximum,  or  minimum,  (a)  If /(x)  vanishes  at  the  ends  of  an  inter- 
val and  is  positive  within  the  interval  and  if  /'(x)  =  0  has  only  one  root  in  the 
interval,  that  root  indicates  a  maximum.  Prove  this  by  Rolle's  Theorem.  Apply 
it  in  Exs.  22-24.  (/3)  If  /(x)  becomes  indefinitely  great  at  the  ends  of  an  interval 
and  /'(x)  =  0  has  only  one  root  in  the  interval,  that  root  indicates  a  minimum. 
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Prove  by  RoUe's  Theorem,  and  apply  in  Exs.  25-26.  These  rules  or  various  modi- 
fications of  them  generally  suffice  in  practical  problems  to  distinguish  between 
maxima  and  minima  without  examining  either  the  changes  in  sign  of  the  first 
derivative  or  the  sign  of  the  second  derivative  ;  for  generally  there  is  only  one 
root  otf'(x)  =  0  in  the  region  considered. 

28.  Show  that  i-'  sinx  from  x  =  0tox  =  j7r  steadily  decreases  from  1  to  2/5r. 

29.  If  0<x<l,  show  (or)  0  <  a;  -  log  (1  +  i)  <  -  x2,  (/3)  ^^  <x-log(l  +  z). 

30.  If  0  >  I  >  -  1,  show  that  - 1-  <  x  -  log  (1  +  x)  <  -^-^ 


2  o^     •     ,   -j^^ 

8.  Derivatives  of  higher  order.  The  derivative  of  the  derivative 
(regarded  as  itself  a  function  of  x)  is  the  second  derivative,  and  so  on 
to  the  Tith  derivative.    Customary  notations  are  : 

/"(«)  =  ^  =  5  =  m-Diy  =  y"  =  Iff=  a-,, 

/■»,/■(.).■■./-«.  g- &■■■■.£•■•■ 

The  nth  derivative  of  the  sum  or  difference  is  the  sum  or  difference  of 
the  Tith  derivatives.  For  the  rath  derivative  of  the  product  there  is  a 
special  formula  known  as  Leibniz's  Theorem.    It  is 

iy{uv)=jyu-v  +  nD''-^uDv  +  "'\~  ^  I)''-^uiy^v-{ \-uirv.   (44) 

This  result  may  be  written  in  symbolic  form  as 

Leibniz's  Theorem     jy  (uv)  =  (Dm  +  2>f)",  (44") 

where  it  is  to  be  understood  that  in  expanding  (Du  +  Dv)"  the  term 
(Dw)*  is  to  be  replaced  by  Df'u  and  (Duf  by  iPu  =  u.  In  other  words 
the  powers  refer  to  repeated  differentiations. 

A  proof  of  (44)  by  induction  will  be  found  in  §  27.  The  following  proof  is 
interesting  on  account  of  its  ingenuity.   Note  first  that  from 

D  (uv)  =  uDv  +  vDu,    D^  (uv)  =  D  (uDv)  +  D  (vDu), 

and  so  on,  it  appears  that  Ifi  (uv)  consists  of  a  sum  of  terms,  in  each  of  which  there 
are  two  differentiations,  with  numerical  coefficients  independent  of  u  and  v.  In  like 
manner  it  is  clear  that  , 

D«(uv)  =  C^D^u  ■  V  +  CiDn-iuDi)  + f-  C„_iDu2>»-it!  +  CnuD^ 

is  a  sum  of  terms,  in  each  of  which  there  are  n  diflerentiations,  with  coefficients  C 
independent  of  u  and  v.   To  determine  the  C's  any  suitable  functions  u  and  v,  say, 

u  =  e^,    v  =  e^,    uv  =  e<i+  °)^,    D*e<"  =  a*e<", 

may  be  substituted.   If  the  substitution  be  made  and  e(i+<>)i  be  canceled, 

e-(l+a)i2)n(„B)  =  (1  +  a)n  =  Co  +  C,a  +  •  ■  •  +  Cn-iO"-!  +  CnOC, 

and  hence  the  C's  are  the  coefficients  in  the  binomial  expansion  of  (1  +  a)». 
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Fonimla  (4)  for  the  derivative  of  a  fmietioii  of  a  function  may  be 
extended  to  higher  derivatives  by  repeated  ai)plication.  More  generally 
any  desired  change  of  rariable  may  be  made  by  the  repeated  use  of  (4) 
and  (5).  For  if  x  and  y  be  expressed  in  terms  of  known  functions 
of  new  variables  m  and  v,  it  is  always  possible  to  obtain  the  deriva- 
tives D^y,  Diy,  ■  ■  ■  in  terms  of  D^v,  D;v,  ■  ■  ■,  and  thus  any  expression 
F(x,  y,  y',  y",  ■  ■  ■)  may  be  changed  into  an  equivalent  expression 
$(m,  Vf  v',  v",  •  ■  ■)  in  the  new  variables.  In  each  case  that  arises  the 
transformations  should  be  carried  out  by  repeated  application  of  (4) 
and  (5)  rather  than  by  substitution  in  any  general  formulas. 

The  following  typical  cases  are  illustrative  of  the  method  of  change  of  variable. 
Suppose  only  the  dependent  variable  y  is  to  be  changed  to  z  defined  asy=f{z) .   Then 

^  -  A  /^\  -  A  /^  '^y\  -  ^^^  ^y      dz  Id  dy\ 
dx'^dx  \dx)  ^dx\dxdz)~d^dz'^dx\dxdz/ 

_  d^z  d2/      dz  /  d  dy  dz\_d^zdy      fdz\^  d'y 
~  dx^dz      dx\^dzdx/~d^dz'^  \dx)   d^ ' 

As  the  derivatives  of  y  =f{z)  are  known,  the  derivative  d'^y/dx^  has  been  expressed 
in  terms  of  z  and  derivatives  of  z  with  respect  to  i.  The  third  derivative  would  be 
found  by  repeating  the  process.  If  the  problem  were  to  change  the  independent 
variable  x  to  z,  defined  by  x  =f(z), 

dy_dydz_dy  /dx\-i         ^-^[^  (^Y^l 
dx~  dz  dx~  dz  \dz)     '         dx'' ~  dx[dz  \^)     J  ' 

d^_d^dz  /dx\-i_  dy  /dx\-^  dz  d^  _  JTd^  dx_d^dy'\      /dx^ 
(tc2  -  d22  cix  \dz)        dz  [dz)      dx  dz''  ~  [d^  di  ~  d?  d^J  ^  \di/  ' 


The  change  is  thus  made  as  far  as  derivatives  of  the  second  order  are  concerned.  If 
the  change  of  both  dependent  and  independent  variables  was  to  be  made,  the  work 
would  be  similar.  Particularly  useful  changes  are  to  find  the  derivatives  of  v  by  z 
when  y  and  x  are  expressed  parametrically  as  functions  of  t,  or  when  both  are  ex- 
pressed in  terms  of  new  variables  r,  <^  as  i  =  r  cos  0,  j/  =  r  sin  0.  For  these  cases 
see  the  exercises. 

9.  The  concavity  of  a  curve  y  ==f(x)  is  given  by  the  table  : 
if    /"  (x^  >  0,  the  curve  is  concave  up  at  a^  =  a-„, 

if    /"  (.1-^)  <  0,  the  curve  is  concave  down  at  x  =  a-^, 

if    f"(.r^)  =  0,  an  inflection  point  at  a- =  Xj,.  (?) 

Hence  the  criterion  for  dlitinguithing  betu-een  maxima  and  minima  : 
if    ./'(.r^)  =  0   and  f"{x^  >  0,  a  minimum  at  x  =  x^, 

if    /'(./■J  =  0   and  /"  (.r^j)  <  0,  a  maximum  at  a;  =  x^, 

if    /'  (w„)  =  0   and  /"  (x„)  =  0,  neither  max.  nor  min.  (?) 
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The  question  points  are  necessary  in  the  third  line  because  the  state- 
ments are  not  always  true  unless /'"(Xu)  ^  0  (see  Ex.  7  under  §  39). 

It  may  be  recalled  that  the  reason  that  the  curve  is  concave  up  in  case/"(i„)  >  0 
is  because  the  derivative  /'(x)  is  then  an  increasing  function  in  the  neighborhood 
of  x  =  x„;  whereas  if  /"(X(,)  <  0,  the  derivative /'(i)  is  a  decreasing  function  and 
the  curve  is  convex  up.  It  should  be  noted  that  concave  up  is  not  the  same  as 
concave  toward  the  x-axis,  except  when  the  curve  is  below  the  axis.  With  regard 
to  the  use  of  the  second  derivative  as  a  criterion  for  distinguishing  between  maxima 
and  minima,  it  should  be  stated  that  in  practical  examples  the  criterion  16  of  rela- 
tively small  value.  It  is  usually  shorter  to  discuss  the  change  of  sign  of /'(x)  directly, 
—  and  indeed  in  most  cases  eitlier  a  rough  graph  of /(x)  or  the  physical  conditions 
of  the  problem  which  calls  for  the  determination  of  a  maximum  or  minimum  will 
immediately  serve  to  distinguish  between  them  (see  Ex.  27  above). 

The  second  derivative  is  fundamental  in  dynamics.  By  definition  the 
(iremije  veloritij  o  of  a  particle  is  the  ratio  of  the  space  traversed  to  the 
time  consumed,  v  =  s/t.  The  actual  velocity  v  at  any  time  is  the  limit 
of  this  ratio  when  the  interval  of  time  is  diminished  and  approaches 
zero  as  its  limit.    Thus 

«;  =  —     and     v  =  lim  —  =  ^-  •  (45) 

At  j^t=oAt      dt  ^     ' 

In  like  manner  if  a  particle  describes  a  straight  line,  say  the  ar-axis,  the 
nncmge  acceleration  f  is  the  ratio  of  the  increment  of  velocity  to  the 
increment  of  time,  and  the  actual  acceleration  f  at  any  time  is  the  limit 
of  this  ratio  as  ^t  ==  0.    Thus 

-      Aw  h.v      dv      d^x 

f=  —     and     f  =  lim  —  =  -r  =  —rn  ■  (46) 

■'At  ''       Ai=oAt       dt       df  ^     ' 

By  Newton's  Second  Law  of  Motion,  the  force  acting  on  the  particle  is 
f.'i/iial  to  the  rate  of  change  of  momentum  with  the  time,  momentum 
being  defined  as  the  product  of  the  mass  and  velocity.    Thus 


dfrniA  dv  „  d^x 

'  =  — ^^^ — -  =  m-r  =  mf=  m^-:< 
dt  dt         •'  dt^ 


^        III  mi)  av  „  u,  jc  . .  _. 

F  =  -^-^  =  m  —  =  wf=m—^,  (40 


where  it  has  been  assumed  in  differentiating  that  the  mass  is  constant, 
as  is  usually  the  case.  Hence  (47)  appears  as  the  fundamental  equa- 
tion for  rectilinear  motion  (see  also  §§  79,  84).    It  may  be  noted  that 

where  T  =  \  itir''  denotes  by  definition  the  hini'tic  energij  of  the  particle 
For  comments  see  Ex.  6  following. 
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EXERCISES 

1.  State  and  prove  the  extension  of  Leibniz's  Tlieorem  to  products  of  three  or 
more  factors.    Write  out  tlie  square  and  cube  of  a  trinomial. 

2.  Write,  by  Leibniz's  Theorem,  the  second  and  third  derivatives : 

(a)  e^sina;,  (/3)  cosh  i  cos  a;,  (7)  xVlogx. 

3.  Write  the  nth  derivatives  of  the  following  functions,  of  which  the  last  three 
should  first  be  simplified  by  division  or  separation  into  partial  fractions. 

(a)  Vx  +  1,  (/3)  lo<A(ax  +  b),  (7)  (x^  +  1)  (x  +  l)-^ 

(J)  cos  ax,  (e)  e'siux,  (f)  (1  -  x)/(l  +  i), 

1  ,^,  x''  +  X  +  1  /  X  /<^  +  IV 

4.  If  y  and  x  are  each  functions  of  t,  show  that 

dx  d-y      dy  d-x 
d^y  _  dt  lie-       dt  dp  _  x'y'-  -  y'x" 
d^  ~  /dxy  ~         x'3 

\dt) 
d^y  _  x'jx'y'"  -  y's'")  -  3  x"(x'v"  -  y'x") 
dx'  x'-' 

5.  Find  the  inflecticin  points  of  the  curve  x  =  40  —  2sin0,  j/  =  4  —  2  cos 0. 

6.  Prove  (47').   Hence  infer  that  the  force  which  is  the  time-derivative  of  the 
momentum  rrm  by  (47)  is  also  the  space-derivative  of  the  kinetic  energy. 

7.  If  A  denote  the  area  under  a  curve,  as  in  (43),  find  dA/dff  for  the  curves 

(a)  y  =  a (1  —  cos S),  X  =  a(d  —  sin d),       (fi)  x  =  acosff,  y  =  b sin d. 

8.  Make  the  indicated  change  of  variable  in  the  following  equations: 

(^)^  +  _i^^+_^__  =  0,     x  =  tan..  Ans.^-^  +  y  =  0. 

^  '  dx^      l  +  x^  dx      {1  + 12)2  d22 

(/3)  (l_x2)r^_l(^y]_x^-l-i/  =  0,  y  =  e\  x  =  sinu. 

Ldx2      y  \dx/  J         dx  cj2„ 

Ans.   —  -1-1  =  0. 
du2 

9.  Trannformation  lo  polar  coordinates.  Supposethati  =  rcos^,  2/  =  rsin0.  Then 

dx      dr  .  dy      dr    . 

—  =  —  cos  <t>  —  r  sin  0,        —  =  —  sin  0  -(-  r  cos  0, 

d(t>      d<j>  d(p      dtp 

,,.,,.,.  ^.    ,dy       .d'^y      r'^+2{D^r)^-rD^r 

and  so  on  for  higher  derivatives.   Find  —  and = ^-—. 

dx  dx'       (cos  0  D,i,r  —  r  sin  0)' 

10.  Generalize  formula  (.5)  for  the  differentiation  of  an  inverse  function.   Find 
d-x/dy^  and  d^x/dy'     Note  that  these  may  also  be  found  from  Ex.  4. 

11.  A  point  describes  a  circle  with  constant  speed.    Find  the  velocity  ami 
acceleration  of  the  projection  of  the  point  on  any  fixed  diameter. 

12.  Prove  ^  =  2«.3  +  4  ,.  /d«\-'_  ,.  ^'l  Z^)"'  if  ,  =  1 ,  ,  =  „,. 

dx2  \duj  du'XduJ  v 
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10.  The  indefinite  integral.  To  integrate  a  function  f(x)  is  to  ^fiiul 
a  function  i^(-c)  thi'  derivative  of  vhivh  is  f(y-).  The  integral  F{^)  is 
not  uniquely  determined  by  the  integrand  J\.r ) ;  for  any  two  functions 
which  differ  merely  by  an  additive  constant  have  tlie  same  derivative. 
In  giving  formulas  for  integration  the  constant  may  be  omitted  and 
understood ;  but  in  applications  of  integration  to  actual  problems  it 
should  always  be  inserted  and  must  usually  be  determined  to  tit  the 
requirements  of  special  conditions  imposed  upon  the  problem  and 
known  as  the  Initial  conditions. 

It  must  not  be  thought  that  the  constant  of  integration  always  appears  added  to  tlie 
function  F(x).    It  may  be  combined  with  F(x)  so  as  to  be  somewhat  disguised.  Thus 

logi,      logi+C,      logCs,      log(i/C) 

are  all  Integrals  of  1/x,  and  all  except  the  first  have  the  constant  of  integration  C, 
although  only  in  the  second  does  It  appear  as  formally  additive.  To  illustrate  the 
determination  of  the  constant  by  initial  conditions,  consider  the  problem  of  finding 
the  area  under  the  curve  y  =  cosx.   By  (43) 

B^A  =  y  =  cos  I    and  hence    .A  =  sin  i  +  C. 

If  the  area  is  to' be  measured  from  the  ordinate  x  =  0,  then  .4  =  0  when  x  =  0,  and 
by  direct  substitution  it  is  seen  that  C  =  0.  Hence  A  =  sin  x.  But  if  the  area  be 
measured  from  x=  — |7r,  then  .4  =  0  when  x  =  —  \tt  and  C=l.  Hence  .4  =  1  + sin  jr. 
In  fact  the  area  under  a  curve  is  not  definite  until  the  ordinate  from  which  it  is 
measured  is  specified,  and  the  constant  is  needed  to  allow  the  integral  to  fit  this 
initial  condition. 

11.  The  fundamental  formulas  of  integration  are  as  follows : 


/j.  =  log., 

(  X"  = X"    if    71  =9fc  —  1, 

J            n  +  1 

(4.S) 

/"- 

1  <c*  =  aVlog<f, 

(49) 

1  sin  J-  =  —  cos  a-, 

/  cos  X  =  sin  X, 

(50) 

1  tan  x  =  —  log  cos  x, 

j  cot  X  =  log  sin  X, 

(51) 

1  sec^x  =  tana;, 

j  csc'^a;  =  —  cot  x, 

(52) 

1  tan  a-  sec  a;  =  sec  x, 

j  cot  X.  CSC  r  =  —  esc  X, 

(53) 

with  formulas  similar  to  (50)-(5.S)  for  the  hyi)erbolic.  functions.    Also 

/- ;  =  tan-'x  or  -  cot"',/-,    |  :; =  tanh-»a;  or  coth-'x,  (54) 
1  +  x^                                           J  1—^ 
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/=sni-^r>'nv— cos-'.T       /  =±  iiui]rh:,  (55) 

vT^-  J  Vi  +  x' 

—  =  aec-'x  or  — cse-'y,    /  .  =  =F  secli-'r,         (56) 

J   Vx^-1  J  ,/Vl  +  a' 

I  —==  =  vers-V;,        I  seu J'  =  gd-'a;  =  logtanfj  +  2)'  (^^) 

For  the  integrals  expressed  in  terms  of  the  inverse  hyperbolic  functions,  the 
logarithmic  equivalents  are  sometimes  preferable.  This  is  not  the  case,  however, 
in  the  many  instances  in  which  the  problem  calls  for  innnediate  solution  with 

regard  tox.   Thus  if  ^  =  /(I  +  a;^)~2  =sinh-i  j;  +  C,  then  x  =  smh  (y  —  C),  and  the 

solution  is  effected  and  may  be  translated  into  exponentials.  This  is  not  so  easily 
accomplished  from  the  form  y  =  log  (a;  +  Vl  +  x^)  +  C.  For  this  reason  and 
because  the  inverse  hyperbolic  functions  are  briefer  and  offer  striking  analogies 
with  the  inverse  trigonometric  functions,  it  has  been  thought  better  to  use  them 
in  the  text  and  allow  the  reader  to  make  the  necessary  substitutions  from  the  table 
(30)-(35)  in  case  the  logarithmic  form  is  desired. 

12.  In  addition  to  these  special  integrals,  wliicli  are  consequences 
of  the  corresponding  formulas  for  differentiation,  there  are  the  general 
rules  of  integration  which  arise  from  (4)  and  (6). 

n„+v-  U-)  =  ju  +    ir  -  jw,  (60) 

uv=    \  no'  +    I  li'r.  (61) 

Of  these  rules  the  second  needs  no  comment  and  the  third  will  be  treated  later. 
Especial  attention  should  be  given  to  the  first.  For  instance  suppose  it  were  re- 
quired to  integrate  2  \ogx/x.   This  does  not  fall  under  any  of  the  given  types  ;  but 

2  _  d (log  1)2  d  log!  _  (iz  tZy 

X  dloga;       dx         dy  dx 

Here  (loga;)^  takes  the  place  of  z  and  logs  takes  the  place  of  y.  The  integral  is 
therefore  (loga:)^  as  may  be  verified  by  differentiation.  In  general,  it  may  be 
po.s,sible  to  see  that  a  given  integrand  Is  separable  into  two  factor.s,  of  which  one 
is  integi-able  when  considered  as  a  function  of  some  function  of  x,  while  the  other 
is  the  derivative  of  that  function.    Then  (.59)  applies.    ( )ther  examples  are  : 

re""-' coKj;,        rtan-ij;/(l  +  ^-),        Tj;'^  sin(j;'). 
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In  the  first,  z  =  c"  is  intcm-iibki  ami  i\s  ;/  =  siiix,  y'  =  cosx  ;  in  the  second,  z  =  1/  is 
integrablo  and  as  1/  =  tan-'j,  j/'=  (1  +  x^)-"  ;  in  the  third  z  =  siny  is  integrable 
and  as  J/  =  X'^,  1/'  =  3x'-     Tho  results  arc 

r-'"\        J(tan-ix)2,        -icos(x3). 

This  niothod  of  integration  at  sight  covei-s  such  a  large  percentage  of  the  cases 
that  arise  in  geometry  and  pliysics  tliat  it  must  be  thoroughly  mastered.* 


EXERCISES 

1.  Verify  tho  fundamental  integrals  (48)-(58)  and  give  the  hyperbolic  analogues 
of  (50)-(53). 

2.  Tabulate  the  integrals  here  expressed  in  terms  of  inverse  hyperbolic  func- 
tions by  means  of  the  corresponding  logarithmic  equivalents. 

3.  Write  the  integrals  of  the  following  integrands  at  sight : 

(a)  i~in((X,  (j3)  cot(((X  +  6), 

(«)  ——■  (0  -  '^~~: 


a-  +  X- 


%  X- 
1 


1  (.^ 

(v)  -. (6)  -,. 

xlogx  X- 


(7) 

tanh  3x, 

(<-) 

1 

\  2ax  —  x- 

(•) 

X 

x=  +  a= ■ 

(m) 

tanx  log  sin  X, 

2  +  logi 

X 

(r) 

1 

%l-x2sin-ix 

(k)  x^Va-i^  +  6,  (X)  tanxsec-x, 

(.)  i£±zi)!,  („)  l^il]Li£, 

J.-J  ^  '     l-x^ 

(/))    (ll+«"'COSX,  (o-)    — "-^—  ■ 

\'  COS  X 

4.  Integrate  after  making  appropriate  changes  such  as  sin-x  =  J  — J  cos  2  x 
or  sec^x  =  1  +  tan^'x,  division  of  denominator  into  numerator,  resolution  of  the 
product  of  trigonometric  functions  into  a  sum,  completing  the  square,  and  so  on. 

{a)  cos'-2x, 


(1) 


x=  +  3x  +  2ri 
x  +  3 


(|3)  sin^x. 

(7)  tan*x. 

^  '    x-l-2 

^^^1-sinx 
versx 

^  '    e-^-r  +  1 

(a            1           . 

v'2  ax  +  x^ 

(X)  sinh  nix  sinh  iix, 

(/i)  cosx  cos  2 X  cos  3 X, 

,  .        cx  +  d 
^"K'^  +  cu  +  b- 

M 

'  '       (ax"  +  b)i' 

4x'^-  6x  +  1 
(k)  sin6xcos2x  +  1, 

{r)  sec^x  tanx  —  A  2x, 
*  The  use  of  differentials  (§  35)  is  perhaps  more  familiar  than  the  use  of  derivatives. 

.'    ilr  J    ill/  dl-  J    <hl 

Then  1   "  log  x  (/x  =  /  2  log  r  d  log  j-  =  (log  r)''. 

The  use  of  this  notation  is  left  optional  with  the  reader;  it  has  some  advantages  and 
some  disadvantages.  The  essential  thing  is  to  keep  clearly  in  mind  the  fact  that  the 
problem  is  to  be  inspected  with  a  view  to  detecting  tlie  function  which  will  differentiate 
into  the  given  integrand. 
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5.  How  are  the  following  tj'pes  integrated  ? 

(a)  sin"'x  cos"z,  m  or  n  odd,  or  m  and  n  even, 
(/3)  tan»x  or  cot"i  when  n  is  an  integer, 
(y)  sec"!  or  cscx  when  n  is  even, 
(S)  tan""i  sec"x  or  cot^x  csc»x,  n  even. 

6.  Explain  the  alternative  forms  in  (54)-(56)  with  all  detail  possible. 

7.  Find  {a)  the  area  under  the  parabola  y^  =  4px  from  x  =  0  to  x  =  a  ;  also 
(|3)  the  corresponding  volume  of  revolution.  Find  (y)  the  total  volume  of  an  ellip- 
soid of  revolution  (see  Ex.  9,  p.  10). 

8.  Show  that  the  area  under  y  =  sin  mx  sin  nx  or  y  =  cos  mx  cos  nx  from  x  =  0 
to  X  =  ir  is  zero  if  m  and  n  are  unequal  integers  but  ^  tt  if  they  are  equal. 

9.  Find  the  sectorial  area  of  r  =  a  tan  <f>  between  the  radii  tj>  =  0  and  0  =  J  ir. 

10.  Find  the  area  of  the  (a)  lemniscate  r-  =  a-  cos20  and  (/3)  cardioid  r=l  — cos0. 

11.  By  Ex.  10,  p.  10,  find  the  volumes  of  these  solid.s.  Be  careful  to  choose  the 
parallel  planes  so  that  A  (x)  may  be  found  easily. 

(a)  The  part  cut  off  from  a  right  circular  cylinder  by  a  plane  through  a  diameter 
of  one  base  and  tangent  to  the  other.  Ans.  2/3  tt  of  the  whole  volume. 

(/3)  How  much  is  cut  off  from  a  right  circular  cylinder  by  a  plane  tangent  to  its 
lower  base  and  inclined  at  an  angle  0  to  the  plane  of  the  base  ? 

(7)  A  circle  of  radius  ft  <  a  is  revolved,  about  a  line  in  its  plane  at  a  distance  a 
from  its  center,  to  generate  a  ring.   The  volume  of  the  ring  is  i-rr^ab'^. 

(5)  The  axes  of  two  equal  cylinders  of  revolution  of  radius  r  intersect  at  right 
angles.   The  volume  common  to  the  cylinders  is  16  r^/3. 

12.  If  the  cross  section  of  a  solid  is  ^(i)  =  a^'  +  OjX^  +  a^  +  O3,  a  cubic  in  x, 
the  volume  of  the  solid  between  two  parallel  planes  \s  \h{B  -\-  iM  +  B')  where  h 
is  the  altitude  and  B  and  B'  are  the  bases  and  M  is  the  middle  section. 

13.  Show  that   f -=tan-i-^ 


.J    1  +  X2 


1  —  cx 


13.  Aids  to  integration.  The  majority  of  cases  of  integration  which 
ai'ise  in  simple  applications  of  calculus  may  be  treated  by  the  method 
of  §  12.  Of  the  remaining  cases  a  large  number  cannot  be  integrated 
at  all  in  terms  of  the  functions  which  have  been  treated  up  to  this 

point.    Thus  it  is  impossible  to  express  /  —  -  in  terms 

^  J   V(l-a--^(l-a^x^ 

of  elementary  functions.  One  of  the  chief  reasons  for  introducing  a 
variety  of  new  functions  in  higher  analysis  is  to  have  means  for  effect- 
ing the  integrations  called  for  Vjy  important  applications.  The  dis- 
cussion of  this  matter  cannot  be  taken  up  here.  The  problem  of 
integration  from  an  elementary  point  of  view  calls  for  the  tabula- 
tion of   some    devices   which  will   accomplish   the    integration  for  a 
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wide  variety  of  integrands  integrable  in  terms  of  elementary  functions. 
The  devices  which  will  be  treated  are : 

Integration  by  parts,  Eesolution  into  jjartial  fractions, 

Various  substitutions.         Reference  to  tables  of  integrals. 
Integration  by  parts  is  an  application  of  (61)  when  written  as 

I  uv'  =uv  —  I  u'v.  (61') 

That  is,  it  may  happen  that  the  integrand  can  be  written  as  the  product  uv'  of  two 
factors,  where  v'  is  integrable  and  where  u'v  i.s  also  integrable.  Then  uv'  is  integrable. 
For  instance,  log  a;  is  not  integrated  by  the  fundamental  formulas ;  but 

/  logx  =  I  logs  ■  1  =  slogx  —  I  x/x  =  xldgx  —  X. 

Here  log  x  is  taken  as  u  and  1  as  v',  so  that  v  is  x,  u'  is  1/x,  and  u'v  =  1  is  immedi- 
ately integrable.  This  method  applies  to  the  inverse  trigonometric  and  hyperbolic 
functions.   Another  example  is 


/  X  sinx  =—  X  COS!  +  |  co.sx  =  sini  —  1 1 


Here  if  x  =  u  and  sin x  =  r',  both  v'  and  w'iJ  =  —  cosx  are  integrable.  If  the  choice 
sin  x=u  and  x=  v'  had  been  made,  v'  would  have  been  integrable  but  u'v  =  ^  x-  cos  x 
would  have  been  less  simple  to  integrate  than  the  original  integrand.  Hence  in 
applying  integration  by  parts  it  is  necessary  to  look  ahead  far  enough  to  see  that 
both  v'  and  u'v  are  integrable,  or  at  any  rate  that  v'  is  integrable  and  the  integral 
of  u'v  is  simpler  than  the  original  integral.* 

Frequently  integration  by  parts  has  to  be  applied  several  ti  mes  in  succession .  Thus 

fx'^e^  =  x^e^  —  C2  xe'  if  u  =  x^,  v'  =  e^, 

=  x'^e'  —  2  le^  -  Ce'  if  «  =  I,    0'  =  e^, 

—  x-e:--  2xfy  +  •2  6'. 

Sometimes  it  may  be  applied  in  such  a  way  as  to  lead  back  to  the  given  integral 
and  thus  afford  an  equation  from  which  that  integral  can  be  obtained  by  solution. 
For  example, 

I  e^cosx  =  e'cosx  +  I  e^.sinx  if  u  =  cosx,  "'=  e-''. 


:  e'  cos  X  +    e=^  sin  X  —  I  e'  cos  i 


e^^sinx  —  |  e 
=  e^(cosx  +  sinx)  —  /  e'' cosx. 
Hence  (  e^  cos  x  =  i  e^  (cos  x  +  sin  x) . 

*  The  method  of  differentials  may  again  be  introduced  if  desired. 


if  u  =  sin  I,   V'  =  e'. 
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14.  For  the  integration  of  a  rational  fraction  f(x)/F(x)  where  /  and  F  are  poly- 
nomials in  X,  the  fraction  is  first  resolved  into  partial  fractions.  This  is  accom- 
plished as  follows.  First  if  /  is  not  of  lower  degree  than  F,  divide  F  into/  until  the 
remainder  is  of  lower  degree  than  F.  The  fraction  f/F  is  thus  resolved  into  the 
sum  of  a  polynomial  (the  quotient)  and  t  fraction  (the  remainder  divided  by  F) 
of  which  the  numerator  is  of  lower  degree  than  the  denominator.  As  the  polyno- 
mial is  integrable,  it  is  merely  necessary  to  consider  fractions  f/F  where  /  is  of 
lower  degree  than  F.  Next  it  is  a  fundamental  theorem  of  algebra  that  a  poly- 
nomial F  may  be  resolved  into  linear  and  quadratic  factors 

F{x)  =  k{x  —  a)' (X  -  b)fi (x- c)y- ■ -(x^  +  mx  +  n)c {x-  +px  +  qy---, 

where  a,  6,  c,  ■  •  •  are  the  real  roots  of  the  equation  F(z)  =  0  and  are  of  the  respec- 
tive multiplicities  a,  ^,  7,  •  ■  ■ ,  and  where  the  quadratic  factors  when  set  equal  to 
zero  give  the  pairs  of  conjugate  imaginary  roots  of  F  =  0,  the  multiplicities  of  the 
imaginary  roots  being  ^i,  .>,■■• .  It  is  then  a  further  theorem  of  algebra  that  the 
fraction  f/F  may  be  written  as 

f{x)^    ^1     I       ^.        ,  ,       ^g       ,      g,  ,          I       ^^       I 

F{x)      x  —  a      {x  —  a)-  (x  —  a)«      x  —  b                (x  —  b)^ 

^     M^x  +  N^     ^  JfgZ-t-.V.       ^          ^       M^i  +  X^       ^ 

x''  +  mx  +  n  (x^  +  rnx  -^- n)-  (i^  +  mx  +  n)i^ 

where  there  is  for  each  irreducible  factor  of  J^  a  term  corresponding  to  the  highest 
power  to  which  that  factor  occurs  in  F  and  also  a  term  corresponding  to  every 
lesser  power.  The  coefficients  A,  B,  •  ■  • ,  M,  X,  ■  ■  ■  may  be  obtained  by  clearing 
of  fractions  and  equating  coefficients  of  like  powers  of  x,  and  solving  the  equations ; 
or  they  may  be  obtained  by  clearing  of  fractions,  substituting  for  x  as  many  dif- 
ferent values  as  the  degree  of  F,  and  solving  the  resulting  equations. 

When  f/F  has  thus  been  resolved  into  partial  fractions,  the  problem  has  been 
reduced  to  the  integration  of  each  fraction,  and  this  does  not  present  serious 
difficulty.  The  following  two  examples  will  illustrate  the  method  of  resolution 
into  partial  fractions  and  of  integration.   Let  it  be  required  to  integrate 

i2  +  l  /.        2x^-1-6 


f ?l±i and      f 

J  x(x-  1)  (X  -  2Wi2  -I- 1  +  1)  J 


x(i-l)(i-2)(i2-|-i  +  l)  J  (x-iy-(x-:if 

Tlie  first  fraction  is  expansible  into  partial  fractions  in  the  form 

I'-l-l  A         B  C  Dx  +  E 

-      -  + 7  + ^+- 


X  (X  -  1)  (X  -  2)  (x2  -I- 1  +  1)       X    '  X  -  1  '  X  -  2  '  x^  +  x  +  l 

Hence        x^  -|- 1  =  A(x  -  1)  (x  -  2)  (i^  -)-  x  -|- 1)  -(-  Bx  (x  -  2)  (x-  +  x  +  1) 
+  Cx(x  -l)(x^  +  x  +  l)  +  (I>x  +  E)x(x  -  1)  (X  -  2). 

Rather  than  multiply  out  and  equate  coefficients,  let  0,  1,  2.  —  1,  —  2  be  .substi- 
tuted.  Then 

1  =  2  A,     2=-3B,     5  =  14C,     D-E  =  1/21,     £-2D  =  l/7, 

r  X-  +  1  —  C  ^         C       ^        xf        ^  /■4X-I-5 

J  i(x-l)(x-2)(x=-l-i-|-l)  ~-/  2x~J  3(x-l)      J  U(x-2)~ J  21(x=-t- 


x-l-1) 
x+1 
2"°        3'"°^       "''14"°'       "'     21'""'      '  "■  "'      7V3"  "        VS 


=  ^logx-|log(i-l)-l--^log(x-2)--^log(i2  +  i-(-l) ?_tan-i?£il 
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In  the  second  case  the  form  to  be  assumed  for  the  expansion  is 

2x^  +  6  A  B  C  I)  E 

+ ttt;  +  , ^  +  ■ 


(j-_],--(x-3)^       /_1       (.c-l)=       (,r-3)       (.r-3)-       (.f-3)-' 
2x3  +  6  =  .1  (.r  -  ]^  (j.  _  3)3  +  ^(.j  _  3)S  _,_  (.(.^  _  ]  )-^  (.,•  _  3)2 
+  1>(j:-])-(x-3)  + A'(j;-1)-. 
The  substitution  of  1,  3,  0,  2,  4  gives  tlie  e(iiiatinii.s 

8  =  -  8  i},         60  =  4  £,         0  ^1  +  3  C  -  iJ  +  12  =  0, 
^-C  +  X»  +  6  =  0,        ^  +  3O  +  3D  =  0. 
The  solutions  are  —  9/4,  —  1,  +  9/4,  —  3/2,  15,  and  the  integral  becomes 


/ 


=  --log(x-l)  + ^  +  -lo.n;(x-3) 


(I  -  1)'-  (J  -  3)3  4     "  '  s  -  1      4 

3 Vy 

"^  2  (X  -  3)      2  (I  -  3)-  ■ 
The  importance  of  the  fact  that  the  method  of  partial  fractions  shows  that  any  \ 
rational  fraction  may  he  integrated  and,  moreover,  that  the  integral  may  at  most  cou-  | 
sist  of  a  rational  part  plus  the  logarithm  of  a  rational  fraction  plus  tlie  inverse  i 
tangent  of  a  rational  fraction  should  not  be  overlooked.   Taken  with  the  method  j 
of  substitution  it  establishes  very  wide  categories  of  integrands  which  are  inte- 
grable  in  terms  of  elementary  functions,  and  effects  their  integration  even  though 
by  a  somewhat  laborious  method. 

15.  The  method  of  substitution  depends  on  the  identity 

•    ff(x)=ff[<p(y)]^  if        x  =  <t,{y),  (590 

Jx  Jy  dy 

which  is  allied  to  (59).   To  show  that  the  integral  on  the  right  with  respect  to  y 

is  the  integral  of  /(x)  with  respect  to  x  it  is  merely  necessary  to  show  that  its 

derivative  with  respect  to  x  is  /(x).   By  definition  of  integration, 

by  (4).  The  identity  is  therefore  proved.  The  metliod  of  integi-ation  by  substitu- 
tion is  in  fact  seen  to  be  merely  such  a  .systematization  of  the  method  based  on 
(59)  and  set  forth  in  §  12  as  will  make  it  practicable  for  more  complicated  problems. 
Again,  differentials  may  be  used  if  preferred. 

Let  R  denote  a  rational  function.   To  effect  the  integration  of 

r.sinxB(sin-x,  cosx),       let    cosx  =  3/,        then    |  —  R  (1  —  2/",  2/) ; 

fcosx  R(cos-x,  sinx),       let    sin  x  =  y,        then    /  R(l—  ?/-,  y) ; 

f/j/?l!l^\=  r7f(tanx),   let    tanx  =  y,        then    f -?^  ; 
J     Vcosx/     ■/  Jy\  +  y 

rR(.sinx,  cosx),  let  Un^  =  v,  then  f^Mr-^' r-— sir-— :• 
The  last  substitution  renders  any  rational  function  of  sin  x  and  cos  x  rational  in 
the  variable- 2/;  ^►ould  not  be  used,  however,  if  the  previous  ones  are  applicable 
it  is  almost  certain  to  give  a  more  difficult  final  rational  fraction  to  integrate. 


Cr  (x,  Va-  +  X-) 
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A  large  number  of  geometric  problems  givejntegrandsjvvhich  are  rational  in  x 
and  in  some  one  of  the  radicals  Va-  +  x-,  Va-  -  x-,  Vx-  -  a-.  These  niay  be  con- 
verted into  trigonometric  or  hyperbolic  integrands  by  the  following  substitutions: 

Cr  (x,  Va-  —  X-)       x  =  a  sin  y,         f  R  (a  sin  y,  a  cos  y)  a  cos  y  ; 

|x  =  atan!/,         i R (atnny,  asecy)asec^y 

I  I  =  a  sinh  y,       f  R{asinhy,  a  cosh  y)  a  cosh  y ; 
l_  •'1/ 

:  X  =  asecy,         I  R  {a  sec  y,  a  tan  y)  a  sec  y  tan  y 

I  I  =  a  cosh  ?/,       I  R  {a  cosh  !/,  a  sinh  y)  a  sinh  !/. 
I,  •''J 

It  frequently  turns  out  that  the  integrals  on  the  right  are  easily  obtained  by 

methods  already  given ;  otherwise  they  can  be  treated  by  the  substitutions  above. 

In  addition  to  these  substitutions  there  are  a  large  number  of  others  which  are 
applied  under  specific  conditions.  Many  of  them  will  be  found  among  the  exer- 
cises. Moreover,  it  frequently  happens  that  an  integrand,  which  does  not  come 
under  any  of  the  standard  types  for  which  substitutions  are  indicated,  is  none  the 
less  integrable  by  some  .substitution  which  the  form  of  the  integrand  will  .suggest. 

Tables  uf  irdegrals,  giving  the  integrals  of  a  large  number  of  integrands,  have 
been  constracted  by  using  various  methods  of  integration.  B.  O.  Peirce's  "  Short 
Table  of  Integrals  "  may  be  cited.  If  the  particular  integrand  which  is  desired  does 
not  occur  in  the  Table,  it  may  be  possible  to  devise  some  substitution  which  will 
reduce  it  to  a  tabulated  form.  In  the  Table  are  also  given  a  large  number  of 
reduction  formulas  (for  the  most  part  deduced  by  means  of  integration  by  parts) 
which  accomplish  the  successive  simplification  of  integrands  which  could  perhaps 
be  treated  by  other  methods,  but  only  with  an  excessi-ve  amount  of  labor.  Several 
of  these  reduction  formulas  are  cited  among  the  exercises.  Although  the  Table  is 
useful  in  performing  integrations  and  indeed  makes  it  to  a  large  extent  unneces- 
sary to  learn  the  various  methods  of  integration,  the  exercises  immediately  below, 
which  are  constructed  for  the  purpose  of  illustrating  methods  of  integration,  should 
be  done  without  the  aid  of  a  Table. 

EXERCISES 

1.  Integrate  the  following  by  parts  : 

{a)  I"  X  cosh  X,  (jSjftan-iz,  (y)   Cx-'logx, 

_,   /"sin-ix  ,  ^    r    xe^  r        \ 

2.  If  P(x)  is  a  polynomial  and  P'(x),  P"{x),  •  •  •  its  derivatives,  show 

(a)   CP{x)e^  =  -e«='\p(x)  -  -^-{s)  -I-  \P"(x) 1, 

''  a      \_  a  a'  J 

(/3)   C  P  (X)  cos  ax  =  'S.max\  Fix)  -  ~  P"(x)  +  -  P^^ix) 1 

•z  0  L  a-  "*  J 

-I-  -  cos  CU-.  I-  P'(i)  -  -  P"'(x)  +  i  P'flk 1 ' 

a  \ji  a'  a=        ^k        J 

and  (7)  derive  a  similar  result  for  the  integrand  P  (x)  sin  ax. 
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3.  By  successive  integration  by  parts  and  subsequent  solution,  show 

,    ,    r   ,,   .    ,         e'^iasinbx —  bcosbx) 

(a)   I  c"-^  sni  bz  =  — ^ : , 

J  a'^  +  b"- 

,„.    r^,,        ,         f^(6sinte  +  acosfti) 
(S)   I  f"  ciis  bx  = 5^ ■ ; , 

(7)  I  xe'^^cosx  =  -^•;e''^[bx{s\nx  +  2cosi)  —  4  sin x  —  3cosx]. 

4.  Prove  by  integration  by  parts  tlie  reduction  fonnnlas 

,   .    /"  .  sin™ +1 1  COS"-' j;       n  —  lr. 

(a)   I  sin'"j:  cos»3:  = 1 j  sin"'3- cos"--j, 

•^  );i  +  Ji  til  +  n  •/ 

,„,    r.      ,.  tan"' -'a;  sec" J-  m  —  ]        r 

(/3)   I  taii'"iRec"x  = I  taii"-2j'  sec»z, 

■^  m  +  n  —  1  m  +  n—  1  J 

(v)  f— J-^  =  — ' — r — ? — +(2n-3)  r 5^ ], 

■  J  {x-  +  a-)"      2{n-1)n-l {x-  +  a-)" -1  -/  {x-  +  a-)" -'  J 

(5)  r_^::i_= f::ii^ +  !!L+ir^ 

•/  (logx)"  ()i-l)(logi)"-i       n- iJ   (lng/)»-i 

5.  Integrate  by  decompositinn  into  partial  fractions  : 

^    '  J  (x-l)(j;-2)  ^^'J„4_a;4  ^"Ji+3:4 

^    '  J  (X  +  2)2(1  +  1)  ^'J       2x^  +  x^  ^'Jx(l  +  x-)- 

6.  Integrate  by  trigonometric  or  hyperbolic  substitution  : 

(a)   C^a--x-,  (|8)  fVx^  -  a",  (7)   fVa^  +  x=, 


2.  s 


(«)/^^.  (.)/^^^l:=A\  (nfl^i^ 

•^  (a-x"-)i  J  X  ■'  x^ 

7.  Find  the  areas  of  these  curves  and  their  volumes  of  revolution  : 

(a)  it  +  2/'  =  at,  ((3)  a*y"-  =  aV  -  x^,  (7)  (^y+  (^  =1. 

8.  Integrate  by  converting  to  a  rational  algebraic  fraction : 

/sin3x  f  cosSx  r  sin2x 

a-  C0S2  1  +  62  sjn2  J.  J   (j2  (,(,52  X  +  6^  Sin2  X  '  J    «2  (.Qg2  ^  ^  ;^2  j5i,,2  J. 

./a  +  6cosx  >/  a  +  600SX  +  csinx  i/   1  +  sinx 

9.  Show  that  j  R  (x,  Va  +  6x  +  cx2)  may  be  treated  by  trigonometric  substitu- 
tion :  distinguish  betw^een  6-  —  4  ac  5  0. 


10    Show  that  Ce\x,-\  — )  is  made  rational  hj  y"  = ■  •  Hence  infer 

J      \      \cx  +  d/  cx  +  d 

X  —  8 

R  (x,  V(x  -  a)(x-  0))  is  rationalized  bv  y"  = ■   This  accomplishes 

^  '      ^  ^  /  \        r-//  X  —  a 

the  integration  ^R  (x,  Va  +  6z  +  cx^)  when  the  roots,  of  a  +  6x  +  cx2  =  0  are 
real,  that  is,  when  62  —  4  ac  >  0. 
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11.  Show  tli;it    f/' T-f.  r^^-i^T.  i'^^^'X-       •    '   "''"'f  ""■  ''^1"""'"'«  "'•  "• 

■  •  .  are  ralioiial,  is  rationalizerl  bv  y'  — '  if  !>■  is  s'>  i'li"Wii  llml  kw.  kn.  ■  •  ■  arf 

.    ,  '■■'•  +  '' 

mlegt'rs. 

12.  Siiuw  that  f{a  +  byyyi  may  be  rationalized  if  p  or  q  uv  p  +  (/  iri  an  integer. 

By  setting  x»  =  y  show  that  C x'"  (a  +  />x")''  may  be  reduced  to  tlie  above  type  ami 

'"  +  1               )«  +  1  ...         1 

hence  is  nites;rable  when or  j)  or 1-  ?)  is  inteirral. 

13.  If  the  roots  of  ii  +  hx  +  rx"  =  0  are  imaginary,    /  U{x.  V((  +  hx  +  <\r-)  may 
be  I'atlonali/.ed  by  )/  =  V((  +  hx  +  rx-  T  x  vc 

14.  Integrate  the  following. 


<«)/^^'  <«/^'  w/vr-'  /^' 

■''  Ve'  +  1  •'  V(l  -  x-)3  -^  (-c  -  J)  Vft  +  to  +  c-c- 

(.)  f^—^  •  W  /^^?±I,  (X)  /-^  +  ^ 


3-(l  +  3-=)-.^ 


;; '  v^ 

X- 

15.  In  view  of  Ex.  12  discuss  the  integrability  of  : 

C  ■  ,         .  /-  ,    r        -i^'"  I"  IPt   3-  =  (-(J/-, 

(a)   j  .SI  n"  I  COS"  X,  let  smij-=Vj!/,  (p)   I  ==-    ■;  _r_l-. 

•^  -^   Vrfo:  —  x"     V '"'     V((j:  —  j-  =  xy. 

16.  Apply  the  reduction  fonmila.s,  Table,  p.  (>(>,  tcj  show  that  the  final  integi'al  for 

/%"           .        r       \                     C       X                     r        1 
IS      I or      I  — ^^^      or       I  
Vl  -  X?            •'  Vl-x-             ■'^'l-x-             ■'  xVl-x- 

according  as  in  Is  even  or  odd  and  positive  or  odd  and  negative. 

17.  Prove  sundry  of  the  formulas  of  I'eirce's  Table. 


18.  Show  that  if  I!(x,  va-  —  x.-)  contains  x  only  to  odd  powers,  the  substitu- 
tion z  =  Va-  —  x^  will  rationalize  the  expression.  I'.se  Kxs.  1  (f)  and  0  (e)  to 
compare  the  labor  of  this  algebraic  substitution  with  that  of  the  trigonometric  or 
hyperbolic. 

16.  Definite  integrals.  If  an  iiitewal  fvon)  .t  =  «  to  a-  =  h  lie  diviilcd 
into  n  successive  intervals  A./,,  A./-,,  •  •  •,  A./'„  and  tlie  value  ./'(^, )  of  a 
function /(.r )  lie  eoniputed  from  some  point  f,  in  each  interval  I^:r.  and 
lie  multiplied  by  A./-,,  then  the.  limit  of  ilie  sum 

lim IMO  A.'i  +f{$,)  A.r,  +  . . .  +  /(Q  A.r„J  =  •^(a-) dx,        (C2) 


FrN])AMENTAL   RULES 


25 


wlieu  each  interval  becomes  infinitely  short  and  their  numter  n  he- 
c'Omes  infinite, is  known  iis  thr  ih'p'niff  inteijnil  of /(.'■)  from  <i  to  h,  and 
is  designated  as  indicated.  If  i/=f(.r)  be  graphed,  the  sum  will  be 
represented  by  the  area  under 
a  broken  line,  and  it  is  clear 
that  the  limit  of  the  sum,  that 
is,  the  integral,  will  be  repre- 
sented by  the  (iren  under  ilif 
riirri'  ij=/\r)  and  between 
the  ordinates  x  =  o  and.r  =  /<. 
Thus  the  definite  integral,  de- 
fined arithmetically  by  (62"), 
may  be  connected  with  a  geo- 
metric concept  which  can  serve  to  suggest  properties  of  the  integral 
much  as  the  interpretation  of  the  derivati\'e  as  the  slope  of  the  tan- 
gent served  as  a  useful  geometric  representation  of  the  arithmetical 
definition  {'2). 

For  instance,  if  u,  b,  c  are  successive  values  of  .r,  then 


fy^.r)cl.r+iy(x)<I.r  =  fj\.r)dx 


(63) 


is  tlie  equivalent  of  the  fact  that  the  area  from  a  to  c  is  equal  to  the 
sum  of  the  areas  from  <i  to  h  and  h  to  .■.  Again,  if  Aa-  lie  considered 
positive  when  j-  moves  from  'i  to  b,  it  must  be  considered  negative 
when  X  moves  from  l>  to  a  and  hence  from  (62) 


X/(x)rf.r  =  -X/W^/^. 


(64) 


Finally,  if  .1/  be  the  maximum  of  /\./')  in  the  interval,  the  area  under 
the  curve  will  he  less  than  tliat  under  the  line  //  =  ^f  through  the 
liighest  point  of  the  curve ;  and  if  w  l)e  the  minimum  of  /(•>•),  the 
area  under  the  curve  is  greater  than  that  under  //  =  in.   Hence 


'  (''  T  ")<£fi:'')(^^  <  ■^'■(''  -  "^• 


(65) 


There  is,  then,  some  intermediate  value  ;«  <  /x  <  .1/  such  that  the  inte- 
gral is  equal  to  fi{!i  —  (i);  and  if  the  line  .'/=^  cuts  the  curve  in  a 
point  whose  aliscissa  is  ^  intermediate  l)etween  a  and  /*,  then 

f  '/(x)  >Ix  =  ^(b-a)  =  (/,  -  „)/($).  (65') 

This  is  the  fundamental  Thenrnti  of  the  Mean  for  definite  integrals. 
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The  definition  (62)  may  be  applied  directly  to  tlie  evaluation  of  the  definite  in- 
tegrals of  the  simplest  functions.  Consider  first  1/j;  and  let  a,  b  be  positive  with  a 
less  than  b.  Let  the  interval  from  a  to  6  be  divided  into  n  intervals  Ai,-  which  are 
in  geometrical  progression  in  the  ratio  r  so  that  Xi  =  a,  x^  =  ar,  ■  ■  -,  x„+i  =  ar" 

and    Axi  =  a(r-1),    Xc2  =  ar{r  -  1),  Aca  =  ar^{r -1),  ■  ■ -,    Ax„  =  ar»-i(r  -  1) ; 

whence        6  —  a  =  Aa:i  +  Ai2  + hAz„  =  a(r»—  1)     and    r»  =  b/a. 

Choose  the  points  {,•  in  the  intervals  Az,-  as  the  initial  points  of  the  intervals.   Then 

Axi   ^  Azg  ^  ^  iLX„^a{r-l)   ^  ar(r-l)   ^  ^  t"-"  "'('•- 1 )  ^  ^  ^^      ^^ 

li         it  L  a  ar  a?-"-' 

But  r  =  Vb/a    or    n  =  log  ip/a)  -^  log  r. 

„             Azi  ,  Aj^j  ,          ,  Az„         ,                     b    r  —  1            b           h 
Hence     — - -\ -\ 1- =  n  (r  —  1)  =  log  -  • =  log  -  


f„  a    log  r  a    log  (1  +  h) 

Now  if  n  becomes  infinite,  r  approaches  1,  and  h  approaches  0.  But  the  limit  of 
log  (1  +  h)/h  as  A  zb  0  is  by  definition  the  derivative  of  log  (1  +  x)  when  x  =  0  and 
is  1.    Hence 

X'>  dx      ,.      rAii      Ai2  Ai„l      ,      &      ,      ,       , 

-=  hm     -^  +  ^ +  ...  +  _-==  log- =  log6- logo. 

As  another  illustration  let  it  be  required  to  evaluate  the  integral  of  cos^  x  from 
0  to  J  IT.  Here  let  the  intervals  Ax,  be  equal  and  their  number  odd.  Choose  the  fs 
as  the  initial  points  of  their  intervals.     The  sum  of  which  the  limit  is  desired  is 

<r  =  cos^  0  vAx  +  cos''  Ax  ■  Ax  +  cos^  2  Ax  ■  Ax  +  ■  •  • 

+  cos^  (n  —  2)  Ax  ■  Ax  +  cos^  (n  —  1)  Ax  ■  As. 

But        nAx  =  J  IT,  and  (n  —  1)  Ax  =  J  tt  —  Ax,  (n  —  2)Ax  =  Jir  —  2  Ax,  ■  ■  ■, 

and  cos {^tt  —  y)  =:  sin y    and    sin^ y  +  cos^ y  =  1. 

Hence        tr  =  ±c  [cos^  0  +  cos^^  Ax  +  cos^  2  Ax  +  •  ■  •  +  sin''  2  Ax  +  sin''  Ax] 

Hence         f    cos^xdx  =  lim  [^nAx  +  ^  Ax]  =  lim  (Jir  +  J  Ax)  =  i^r. 

«' 0  Aa:  =  0  Ax  =  0 

Indications  for  finding  the  integrals  of  other  functions  are  given  in  the  exercises. 

It  should  be  noticed  that  the  variable  x  which  appears  in  the  expression  of  the 
definite  integral  really  has  nothing  to  do  with  the  value  of  the  integral  but  merely 
serves  as  a  symbol  useful  in  forming  the  sum  in  (62).  What  is  of  importance  is 
the  function  /  and  the  limits  a,  b  of  the  interval  over  which  the  integral  is  taken. 

f''f(x)clx=  f''f(t)dt=  Cf(y)dy=  f''f{,)d,. 

The  variable  in  the  integrand  disappears  in  the  integration  and  leaves  the  value  of 
the  integral  as  a  function  of  the  limits  o  and  6  alone. 
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17.  If  the  lower  limit  of  the  integral  be  fixed,  the  value 

f{x)dx  =  ^(h) 


f 


of  the  integral  is  a  function  of  the  upper  limit  regarded  as  variable. 
To  find  the  derivative  *'(ft),  form  the  quotient  (2), 


^(b  +  M)- 


J^b  +  ab  r*b 


A6  Ai 

By  applyirg  (63)  and  (65'),  this  takes  the  simpler  form 


$  (ft +  Aa) -$(/<) 


=  X7/(^)^*. 


Aft  Aft  Aft 

where  f  is  intermediate  between  ft  and  ft  +  Aft.  Let  Aft=0.  Then  ^ 
approaches  a  and/(^)  approaches /(«).    Hence 

\J  a 

If  preferred,  the  variable  ft  may  be  written  as  x,  and 

This  equation  will  establish  the  relation  between  the  definite  integral 
and  the  indefinite  integral.  For  by  definition,  the  indefinite  integral 
F(,r)  of /(a')  is  any  function  such  that  F'{x)  equals /(x).  As  4>'(x)  =f{x) 
it  follows  that  „j: 

{   f(x)dx=F(x)+C.  (67) 

Hence  except  for  an  additive  constant,  the  indefinite  integral  of  /  is 
the  definite  integral  of  /  from  a  fixed  lower  limit  to  a  variable  upper 
limit.  As  the  definite  integral  vanishes  when  the  upper  limit  coincides 
with  the  lower,  the  constant  C  is  —  F(«)  and 

f{x)  dx  =  F(b)-  F(a).  (67') 

Hence,  the  definite  integral  of  fix')  from  a  to  ft  it  the  difference  between 
the  values  of  any  indefinite  integral  Fix)  talenfor  the  upper  <ind  lower 
limits  of  the  definite  integral;  and  if  the  indefinite  integral  of  /  is 
known,  the  definite  integral  may  be  obtained  without  applying  the 
definition  (62)  to  f 


r 
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The  great  iinportauce  of  definite  integrals  to  geometry  and  physics 
lies  in  that  fact  that  many  quantities  connected  with  geometric  figures 
or  physical  bodies  iiKn/  he  expressed  slvijihj  for  small  portions  of  the 
figures  or  bodies  and  may  then  be  obtained  as  the  sum  of  those  quanti- 
ties taken  over  all  the  small  portions,  or  rather,  as  the  lim,it  of  that  sum, 
when  thej'ortions  become  smaller  and  smaller.  Thus  the  area  under  a 
curve  cannot  in  the  first  instance  be  evaluated  ;  but  if  only  that  portion 
of  the  curve  which  lies  over  a  small  interval  A.)'  be  considered  and  the 
rectangle  corresponding  to  tlie  ordinate /X^)  be  drawn,  it  is  clear  that 
the  area  of  the  rectangle  is/'(^)A.)-,  that  the  area  of  all  tlie  rectangles  is 
the  sum  2/-'(|)A.i-  taken  from  a  to  //,  that  when  the  intervals  A,>-  approach 
zero  the  limit  of  their  sum  is  the  area  under  the  curve  ;  and  hence  tliat 
area  may  be  written  as  the  definite  integral  of /'(.cj  from  a  to  b* 

In  like  manner  consider  tlie  mass  of  a  rod,  of  variable  density  and  suppose  the 
rod  to  lie  along  the  s-axis  so  that  the  density  may  be  taken  as  a  function  of  x. 
In  any  small  lenj^th  Aj  of  the  rod  the  density  is  nearly  constant  an<l  tlie  mass  of 
that  part  is  approximately  equal  to  the  product  pAx  of  the  density  p(x)  at  the 
initial  point  of  that  part  times  the  length  Ax  of  the  part.  In  fact  it  is  clear  that 
the  mass  will  be  intermediate  between  the  products  jhAx  and  3/Ax,  where  m  and 
3f  are  the  minimum  and  maximum  densities  in  the  interval  Ax.  In  other  words 
the  mass  of  the  section  Ax  will  be  exactly  equal  to  p  (f )  Ax  where  {  is  some  value  of 
X  in  the  interval  Aj;.  The  ma.ss  of  the  whole  rod  is  therefore  the  sum  2p(J)Ax 
taken  from  one  end  of  the  rod  to  the  other,  and  if  the  intervals  be  allowed  to 
approach  zero,  the  mass  may  be  written  as  the  integral  of  p(x)  from  one  end  of 
the  rod  to  the  other,  t 

Another  problem  that  may  be  treated  by  these  methods  is  that  of  finding  the 
ioiaX  pressure  on  a  vertical  area  submerged  in  a  liquid,  say,  in  water.  Let  w  be  the 
weight  of  a  column  of  water  of  cross  section  1  sq.  unit  and 
of  height  1  unit.  (If  the  unit  is  a  foot,  w  =  62.5  lb.)  At  a 
point  h  units  below  the  surface  of  the  water  the  pressure  is 
wh  and  upon  a  small  area  near  that  depth  the  pressure  is 
approximately  whA  if  A  be  the  area.  The  pressure  on  the 
area  A  is  exactly  equal  to  w^A  if  J  is  some  depth  interme- 
diate between  that  of  the  top  and  that  of  the  bottom  of 
the  area.  Now  let  the  finite  area  be  ruled  into  strips  of  height  A/t.  Consider  the 
product  whb  (h)  A/i  where  b(h)  =  f{Ji)  is  the  breadth  of  the  area  at  the  depth  h.  This 

*  The  I's  may  evidently  be  so  chosen  that  the  finite  sum  2/(?)Aa;  is  exactly  equal  to 
the  area  under  the  curve  ;  but  still  it  is  necessary  to  let  the  intervals  approach  zero  and 
thus  replace  the  sum  by  an  integral  because  the  values  of  f  which  make  the  sura  equal 
to  the  area  are  unknown. 

t  This  an<l  similar  problems,  here  treated  by  using  the  Theorem  of  the  Mean  for 
integrals,  may  be  treated  from  the  point  of  view  of  differentiation  as  in  §  7  or  from  that 
of  Duhamel's  or  Osgood's  Theorem  as  in  §§  34,  S5.  It  shonid  be  needless  to  .state  that  in 
any  particular  problem  some  one  of  the  three  methods  is  likely  to  be  somewhat  preferable 
to  either  of  the  others.  The  reason  for  laying  such  emphasis  upon  the  Theorem  of  the 
Mean  here  and  in  the  exercises  below  is  that  the  theorem  is  in  itself  very  important  and 
needs  to  be  thoroughly  mastered. 
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is  approximately  tlie  pressure  on  tlie  strip  as  it  is  tlie  pressure  at  tlie  top  of  the  strip 
iiuiltiplied  by  tlie  approximate  area  of  the  strip.  Then  w(  b  ({)  Ah,  wliere  {  is  some 
value  between  h  and  h  +  A/i,  is  the  actual  pressure  on  the  strip.  (It  is  suiKcient  to 
write  the  pressure  as  approximately  v)hb(h)Ah  and  not  trouble  with  the  |.)  The 
total  pressure  is  then  2iu?b({)AA  or  better  the  limit  of  that  sum.    Then 

P=  lim  Vi«f6(|)d/i=  r  whh(h)dh, 

where  (t  is  the  depth  of  the  top  of  the  area  and  h  that  of  the  bottom.    To  evaluate, 
the  pre.ssure  it  is  merely  necessary  to  tind  the  breadth  b  as  a  function  of  h  and 
integrate. 

EX£RCIS3;S 

p  b  /^h 

1.  If  A'  is  a  constant,  show    /    k/{x)dx  =  k  j   f{x)dx. 

2.  Show  tluit  I    ((i  ±  r)t/x  =  I    ialx,  ±  j    v(lx. 

3.  If,  from  a  to  b,  \p(x)<f(x)  <  (p{x),  show  f  \p{j:)dx  <  f  f{j:)dx  <  f  0(j:)(lr. 

4.  Suppose  dial  the  mininnun  and  maxinnim  of  the  ijuotient  ^{x,)=  f(z)/<p(£) 

of  two  functions  in  the  interval  from  a  to  b  are  m  and  3/,  and  let  <p{i.)  be  positive 

•so  that 

m  <q(z)  =  --^  <  J/    and     m<t> (x)  <  f{x)  <  il<t> (x) 
<p{x) 

arc  true  relations.    Show  by  Exs.  3  and  1  that 

f{i) 


f  .f{x)dx  f  f{x)dx 


m<^ KM    and     -^^ =  ;x=V({)=, 

f  <t>(x)dx  C  <t>{x)dx  *"- 

where  {  is  some  value  of  x  between  o  and  6. 

5.  If  m  and  Jl/  are  the  minimum  and  maximum  of  f(x)  between  a  and  6  and  if 
<t)  (x)  is  always  positive  in  the  interval,  show  that 

m  f  <t>(x)dx  <  f  f(x)<t>(x)dx  <  M  f  <p{x)dx 
and  f  "f{x)  4,{x)dx  =  fi  f  4>(x)dx=  /(^)  f  4>  (x)  dx. 

Jn  Jn  Jn  , 

Note  that  the  integrals  of  [J/-/(x)]0(x)  and  [/(x)-  m]<p(x)  are  positive  and 
apply  Ex.  2. 

6.  Evaluate  the  following  by  the  direct  application  of  (62) : 

J->>            }p  —  a?  r'> 

xdx  = ,  (;8)     I    e'dx  =  e*  -  e". 

ft  2  J  n 

Take  equal  intervals  and  use  the  rules  for  arithmetic  and  geometric  progre.ssion.s. 

7.  Evaluate  (a)    fViU  =  —^  ('/"+'  -  a-'+i),      (/3)   f  'c^dx  =  - ((*  -  c°). 

^    '  J„  m  +  1  J  a  log  c 

In  the  first  the  intervals  should  be  taken  in  geometric  progression  with  r»  =  b/a. 
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8.  Show  directly  that  (a)    f  "sin^xdx  =  i  ir,    (j3)    f  coS"xdx  =  0,  if.  n  is  odd. 

Jo  *^o 

9.  With  the  aid  of  the  trigonometric  formulas 

cosj;  +  cos2i+  •■■  +  cos(n-l)a;  =  ^[sinnj;cot  Ji-  1-  cosnx], 
Sinn-  sin  2 a;  +  ■  ■  ■  +  sin  (n  -  1)  x  =  l[{l  -  oostu;)  cot  J  x  -  sinjix], 

show     (a)    f  cos  xdx  =  sin  6  —  sin  a,         (/3)   j    sin  xdx  =  cos  a  —  cos  b. 

'      10.  A  function  is  said  to  be  even  if  /(-  x)  =/(x)  and  odd  if  /(-  x)  =  -/(x). 

Show    {a)  f'^''f(x)dx  =  2f  7(x)  dx,  f  even,        (|3)  £  ^  7(x)  dx  =  0,  /  odd. 

11.  Show  that  if  an  integral  is  regarded  as  a  function  of  the  lower  limit,  the 
uppfer  limit  being  fixed,  then 

*'(a)  =  A    r/(x)dx  =  -/(a),       if   ^(a)=  f  f(x)dx. 
da  *^ti  "^n 

12.  Use  the  relation  between  definite  and  indefinite  integrals  to  compare 


f. 


/(x)di  =  (6-a)/(f)     and     F(b)  -  F(a)  =  (b  -  a)  F'(i), 


the  Theorem  of  the  Mean  for  derivatives  and  for  definite  integrals. 

13.  From  consideration  of  Exs.  12  and  4  establish  Cauchy's  Formula 

AF^F{b)-F{a)^F'(()  a<t<b 

A*       ■I'(6)-*(o)       *'(?)'  ' 

which  states  that  the  quotient  of  the  increments  AF  and  A*  of  two  functions,  in 
any  interval  in  which  the  derivative  *'(i)  does  not  vanish,  is  equal  to  the  quotient 
of  the  derivatives  of  the  functions  for  some  interior  point  of  the  interval.  What 
would  the  application  of  the  Theorem  of  the  Mean  for  derivatives  to  numerator 
and  denominator  of  the  left-hand  fraction  give,  and  wherein  does  it  differ  from 
Cauchy's  Formula  ? 

14.  Discu.ss  the  volume  of  revolution  of  y  =  f(x)  as  the  limit  of  the  sum  of  thin 
cylinders  and  compare  the  results  with  those  found  in  Ex.  9,  p.  10. 

15.  Show  that  the  mass  of  a  rod  running  from  a  to  b  along  the  x-axis  is 
\k{f>^  —  a?)  if  the  density  varies  as  the  distance  from  the  origin  (fc  is  a  factor  of 
proportionality). 

16.  Show  (a)  that  the  mass  in  a  rod  running  from  a  to  6  is  the  same  as  the  area 
under  the  curve  y  =  p{x)  between  the  ordinates  x  =  a  and  x  =  b,  and  explain  why 
this  should  be  seen  intuitively  to  be  so.  Show  (/3)  that  if  the  density  in  a  plane  slab 
bounded  by  the  x-axis,  the  curve  y  =/(x),  and  the  ordinates  x  =  a  and  x  =  6  is  a 

function  p  (i)  of  x  alone,  the  mass  of  the  slab  is  |    yp  {x)dx  ;  also  (7)  that  the  mass 

O  rt 

r'' 

of  the  corresponding  volume  of  revolutinu  is   |    iry^p(x)dx. 

J  a 

17.  An  isosceles  triangle  has  the  altitude  a  and  the  base  2').  Find  (a)  the  mass 
on  the  assumption  that  the  density  varies  as  the  distance  from  the  vertex  (meas- 
ured along  the  altitude).  Find  (p)  the  mass  of  the  cone  of  revolution  formed  by 
revolving  the  triangle  about  its  altitude  if  the  law  of  density  is  the  same. 


FUNDAMENTAL  RULES  31 

18.  In  a  plane,  the  moment  of  inertia  I  of  a  particle  of  mass  m  with  respect  to  a 
point  is  defined  as  the  product  mr^  of  the  mass  by  the  square  of  its  distance  from  the 
point.   Extend  this  definition  from  particles  to  bodies. 

(a)  Show  that  the  moments  of  inertia  of  a  rod  running  from  a  to  &  and  of  a 
circular  slab  of  radius  a  are  respectively 

jc-p  (x)  dx     and     1=1    2  irr^p  (r)  dr,         p  the  density, 

if  the  point  of  reference  for  the  rod  is  the  origin  and  for  the  slab  is  the  center. 

(j3)  Show  that  for  a  rod  of  length  2  I  and  of  uniform  density,  1  =  ^  MP  with 
respect  to  the  center  and  /  =  f  MP  with  respect  to  the  end,  M  being  the  total  mass 
of  the  rod. 

(7)  For  a  uniform  circular  slab  with  respect  to  the  center  1=1  Ma-. 

(S)  For  a  uniform  rod  of  length  2  I  with  respect  to  a  point  at  a  distance  d  from 
its  center  is  /  =  MQ  l^  +  d^).  Take  the  rod  along  the  axis  and  let  the  point  be 
(a,  p)  with  d-  =  a-  +  p". 

19.  A  rectangular  gate  holds  in  check  the  water  in  a  reservoir.  If  the  gate  is 
submerged  over  a  vertical  distance  H  and  has  a  breadth  B  and  the  top  of  the 
gate  is  a  units  below  the  surface  of  the  water,  find  the  pressure  on  the  gate.  At 
what  depth  in  the  water  is  the  point  where  the  pressure  is  the  mean  pressure 
over  the  gate  ? 

20.  A  dam  is  in  the  form  of  an  isosceles  trapezoid  100  ft.  along  the  top  (which 
is  at  the  water  level)  and  60  ft.  along  the  bottom  and  30  ft.  high.  Find  the  pres- 
sure in  tons. 

21.  Find  the  pressure  on  n,  circular  gate  in  a  water  main  if  the  radius  of  the 
circle  is  r  and  the  depth  of  the  center  of  the  circle  below  the  water  level  is  d^r. 

22.  In  space,  mxjments  of  inertia  are  defined  relative  to  an  axis  and  in  the  for- 
mula I  =  mr^,  for  a  single  particle,  r  is  the  perpendicular  distance  from  the 
particle  to  the  axis. 

(or)  Show  that  if  the  density  in  a  solid  of  revolution  generated  by  y  =/(x)  varies 
only  with  the  distance  along  the  axi.s,  the  moment  of  inertia  about  the  axis  of 

revolution  is  7  =   |    },-jry'p{x)dx.    Apply  Ex.  18  after  diviiling  the  solid  into  disks. 

(/3)  Find  the  moment  of  inertia  of  a  sphere  about  a  diameter  in  case  the  density 
is  constant ;  I  =  ^  Ma^  =  j'-  irpa^. 

(7)  Apply  the  result  to  find  the  moment  of  inertia  of  a  spherical  shell  with 
external  and  internal  radii  a  and  6  ;  7  =  |  Jl7(a°  —  6=)/(a2  —  6').  Let  h  =  a  and 
thus  find  I  =  ^Ma-  as  the  moment  of  inertia  of  a  .spherical  surface  (shell  of  negli- 
gible thickness). 

(S)  For  a  cone  of  revolution  7  =  ^j  Jfa^  where  a  is  the  radius  of  the  base. 

23.  If  the  force  of  attraction  exerted  by  a  mass  m  upon  a  point  is  kmf(r)  where 
r  is  the  distance  from  the  mass  to  the  point,  show  that  the  attraction  exerted  at 
the  origin  by  a  rod  of  density  p  {x)  running  from  a  to  6  along  the  j;-axis  is 

A=  f  kf{x)  p  (x)  dx,     and  that    A  =  kM/ab,        M  =  p(b-a), 

is  the  attraction  of  a  uniform  rod  if  the  law  is  the  Law  of  Nature,  that  is, 
f(r)  =  l/r2. 
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24.  Suppose  Uiat  tlio  density  p  in  tlie  slab  of  Ex.  10  were  a  function  p{x,  y)  of 
both  I  and  y.  Sliow  tliat  the  mass  of  a  small  slice  over  the  interval  A£i  would  be 
of  the  form 

p  (I,  !/)  di/ =  *  (I)  Ax  and  that  j    <l>(x)Aj;=J       j  p(j:,y)dy\dz 

would  be  the  expression  for  the  total  mass  and  would  require  an  integration  with 
respect  to  y  in  which  x  was  held  constant,  a  substitution  of  the  limits  /(i)  and  0 
for  y,  and  then  an  intesratioii  with  respect  to  x  from  a  to  b. 

25.  Apply  the  con.siderations  of  Ex.  24  to  finding  moinent.s  of  inertia  of 
(a)  a  uniform  triangle  y  =  mx,  y  =  0,  £  =  a  witli  respect  to  the  origin, 
(/9)  a  uniform  rectangle  with  respect  to  the  center, 

(7)  a  uniform  ellipse  with  respect  to  the  center. 

26.  Compare  Ex.s.  24  and  16  to  treat  tlie  volume  under  the  .surface  z  =  p{x,  y) 
and  over  the  area  bounded  by  y  =/(x),  j/  =  0,  u;  =  </,  x  =  b.    Find  the  volume 

(a)  under  z  =  xy  and  over  y-  =  ipx,  ?/  =  0.  x  =  0,  x  =  h, 

(/3)  under  z  =  x-  +  7j-  and  over  x^  +  y-  =  «'-,  ?/  =  0.  x  =  0,  x  =  (^, 

X^         V"         2^  X"         (/^ 

(7)  under 1-  —  +  —  =  1  and  over 1-  —  =  1,  w  =  0,  x  =  0,  x  =  it. 

a''      0-      c^  a-      0- 

27.  Discuss  sectorial  area  j  |  r^d^  in  polar  coordinates  as  the  limit  of  the  sum 
of  small  sectors  running  out  from  the  pole. 

28.  Show  that  the  moment  of  inertia  of  a  uniform  circular  sector  of  angle  <r 
and  radius  a  is  J  paa*.    Hence  infer  I  =  ^p  I     r*d<p  in  polar  coordinates. 

29.  Find  the  moment  of  inertia  of  a  uniform  (or)  lemniscate  r^  =  a-  cos^  2  </> 
and  (/3)  cardioid  r  =  a  (1  —  cos  cp)  with  respect  to  the  pole.  Also  of  (7)  the  circle 
r  =  2a  cos ij>  and  (5)  the  rose  r  =  a  sin 2 <p  and  (e)  the  rose  r  =  a  sin  3 4>. 


CHAPTER   II 

REVIEW  OF  FUNDAMENTAL  THEORY* 

18.  Numbers  and  limits.  The  (^■oucept  and  theory  of  real  number, 
integral,  rational,  and  irrational,  will  not  be  set  forth  in  detail  here. 
Some  matters,  however,  which  are  necessary  to  the  proper  understand- 
ing of  rigorous  methods  in  analysis  must  be  mentioned;  and  numerous 
points  of  view  which  are  adopted  in  the  study  of  irrational  number 
will  be  suggested  in  the  text  or  exercises. 

It  is  taken  for  granted  that  by  liis  earlier  work  the  reader  has  become  familiar 
with  the  use  of  real  numbers.  In  particular  it  is  as.sumed  that  he  is  accustomed 
to  represent  numbers  as  a  «ta/e,  that  is,  by  points  on  a  straight  line,  and  that  he 
knows  that  when  a  line  is  given  and  an  origin  chosen  upon  it  and  a  unit  of  measure 
and  a  positive  direction  have  been  chosen,  then  to  each  point  of  the  line  corre- 
sponds one  and  only  one  real  number,  and  conversely.  Owing  to  this  correspond- 
ence, that  is,  owing  to  the  conception  of  a  scale,  it  is  possible  to  interchange 
statements  about  numbers  with  statements  about  points  and  hence  to  obtain  a 
more  vivid  and  graphic  or  a  more  abstract  and  arithmetic  phraseology  as  may  be 
desired.  Thus  instead  of  saying  that  the  numbers  x\,  X2,  ■  •  ■  are  increasing  algebra^ 
ically,  one  may  say  that  the  points  (whoso  coordinates  are)  xi,  z^,--  are  moving 
in  the  positive  direction  or  to  the  right ;  with  a  similar  correlation  of  a  decreasing 
suite  of  numbers  with  points  moving  in  the  negative  direction  or  to  the  left.  It 
should  be  remembered,  however,  that  whether  a  statement  is  couched  in  geometric 
or  algebraic  terms,  it  is  always  a  statement  concerning  numbers  when  one  has  in 
mind  the  point  of  view  of  pure  analysis,  t 

It  may  be  recalled  that  arithmetic  begins  with  the  integers,  including  0,  and 
with  addition  and  multiplication.  That  second,  the  rational  numbers  of  the 
form  p/n  are  introduced  with  the  operation  of  division  and  the  negative  rational 
luimbere  with  the  operation  of  subtraction.  Finally,  the  irrational  numbers  are 
introduced  by  various  processes.  Thus  V2  occurs  in  geometry  through  the 
necessity  of  expressing  the  length  of  the  diagonal  of  a  square,  anil  Vs  for  the 
diagonal  of  a  cube.  Again,  ir  is  needed  for  the  ratio  of  circumference  to  diameter 
in  a  circle.  In  algebra  any  equation  of  odd  degree  has  at  least  one  real  root  and 
hence  may  be  regarded  as  defining  a  number.  But  there  is  an  essential  difference 
between  rational  and  irrational  numbers  in  that  any  rational  number  is  of  the 

*  The  object  of  this  cliaptiT  is  to  .set  fiirth  .system.itiiiilly,  with  attention  to  precision 
of  statement  and  acciu-acy  of  proof,  tliose  fiuidiununtal  definitions  and  theorems  whicli 
lie  at  the  basis  of  calculus  and  which  have"  been  given  in  the  previous  chapter  from  an 
intuitive  rather  than  a  critical  point  of  view. 

t  Some  illustrative  graphs  will  be  given ;  the  student  should  make  many  others. 
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form  ±  ■piq  with  g  ^i  0  and  can  therefore  be  written  down  explicitly ;  whereas 
the  irrational  numbers  arise  by  a  variety  of  processes  and,  although'they  may  be 
represented  to  any  desired  accuracy  by  a  decimal,  they  cannot  all  be  written 
down  explicitly.  It  is  therefore  necessary  to  have  some  definite  axioms  regulating 
the  essential  properties  of  irrational  numbers.  The  particular  axiom  upon  which 
stress  will  here  be  laid  is  the  axiom  of  continuity,  the  use  of  which  is  essential 
to  the  proof  of  elementary  theorems  on  limits. 

19.  Axiom  OF  CoNTixuiTY.  If  all  the  jtoints  of  a  line  are  divided  into 
two  dosses  such  that  every  point  of  the  first  class  precedes  every  point  of 
the  second  class,  there  mnst  he  a  point  C  such  that  any  point  preceding 
C  is  in  the  first  class  and  any  jjoint  succeeding  C  is  in  the  second  class. 
This  principle  may  be  stated  in  terms  of  numbers,  as  :  If  all  real  num- 
bers he  assorted  into  two  classes  such  that  every  number  of  the  first  class 
is  algehralcally  less  than  every  numher  of  the  second  class,  there  must  he 
a  numher  X  such  that  any  numher  less  than  K  is  in  the  first  class  and 
any  numher  greater  than  N  is  in  the  second.  The  number  N  (or  point  C) 
is  called  the  frontier  number  (or  point),  or  simply  the  frontier  of  the 
two  classes,  and  in  particular  it  is  the  upper  frontier  for  the  first  class 
and  the  lower  frontier  for  the  second. 

To  consider  a  particular  case,  let  all  the  negative  numbers  and  zero  constitute 
the  first  class  and  all  the  positive  numbers  the  second,  or  let  the  negative  numbers 
alone  be  the  first  class  and  the  positive  numbers  with  zero  the  second.  In  either 
case  it  is  clear  that  the  classes  satisfy  the  conditions  of  the  axiom  and  that  zero  is 
the  frontier  number  such  that  any  lesser  number  is  in  the  first  class  and  any 
greater  in  the  second.  If,  however,  one  were  to  consider  the  system  of  all  positive 
and  negative  numbers  but  without  zero,  it  is  clear  that  there  would  be  tio  number 
N  which  would  sati.sfy  the  conditions  demanded  by  the  axiom  when  the  two 
classes  were  the  negative  and  positive  numbers  ;  for  no  matter  how  small  a  posi- 
tive number  were  taken  as  N,  there  would  be  smaller  numbers  which  would  also 
be  positive  and  would  not  belong  to  the  first  class  ;  and  similarly  in  case  it  were 
attempted  to  find  a  negative  N.  Thus  the  axiom  insures  the  presence  of  zero  in 
the  system,  and  in  like  manner  insures  the  presence  of  every  other  number  —  a 
matter  which  is  of  importance  because  there  is  no  way  of  writing  all  (irrational) 
numbers  in  explicit  form. 

Further  to  appreciate  the  continuity  of  the  number  scale,  consider  the  four 
significations  attributable  to  the  phrase  "  the  interval  from  a  to  h."   They  are 

a  =  a;^6,        a<x  =  b,        a  =  z<b,        a<x  <b. 

That  is  to  say,  both  end  points  or  either  or  neither  may  belong  to  the  interval.  -In 
the  case  a  is  absent,  the  interval  has  no  first  point ;  and  if  b  is  absent,  there  is  no 
last  point.  Thus  if  zero  is  not  counted  as  a  positive  number,  there  is  no  least 
positive  number  ;  for  if  any  least  number  were  named,  half  of  it  would  surely  be 
•  less,  and  hence  the  absurdity.  The  axiom  of  continuity  shows  that  if  all  numbers  \ 
ibe  divided  into  two  classes  as  required,  there  must  be  either  a  greatest  in  the  first 
pass  or  a  least  in  the  second  —  the  frontier  —  but  not  both  unless  the  frontier  ia 
jpounted  twice,  once  in  each  class. 
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20.  .Definition  of  a  Limit.  If  x  is  a  variable  irhic-h  takes  on  siicn'.s- 
sire  rallies  x^,  ./•„,  •  ■  ,  ,i-,,  Xj,  •  •  •,  the  variable  x  is  said  to  approach  the  con- 
stant I  as  a  limit  if  the  numerical  difference  between  x  and  I  ultimately 
becomes,  and  for  all  succeeding  values  of  x  remains, 
less  than  any  preassigned  number  no  viatter  hoiv  k  '.  L  L  l"'l"l '  ' — 
small.  The  numerical  difference  between  x  and  I 
is  denoted  by  |.''  — /|  or  |/  — j|  and  is  called  the  absolute  value  of  the 
difference.    The  fact  of  the  approach  to  a  limit  may  Ik?  stated  as 

|.''  —  /|  <  £     for  all  .t's  subsequent  to  some  .'• 
or  X  =  1  -\-rj,     |i;|  <  £      for  all  .r's  subsequent  to  some  x, 

where  e  is  a  positive  number  which  may  be  assigned  at  pleasure  and 
must  be  assigned  before  the  attempt  be  made  to  find  an  a-  such  that 
for  all  subsequent  .j's  the  relation  |.r  —  /|  <  e  holds. 

So  long  as  the  coDditions  required  in  the  definition  of  a  limit  are  satisfied  there 
is  no  need  of  bothering  about  how  the  variable  approaches  its  limit,  whether  from 
one  side  or  alternately  from  one  side  and  the  other,  whether  discontinuously  as  in 
the  case  of  the  area  of  the  polygons  used  for  computing  the  area  of  a  circle  or 
continuously  as  in  the  case  of  a  train  brought  to  rest  by  its  brakes.  To  speak 
geometrically,  a  point  x  which  changes  its  po.sition  upon  a  line  approaches  the 
point  1  as  a  limit  if  the  point  x  ultimately  comes  into  and  remains  in  an  assigned 
interval,  no  matter  how  small,  surrounding  I. 

A  variable  is  said  to  become  infinite  if  the  numerical  value  of  the 
variable  ultimately  becomes  and  remains  greater  than  any  preassigned 
number  K,  no  matter  how  large.*  The  notation  is  a;  =  oo,  but  had  best 
be  read  "  x  becomes  infinite,"  not  "  x  equals  infinity." 

Theorem  1.  If  a  variable  is  always  increasing,  it  either  becomes 
infinite  or  approaches  a  limit. 

That  the  variable  may  increase  indefinitely  is  apparent.    But  if  it  does  not 
become  infinite,  there  must  be  numbers  K  which  are  greater  than  any  value  of 
the  variable.   Then  any  number  must  satisfy  one  of  two  conditions :  either  there 
are  values  of  the  variable  which  are  greater  than  it  or  there  are  no  values  of  the 
variable  greater  than  it.   Moreover  all  numbers  that  sattsfy  the  first  condition  are 
less  than  any  number  which  satisfies  the  second.    All  numbers  are  thereforeP 
divided  into  two  classes  fulfilling  the  requirements  of  the  axiom  of  continuity,  and  I 
there  must  be  a  number  N  such  that  there  are  values  of  the  variable  greater  than  | 
any  number  N — c  which  is  less  than  N.  Hence  if  e  be  assigned,  there  is  a  value  of 
the  variable  which  lies  in  the  interval  JV  —  e  <  x  ^  JV,  and  as  the  variable  is  always 
increasing,  all  subsequent  va,lues  must  lie  in  this  interval.   Therefore  the  variable 
approaches  i^  as  a  limit. 

*  This  definition  means  what  it  says,  and  no  more.  Later,  additional  or  difFerent 
meanings  may  be  assigned  to  infinity,  but  not  now.  Loose  and  extraneous  concepts  in 
this  connection  are  almost  certain  to  introduce  errors  and  confusion. 
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EXERCISES 

1.  If  Ji,  j-o,  ■  ■  •,  .c,,,  •  ■  ■,  Ci  +,„  ■  •  ■  is  a  suile  approachiii!;  a  liiiiiL.  apply  the  defi- 
nition of  a  limit  to  sliow  that  when  e  is  given  it  must  be  po^ible  to  liml  a  value  of 
n  so  great  tliat  \x„+i,  —  j;„|<e  for  all  values  of  ii. 

2.  If  xi,  x-2,  ■  •  ■  is  a  suite  appKjacliing  a  limit  anil  if  yi,  i/z,  ■  ■  ■  is  any  stiilc  such 
that  1 2/„  —  x„  I  approaches  zero  when  n  becomes  infinite,  show  that  the  y's  approach 
a  limit  which  is  identical  with  the  limit  of  the  x's. 

3.  As  the  definition  of  a  limit  is  phrased  in  terms  of  inequalities  and  absolute 

values,  note  the  following  rules  of  operation  : 

c      h  ^     a      a 

(a)  If     a  >  0     and    c  >  6,    then     -  >  -  and     -  <  7  . 

II      a  c       b 

(fi)  \a  +  h  +  r+  ...|^|o|-i-|!-|-l-|c|+  •■■.        (7)  I'dn- ■  ■  ■\  =  \a\-\h\.\c\- ■  ■, 
where  the  equality  sign  in  (P)  holds  only  if  the  numbers  a,  b,  c,  ■  ■  ■  have  the  same 
sign.   By  these  relations  and  the  definition  of  a  limit  prove   the  fundamental 
theorems : 

If  lim  x  =  X  and   lim  y  =  T,   then   lim  (x±y)  =  Jl  ±  T  and   lim  xy  =  XY. 

4.  Prove  Theorem  1  when  restated  in  the  slightly  changed  form  :  If  a  variable 
X  never  decreases  and  never  exceeds  K,  then  x  approaches  a  limit  N  and  N  ^  K. 
Illustrate  fully.  State  and  prove  the  corresponding  theorem  for  the  case  of  a 
variable  never  increasing. 

5.  If  Xi,  ij,  •  •  •  and  2^1,  y^,  ■  ■  ■  are  two  suites  of  which  the  first  never  decreases 
and  the  second  never  increases,  all  the  y'?,  being  greater  than  any  of  the  I's,  and  if 
when  e  is  assigned  an  n  can  be  found  such  that  yn  —  Xn<  ^i  show  that  the  limits 
of  the  suites  are  identical. 

6.  If  Xi,  Xji  ■  ■  ■  ^"''  J'li  ^2t  •  ■  ■  are  two  suites  which  never  decrease,  show  by  Ex.  4 
(not  by  Ex.  3)  that  the  suites  jti  +  yi,  x^  +  y^,  ■  ■  ■  and  1,2/1,  ^Vii  •  ■  ■  approach 
limits.  Note  that  two  infinite  decimals  are  precisely  two  .suites  which  never  de- 
crease as  more  and  more  figures  are  taken.  They  do  not  always  increase,for  some 
of  the  figures  may  be  0. 

7.  If  the  word  "  all "  in  the  hypothesis  of  the  axiom  of  continuity  be  assumed  to 
refer  only  to  rational  numbers  .so  that  the  .statement  becomes :  If  all  rational 
numbers  be  divided  into  two  classes  ■  ■  ■ ,  there  shall  be  a  number  N  (not  neces- 
sarily rational)  such  that  ■  •  ■ ;  then  the  conclusion  may  be  taken  as  defining  a 
number  as  the  frontier  of  a  sequence  of  rational  numbers.  Show  that  if  two  num- 
bers X,  T  be  defined  by  two  such  sequences,  and  if  the  sum  of  the  numbers  be 
d^ned  as  the  number  define<l  by  the  sequence  of  the  sums  of  corresponding  terms 
as  in  Ex.  C,  and  if  the  product  of  the  numbers  be  defined  as  the  number  defined  by 
the  seiiuence  of  the  products  as  in  Ex.  0,  then  the  fundamental  rules 

X+Y=Y+X,  XY=YX,  {X+Y)Z  =  XZ+YZ 

of  arithmetic  hold  for  the  numbers  X,  Y,  Z  defined  by  sequences.  In  this  way  a 
complete  theory  of  irrationals  may  be  built  up  from  the  properties  of  rationals 
combined  with  the  principle  of  continuity,  namely,  1°  by  defining  irrationals  as 
frontiers  of  sequences  of  rationals,  2°  by  defining  the  operations  of  addition,  multi- 
plication, .  •  •  as  operations  upon  the  rational  numbers  in  the  sequences,  3°  by 
showing  that  the  fundamental  rules  of  arithmetic  still  hold  for  the  irrationals. 
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8.  Apply  tlie  principle  of  continuity  to  show  that  there  is  a  positive  number  .r 
such  tliiit  ,(■■-  =  2.  To  (Id  this  it  slimild  be  .shown  tliat  llic  rationals  are  divisible 
into  two  classes,  lliosr  wlmse  si|uarc  is  less  than  2  ami  (hose  whose  square  is  not 
less  than  2  ;  ami  thai  these  classes  satisfy  the  rei]\iireinents  of  the  axiom  of  conti- 
nuity. In  like  manner  if  u  is  any  positive  luimbcr  ami  ii  is  any  positive.intep;er, 
show  that  there  is  an  x  such  that  j"  =  n. 

21.  Theorems  on  limits  and  on  sets  of  points.  Tlie  theorem  on 
limits  whitih  is  of  fundamental  algebraic  importance  is 

Thkorkm  2.  If  7?  (.r,  //,  .r,  ■  ■  ■)  he  any  rational  ftmtttion  of  the  variables 
X,  I/,  .-,  ■  ■  ■,  and  if  these  variables  are  approacliing  limits  A',  Y,  Z,  ■  ■  ■, 
t.lien  the  value  of  1!  approaelies  a  limit  and  the  linnt  is  7.'  (.V,  )',  Z,  ■  ■  ■), 
provided  there  is  no  division  by  zero. 

As  any  rational  expre.ssion  is  made  up  from  its  elements  by  combinations  of 
addition,  subtraction,  multiplication,  and  division,  it  is  sufficient  to  prove  the 
theorem  for  tliese  four  operations.  All  except  the  last  have  been  indicated  in  the 
above  Ex.  3.  As  multiplication  has  been  cared  for,  division  need  be  considered 
only  in  the  simple  case  of  a  reciprocal  1/x.  It  must  be  proved  that  if  limx  =  A', 
then  lim  (1/j:)  =  1/A'.    Now 

1  _  J.  =  l-'"-^'!,  by  Ex.  3  (7)  above. 

X      A-        |.r||A'|  ^^' 

This  quantity  must  be  shown  to  be  less  than  any  assigned  t.  As  the  quanttty  is 
complicated  it  will  be  replaced  by  a  simpler  one  which  is  o;reater,  owing  to  an 
increase  in  the  denominator.  Since  i  =  X,  j-  —  A'  may  be  made  numerically  as 
small  as  desired,  say  le.s.s  than  e',  for  all  i"s  .subsequent  to  some  particulars.  Hence 
if  t'  be  taken  at  lea-st  as  .small  as  \\X\,  it  appeal's  that  |j|  nuist  be  greater  than 
i|A'|.   Then 

\x-X\^\x-X\_      .■ 


\x\\X\        i\X\-^        i|A| 


by  Ex.  3  (a)  above. 


and  if  e'  be  restricted  to  being  less  than  ^|A'|-e,  the  difference  is  less  than  e  and 
the  theorem  that  lim  (l/J)  =  1/A'  is  proved,  and  also  Theorem  2.  The  necessity 
for  the  restriction  A'  ::£  0  and  the  corresponding  restriction  in  the  .statement  of 
the  theorem  is  obviotis. 

Theorem  3.  If  when  t  is  given,  no  matter  how  small,  it  is  possible 
to  find  a  value  of  n  so  great  that  the  difference  |.'"„  +  ,,  —  •'•„|  l)etween  a'„ 
and  every  subsetjuent  term  j-,,^.,,  in  the  suite  j-j,  .r.,,  ■  •  •,  .r„,  ■  ■  •  is  less 
than  e,  the  suite  approaches  a  limit,  and  conversely. 

The  converse  part  has  already  been  given  as  Ex.  1  above.  The  theorem  itself  is 
a  consequence  of  the  axiom  of  continuity.  First  note  that  as  \x„  +  ,,  —  x^\<e  for 
all  j's  sub.sequent  to  x„,  the  x's  cannot  become  infinite.  Suppose  1°  that  there 
is  .some  number  I  such  tliat  no  matter  how  remote  x„  is  in  the  suite,  there  are 
always  subsequent  values  of  x  which  are  greater  than  I  and  others  which  are  less 
than  I.  As  all  the  j-'s  after  x„  lie  in  the  interval  2  e  and  as  I  is  less  than  some  I's 
and  greater  than  others,  I  umst  lie  in  that  interval.   Hence  |  i  —  x,,  +^  |  <  2  e  for  all 
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x's  subsequent  to  z„.  But  now  2  e  can  be  made  as  small  as  desired  because  c  can  be 
taken  as  small  as  desired.  Hence  the  definition  of  a  limit  applies  and  the  x's 
approach  I  as  a  limit. 

Suppose  2°  that  there  is  no  such  number  I.  Then  every  number  k  is  such  that 
either  it  is  possible  to  go  so  far  in  the  suite  that  all  subsequent  numbers  x  are 
as  great  as  fc  or  it  is  possible  to  go  so  far  that  all  subsequent  x's  are  less  than  k. 
Hence  all  numbers  it  are  divided  into  two  classes  which  satisfy  the  requirements  of 
the  axiom  of  continuity,  and  there  must  be  a  number  X  such  that  the  x's  ultimately 
come  to  lie  between  N  —  e'  and  X  +  e',  no  matter  how  .small  e'  is.  Hence  the  x's 
approach  JV  as  a  limit.  Thus  under  either  supposition  the  suite  approaches  a  limit 
and  the  theorem  is  proved.  It  may  be  noted  that  under  the  second  supposition  the 
x's  ultimately  lie  entirely  upon  one  side  of  the  point  X  and  tliat  the  condition 
I  a-,,  + ,,  —  x„  I  <  c  is  not  used  except  to  show  that  the  x's  remain  finite. 

22.  Consider  next  a  set  of  points  (or  their  correlative  numbers) 
without  any  implication  that  they  form  a  suite,  that  is,  that  one  may 
be  said  to  be  subsequent  to  another.  If  there  is  only  a  finite  number 
of  points  in  the  set,  there  is  a  point  farthest  to  the  right  and  one 
farthest  to  the  left.  If  there  is  an  infinity  of  points  in  the  set,  two 
possibilities  arise.  Either  1°  it  is  not  possible  to  assign  a  point  A'  so 
far  to  the  right  that  no  point  of  the  set  is  farther  to  the  right  —  in 
which  case  the  set  is  said  to  be  unlimited  above  —  or  2°  there  is  a 
point  K  such  that  no  point  of  the  set  is  beyond  A'  —  and  the  set  is 
said  to  be  limited  above.  Similarly,  a  set  may  be  limited  below  or  un- 
limited below.  If  a  set  is  limited  above  and  below  so  that  it  is  entirely 
contained  in  a  finite  interval,  it  is  said  merely  to  be  limited.  If  there 
is  a  point  C  such  that  in  any  interval,  no  matter  how  small,  surround- 
ing C  there  are  points  of  the  set,  then  C  is  called  a  point  of  condensa- 
tion of  the  set  (C  itself  may  or  may  not  belong  to  the  set). 

Theorem  4.  Any  infinite  set  of  points  which  is  limited  has  an 
upper  frontier  (maximum  ?),  a  lower  frontier  (minimum  ?),  and  at 
least  one  point  of  condensation. 

Before  proving  this  theorem,  consider  three  infinite  sets  as  illustrations : 

(a)  1,  1.9,  1.99,  1.999,  •  •  •,  (/3)  -  2,  ■  ■  •,  -  1.99,  -  1.9,  -  1, 

(7)  -l,-i,-i,..-.iil. 

In  {a)  the  element  1  is  the  minimum  and  serves  also  as  the  lower  frontier  ;  it  is 
clearly  not  a  point  of  condensation,  but  is  isolated.  There  is  no  maximum  ;  but  2 
is  the  upper  frontier  and  also  a  point  of  condensation.  In  (j3)  there  is  a  maximum 
—  1  and  a  minimum  —  2  (for  —  2  has  been  incorporated  with  the  set) .  In  (7)  there 
is  a  maximum  and  minimum  ;  the  point  of  condensation  is  0.  If  one  could  be  sure 
that  an  infinite  set  had  a  maximum  and  minimum,  as  is  the  case  with  finite 
sets,  there  would  be  no  need  of  considering  upper  and  lower  frontiers.  It  is  clear 
that  if  the  upper  or  lower  frontier  belongs  to  the  set,  there  is  a  maximum  or 
minimum  and  the  frontier  is  not  necessarily  a  point  of  condensation ;   whereas 
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if  the  frontier  does  not  belong  to  the  set,  it  is  necessarily  a  point  of  condensation  and 
the  corresponding  eztreme  point  is  missing. 

To  prove  that  there  is  an  upper  frontier,  divide  the  points  of  the  line  into  two 
classes,  one  consisting  of  points  ■which  are  to  the  left  of  some  point  of  theset,  the 
other  of  points  which  are  not  to  the  left  of  any  point  of  the  set  —  then  apply  the 
axiom.  Similarly  for  the  lower  frontier.  To  show  the  existence  of  a  point  of  con- 
densation, note  that  as  there  is  an  infinity  of  elements  In  the  set,  any  point  j)  is  such 
that  either  there  is  an  infinity  of  points  of  the  set  to  the  right  of  it  or  there  is  not. 
Hence  the  two  classes  into  which  all  points  are  to  be  assorted  are  suggested,  and 
the  application  of  the  axiom  ofEers  no  difficulty. 

EXERCISES 

1.  In  a  manner  analogous  to  the  proof  of  Theorem  2,  show  that 

,   ,  ,.      X  — 1      1-  ,„,  ,.      3x  — 1      5  ,  ,     ,.      x^  +  l 

(a)  lim  =  -,  (8)  hm  =  -,  (7)     Iim   — J—=-l. 

^      x  =  oz-2      2  ^    1=2   x-l-5        7  ^"^  =  -1X^-1 

2.  Given  an  infinite  series  S  =  Ui  +  Uj  +  us  +  ■  ■  ■  .  Construct  the  suite 

Si  =  Ui,    S2  =  Ui  +  Us,    S3  =  Ui  +  1*2  +  U3,    •  ■  •,    Si  =  Ui  +U2  + \-Ui,    ■■■, 

where  S,-  is  the  sum  of  the  first  i  terms.  Show  that  Theorem  3  gives :  The  neces- 
sary and  sufficient  condition  that  the  series  S  converge  is  that  it  is  possible  to  find 
an  n  so  large  that  |S„+p  —  S„|  shall  be  less  than  an  assigned  e  for  all  values  of  p. 
It  is  to  be  understood  that  a  series  converges  when  the  suite  of  S's  approaches  a  limit, 
and  conversely. 

3.  If  in  a  series  uj  —  uj  -(-  Us  —  U4  +  ■  •  •  the  terms  approach  the  limit  0,  are 
alternately  positive  and  negative,  and  each  term  is  less  than  the  preceding,  the 
series  converges.   Consider  the  suites  Si,  Ss,  Sj,  •  •  ■  and  St,  S^,  St,  •  ■  • . 

4.  Given  three  infinite  suites  of  numbers 

Xl,X2,---,X„,---;        3/1,  3/2,  •••,  S^„,  ••■;        2l,  Z2,  ■•■,  2n,  ••• 

of  which  the  first  never  decreases,  the  second  never  increases,  and  the  terms  of  the 
third  lie  between  corresponding  terms  of  the  first  two,  x„  =  z^  =  y,-  Show  that 
the  suite  of  z's  has  a  point  of  condensation  at  or  between  the  limits  approached  by 
the  x's  and  by  the  y's  ;  and  that  if  lim  x  =  lim  y  =  I,  then  the  z's  approach  I  as  a 
limit.  , 

5.  Restate  the  definitions  and  theorems  on  sets  of  points  in  arithmetic  terms. 

6.  Give  the  details  of  the  proof  of  Yheorem  4.  Show  that  the  proof  as  outlined 
gives  the  least  point  of  condensation.  How  would  the  proof  be  worded  so  as  to  give 
the  greatest  point  of  condensation  ?  Show  that  if  a  set  is  limited  above,  it  has  an 
upper  frontier  but  need  not  have  a  lower  frontier. 

7.  If  a  set  of  points  is  such  that  between  any  two  there  is  a  third,  the  set  is  said 
to  be  dense.  Show  that  the  rationals  form  a  dense  set ;  also  the  irrationals.  Show 
that  any  point  of  a  dense  set  is  a  point  of  condensation  for  the  set. 

8.  Show  that  the  rationals  p/g  where  q  <  K  do  not  form  a  dense  set  —  in  fact 
are  a  finite  set  in  any  limited  interval.  Hence  in  regarding  any  irrational  as  the 
limit  of  a  set  of  rationals  it  is  necessary  that  the  denominators  and  also  the  numer- 
ators should  become  infinite. 
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9.  Show  that  if  an  infinite  set  of  points  lies  in  a  limited  region  of  the  plane, 
say  in  the  rectangle  aSx^b,  c^ySd,  there  must  be  at  least  one  point  of 
condensation  of  the  set.  Give  the  necessary  definitions  and  apply  the  axiom 
of  continuity  successively  to  the  abscissas  and  ordinates. 

23.  Real  functions  of  a  real  variable.  If  x  be  a  variable  which 
takes  on  a  certain  set  of  values  of  which  the  totality  rnaxj  be  denoted 
by  [t]  and  if  y  k  a  second  variable  the  value  of  which  is  uniquely 
determined  for  each  .r  of  the  set  [r],  then  y  is  said  to  be  a  function  of 
X  defined  over  the  set  [r].  The  terms  "  limited,"  "'  unlimited,"  "  limited 
above,"  "'  unlimited  below,"  ■  •  •  are  applied  to  a  funftion  if  they  are 
applicable  to  the  set  [y]  of  values  of  the  function.  Hence  Theorem  4 
has  the  corollary : 

Theorem  5.  If  a  function  is  limited  over  the  set  ^r],  it  has  an 
upper  frontier  M  and  a  lower  frontier  vi  for  that  set. 

If  the  function  takes  on  its  upper  frontier  M,  that  is,  if  there  is  a 
value  x„  in  the  set  [a-]  such  that  /(a-„)  =  M,  the  function  has  the  abso- 
lute maximum  M  at  x^;  and  similarly  with  respect  to  the  lower 
frontier.  In  any  case,  the  difference  M  —  m  between  the  upper  and 
lower  frontiers  is  called  the  oscillation  of  the  function  for  the  set  [a:]. 
The  set  [x]  is  generally  an  interval. 

Consider  some  illustrations  of  functions  and  sets  over  which  they  are  defined. 
The  reciprocal  1/x  is  defined  for  all  values  of  x  save  0.  In  the  neighborhood  of  0 
the  function- is  unlimited,  above  for  positive  x's  and  unlimited  below  for  negative  x's. 
It  should  be  noted  that  the  function  is  not  limited  in  the  interval  0  <  z  S  o  but  is 
limited  in  the  interval  f  ^  x  s  a  where  e  is  any  assigned  positive  number.  The 
function  +  Vx  is  defined  for  all  positive  x's  including  0  and  is  limited  below.  It 
is  not  limited  above  for  the  totality  of  all  positive  numbers  ;  but  if  K  is  assigned, 
the  function  is  limited  in  the  interval  0  S  x  s  JT.  The  factorial  function  x !  is  de- 
fined only  for  positive  integers,  is  limited  below  by  the  value  1,  but  is  not  limited 
above  unless  the  set  [i]  is  limited  above.  The  function  E  (x)  denoting  the  integer 
not  greater  than  z  or  "the  integral  part  of  x  "  is  defined  for  all  positive  numbers 
—  for  instance  E(Z)  =  E  (tt)  =  3.  This  function  is  not  expressed,  like  the  elemen- 
tary functions  of  calculus,  as  a  "  formula  "  ;  it  is  defined  by  a  definite  law,  however, 
and  is  just  as  much  of  a  function  asx2  +  3x-(-2orJ sin^ 2z  +  logz.  Indeed  it 
should  be  noted  that  the  elementary  functions  themselves  are  in  the  first  instance 
defined  by  definite  laws  and  that  it  is  not  until  after  they  have  been  made  the 
sHbject  of  considerable  study  and  have  been  largely  developed  along  analytic  lines 
that  they  appear  as  formulas.  The  ideas  of  function  and  formula  are  essentially 
distinct  and  the  latter  is  essentially  secondary  to  the  former. 

The  definition  of  function  as  given  above  excludes  the  so-called  muUiple-valuM 
functions  such  as  Vx  and  sin-i x  where  to  a  given  value  of  x  correspond  more  than 
one  value  of  the  function.  It  is  usual,  however,  in  treating  multiple-valued  func- 
tions to  resolve  the  functions  into  different  parts  or  branches  so  that  each  branch 
is  a  single-valued  function.  Thus  +Vx  is  one  branch  and  —  Vithe  other  branch 
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of  -v^  ;  in  fact  when  x  is  positive  the  symbol  y/x  is  usually  restrictefl  to  mean 
merely  +  Vz  and  thus  becomes  a  single-valued  symbol.  One  branch  of  sin-'  x  con- 
sists of  the  values  between  —  J  ir  and  +  \it,  other  branches  give  values  between 
I  IT  and  J  TT  or  —  J  ir  and  —  J  tt,  and  so  on.  Hence  the  term  "  function  '"  will  be 
restricted  in  this  chapter  to  the  single-valued  functions  allowed  by  the  definition. 

24.  lfx  =  a  is  nnij  point  of  an  interval  over  which  f(x)  is  defined, 
the  function  f(x)  is  said  to  be  continuous  at  the  point  x  =  ii  if 

\\m.f{r)  =  f(a'),  nil  matter  lioir  ,r  =  ii. 

x=a 

Thf  fiinrtinn  is  .111 ill  til  he  riintiniiniis  in  the  inter rn/  if  it  /.s-  eontintiovs 
lit  every  point  of  the  interriil.  If  tlie  funotiou  is  not  coiitiiiuou.s  at  tlie 
point  II,  it  is  said  to  he  diteontiniious  at  n  ;  and  if  it  fails  to  l)e  (con- 
tinuous at  any  one  point  of  an  interval,  it  is  said  to  he  discontinuous 
in  the  interval. 

Theorem  6.  If  any  finite  number  of  functions  are  continuous  (at  a 
point  or  over  an  interval),  any  rational  expression  formed  of  those 
functions  is  continuous  (at  the  point  or  over  the  interval)  provided  no 
division  by  zero  is  called  for. 

Theorem  7.  If  y=/(j)  is  continuous  at  a-^  and  takes  the  value 
2/u  =f(x„)  and  if  ,-  =  <^  (y)  is  a  continuous  function  of  y  at  y  =  y^,  then 
z  =  <j>  [/(«)]  will  be  a  continuous  function  of  x  at  x^. 

In  regard  to  the  definition  of  continuity  note  that  a  function  cannot  be  con- 
tinuous at  a  point  unless  it  is  defined  at  that  point.  Thus  e-'^^  is  not  continuoiLs 
at  I  =  0  because  division  by  0  is  impossible  and  the  function  is  undefined.  If,  how- 
ever, the  function  be  defined  at  0  as/(0)  =  0,  the  function  becomes  continuous  at 
z  =  0.  In  like  manner  the  function  1/x  is  not  continuous  at  the  origin,  and  in  this 
case  it  is  impossible  to  assign  to/(0)  any  value  which  wOl  render  the  function 
continuous ;  the  function  becomes  infinite  at  the  origin  and  the  very  idea  of  be- 
coming infinite  precludes  the  possibility  of  approach  to  a  definite  limit.  Again,  the 
function  E{x)  is  in  general  continuous,  but  is  discontinuous  for  integral  values 
of  X.  When  a  function  is  discontinuous  at  x  =  o,  the  amount  of  the  discontinuity  is 
the  limit  of  the  oscillation  M—  m  oi  the  function  in  the  interval  a  —  S  <x  <a+  S 
surrounding  the  point  a  when  S  approaches  zero  as  its  limit.  The  discontinuity 
of  ^(x)  at  each  integral  value  of  x  is  clearly  1  ;  that  of  1/x  at  the  origin  is  infi- 
nite no  matter  what  value  is  assigned  to  /(O). 

In  case  the  interval  over  which  f(x)  is  defined  has  end  points,  say  a  =  x  =  6, 
the  question  of  continuity  at  x  =  o  must  of  course  be  decided  by  allowing  x  to" 
approach  a  from  the  right-hand  side  only  ;  and  similarly  it  is  a  question  of  left- 
handed  approach  to  6.  In  general,  if  for  any  reason  it  is  desired  to  restrict  the 
approach  of  a  variable  to  its  limit  to  being  one-sided,  the  notations  x  =  a+  and 
X  =  6-  respectively  are  used  to  denote  approach  through  greater  values  (right- 
handed)  and  through  lesser  values  (left-handed).  It  is  not  necessary  to  make  this 
specification  in  the  case  of  the  ends  of  an  interval ;  for  it  is  understood  that  x 
shall  take  on  only  values  in  the  interval  in  question.    It  should  be  noted  that 
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lim  /(I)  =/(Xo)  when  i  =  Xo+  in  no  wise  implies  the  continuity  of  f(x)  Uxo;  a 

simple  example  is  that  of  E  (x)  at  the  positive  intecral  points. 

The  proof  of  Theorem  6  is  an  immediate  corollary  application  of  Theorem  2.    For 
limR[/{x),  <l,(x)  ■■■]  =  £  [lim  f(x),  lim.^(x),  •  ■  ■]  =  B  [/(lim /).  0(limz),  •  ■  •], 

and  the  proof  of  Theorem  7  is  equally  simple. 

Theorem  8.  If  f(x)  is  continuous  at  a-  =  a,  tlien  for  any  positive 
f  which  has  been  assigned,  no  matter  how  small,  there  may  be  found  a 
number  8  such  that  \f{x)—f{a)\<(.  iu  the  interval  |r— a.|<8,  and 
hence  in  this  interval  the  oscillation  of  /(.')  is  .less  tlmn  2 e.  And 
conversely,  if  these  conditions  hold,  the  function  is  continuous. 

This  theorem  is  in  reality  nothing  but  a  restatement  of  tlie  delinition  of  conti- 
nuity combined  with  the  definition  of  a  limit.  Fur  "'liin/(j;)  =/(a)  when  a;  =  a, 
no  matter  how"  means  that  the  difference  between /(j)  and /(a)  can  be  made  as 
small  as  desired  by  taking  z  sufficiently  near  to  a  ;  and  conversely.  The  reason 
for  this  restatement  is  that  the  present  form  is  more  amenable  to  analytic  opera- 
tions. It  also  suggests  the  geometric  picture  which  corre- 
sponds to  the  usual  idea  of  continuity  in  graplis.  For  the 
theorem  states  that  if  the  two  lines  y  =f{a}±  e'he  drawn, 
the  graph  of  the  function  remains  between  them  for  at  least 
the  short  distance  S  on  each  side  of  x  =  a  ;  and  as  e  may  be 
assigned  a  value  as  small  as  desired,  the  graph  cannot  exhibit 
breaks.   On  the  other  hand  it  should  be  noted  that  the  actual 

physical  graph  is  not  a  curve  but  a  band,  a  two-dimensional  region  of  greater  or 
less  breadth,  and  that  a  function  could  be  discontinuous  at  every  point  of  an 
interval  and  yet  lie  entirely  within  the  limits  of  any  given  physical  graph. 

It  is  clear  that  S,  which  has  to  be  determined  subsequently  to  c,  is  in  general 
more  and  more  restricted  as  c  is  taken  smaller  and  that  for  different  points  it  is 
more  restricted  as  the  graph  rises  more  rapidly.  Thus  if  /(z)  =  l/i  and  e  =  1/1000, 
S  can  be  nearly  1/10  if  xo  =  100,  but  must  be  slightly  less  than  1/1000  if  lo  =  1,  and 
something  less  than  10- '  if  x  is  10-  3.  Indeed,  if  i  be  allowed  to  approach  zero,  the 
value  S  for  any  assigned  e  also  approaches  zero ;  and  although  the  function 
f{z)  =  1/x  is  continuous  in  the  interval  0  <  x  =  1  and  for  any  given  Xo  and  e  a 
number  5  may  be  found  such  that  |/(x)  — /(xo)  |  <  f  when  |x  —  lo  |  <  J,  yet  it  is  not 
po&sible  to  assign  a  number  5  which  shall  serve  uniformly  for  all  values  of  lo. 

25.  Theorem  9.  If  a  function  /(.r)  is  continuous  in  an  interval 
"  =  J'  =  i  with  end  points,  it  is  possible  to  find  a  8  such  that 
\f(j:)—f{xo)\<£  when  |a-  — a'o|<8  for  all  points  Xg;  and  the  function 
is  said  to  be  uniformly  contintious. 

The  proof  is  conducted  by  the  method  of  reductio  ad  absurdum.  Suppose  e 
is  assigned.  Consider  the  suite  of  values  ^,  },  \,  ■  ■  ■,  or  any  other  suite  which 
approaches  zero  as  a  limit.  Suppose  that  no  one  of  these  values  will  serve  as  a  j 
for  all  points  of  the  interval.  Then  there  must  be  at  least  one  point  for  which  J 
will  not  serve,  at  least  one  for  which  J  will  not  serve,  at  least  one  for  which  \  will 
not  serve,  and  so  on  indefinitely.   This  infinite  set  of  points  must  have  at  least  one 
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point  of  condensation  C  .such  that  in  any  interval  surrounding  C  there  are  points  for 
which  2-*  will  not  serve  as  S,  no  matter  how  large  k.  But  now  by  hypothesis /(x) 
is  continuous  at  C  and  hence  a  number  S  can  be  found  such  that  |/(x)  —f(C)\<  i  e 
when  |a;  —  io|  <  2  S.  TBe  oscillation  of  f(x)  in  the  whole  interval  4  5  is  less  than  «. 
Now  if  xo  be  any  point  in  the  middle  half  of  this  interval,  | Xo  —  C  \<  5  ;  and  if  x 
satisfies  the  relation  |  x  —  lo  |  <  5,  it  must  still  lie  in  the  interval  4  S  and  the  differ- 
ence |/(x)  —  /(xo)  I  <  e,  being  surely  not  greater  than  the  oscillation  of  /in  the  whole 
interval.  Hence  it  is  possible  to  surround  C  with  an  interval  so  small  that  the  I 
same  S  will  serve  for  any  point  of  the  interval.  This  contradicts  the  former  con-  | 
elusion,  and  hence  the  hypothesis  upon  which  that  conclusion  was  based  must  have 
been  false  and  it  nuist  have  been  possible  to  find  a  5  which  would  serve  for  all 
points  of  the  interval.  The  reason  why  the  proof  would  not  apply  to  a  function 
like  1/x  defined  in  the  interval  0  <  x  =  1  lacking  an  end  point  is  precisely  that 
the  point  of  condensation  C  would  be  0,  and  at  0  the  function  is  not  continuous 
and  |/(x)— /(C)|<^f,  |x—  C|<2S  could  not  be  satisfied. 

Thkorem  10.  If  a  function  is  continuous  in  a  region  which  includes 
its  end  points,  the  function  is  limited. 

Theorem  11.  If  a  function  is  continuous  in  an  interval  which  includes 
its  end  points,  the  function  takes  on  its  upper  frontier  and  has  a  maxi- 
mum M;  similarly  it  has  a  minimum  »/. 

These  are  successive  corollaries  of  Theorem  9.  For  let  e  be  assigned  and  let  5 
be  determined  so  as  to  serve  uniformly  for  all  points  of  the  interval.  Divide  the 
interval  b  —  a  into  n  successive  intervals  of  length  S  or  less.  Then  in  each  such 
interval  /  cannot  increase  by  more  than  e  nor  decrease  by  more  than  c.  Hence  / 
will  be  contained  between  the  values /(a)  -(-  ne  and/{«)  —  ne,  and  is  limited.  And 
/(i)  has  an  upper  and  a  lower  frontier  in  the  interval.  Next  consider  the  rational 
function  \/(M  —  f)  of  /.  By  Theorem  6  this  is  continuous  in  the  interval  unless 
the  denominator  vanishes,  and  if  continuous  it  is  limited.  This,  however,  is  impos- 
sible for  the  reason  that,  as  Jlf  is  a  frontier  of  values  of  /,  the  difference  M  —  f 
may  be  made  as  small  as  desired.  Hence  \/{M  —  f)  is  not  continuous  and  there 
must  be  some  value  of  x  for  which  /  =  M. 

Theorem  12.  If  /(.r)  is  continuous  in  tlie  interval  <>,  ^  .'■  S  l>  with  end 
])()ii)ts  and  if /'(")  and /'(/;i)  have  opposite  signs,  there  is  at  least  one 
point  I,  «  <  I  <  h,  in  the  interval  for  which  the  function  vanishes. 
And  whether /(«)  aud/(/;)  have  opposite  signs  or  not,  there  is  a  point 
i,  a<$<b,  such  that/(^)  =  ju,,  where  ft  is  any  value  intermediate  be- 
tween the  maximum  and  minimum  of  /  in  the  interval. 

For  convenience  suppose  that /(a)  <  0.  Then  in  the  neighborhood  of  x  =  a  the 
function  will  remain  negative  on  account  of  its  continuity ;  and  in  the  neighbor- 
hood of  6  it  will  r.emain  positive.  Let  |  be  the  lower  frontier  of  values  of  x  which 
make/(i)  positive.  Suppose  that/(f)  were  cither  positive  or  negative.  Then  as 
/  is  continuous,  an  interval  could  be  chosen  surrounding  f  and  so  small  that  /  re- 
mained positive  or  negative  in  that  interval.  In  neither  case  could  {  be  the  lower 
frontier  of  positive  values.   Hence  the  contradiction,  and  /({)  must  be  zero.   To 
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prove  the  second  part  of  the  theorem,  let  c  and  d  be  the  values  of  x  which  make 
/  a  minimum  and  maximum.  Then  the  function  f-ii  has  opposite  signs  at  c  and 
d,  and  must  vanish  at  some  point  of  the  interval  between  c  and  d  ;  and  hence  a 
fortiori  at  some  point  of  the  interval  from  a  to  6. 

EXERCISES 

1.  Note  that  i  is  a  continuous  function  of  i,  and  that  consequently  it  follows 
from  Theorem  6  that  any  rational  fraction  P(x)/Q(a:),  where  P  and  Q  are  poly- 
nomials in  X,  must  be  continuous  for  all  x's  except  roots  of  Q  (x)  =  0. 

2.  Graph  the  function  x  —  S  (x)  f or  i  S  0  and  show  that  it  is  continuous  except 
for  integral  values  of  x.  Show  that  it  is  limited,  has  a  minimum  0,  an  upper  fron- 
tier 1,  but  no  maximum. 

3.  Suppose  that/(x)  is  defined  for  an  infinite  set  [x]  of  which  x  =  a  is  a  point 
of  condensation  (not  necessarily  itself  a  point  of  the  set).    Suppose 

lim    [/(x')-/(x")]  =  0     or    [/(x-) -/(x")|<e,  |x' -  a|<  5,  |x"  -  a|<  «, 

I',  X"  =  a 

when  x'  and  x"  regarded  as  independent  variables  approach  a  as  a  limit  (passing 
only  over  values  of  the  set  [x],  of  course).  Show  that/(x)  approaches  a  limit  as 
x  =  a.  By  considering  the  set  of  values  of /(x),  the  method  of  Theorem  3  applies 
almost  verbatim.  Show  that  there  is  no  essential  change  in  the  proof  if  it  be 
assumed  that  x'  and  i"  become  infinite,  the  set  [x]  being  unlimited  instead  of 
having  a  point  of  condensation  o. 

4.  From  the  formula  sin  x  <  x  and  the  formulas  for  sin  u  —  sin  v  and  cos  u  —  cos  v 
show  that  Asiniand  A  cos  x  are  numerically  less  than  2|Ai|;  hence  infer  that  sinx 
and  cosx  are  continuous  functions  of  x  for  all  values  of  x. 

5.  What  are  the  intervals  of  continuity  for  tani  and  cscx?  If  t  =  10-',  what 
are  approximately  the  largest  available  values  of  S  that  will  make  |  /(x)  —  /(x„)  |  <  e 
when  Zfl  =  1°,  30°,  60?,  89°  for  each  ?   Use  a  four-place  table. 

6.  Let  /(x)  be  defined  in  the  interval  from  0  to  1  as  equal  to  0  when  x  is  irra- 
tional and  equal  to  l/q  when  x  is  rational  and  expressed  as  a  fraction  p/q  in  lowest 
terms.  Show  that/  is  continuous -for  irrational  values  and  discontinuous  for 
rational  values.   Ex.  8,  p.  39,  will  be  of  assistance  in  treating  the  irrational  values. 

7.  Note  that  in  the  definition  of  continuity  a  generalization  may  be  introduced 
by  allowing  the  set  [x]  over  which  /  is  defined  to  be  any  set  each  point  of  which 
is  a  point  of  condensation  of  the  set,  and  that  hence  continuity  over  a  dense  set 
(Ex.  7  above),  say  the  rationals  or  irrationals,  may  be  defined.  This  is  important 
because  many  functions  are  in  the  first  instance  defined  only  for  rationals  and  are 
subsequently  defined  for  irrationals  by  interpolation.  Note  that  if  a  function  is 
continuous  over  a  dense  set  (say,  the  rationals),  it  does  not  follow  that  it  is  uni- 
formly continuous  over  the  set.  For  the  point  of  condensation  C  which  was  used 
in  the  proof  of  Theorem  9  may  not  be  a  point  of  tlie  set  (may  be  irrational),  and 
the  proof  would  fall  through  for  the  same  rea.sf)n  that  it  would  in  the  case  of  1/x 
in  the  interval  0  <  x  g  1,  namely,  because  it  could  not  be  affirmed  that  the  function 
was  continuous  at  C.  Show  that  if  a  function  is  defined  and  is  uniformly  continu- 
ous over  a  dense  set,  the  value /(x)  will  approach  a  limit  when  i  approaches  any 
value  o  (not  necessarily  of  the  set,  but  situated  between  the  upper  and  lower 
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frontiers  of  the  set),  and  that  if  this  limit  be  defined  as  the  value  of  /(a),  the 
function  will  remain  continuous.   Ex.  3  may  be  used  to  advantage. 

8.  By  factoring  (i  +  A  x)"  —  x",  show  for  integral  values  of  n  that  when 
OSxS  K,  then  A  (z")  <  nK"  -^  Ai  for  small  Ai's  and  consequently  x"  is  uniformly 
continuous  in  the  interval  O^x^  K.  If  it  be  assumed  that  a;"  has  been  defined 
only  for  rational  I's,  it  follows  from  Ex.  7  that  the  definition  may  be  extended 
to  all  x's  and  that  the  resulting  x"  will  be  continuous. 

9.  Suppose  (a)  that /(z) +/(y)  =/(x  +  j/)  for  any  numbers  Zand  y.  Show  that 
/(n)  =  n/(l)  and  n/(l/n)  =/(!),  and  hence  infer  that  /(x)  =  z/(l)  =  Cx,  where 
C  =/(!),  for  all  rational  x's.  From  Ex.  7  it  follows  that  if  /(x)  is  continuous, 
/(i)  =  Cx  for  all  x's.  Consider  (j3)  the  function/(z)  such  that/(x)/(j/)  =/(i  +  y). 
Show  that  it  is  Ce^  =  a^. 

10.  Show  by  Theorem  12  that  if  y  =/(x)  is  a  continuous  constantly  increasing 
function  in  the  interval  a^x^b,  then  to  each  value  of  y  corresponds  a  single  value 
of  z  so  that  the  function  z  =/-'  (y)  exists  and  is  single-valued  ;  show  also  that 
it  is  continuous  and  constantly  increasing.  State  the  corresponding  theorem  if 
f(x)  is  constantly  decreasing.  The  function  f-^(y)  is  called  the  inverse  function 
to/(x). 

11.  Apply  Ex.  10  to  discuss  y  =  Vz,  where  n  is  integral,  z  is  positive,  and  only 
positive  roots  are  taken  into  consideration. 

12.  In  arithmetic  it  may  readily  be  shown  that  the  equations 

a^a'  =  a'"  +  ",  (a™)"  =  a™",  a'b"  =  (ab)", 

are  true  when  a  and  6  are  rational  and  positive  and  when  m  and  n  are  any  positive 

and  negative  integers  or  zero,    (a)  Can  it  be  inferred  that  they  hold  when  a 

and  6  are  positive  irrationals  ?   (p)  How  about  the  extension  of  the  fundamental 

inequalities 

i»  >  1,     when    z  >  1,  i"  <  1,    when    0  s  x  <  1 

to  all  rational  values  of  n  and  the  proof  of  the  inequalities 

x'»>i"    if    m>n    and    z>l,  x'"<z"    if    m>n    and    0<z<l. 

(y)  Next  consider  x  as  held  constant  and  the  exponent  n  as  variable.  Discuss  the 
exponential  function  a^  from  this  relation,  and  Exs.  10, 11,  and  other  theorems  that 
may  seem  necessary.   Treat  the  logarithm  as  the  inverse  of  the  exponential. 

26.  The  derivative.  If  x  =  a  in  a  point  of  an  interval  over  lohich 
fix)  is  defined  and  if  the  quotient 

Af^fO.+k)-m^        A  =  A., 

Ax  h  ' 

approaches  a  limit  when  h  approaches  zero,  no  matter  hoiv,  the  function 
f(x)  is  said  to  be  differentiable  at  x  ^  a  and  the  value  of  the  limit  of 
the  quotient  is  the  derivative  f  (n)  of  f  at  x  =  a.  In  the  case  of  differ- 
entiability, the  definition  of  a  limit  gives 

f(a  +  h)-f{a)^^,^^^^^^     ^^    /(a  + /O -/(«)  =  /'/'(") +  '?^,     (1) 
where  lini  j;  =  0  when  lim  h  =  0,  no  matter  how. 
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In  other  words  if  e  is  given,  a  d  can  be  found  so  that  \ri\<e  when  |Zi|<5.  This 
shows  that  a  function  differentiable  at  a  as  in  (1)  is  continuous  at  a.   For 

If  (a  +  h)  -f(a)\S  \f'(a)\S+  eS,  \h\  <  S. 

If  the  limit  of  the  quotient  exists  when  h  =  0  through  positive  values  only,  the 
function  has  a  right-hand  derivative  which  may  be  denoted  by/'  (a+)  and  similarly 
for  the  left-hand  derivative /'(a-).  At  the  end  points  of  an  interval  the  derivative 
is  always  considered  as  one-handed  ;  but  for  interior  points  the  right-hand  and  left- 
hand  derivatives  must  be  equal  if  the  function  is  to  have  a  derivative  (unqualified). 
The  function  is  said  to  have  an  infinite  derivatwe  at  a  if  the  quotient  becomes  infi- 
nite as  A  =  0 ;  but  if  a  is  an  interior  point,  the  quotient  must  become  positively 
infinite  or  negatively  infinite  for  all  manners  of  approach  and  not  positively  infinite 
for  some  and  negatively  infinite  for  others.  Geometrically  this  allows  a  vertical 
tangent  with  an  inflection  point,  but  not  with  a  cusp  as  in  Fig.  3,  p.  8.  If  infinite 
derivatives  are  allowed,  the  function  may  have  a  derivative  and  yet  be  discontin- 
uous, as  is  suggested  by  any  figure  where  f(a)  is  any  value  between  lim  f(x)  when 
I  =  o+  and  lim/(i)  when  x  =  a-. 

Theokem  13.  If  a  function  takes  on  its  maximum  (or  minimum)  at 
an  interior  point  of  the  interval  of  definition  and  if  it  is  differentiable 
at  that  point,  the  derivative  is  zero. 

Theokem  14.  Rollers  Theorem.  If  a  function  f{x)  is  continuous  over 
an  interval  a  S  x  ^  b  with  end  points  and  vanishes  at  the  ends  and  has 
a  derivative  at  each  interior  point  a  <  x  <  b,  there  is  some  point  f, 
a<i<b,  such  that/'(^)=  0. 

Theorem  15.  Theorem  of  the  Mean.  If  a  function  is  continuous  over 
an  interval  a  ^  x  S  b  and  has  a  derivative  at  each  interior  point,  there 
is  some  point  ^  such  that 

where  h  ^  b  —  a*  and  fl  is  a  proper  fraction,  0  <  6  <  1. 

To  prove  the  first  theorem,  note  that  if /(u)  =  M,  tlie  difference /(a  +  h)  —f(a) 
cannot  be  negative  for  any  value  of  h  and  the  quotient  A//A  cannot  be  positive 
when  A>0  and  cannot  be  negative  when  A<0.  Hence  the  right-hand  derivative 
cannot  be  positive  and  the  left-hand  derivative  cannot  be  negative.  As  these  two 
must  be  equal  if  the  function  has  a  derivative,  it  follows  that  they  must  be  zero, 
and  the  derivative  is  zero.  The  second  theorem  is  an  immediate  corollary.  For  as 
the  function  is  continuous  it  must  have  a  maximum  and  a  minimum  (Theorem  11) 
both  of  which  cannot  be  zero  unless  the  function  is  always  zero  in  the  interval. 
Now  if  the  function  is  identically  zero,  the  derivative  is  identically  zero  and  the 
theorem  is  true  ;  whereas  if  the  function  is  not  identically  zero,  either  the  maximum 
or  minimum  must  be  at  an  interior  point,  and  at  that  point  the  derivative  vrill  vanish. 

•  That  the  theorem  is  true  for  any  part  of  the  interval  from  a  to  6  if  it  is  true  for  the 
whole  interval  follows  from  the  fact  that  the  conditions,  namely,  that  /  be  continuous 
and  that/'  exist,  hold  for  any  part  of  the  interval  if  they  hold  for  the  whole. 
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To  prove  the  last  theorem  construct  the  auxiliary  function 

Mx)=/w-/(a)-(x-a)^fc^.       .■(.)=n.)-m^m. 

0  —  a  0  —  a 

As  ^(a)  =  ^(6)  =  0,  RoUe's  Theorem  shows  that  there  is  some  point  for  which 
<!/'  (i)  =  0,  and  if  this  value  be  substituted  in  the  expression  for  \(/'  {x)  the  solution 
for /'(I)  gives  the  result  demanded  by  the  theorem.  The  proof,  however,  requires 
the  use  of  the  function  <//  (x)  and  its  derivative  and  is  not  complete  until  it  is  shown 
that  f  (x)  really  satisfies  the  conditions  of  RoUe's  Theorem,  namely,  is  continuous 
in  the  interval  a^xSh  and  has  a  derivative  for  every  point  a  <x<  b.  The  con- 
tinuity is  a  consequence  of  Theorem  6  ;  that  the  derivative  exists  follows  from  the 
direct  application  of  the  definition  combined  with  the  assumption  that  the  deriva- 
tive of /exists. 

27.  Theokem  16.  If  a  function  has  a  derivative  which  is  identically 
zero  in  the  interval  a  ^  x  S  b,  the  function  is  constant ;  and  if  two 
functions  have  derivatives  equal  throughout  the  interval,  the  functions 
differ  by  a  constant. 

Theorem  17.  If  f(x)  is  differentiable  and  becomes  infinite  when 
X  =  a,  the  derivative  cannot  remain  finite  as  a;  =  a. 

Theorem  18.  If  the  derivative /' (x)  of  a  function  exists  and  is  a 
continuous  function  of  x  in  the  interval  a  ^  jc  S  b,  the  quotient  Af/h 
converges  uniformly  toward  its  limit /'(a:). 

These  theorems  are  consequences  of  the  Theorem  of  the  Mean.   For  the  first, 

f{a  +  h)-f(a)=  hf'(a-\-eh)  =  0,     if     hsb-a,    or    f{a  +  h)=f(a). 

Hence /(x)  is  constant.  And  in  case  of  two  functions/ and  ip  with  equal  derivatives, 
the  difference  ^  (x)  =/(x)  —  0  (x)  will  have  a  derivative  that  is  zero  and  the  differ- 
ence will  be  constant.  For  the  second,  let  x,,  be  a  fixed  value  near  a  and  suppose  that 
in  the  interval  from  x^  to  a  the  derivative  remained  finite,  say  less  than  K.  Then 

\f(Xo  +  h)-f{xo)\  =  \hr{xo  +  Oh)\m>>'\^- 

Now  let  x„  +  k  approach  a  and  note  that  the  left-hand  term  becomes  infinite  and 
the  supposition  that/'  remained  finite  is  contradicted.  For  the  third,  note  that/', 
being  continuous,  must  be  uniformly  continuous  (Theorem  9),  and  hence  that  if  c  is 
given,  a  S  may  be  found  such  that 

f(x+h)-f(:x) 


-/'W 


^\r(x  +  0h)-f'(x)\<€ 


when  |ft|<  5  and  for  all  x's  in  the  interval ;  and  the  theorem  is  proved. 

Concerning  derivatives  of  higher  order  no  special  remarks  are  necessary.  Each 
is  the  derivative  of  a  definite  function  —  the  previous  derivative.  If  the  deriva- 
tives of  the  first  n  orders  exist  and  are  continuous,  the  derivative  of  order  n  +  1 
may  or  may  not  exist.  In  practical  applications,  however,  the  functions  are  gen- 
erally indefinitely  differentiable  except  at  certain  isolated  points.  The  proof  of 
Leibniz's  Theorem  (§  8)  may  be  revised  so  as  to  depend  on  elementary  processes. 
Let  the  formula  be  assumed  for  a  given  value  of  n.   The  only  terms  which  caa 
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contribute  to  the  term  D>ul>  +  ^-*v  in  the  fonAula  for  the  {n  +  l)st  derivative  of 
uv  are  the  terms 

nin-l)...{n-i  +  2)^_^^^  n(n-l)  ■  ■  ■  (n- i +  1)  ^,^^_ 

1  ■  2  ■  •  ■  (i  -  1)  1  •  2  ■  ■  •  i 

in  which  the  first  factor  is  to  be  differentiated  in  the  first  and  the  second  in  the 
second.   The  sum  of  the  coefBoients  obtained  by  differentiating  is 

n(ri-l)---(n-i  +  2)      TO(>t  -  1)  ■  ■  ■  (n  -  i  +  1)  _  (n  +  l)7t  ■  ■  ■  (n  -  i  +  2) 
1.2- ..(i-l)  1.2---i  ~  1.2.--i 

which  is  precisely  the  proper  coefficient  for  the  term  D'uD"  + 1  -  'u  in  the  expansion 
of  the  (n  +  1)  St  derivative  of  uv  by  Leibniz's  Theorem. 

With  regard  to  this  rule  and  the  other  elementary  rules  of  operation  (4)-(7)  of 
the  previous  chapter  it  should  be  remarked  that  a  theorem  as  well  as  a  rule  is  in- 
volved— thus:  If  two  functions  v,  and  v  are  differentiable  at  x,,,  then  the  product 
uv  is  differentiable  at  x^,  and  the  value  of  the  derivative  is  u  (x.^  v'  (x^)  +  u'  (i^)  v  (z,,) . 
And  similar  theorems  arise  in  connection  with  the  other  rules.  As  a  matter  of  fact 
the  ordinary  proof  needs  only  to  be  gone  over  with  care  in  order  to  convert  it  into 
a  rigorous  demonstration.  But  care  does  need  to  be  exercised  both  in  stating  the 
theorem  and  in  looking  to  the  proof.  For  instance,  the  above  theorem  concerning 
a  product  is  not  true  if  infinite  derivatives  are  allowed.  For  let  u  be  —  1,  0,  or  +  1 
according  as  2  is  negative,  0,  or  positive,  and  let  11  =  1.  Now  13  has  always  a  deriva- 
tive which  is  1  and  u  has  always  a  derivative  which  is  0,  -|-  00,  or  0  according  as  x 
is  negative,  0,  or  positive.  The  product  uv  is  |x|,  of  which  the  derivative  is  —  1  for 
negative  I's,  -(-  1  for  positive  z's,  and  nonexistent  for  0.  Here  the  product  has  no 
derivative  at  0,  although  each  factor  has  a  derivative,  and  it  would  be  useless  to  have 
a  formula  for  attempting  to  evaluate  something  that  did  not  exist. 

EXERCISES 

1.  Show  that  if  at  a  point  the  derivative  of  a  function  exists  and  is  positive,  the 
function  must  be  increasing  at  that  point. 

2.  Suppose  that  the  derivatives  f'(a)  and  f'(h)  exist  and  are  not  zero.  Show 
that /(a)  and  /(&)  are  relative  maxima  or  minima  of  /  in  the  interval  a  s  a;  s  5^  and 
determine  the  precise  criteria  in  terms  of  the  signs  of  the  derivatives /'(a)  and/'(6). 

3.  Show  that  if  a  continuous  function  has  a  positive  right-hand  derivative  at 
every  point  of  the  interval  a^i^b,  then /(6)  is  the  maximum  value  of  /.  Simi- 
larly, if  the  right-hand  derivative  is  negative,  show  that/(())  is  the  minimum  of/. 

4.  Apply  the  Theorem  of  the  Mean  to  show  that  if /'(x)  is  continuous  at  a,  then 

r',  x"&a  X    —  X 

x'  and  x"  being  regarded  as  independent. 

5.  Form  the  increments  of  a  function /for  equicrescent  values  of  the  variable  : 

\f  =  f(a  -1-  h)-f(a),  ^f  =  f{a  +  2h)-f{a  +  h), 

AJ-  =  Aa  +  Sh)-f(a  +  2h),--.. 
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These  are  called  first  differences  ;  the  differences  of  these  differences  are 

A^f  =  f(a  +2h)-  2f(a  +  h)  +  f(a), 
A|/=/(a  +  3  A)  -  2/(a  +  2  A)  +/(a  +  h),--. 

which  are  called  the  second  differences  ;  in  like  manner  there  are  third  differences 

^!f  =  f(a  +  3  ;i)  -  3/(a  +  2  A)  +  3/(a  +  h)  -f(a),  ■  ■  ■ 

and  so  on.   Apply  the  Law  of  the  Mean  to  all  the  differences  and  show  that 

AjV  =  h^f"{a  +  e^h  +  eji),        Af/  =  IvT'ia  +  6^h  +  eji  +  O^h),  ■■■. 

Hence  show  that  if  the  first  n  derivatives  of  /  are  continuous  at  a,  then 

/"(a)  =  lim^,  /"'(a)  =  lim^,  ...,  /W(a)  =  lim^. 

AiO    h-  A=0    «■'  A=0    ft" 

6.  Cauchy's  Theorem.  If  f(x)  and  0(x)  are  continuous  over  a  S  i  =  6,  have 
derivatives  at  each  interior  point,  and  if  <f>'  (x)  does  not  vanish  in  the  interval, 

f(b)-f(a)  ^/'ffl     ^^    /(o  +  ft)-/(o)  ^  f'(a  +  eh) 
<p{b)-  4,  (a)      0'(f )  0  (a  +  ft)  -  0  (a)      ^'(a  +  Sft) ' 

Prove  that  this  follows  from  the  application  of  KoUe's  Theorem  to  the  function 
^  W  =/W  -/(a)  -  Wx)  -  0(a)]  ifl~if\  ■ 

7.  One  application  of  Ex.  6  is  to  the  theory  of  indeterminate  forms.  Show  that 
if /(o)  =  0(a)  =  0  and  if  f'{x)/<p'(x)  approaches  a  limit  when  x  =  a,  then /(z)/0  (jr) 
will  approach  the  same  limit. 

8.  Taylor's  Theorem.  Note  that  the  form  f(b)  =f(a)  +  (b  —  a)f'(i)  is  one  way 
of  writing  the  Theorem  of  the  Mean.   By  the  application  of  RoUe's  Theorem  to 

,/(ft)-/(a)-(b-a)r(a) 


^  (I)  =  f{b)  -  f(x)  -  (6  -  x)/'(x)  -  (6  -  2)2 


(6  -  a)2 


show  /(6)  =  /(a)  +  (6  -  a)f'(a)  +  <^_-^/"({), 

and  to  f  (X)  =  /((<)  -  fix)  -  (ft  -  x)/'(x)  -  (^i:^/"(x) <^Il^/(»  -D  (x) 


(I. 
(n-1)! 


<'^-«)V"(.) <±p^f^^-^>ia)} 


show  /(())  =/(.()+  ('j  -  «)/'(«)  +  ^-^/"(a)  +  ■■■ 

+  (^ZL4LlV<»-.)(a)+(^^>">(f). 
(n  — 1)!  n  ! 

What  are  the  restrictions  that  must  be  imposed  on  the  function  and  its  derivatives  ? 

9.  If  a  continuous  function  over  a^xSb  has  a  right-hand  derivative  at  each 
point  of  the  interval  which  is  zero,  show  that  the  function  is  constant.  Apply  Ex.  2 
to  the  functions /(x)  +  e{x-  a)  and/(x)-  e(x-  a)  to  show  that  the  maximum 
difference  between  the  functions  is  2  e  (6  —  a)  and  that  /  must  therefore  be  constant. 
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10.  State  and  prove  the  theorems  implied  in  tlie  forumlas  (■l)-(6),  p.  2. 

11.  Consider  the  extension  of  Ex.  7,  p.  44,  to  derivatives  of  functions  defined 
over  a  dense  set.  If  the  derivative  exists  and  is  uniformly  continuous  over  the  dense 
set,  vfhat  of  the  existence  and  continuity  of  the  derivative  of  the  function  vrhen  its 
definition  is  extended  as  there  indicated  ? 

12.  If  /(i)  has  a  finite  derivative  at  each  point  of  the  interval  aSx  =  6,  the 
derivative  /'(i)  must  take  on  every  value  intermediate  betvfeen  any  two  of  its  values. 
To  show  this,  take  first  the  case  where  f'(a)  and  f'Ifi)  have  opposite  signs  and  show, 
by  the  continuity  of  /  and  by  Theorem  13  and  Ex.  2,  that  /'{^)  =  0.  Next  if 
/'(a)<ft</'(6)  without  any  restrictions  on  f'(a)  and/'(6),  consider  the  function 
f{x)  —  /ux  and  its  derivative  f'(x)  —  /x.  Finally,  prove  the  complete  theorem.  It 
should  be  noted  that  the  continuity  of  f'(x)  is  not  assumed,  nor  is  it  proved ;  for 
there  are  functions  which  take  every  value  intermediate  between  two  given  values 
and  yet  are  not  continuous. 

28.  Summation  and  integration.  Let  f(x)  be  defined  aiid  limited 
over  the  interval  a  S  x  S  b  and  let  M,  m,  and  0  =  M  —  m  be  the 
upper  frontier,  lower  fron- 
tier, and  oscillation  of  f{x) 
in  the  interval.  Let  n  —  1 
points  of  division  be  intro- 
duced in  the  interval  divid- 
ing  it   into    n  consecutive 


intervals   8i,   Sj 


8„   of 


Y 

Mi 

it 

/ 

^ 

V 

/ 

0 

< 

z 

■ 

k 

6        X 

which  the  largest  has  the 

length  A  and  let  M^,  m/,  O,-, 

and  f(i,)  be  the  upper  and  lower  frontiers,  the  oscillation,  and  any 

value  of  the  function  in  the  interval  8,-.    Then  the  inequalities 

w8.-  S  mA  Sfii)Si  S  MSi  S  jV/8, 

will  hold,  and  if  these  terms  be  summed  up  for  all  n  intervals, 

m  {h  -  .')  ^  X  '"■^'  -  X-^'(^")  *'  -  2  ^^•^'  -  ^(*  ~  ")  (^) 

will  also  hold.  Let  .'.•  =  2«/,8.-,  t  =  S/(^,)8i,  and  5  =  Sil/.S;.  From  {A) 
it  is  clear  that  the  difference  .S  —  s  does  not  exceed 

{M  —  m)  (6  -  a)  =  0(6  -  a), 

the  product  of  the  length  of  the  interval  by  the  oscillation  in  it.  The 
values  of  the  sums  S,  s,  o-  will  evidently  depend  on  the  number  of  parts 
into  which  the  interval  is  divided  and  on  the  way  in  which  it  is  divided 
into  that  number  of  parts. 

Theorem  19.  If  n'  additional  points  of  division  be  introduced  into 
the  interval,  the  sum  S'  constructed  for  the  n-\-n'  —  1  points  of  division 


FUNDAMENTAL  THEORY  51 

cannot  be  greater  than  i'  and  cannot  be  less  than  S  by  more  than 
7i'0A.  Similarly,  *'  cannot  be  less  than  a  and  cannot  exceed  s  by  more 
than  n'OA. 

Theorem  20.  There  exists  a  lower  frontier  L  for  all  possible  methods 
of  constructing  the  sum  S  and  an  upper  frontier  I  for  s. 

Theorem  21.  Darhoux's  Theorem.  When  e  is  assigned  it  is  possible 
to  find  a  A  so  small  that  for  all  hiethods  of  division  for  which  8;  S  A, 
the  sums  S  and  .v  shall  diifer  from  their  frontier  values  L  and  I  by  less 
than  any  preassigned  «.  j 

To  prove  the  first  theorem  note  that  althougli  (A)  is  written  for  the  whole  inter- 
val from  a  to  6  and  for  the  sums  constructed  on  it,  yet  it  applies  equally  to  any 
jjart  of  the  interval  and  to  the  sums  constructed  on  that  part.  Hence  if  &',■  =  JW,S,-  be 
the  part  of  iS  due  to  the  interval  S,-  and  if  S\  be  the  part  of  S'  due  to  this  interval 
after  the  introduction  of  some  of  the  additional  points  into  it,  m,Ji  S  S[  s  s,-  =  Jlf,-5,. 
Hence  S/  is  not  greater  than  Si  (and  as  this  is  true  for  each  interval  5,-,  <S"  is  not 
greater  than  S)  and,  moreover,  S,-  —  S\  is  not  greater  than  OiSi  and  a  fortiori  not 
greater  than  OA.  As  there  are  only  n'  new  points,  not  more  than  n'  of  the  intervals 
5,-  can  be  affected,  and  hence  the  total  decrease  S  —  S'  in  S  cannot  be  more  than 
n'0\.  The  treatment  of  s  is  analogous. 

Inasmuch  as  (A)  shows  that  the  sums  S  and  s  are  limited,  it  follows  from  Theo- 
rem 4  that  they  possess  the  frontiers  required  in  Theorem  20.  To  prove  Theorem  21 
note  first  that  as  i  is  a  frontier  for  all  the  sums  S,  there  is  some  particular  sum  S 
which  differs  from  L  by  as  little  as  desired,  say  \  e.  For  this  S  let  n  be  the  number 
of  divisions.  Now  consider  S'  as  any  sum  for  which  each  S,  is  less  than  A  =  J  e/nO. 
If  the  sum  S"  be  constructed  by  adding  the  n  poiijts  of  division  for  S  to  the  points 
of  division  for  S',  S"  cannot  be  greater  than  S  and  hence  cannot  differ  from  L  by 
so  much  as  J  f .  Also  S"  cannot  be  greater  than  S'  and  cannot  be  less  than  S'  by 
more  than  nOA,  which  is  I  c.  As  S"  differs  from  L  by  less  than  J  c  and  S'  differs 
from  S"  by  less  than  ^  e,  S'  cannot  differ  from  L  by  more  than  e,  which  was  to  be 
proved.   The  treatment  of  s  and  I  is  analogous.  ,^ 

29.  If  indices  are  introduced  to  indicate  the  interval  for  which  the 
frontiers  L  and  I  are  calculated  and  if  /3  lies  in  the  interval  from  n  to  li, 
then  if  and  /f  will  be  functions  of  j8. 

Theorem  22.  The  equations  £„"  =  L^  +  L^,  a<c<l>;  L^  =  -  L^ ; 
L^  =  fi(b  —  a),  mS  fi^  M,  hold  for  L,  and  similar  equations  for  I.  As 
functions  of  /8,  if  and  /f  are  continuous,  and  if  f(x)  is  continuous, 
they  are  differentiable  and  have  the  common  derivative  /(/3). 

To  prove  that  L^  =  i/  +  £ ',  consider  c  as  one  of  the  points  of  division  of  the 
interval  from  a  to  6.  Then  the  sums  i"  will  satisfy  S^  =  S^  +  S^,  and  as  the  limit 
of  a  sum  is  the  sum  of  the  limits,  the  corresponding  relation  must  hold  for  the 
frontier  X.  To  show  that  i j'  =  —  X  "  it  is  merely  necessary  to  note  that  S^  =  —  S^ 
because  in  passing  from  6  to  o  the  intervals  5,-  must  be  taken  with  the  sign  opposite 
to  that  which  they  have  when  the  direction  is  from  a  to  6.  From  {A)  it  appears 
that  m (6  -  a)  S  S^  S  Jtf  (6  _  a)  and  hence  in  the  limit  mib  -  a)  S  L^  S  M (b  —  a). 
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Hence  there  is  a  value  ii,mSiiSM,  such  that  ij"  =  ii(b-  a).   To  show  .that  X| 
is  a  continuous  function  of  /3,  take  Ji  >|  jlf  |  and  |m|,  and  consider  tlie  relations 

iS  +  ''  -  1,6  =  Lf  +  i|  +  *  -  i6  =  iS  +  *  =  ^/j;  |^|<  j:, 

i|-*  -  L^  =  L^-"-  if-"  -  -L|_,  =-  i^,  =-  M'/^        iM'K-fiT. 
Hence  if  e  is  assigned,  a  5  may  be  found,  namely  5<e/K,  so  that  |i6  **  —  i^j^^ 
when  h<S  and  i *  is  therefore  continuous.    Finally  consider  the  quotients 

LS  +  >'-LS  ,     if-" -if 
=  II    and 


-A 

where  ^  is  some  number  between  the  maximum  and  minimum  of /(j)  in  the  inter- 
val p  ^  X  S  P  +  h  and,  if  /  is  continuous,  is  some  value  /{{ )  of  /  in  that  interval 
and  where  ii.'=f((')  is  some  value  of  /  in  the  interval  /3— /j^j;  =  j3.  Now  let 
h  =  0.  As  the  function  /  is  continuous,  lini  /({)  =/(/3)  and  lim  /(f)  =  f{p)-  Hence 
the  right-hand  and  left-hand  derivatives  exist  and  are  equal  and  the  function  if 
has  the  derivative /(/3).   The  treatment  of  I  is  analogous. 

Theorem  23.  For  a  given  interval  and  function  f,  the  quantities  I 
and  L  satisfy  the  relation  I  ^  L  ;  and  the  necessary  and  sufficient  con- 
dition that  i  =  Hs  that  there  shall  be  some  division  of  the  interval 
which  shall  make  2  (i/,  —  to,)  S,-  =  20,-8,-  <  c. 

If  L^  =  l^,  the  function  /  is  said  to  be  integrable  over  the  interval 

from  a  to  b  and  the  integral    i    f(x)  dx  is  defined  as  the  common  value 

ij'  =  la-    Thus  the  definite  integral  is  defined. 

Theorem  24.  If  a  function  is  integrable  over  an  interval,  it  is  inte- 
grable over  any  part  of  the  interval  and  the  equations 

r  f(x)  dx+  f  /(.r)  r/.r  =   f  f{x)dx, 

f  f{x)  dx  =  -  f  fix)  dx,  f  f(T)  dx  =  fi{l>-  a) 

hold ;  moreover,  /    /(.r)  dx  =  F\fi)  is  a  continuous  function  of  /3 ;  and 

if /(x)  is  continuous,  the  derivative  F' {fi)  will  exist  and  be/(/3). 

By  (A)  the  sums  S  and  s  constructed  for  the  same  division  of  the  interval  satisfy 
the  relation  S  —  «  S  0.  By  Darboux's  Theorem  the  sums  S  and  s  will  approach  the 
values  i  and  I  when  the  divisions  are  indefinitely  decreased.  Hence  i  —  i  ^  0. 
Now  if  i  =  J  and  a  4  be  found  so  that  when  5,-  <  A  the  inequalities  S  —  L<\t  and 
l-s<.\t  hold,  then  S  -  s  =  2  (Jfi  —  m,)  J,  =  SO.-S,- < t ;  and  hence  the  condition 
SO.Jj  <  f  is  seen  to  be  necessary.  Conversely  if  there  is  any  method  of  division  such 
that  SO.J,-  <  c,  then  S  —  s  <  e  and  the  lesser  quantity  i  —  I  must  also  be  less  than  c. 
But  if  the  difference  between  two  constant  quantities  can  be  made  less  than  t, 
where  e  is  arbitrarily  assigned,  the  constant  quantities  are  equal ;  and  hence  the 
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condition  is  seen  to  be  also  sufficient.  To  show  that  if  a  function  is  integrable  over 
an  interval,  it  is  integrable  over  any  part  of  the  interval,  it  is  merely  necessary  to 
show  that  if  h^  =  i,f,  then  L^  =  li  where  a  and  /S  are  two  points  of  the  interval. 
Here  the  condition  SOjS,  <f  applies;  for  if  SO.Si  can  be  made  le.s.s  than  t  for  the 
whole  interval,  its  value  for  any  part  of  the  interval,  being  less  than  for  the  whole, 
must  be  less  than  e.   The  rest  of  Theorem  24  is  a  corollary  of  Theorem  22. 

30.  Theorem  25.  A  function  is  integrable  over  the  interval  /?  s  a-  s  J 
if  it  is  continuous  in  that  interval. 

Theorem  26.  If  the  interval  a^r^h  over  which  f(x)  is  defined 
and  limited  contains  only  a  finite  nujnber  of  points  at  which  /  is  dis- 
continuous or  if  it  contains  an  infinite  iiuinl)cr  of  points  at  which  f  is 
discontinuous  but  these  points  have  only  a  finite  numl)er  of  i)oints  of 
condensation,  the  function  is  integiuble. 

Theorem  27.    If  /(a-)  is  integrable  over  the  interval  r/  s  a-  s  J,^  the 

■■  2/(^,)  Si  will  approach  the  limit  |  f(x)  dx  when  the  indi- 
vidual intervals  8,-  approach  the  limit  zero,  it  being  immaterial  how 
they  approach  that  limit  or  how  the  points  ^,-  are  selected  in  their 
respective  intervals  8,-. 

Theorem  28.    If  f(x)  is  continuous  in  an  interval  a  S  a-  s  i,  then 

fix)  has  an  indefinite  integral,  namely  j    f{x)  doc,  in  the  interval. 

Theorem  25  may  be  reduced  to  Theorem  23.  For  as  the  function  is  continuous, 
it  is  possible  to  find  a  A  so  small  that  the  oscillation  of  the  function  in  any  interval 
of  length  A  shall  be  as  small  as  desired  (Theorem  9).  Suppose  A  be  chosen  so  that 
the  oscillation  is  less  than  e/(6  —  a).  Then  20,S,-  <  e  when  8,-  <  A ;  and  the  function 
is  integrable.  To  prove  Theorem  26,  take  first  the  case  of  a  finite  number  of  discon- 
tinuities. Cut  out  the  discontinuities  surrounding  each  value  of  x  at  which  /  is  dis- 
continuous by  an  interval  of  length  S.  As  the  oscillation  in  each  of  these  intervals 
is  not  greater  than  O,  the  contribution  of  these  intervals  to  the  sum  20,J,-  is  not 
greater  than  OnS,  where  n  is  the  number  of  the  discontinuities.  By  taking  5  small 
enough  this  may  be  made  as  small  as  desired,  say  less  than  \  e.  Now  in  each  of  the 
remaining  parts  of  the  interval  a  =  a;  S  6,  the  function  /  is  continuous  and  hence 
integrable,  and  consequently  the  value  of  20,-8,-  for  these  portions  may  be  made  as 
small  as  desired,  say  J  e.  Thus  the  sum  20,Si  for  the  whole  interval  can  be  made 
as  small  as  desired  and/(x)  is  integrable.  When  there  are  points  of  condensation 
they  may  be  treated  just  as  the  isolated  points  of  discontinuity  were  treated.  After 
they  have  been  surrounded  by  intervals,  there  will  remain  over  only  a  finite  num- 
ber of  discontinuities.   Further  details  will  be  left  to  the  reader. 

For  the  proof  of  Theorem  27,  appeal  may  be  taken  to  the  fundamental  relation 
(A)  which  shows  that  s  S  o-  s  S.  Now  let  the  number  of  divisions  increase  indefi- 
nitely and  each  division  become  indefinitely  small.   As  the  function  is  integrable, 

f{x)dx,  and  consequently  <r  which  is  included 

a 

between  them  must  approach  that  limit.   Theorem  28  is  a  corollary  of  Theorem  24 
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fix)  dx  is/(x).  By  defi- 
nition,  the  indefinite  integral  is  any  function  wliose  derivative  is  the  integrand. 
Hence   f  f{i)  dx  is  an  indefinite  integral  of  f(x),  and  any  other  may  be  obtained 

V  a 

by  adding  to  this  an  arbitrary  constant  (Theorem  16).  Thus  it  is  seen  that  the 
proof  of  the  existence  of  the  indefinite  integral  for  any  given  continuous  function 
is  made  to  depend  on  the  theory  of  definite  integrals. 

EXERCISES 

1.  Rework  some  of  the  proofs  in  the  text  with  I  replacing  L. 

2.  Show  that  the  L  obtained  from  Cf(x),  where  C  is  a  constant,  is  C  times  the  X 
obtained  from/.  Also  if  u,  j),  w  are  all  limited  in  the  interval  a^xsft,  the  X  f or 
the  combination  m  +  »  —  lo  will  be  X  (u)  +  X  (b)  —  L  (w),  where  X  («)  denotes  thi»X 
for  u,  etc.  State  and  prove  the  corre.sponding  theorems  for  definite  integrals  and 
hence  the  corresponding  theorems  for  indefinite  integrals. 

3.  Show  that  SOiS,-  can  be  made  less  than  an  assigned  e  in  the  case  of  the  func- 
tion of  Ex.  6,  p.  44.  Kote  that  I  =  0,  and  hence  infer  that  the  function  is  integrable 
and  the  integral  is  zero.  The  proof  may  be  made  to  depend  on  the  fact  that  there 
are  only  a  finite  number  of  values  of  the  function  greater  than  any  a.ssigned  value. 

4.  State  with  care  and  prove  the  results  of  Exs.  3  and  5,  p.  29.  AVhat  restric- 
tion is  to  be  placed  on/(i)  if /(f)  may  replace  il  '> 

5.  State  with  care  and  prove  the  results  of  Ex.  4,  p.  29,  and  Ex.  13,  p.  80. 

6.  If  a, function  is  limited  in  the  interval  a^x^h  and  never  decreases,  show 
that  the  function  is  integrable.   This  follows  from  the  fact  that  20;  s  0  is  finite. 

7.  More  generally,  let/(z)  be  such  a  function  that  20;  remains  less  than  some 
number  K,  no  matter  how  the  interval  be  divided.  Show  that  /  is  integrable.  Such 
a  function  is  called  a  function  of  limited  variation  (§  127). 

8.  Change  of  variable.  Let  f{x)  be  continuous  over  a^x^b.  Change  the 
variable  to  i  =  <l>{t),  where  it  is  supposed  that  a  =  <t>{t^)  and  b  =  <t>{t^),  and  that 
0  (t),  (p'{t),  and/[<^  (i)]  are  continuous  in  t  over  tj  s  t  s  t^.    Show  that 

f  /(I) dx  =  r ' /[« (t)] ,t>\t) dt  or  r * '"/(x) dx=  c'f[<p (<)] <t>'(t) dt. 

Do  this  by  showing  that  the  derivatives  of  the  two  sides  of  the  last  equation  with 
respect  to  t  exist  and  are  equal  over  /j  g  t  S  ^2>  ^^^^  the  two  sides  vanish  when 
t  =  ij  and  are  equal,  and  hence  that  they  must  be  equal  throughout  the  interval. 

9.  Osgood'' s  Theorem,.  Let  or;  be  a  set  of  quantities  which  differ  uniformly  from 
f(ki)  *•  ^y  *°  amount  fjSi,  that  is,  suppose 

ai=f(ii)Si+  U^i,    where    |f.|<c    and    as|si). 
Prove  that  if  /  is  integrable,  the  sum  Sa,-  approaches  a  limit  when  S;  =  0  and  that 
the  limit  of  the  sum  is  j    /(x)  dx. 

10.  Apply  Ex.  9  to  the  case  Af  =  /'Ax  +  fAx  where  /'  is  continuous  to  show 
directly  that/(6)  —/(a)  =  (  /'(x)  dx.  Also  by  regarding  ta  =  <t>'  (t)  At  +  fAt,  apply 
to  Ex.  8  to  prove  the  rule  for  change  of  variable. 


PART  I.    DIFFERENTIAL  CALCULUS 

CHAPTER  III 

TAYLOR'S  FORMULA  AND  ALLIED  TOPICS 

31.  Taylor's  Formula.  The  object  of  Taylor's  Formula  is  to  express 
the  value  of  a  function  f(x)  in  terms  of  the  values  of  the  function  and 
its  derivatives  at  some  one  point  x  =  a.    Thus 

fix)  =f(a)  +  (x-  a)f{a)  +  ^-^^/"(a)  +  ■  •  • 

Such  an  expansion  is  necessarily  true  because  the  remainder  R  may  be 
considered  as  defined  by  the  equation ;  the  real  significance  of  the 
formula  must  therefore  lie  in  the  possibility  of  finding  a  simple  ex- 
pression for  R,  and  there  are  several. 

Theorem.  On  the  hypothesis  that  f(x)  and  its  first  n  derivatives 
exist  and  are  continuous  over  the  interval  a^xSh,  the  function  may 
be  expanded  in  that  interval  into  a  polynomial  in  a;  —  a, 

fix)  =fin)  +  {x-  a)f(a)  +  ^^^^f^a)  +  •  •  ■ 
with  the  remainder  R  expressible  in  any  one  of  the  forms 

where  h  =  x  —  a  and  a  <  ^  <x  ov  ^=a -\-6h  where  0  <  ^  <  1. 

A  first  proof  may  be  made  to  depend  on  RoUe's  Theorem  as  indicated  in  Ex.  8, 
p.  49.   Let  X  be  regarded  for  the  moment  as  constant,  say  equal  to  6.   Construct 
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tlie  function  f  (j)  there  inrticateil.    Note  t.liat,  i/- (<()  =  i/'('')  =  0  ami  that  the  deriva- 
tive ^'(x)  is  merely 

(.1-])!  ''J 

Ry  Rolle's  Theorem  il/'(i)  =  0.    Hence  if  {  be  snbstituteil  above,  tlie  result  is 

II,  _  nV'-'  (h  —  '()" 

/(,.)  =/(.)  +  (/,  -  .,)/'(")  +  •  ■  •  +  ^lyr  /'"-"(")  +  ^'-/'"'U), 

after  strikins;  out  the  factor  -  (h  -  t)" "',  multiplying  by  (/)  -  (i)"/n,  and  transposing 

/('*).    The  theiirem  is  therefore  proved  with  the  first  form  of  the  remainder.    Tliix 

proof  does  not  require  the  continuity  of  the  nth  derivaiive  iwr  its  existence  at  a  and  at  b. 

The  second  form  of  the  remainder  may  be  found  by  applying  RoUe's  Theorem  to 

^  (X)  =  f{h)  -  fix)  -  (h  -  x)r(x) (i=l^'/0.  -. .  (X)  -  {h  -  X)  P, 

where  P  is  determined  so  that  R  =  (b-  a)P.  Note  that  \p  (h)  =  0  and  that  by 
Taylor's  Formula  yp  (a)  =  0.    Xow 

lh~-x\''-^                                                    (h— fV'~^ 
j,'(i)=_i" — ±1 /oo(j.)  +  p     or     P  =/<")({)  1^ ^-L—    since     V'(f)  =  0. 

(n  — ])!  (n—i)- 

Hence  if  {be  written  ^  =  a  +  Oh  where  h=h—a,  then  h—(  =  h—a  —  8h  =  (h—n)(\  —  d). 

And      «  =  (,_„)P=(.-„)(iin_")j;Zi(i^ 

The  second  form  of  R  is  thus  found".  In  this  work  as  before,  the  result  is  proved 
for  X  =  6,  the  end  point  of  the  interval  a^x^b.  But  as  the  interval  could  be 
considered  as  terminating  at  any  of  its  points,  the  proof  clearly  applies  to  any  x 
in  the  interval.     ■ 

A  second  proof  of  Taylor's  Formula,  and  the  easiest  to  remember,  consists  in 
integrating  the  nth  derivative  n  times  from  a  to  x.   The  successive  results  are 

r>0{i)dx=/"-i(x)T=/("-i)(x)-/(—i)(a). 

r  rf(«)(f)dx"=  f f (•>-!) (x)dx-  r7(»-i)(a)(tc 

=  /("-2)(x)  -/<«-2)(a)  -  (X  -  n)/("-i)(n). 
rrj"'f<"->{x)dx'=  /<"  -  3)  (X)  _ /C»-3)  (a)  -  (I  _  „)/(»-2)  (a)  -  i^Z^/(» -i ) („) . 

J  "...  J  /oo  (X)  Or"  =  f(x)  -  f(a)  -  (x  -  a)f'  (a) 

2  !  ^  '  ()i  -  1)  !  ^  ' 

The  f ornmla  is  therefore  proved  with  R  in  the  form  I  ■  ■  ■  I  /<">(x)  dx".  To  trans- 
form  this  to  the  ordinary  form,  the  Law  of  the  Mean  may  be  applied  ((05),  §  16).   For 

m(x-a)<  fy<«-){x)dx.<M(x-a),      w^''~"^"<  ['■■■  ffW(x)dx''<M^^^-^^^~, 

Ja  n\  J II  Ja  n\ 
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where  m  is  tlie  least  and  M  the  sreatest  value  of  /<»)(,r)  from  n  to  j.    Tlieve  is  then 
>oiue  intenneiliate  value /<"'(t)  =  ^  such  that 

(.f  -  ")"  . 

"■■'&■ 


This  proof  requires  tliat  the  nth  derivative  be  continuous  and  is  less  general. 
The  third  proof  is  obtained  by  applying  successive  integrations  by  parts  to  the 

obvious  identity  f(([  +  //)  — /(«)  =  /     /'(((  +  //  —  «)  Oil  to  make  the  integrand  contain 

hiirher  derivatives. 

/(((  +  h)-f((i)  =  f  f'{a  +  h-t)dt  =  tf'(a  +  h  -  l)\''  +  C''  tf(<i  +  A  -  i)dl 
J«  Jo      Ja 

=  hf'(a)  +  {  fV"{n  +  h-t)Y  +  f''i  t-f"'{'i  +  h-t) dt 
Jo      ■/o 

This,  however,  is  precisely  Taylor's  Formula  with  the  third  form  of  remainder. 

If  the  point  a  about  which  the  function  is  expanded  is  x  =  0,  the 
expansion  will  take  the  fonn  known  as  Maclaurin's  Formula : 

./■(■^•)  =/(0)  +  .Tf (0)  +  ~f"(0)  +■■■  +  -f^^fC-^^  (0)  +  7?,    (3) 
J.  =  ^"yoo(fl,.)  =  ^-£^  (l_e)„-yW(ft^)=  __l_J';,.-y(„,(.^_,),,,. 

32.  Both  Taylor's  Formula  and  its  special  case,  Maclaurin's,  express 
a  function  as  a  polynomial  in  h  =x  —  a,  of  which  all  the  coefficients 
except  the  last  are  constants  while  the  last  is  not  constant  but  depends 
on  li  both  explicitly  and  through  the  unknown  fraction  6  which  itself  is 
a  function  of  //.  If,  however,  the  wth  derivative  is  continuous,  the  coeffi- 
cient/<"'(«+ ^A)/?i!  must  remain  finite,  and  if  the  form  of  the  deriva- 
tive is  known,  it  may  be  possible  actually  to  assign  limits  between 
which /<"'(«-!- ^Z')/?* !  lies.  This  is  of  great  importance  in  making 
approximate  calculations  as  in  Exs.  8  ff.  ImjIow  ;  for  it  sets  a  limit  to 
the  \'alue  of  R  for  any  value  of  n. 

TnKOKEM.  There  is  only  one  possible  expansion  of  a  function  into 
a  polynomial  in  //  =  ./■  —  <i  of  which  all  tlie  coefficients  except  the  last 
are  (constant  and  the  last  finite ;  and  hence  if  such  an  expansion  is 
found  in  any  manner,  it  must  be  Taylor's  (or  Maclaurin's). 

To  prove  this  theorem  consider  two  polynomials  of  the  nth  order 

r-o  -)-  c,/t  J-  cji-  +  ■■■  +  c„_i/»"-i  J-  c„/t»  =  C'„  -t-  C\/t  -1-  VJi-  -1-  •  ■  •  -I-  C'„_i/t"  -'  +  CJi", 

which  represent  the  same  function  and  henoe  are  equal  for  all  values  of  h  from  0 
to  h—  II.    It  follows  that  the  coefficients  must  be  equal.    For  let  7/  approach  0. 
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The  terms  containing  It  will  approach  0  and  hence  c^  and  C,,  may  be  made  as 
nearly  equal  as  desired  ;  and  as  they  are  constants,  they  must  be  equ'al.  Strike 
them  out  from  the  equation  and  divide  by  h.  The  new  equation  must  hold  for  all 
values  of  h  from  0  to  h  —  a  with  the  possible  exception  of  0.  Again  let  A  =  0  and 
now  it  follows  that  Cj  =  C\.  And  so  on,  with  all  the  coefBcients.  The  two  devel- 
opments are  seen  to  be  identical,  and  hence  identical  with  Taylor's. 

To  illustrate  the  appUcation  of  the  theorem,  let  it  be  required  to  find  the  expan- 
sion of  tanz  about  0  when  the  expansions  of  sinj;  and  cosx  about  0  are  given. 

smx  =  i-ix^  +  j\^x^  +  Pi',  cos  i  =  1  -  J  -c-  -I-  j'j  z*  -(-  QJ;^ 

where  P  and  Q  remain  finite  in  the  neighborhood  of  z  =  0.  In  the  first  place  note 
lliat  tanz  clearly  has  an  expan.sion  ;  for  the  function  and  its  derivatives  (which 
are  combinations  of  tan  x  and  sec  x)  are  finite  and  continuous  until  x  approaches  J  ir. 
By  division. 

x  +  \x'+  A  J° 

x-ii^+  ^V  J"  ;  -F  Qz^ 

\x^-  ^\x^\  +  (P-Q)x^ 
ij^-    i   x^\  +  J^x-  +  ^Qx^ 


Hence  tan  x  =  x  +  lx'  +  -^x^-\ x',  where  S  is  the  remainder  in  the  division 

cosz 
and  is  an  expression  containing  P,  Q,  and  powers  of  z  ;  it  must  remain  finite  if  P 
and  Q  remain  finite.   The  quotient  .S/cos  x  which  is  the  coefiicient  of  z"  therefore 
remains  finite  near  i  =  0,  and  the  expression  for  tan  x  is  the  Maclaurin  expansion 
up  to  terms  of  the  sixth  order,  plus  a  remainder. 

In  the  case  of  functions  compounded  from  simple  functions  of  which  the  expan- 
sion is  known,  this  method  of  obtaining  the  expansion  by  algebraic  processes  upon 
the  known  expansions  treated  as  polynomials  is  generally  shorter  than  to  obtain 
the  result  by  differentiation.  The  computation  may  be  abridged  by  omitting  the 
last  terms  and  work  such  as  follows  the  dotted  line  in  the  example  above  ;  but  if 
this  is  done,  care  must  be  exercised  against  carrying  the  algebraic  operations  too 
far  or  not  far  enough.  In  Ex.  5  below,  the  last  terms  should  be  put  in  and  carried 
far  enough  to  insure  that  the  desired  expansion  has  neither  more  nor  fewer  terms 
than  the  circumstances  warrant. 

EXERCISES 

1.  Assume  R  =  (6  -  a)tP;  show  E  =  ^"^^  ~  ^^"'Vwffl. 

(n  — 1)1 1 

2.  Apply  Ex.  5,  p.  29,  to  compare  the  third  form  of  remainder  with  the  first. 

3.  Obtain,  by  differentiation  and  substitution  in  (1),  three  nonvanishing  terms: 

(a)  .sin-'z,  a  =  0,       (^)  tanh  z,  a  =  0,  (7)  tan  x,  a  =  1 7r, 

(5)  cscr.a=',Tr,       (t)  e""'^,a  =  0,  (f)  logsinz,  a  =  J  t. 

4.  Find  the  71th  derivatives  in  the  following  cases  and  write  the  expansion : 

(or)  sin  z,  n  =  0,  {fi)  sin  x,  a  =  \  x,  (7)  c^,  a  =  0, 

(«)c-,  a  =  l,  (e)logz,  a  =  l,  (f)  (H- z)*-,  a  =  0. 
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5.  By  algebraic  processes  find  the  Maclauriii  expansion  to  the  term  in  x^ : 

(a)  sec  X,  (/3)  tanh  x,  (y)  -  Vl  -  i', 

(6)  e'sinx,  (e)  [log(l-i)]2,  (f)  +Vcoshx', 

(v)  e«°^  (8)  log  cos  X,  (■)  logVTTx^. 

The  expansions  needed  in  this  work  may  be  found  by  differentiation  or  taken 
from  B.  O.  Peirce's  "Tables."  In  {7)  and  (f)  apply  the  binomial  theorem  of  Ex. 
4  (f).  In  (t))  let  y  =  sin  x,  expand  e",  and  substitute  for  y  the  expansion  of  sin  i. 
In  {$)  let  cos  x  =  l  —  y.  In  all  cases  show  that  the  coefficient  of  the  term  in  xf 
really  remains  finite  when  x  =  0. 

6.  If  f(a  +  li)  =s  c„  +  i.\h  +  cji^  +  •  ■  •  +  c„_i/("-i  +  cji.",  show  that  in 

C''f(a  +  h)dh  =  c„A  +  ^  A2  +  ^^3  +  .  . .  _^  <2lzlhn  ^  ("ajv^dh 
Jo  2  3  n  Ja 

the  last  term  may  really  be  put  in  the  form  Ph"  +1  with  P  finite.    Apply  Ex.  5,  p.  29. 

7.  Apply  Ex.  6  to  sin-ix  =  |    ,  etc.,  to  find  developments  of 

•/o   Vl  -  j-2 


■  X- 


(a)  sin  -1  X,  {j3)  tan-i  x,  (7)  sinh-i  i, 

(5),ogi±£.       (e)  rv-dx,      (f)  r^iii^dx. 

1  —  X  Jo  Jo       X 

lu  all  these  cases  the  results  may  be  found  if  desired  to  n  terms. 

8.  Show  that  the  remainder  in  the  Maclaurin  development  of  e^  is  less  than 
x"e^/n  ! ;  and  hence  that  the  error  introduced  by  disregarding  the  remainder  in  com- 
puting e'  is  less  than  x"eF/n ! .  How  many  terms  will  suffice  to  compute  e  to  four 
decimals  ?    How  many  for  e"  and  for  e"-^  ? 

9.  Show  that  the  error  introduced  by  disregarding  the  remainder  In  comput- 
ing log  (1  -(-  x)  is  not  greater  than  i»/n  if  i  >  0.  How  many  terms  are  required  for 
the  computation  of  log  II  to  four  places  ?   of  log  1.2  ?   Compute  the  latter. 

10.  The  hypotenuse  of  a  triangle  is  20  and  one  angle  is  31°.  Find  the  sides  by 
expanding  sinx  and  cosx  about  a  =  J  ir  as  linear  functions  of  i  —  J  tt.  Examine 
the  term  in  (x  —  ^  ttY  to  find  a  maximum  value  to  the  error  introduced  by 
neglecting  it. 

11.  Compute  to  6  places:  (a)  ei,  (§)  log  1.1,  (7)  sin  30',  (J)  cos 30'.  During 
the  computation  one  place  more  than  the  desired  number  should  be  carried  along 
in  the  arithmetic  work  for  safety. 

12.  Show  that  the  remainder  for  log(l  -|-  x)  is  less  than  x»/n(l  -(-  x)"  if  x<0. 
Compute  (a)  log  0.9  to  5  places,  ((3)  log  0.8  to  4  places. 

13.  Show  that  the  remainder  for  tan-'x  is  less  than  j''/ii  where  n  may  always 
be  taken  as  odd.   Compute  to  4  places  tan-'  i. 

14.  The  relation  \ir  =  tan-i  1  =  4  tan-'  I  —  tan-'  ,  Jg  enables  \  ir  ti>  be  found 
ea-sily  from  the  series  for  Un-'  x.  Find  ^  ir  to  7  places  (intermediate  work  carried 
to  8  places). 

15.  Computation  of  logarithms,    (a)  If  a  =  log  \t,  b  =  log  ff,  c  =  log  | J,  then 
log2  =  7((- 2^(^- 3c,        log3  =  lla-36-f  5e,        log5  =  16a- 4b -)- 7c. 
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Now  a  =  -  log  (1  -  tV),  'J  =  -  li'g  (1  -  T-k)'  <'  =  '"n  (1  +  A)  '"■'■■  i-'-'ii'I'ly  compulcd 
and  heiicu  log  2,  log  3,  log  5  may  bo  found.  Caiiy  the  calculalioiis  of  u,  h,  c  to 
10  places  and  deduce  tlic  logarithms  of  2,  3,  5,  10,  retaiiiing  only  8  places.  Com- 
pare Peirce's  "Tables,"  p.  lOU. 

(B)  Show  that  the  error  in  the  series  for  log is  less  than  —-- ■  Coni- 

^'^'  1  —  z  n  (1  —  x)" 

pute  log  2  corresponding  to  s  =  |  to  4  places,  log  1§  to  5  places,  log  1.^  to  6  places. 

wshowiog^=2r?^'+i(^v...+-^(^r%«.3„j, 

q  lp  +  II       3\p  +  qf  2 )( -  1  \i)  +  ql  J 

give  an  estimate  of  /^„+i,  and  compute  to  10  ligures  log3  and  log  7  from  log2 

and  log  5  of  I'eirce's  "Tables"  and  from 

81  7^ 

41og3-41og2-  log5  =  log  --,        4  log  7-  5  leg 2-  logS  -  21ogo  =  log^^ r- 

80  '    —  1 

16.  Compute  V.X.  7  (e)  to  4  places  for  x  =  1  and  to  0  places  for  x  =  J. 

17.  Compute  .sin-i  0.1  to  seconds  and  .sin-i^  to  minutes. 

18.  Show  that  in  the  expansion  of  (1  +  j;)^'  the  remainder,  as  x  is  >  or  <0,  is 

ii  „  <    x"       or     n ,,  < )   71  >  A, . 

I  l-2-.-n  I  1  1.2---n  (l+x)"-*| 

Hence  compute  to  5  figures  Vl03,  Vlis,  1/28,  \'2.30,  \  1000. 

19.  Sometimes  the  remainder  cannot  be  readily  found  but  the  terms  of  the 
expansion  appear  to  be  diminishing  so  rapidly  that  all  after  a  certain  point  appear 
negligible.  Thus  use  Peirce's  "Tables,"  Nos.  774-780,  to  compute  to  four  places 
(estimated)  the  values  of  tan  6°,  log  cos  10°,  esc  3°,  sec  2°. 

20.  Find  to  within  1%  the  area  under  cos  (x-)  and  sin  (x-)  from  0  to  J  tt. 

21.  A  unit  magnetic  pole  is  placed  at  a  distance  L  from  the  center  of  a  magnet 
of  pole  strength  M  and  length  2  i,  where  l/L  is  small.  Find  the  force  on  the  pole 
if  (a)  the  pole  is  in  the  line  of  the  magnet  and  if  (/3)  it  is  in  the  perpendicular 
bisector. 

Arts,  (or)  -^  (1  +  e)  with  e  about  2 UjK ,        (/3)  ^  (1  -  c)  with  e  about  -  [-V 

22.  The  formula  for  the  distance  of  the  horizon  is  D  =V\h  where  D  is  the 
distance  in  miles  and  h  is  the  altitude  of  the  observer  in  feet.  Prove  the  fonnula 
and  show  that  the  error  is  about  j%  for  heights  up  to  a  few  miles.  Take  the  radius 
of  the  earth  as  3960  mile.s. 

23.  Find  an  approximate  fonnula  for  the  dip  of  the  horizon  in  minutes  below 
the  horizontal  if  h  in  feet  is  the  height  of  the  observer. 

24.  If  S  is  a  circular  arc  and  C  its  chord  and  c  the  chord  of  half  the  arc,  prove 
■S  =  ^  (8  c  -  C)  (1  +  f)  where  c  is  about  .S*/7680  R*  if  R  Is  the  radius. 

25.  If  two  quantities  differ  from  each  other  by  a  small  fraction  t  of  their  value, 
show  that  their  geometric  mean  will  differ  from  their  arithmetic  mean  by  about 
J  f^  of  its  value. 

26.  The  algebraic  method  may  be  applied  to  lindiug  expansions  of  .some  func- 
tions which  become  infinite.  (Thus  if  the  series  for  cosx  and  sin  x  be  divided  to 
find  cot  I,  the  initial  teim  is  1/x  and  becomes  infinite  at  x  =  0  just  as  cotx  does. 
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Such  expansions  are  not  Maclaurin  developments  but  are  analogous  to  tlicni. 
The  function  jcotx  woulrt,  liowevor,  liave  a  Maolaui'in  devt-lopment  and  tliu 
expansion  found  for  cotj  is  this  development  divided  by  x.)  Find  the  develop- 
ments about  J  =  0  to  terms  in  j;^  for 

(a)  cotx,  (/3)  cot- J,  (7)  cscx,  (S)  esc"  a;, 

(()  coticscj,  (f)  l/(tan-ij)-,  (?;)  (sinx  —  tau j)-i 

27.  Obtain  the  expansions  : 
(a)  log  sin  x  =  log  x  -  j  x-  -  ^Jj  x-"  +  A',       (j3)  log  tan  x  =  log  x  +  J  x-  +  5^  x^  +  •  •  ■ , 
(7)  likewise  for  logversx. 

33.  Indeterminate  forms,  infinitesimals,  infinites.  If  two  functions 
/■(.(')  and  <!'{■'')  ^''t'  defined  for  '•  =  a  and  if  <^(")  t^  0,  the  (juotient/'/i^  is 
defined  for  x  =  a.  lUit  if  if>  (n)  =  0,  the  (jviotient  //</>  is  not  defined  for  c 
If  in  this  case /'and  <^  are  defined  and  continuous  in  the  neighborhood 
of  II  and ./'(")  ^  0,  tlie  quotient  will  become  infinite  as  ,r  ==  n  ;  whereas 
if /'(/()  =  0,  the  behavior  of  tlie  (juotient //</>  is  not  immediately  appar- 
ent but  gives  rise  to  the  indeterminate  form  0/0.  In  like  manner  if  /' 
and  <^  become  infinite  at  a,  the  (juotient  //tf>  is  not  defined,  as  neither 
its  numerator  nor  its  denominator  is  defined ;  thus  arises  the  indeter- 
minate form  00/00.  The  question  of  determining  or  evaluating  an 
indeterminate  form  is  merely  the  (jucstion  of  finding  out  whether  the 
quotient  //</>  approaches  a  limit  (and  if  so,  what  limit)  or  becomes 
positively  or  negatively  infinite  when  x  approaches  '/. 

Theorem.  UHospitaTs  h'uli-.  If  the  functions /(,<■)  and  <^(x),  which 
give  rise  to  the  indeterminate  form  0/0  or  00/00  when  x  =  u,  are  con- 
tinuous and  differentiable  in  the  interval  n  <  .1  S  0  and  if  />  can  be 
taken  so  near  to  a  that  <t>'(x)  does  not  vanish  in  the  interval  and  if  the 
quotient  /'/</>'  of  the  derivatives  approacdies  a  limit  or  becomes  posi- 
tively or  negatively  infinite  as  .»•  =  h,  then  the  quotient  //<t>  will  ajv 
proach  that  limit  or  become  positively  or  negatively  infinite  as  the  case 
may  be.  Hence  an  iruletfnnlnnte  form  0/0  or  oc/00  iiiii;/  hi'  replaced  hij 
the  quotient  of  the  de'riuatices  of  numerator  and  denominator. 

Cist  I.  f(a)  =  <t>  (d)  =  0.  The  proof  follows  from  Caiichy's  Formula,  Ex.  0,  p.  41). 

For  m^m-m^m^        „<j<,. 

0(x)      0(x)-0(«)      4.'(i) 

Now  if  X  =  «,  .so  must  {,  which  lies  between  x  and  a.  Hence  it  the  quotient  on  the 
right  approaches  a  limit  or  becomes  positively  or  negatively  infinite,  the  same  is 
true  of  that  on  the  left.  The  necessity  of  inserting  the  restrictions  that  /  and  <t> 
shall  be  continuous  and  differentiable  and  that  ip'  shall  not  have  a  root  indefinitely 
near  to  a  is  apparent  from  the  fact  that  Cauchy 's  Fonnula  is  proved  only  for  func- 
tions that  .satisfy  these  ecmditions.  If  the  derived  form/70'  sho\dd  al.so  be  inde- 
terminate, the  rule  could  again  be  applied  and  the  quotient /"/*"  wouhl  replace 
f'/(t>'  with  the  understanding  that  proper  restrictions  were  satisfied  by/',  <t>',  and  <t>". 
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Case  II.  /(a)  =  0(a)  =  oo.   Apply  Cauchy's  Formula  as  follows : 

f{z)-f(b)  ^f{x)    \-f(b)/f(x)  ^f'(i)  a<x<b, 

0(x)-0(6)      <t>(x)l-<t>(V)/<t>iz)      0'(f)'  a<l<6, 

where  the  middle  expression  is  merely  a  different  way  of  writing  the  first.  Now 
suppose  that/'(i)/(^'(i)  approaches  a  limit  when  x  =  a.  It  must  then  be  possible  to 
take  h  so  near  to  a  that/'(f)/i^'({)  differs  from  that  limit  by  as  little  as  desired,  no 
matter  what  value  |  may  have  between  a  and  6.  Now  as  /  and  (j>  become  infinite 
when  z  =  a,  it  is  possible  to  take  x  so  near  to  a  that  f(b)/f(x)  and  0  ip)/<t>  (x)  are 
a-s  near  zero  as  desired.  The  second  equation  above  then  shows  that /(a;)/0  (z), 
multiplied  by  a  quantity  which  differs  from  1  by  as  littfe  as  desired,  is  equal  to 
a  quantity  /'(i)/0'(f)  which  differs  from  the  limit  of  f'(x)/(t>'(x)  as  x  ==  a  by  as  little 
as  desired.  Hence //0  must  approach  the  same  limit  as  f /<)>'.  Similar  reasoning 
would  apply  to  the  supposition  that /'/'#''  became  po.sitively  or  negatively  infinite, 
and  the  theorem  is  proved.  It  may  be  noted  that,  by  Theorem  16  of  §  27,  the  form 
f'/(t)'  is  sure  to  be  indeterminate.  The  advantage  of  being  able  to  differentiate 
therefore  lies  wholly  in  the  possibility  that  the  new  form  be  more  amenable  to 
algebraic  transformation  than  the  old. 

The  other  indeterminate  forms  0-  oo,  0",  1",  oo'',  oo  —  co  may  be  reduced  to  the 
foregoing  by  various  devices  which  may  be  indicated  as  follows  : 

0-00  =  —  =  -,     0»  =  ei»8<>°  =  e»ioKO  =  e<>-»,     •••,     oo— oo  =  loge- -"  =  lo^'  — • 
11  '  '  ^  "e" 

00       0 

The  case  where  the  variable  becomes  infinite  instead  of  approaching  a  finite  value 
a  is  covered  in  Ex.  1  below.  The  theory  is  therefore  completed. 

Two  methods  which  frequently  may  be  used  to  shorten  the  work  of  evaluating 
an  indeterminate  form  are  the  method  of  E-functions  and  the  application  of  Taylor's 
Formula.  By  definition  an  E-function  for  the  point  x  =  a  is  any  continuous  function 
which  approaches  a  finite  limit  other  than  0  when  x  =  a.  Suppose  then  that/(i)  or 
<t>{x)  or  both  may  be  written  as  the  products  £■,/,  and  E^(t>^.  Then  the  method  of 
treating  indeterminate  forms  need  be  applied  only  U>f^/,p^  and  the  result  multiplied 
by  lim  EJE^.   For  example, 

'''"  //~°  X  =  ''">  (x'^  +  axJi-  a2)  lim   /  ~  °     =Za^  lim     ''~°     =  So?. 

i  =  aBm(I  — a)        x  =  a  x  =  aS\\\(x—a)  iiaSin(z— a) 

Again,  suppose  that  in  the  form  0/0  both  numerator  and  denominator  may  be  de- 
veloped about  I  =  a  by  Taylor's  Formula.   The  evaluation  is  immediate.   Thus 

tanx-sinz  _  (a  +  jj'  +  Px^) -(x~\x^-\-  Qx^)  _  j  +  (P-  q)x^ 
zMog^  +  i)  z''(x-ia:2  +  Bi8)  "l-Jx  +  Bi"' 

and  now  if  x  =  0,  the  limit  is  at  once  shown  to  be  simply  J. 

When  the  functions  become  infinite  at  x  =  a,  the  conditions  requisite  for  Taylor's 
Formula  are  not  present  and  there  is  no  Taylor  expansion.  Nevertheless  an  expan- 
sion may  sometimes  be  obtained  by  the  algebraic  method  (§  32)  and  may  frequently 
be  used  to  advanUge.  To  illustrate,  let  it  be  required  to  evaluate  cot  x  -  1/z  which 
is  of  the  form  oo  —  oo  when  z  =  0.   Here 

1  +  j  x^  -I-  Px<  _\\-\s"-  +  Px*      1 
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where  S  remains  finite  when  a;  =  0.   If  this  value  be  substituted  for  cot  i,  then 
lini  ( cot  j;  -  -\  =  lim  /-  -  - 1  +  Sx^  -  - )  =  liin  ( -  - 1  +  SxA  =  0. 

f  =  o\  X/         j:  =  0\I         3  Xl         j:  =  o\       3  / 

34.  An  injinltesim.nl  is  a  variable  which  is  ultimately  to  approach  the 
limit  zero  ;  an  infinite  in  a  variable  which  is  to  liecome  either  positively 
or  negatively  infinite.  Thus  the  increments  A?/  and  Aa-  are  finite  quan- 
tities, but  when  they  are  to  serve  in  the  definition  of  a  derivative  they 
must  ultimately  aj)proach  zero  and  hence  may  be  called  infinitesimals. 
The  form  0/0  represents  the  quotient  of  two  infinitesimals ;  *  the  form 
ac/=o,  the  quotient  of  two  infinites ;  and  0-  ao,  the  product  of  an  infin- 
itesimal by  an  infinite.  If  any  infinitesimal  a  is  chosen  as  the  primary 
infinitesimal,  a  second  infinitesimal  /3  is  said  to  be  of  the  same  order  as 
a  if  the  limit  of  the  quotient  j8/a  exists  and  is  not  zero  when  a  =  0; 
whereas  if  the  quotient  ^/a  becomes  zero,  /8  is  said  to  be  an  infinites- 
imal of  higher  order  than  a,  but  of  lower  order  if  the  quotient  becomes 
infinite.  If  in  particular  the  limit  /3/a"  exists  and  is  not  zero  when 
a  =  0,  then  /8  is  said  to  be  of  the  nth  order  relative  to  a.  The  deter- 
mination of  the  order  of  one  infinitesimal  relative  to  another  is  there- 
fore essentially  a  problem  in  indeterminate  forms.  Similar  definitions 
may  be  given  in  regard  to  infinites. 

Theoeem.  If  the  quotient  jS/a  of  two  infinitesimals  approaches  a 
limit  or  becomes  infinite  when  a  =  0,  the  quotient  p' /a'  of  two  infin- 
itesimals which  differ  respectively  from  /S  and  a  by  infinitesimals  of 
higher  order  will  approach  the  same  limit  or  become  infinite. 

Theorem.  Duhamel's  Theorem.    If  the  sum  2a,  =  a^ -|- a^ -| 1- «„ 

of  n  positive  infinitesimals  approaches  a  limit  when  their  number  n 

becomes  infinite,  the  sum  2/8,-  =  j3j  -f-  j8,  H h  /3,„  where  each  ^,-  differs 

uniformly  from  the  corresponding  «;  by  an  infinitesimal  of  higher 
order,  will  approach  the  same  limit. 

As  a'  —  a  is  of  higher  order  than  a  and  /3'  —  j3  of  higher  order  than  ^, 

lin.^l=^  =  0,      lim^l:^  =  0      or      ^  =  1-1-^,      §  =  1  +  f , 

where  i;  and  f  are  infinitesimals.   Now  a'  =  i>:(l  +  if}  and  ^  =  /S(l  -H  f).   Hence 

E^illl      and      lim^'  =  ^, 
a'      a  l  +  v  a'      a 

provided  /3/a  approaches  a  limit ;  whereas  if  p/a  becomes  infinite,  so  will  p'/a'. 
In  a  more  complex  fraction  such  as  (/3  -  y)/a  it  is  not  permissible  to  replace  p 

•  It  cannot  be  emphasized  too  strongly  that  in  the  symbol  0/0  the  O's  are  merely  sym- 
bolic for  a  mode  of  variation  just  as  »  is;  they  are  not  actual  O's  and  some  other  nota- 
tion would  be  far  preferable,  likewise  for  0  •  oc,  0",  etc. 


64  DIFFERENTIAL  CALCULUS 

and  7  iiitlividually  by  iiiliiiitesiiuals  of  higher  order;  f or  ^  —  7  may  itself  be  of 
higher  order  than  j3  or  7.  Thus  tan  x  —  sini  is  an  infinitesimal  of  the  third  order 
relative  to  j:  although  ta)i  z  and  sin  z  are  only  of  the  firet  order.  To  replace  tan  z 
and  sin  z  by  infinitesimals  which  differ  from  them  by  those  of  the  second  order  or 
oven  of  the  third  order  would  generally  alter  the  limit  of  the  ratio  of  tani  —  sin  j 
to  z^  when  1  =  0. 

To  prove  Duhaniel's  Theorem  the  /S's  may  be  written  in  the  form 

ft=cr,(l  +  7,,),  i  =  l,  2.  ■••,  )i,  \i]i\<i, 

where  the  ij's  are  infinitesimals  ami  where  all  the  tj's  simultiincimsly  may  be  matlc 
less  than  the  a.ssi^ned  e  owing  to  the  uniformity  rci|uired  in  the  theorem.   Then 

103,  +/32  +  •••  +  W-(«i  +  «■.  +  ■••  +  'f"),  =  !')i«i  +  '!,'>.:  +  ■■•  +  i7n«„i<e2't. 
Hence  the  sum  of  the  ;3"s  may  be  made  to  differ  from  the  sum  of  the  <t"s  by  less 
than  eSrt,  a  ijuantity  as  small  as  desired,  and  as  "Za  approaches  a  limit  by  hypoth- 
esis, sn  2^  must  approach  the  same  limit.  The  theorem  may  clearly  be  extended 
to  the  case  where  the  (r"s  are  not  all  positive  provided  the  sum  Z  cr,|  of  the  abso- 
lute values  of  the  as  approaches  a  limit. 

35.    If  _y=/(r),  the  diffrrcntkil  of  y  is  detiued  as 

(I ij  =  f  yj') \j- ,         and  hence         (?./•  =  1   \x.  (4) 

From  this  definition  of  dij  and  d.r  it  appears  that  ihj/dr=f\r).  Tvheru 
the  quotient  dyjdx  is  the  quotient  of  two  finite  quantities  of  ■which  dx 
may  be  assigned  at  pleasure.  This  is  true  if  j  is  the  independent 
variable.    If  x  and  y  are  both  expressed  in  terms  of  t, 

3:  =  x(f),  y  =  y(f),  dx  =  Dfldt,         dy  =  D,ydt; 

and  g  =  ||^  =  D,;,,  by  virtue  of  (4),  §  2. 

From  this  appears  the  important  theorem :  The  quotient  dyjdx  is  the 
derivative  of  y  with  resjiect  to  x  no  matter  what  the  independent  vai-i<.tl/le 
may  be.  It  is  this  theorem  which  really  justifies  writing  the  derivative 
as  a  fraction  and  treating  the  component  differentials  according  to  the 
rules  of  ordinary  fractions.  For  higher  derivatives  this  is  not  so,  as 
may  be  seen  by  reference  to  Ex.  10. 

As  Ay  and  Aj-  are  regarded  as  infinitesimals  in  definintr  the  deriva- 
tive, it  is  natural  to  regard  dy  and  dx  as  infinitesimals.  The  difference 
Ay  —  dy  may  be  put  in  the  form 


.,^,„  =  [/V±^W«  _/,,.)] 


Ao-,  (5) 


wherein  it  apjiears  tliat,  when  A.j-  =  0,  the  bracket  approaches  zero. 
Hence  arises  the  theorem:  Ifx  is  the  iwlfpendent  nn-iable  and  if  Ai/ 
and  dy  are  regarded  a.i  infinitesimals,  the  difference  A//  —  dy  t.5  an  infin- 
itesimal  of  higher  order  than  \x.    This    has  an  application  to   the 
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subject  of  i-lmnge  of  varialik'  in  a  dutiiiitL'  integral.  For  if  j-  =  <^{t), 
then  dx  =  <j>\f)(/t,  and  apparently 

where  <f)(/^)  =  /t  anil  <^(^,)  =  /;,  so  that  f  ranges  from  /^  to  f,,  when  ./• 
ranges  from  "  to  //'. 

]!nt  this  sulistitviti(jn  is  too  hasty  ;  for  the  </./•  wi-ittcn  in  the  integrand 
is  really  A.;-,  whieh  differs  from  </.'■  liy  an  infinitesimal  of  higher  order 
wlieu  -(■  is  not  the  indepeiuh'nt  variahle.  The  true  condition  may  be 
seen  by  comiiaring  the  two  sums 

tlie  limits  of  which  are  the  two  integrals  above.  Xow  as  A.r  differs 
from  ilx  ^  <^\t)ilf.  by  an  infinitesimal  of  higher  ordei',  so /■(•'•)  A.''  will 
differ  from  T'\_^{f)'\<i>'(t)ilf  by  an  infinitesimal  of  higher  order,  and 
with  the  jjrojii-r  assunijitions  as  to  continuity  the  difference  will  be  uni- 
form. Hence  if  the  infinitesimals /'(./•)  A./-  be  all  positive,  DuhameFs 
Theorem  may  be  applied  to  justify  the  formula  for  change  of  variable. 
To  avoid  the  restriction  to  positive  infinitesimals  it  is  well  to  rejjlace 
Duhamel's  Theorem  liy  the  new 

THKoKK.^r.  Ottf/iiod's  T/ic'iri'iii.  Let  d^,  a_,.  ■■■,  (t,,  be  »i  infinitesimals 
and  let  a,-  differ  tmiforndy  by  infinitesimals  of  higher  order  than  A,/- 
from   the  elements  ./'(.'■,)  Aj';  of  the   integrand   of  a  definite  integral 

I    f{x) dx,  where /'  is  continuous  ;  then  the  sum  1a  =  a^  +  a,^-\ +  «„ 

a])proaches  the  value  of  the  definite  integral  as  a  limit  when  the  num- 
ber n  becomes  infinite. 

Let  a;  =/(j',)  Ar,-Ff,Ar;.  wliere  jfij  <f  owiiii;  to  the  uiiifoniiity  demanded. 

Then  iX'^'~  ^/(•^■O'^J''- '=  I  X^'"^''  "^^S"^' =  '*''"  ")■ 

But  a.s/is  continuous,  tlie  definite  integnd  exists  and  one  can  make 

\y\f(li)^Ii-  C  f(-r)<lt    <(,     andhence        Va,- -  f  ./■(/)  dj    <  e  (';-.-■ -1- 1). 

I  ^^  Ja  I  1  ^^  ''« 

It  tlierefore  appears  that  Za,  may  be  made  to  differ  from  tlie  integral  by  as  little 
as  desired,  and  Scr,  mu.st  then  approach  the  integral  as  a  limit.  Xow  if  this  theo- 
rem be  applied  to  the  cSNe  of  the  change  of  variable  and  if  it  be  a.ssumed  that 
f[<t>(l)]  and  <p'{t)  are  continuous,  the  infinitesimals  Aj-,-  and  ilr/  =  ip'{ti)dt,-  will 
differ  uniformly  (compare  Theoi-em  18  of  S  2"  and  the  above  theorem  on  A//  —  Ji/) 
by  an  inhnitesinial  of  higher  order,  and  so  will  the  infinitesimals /(j-,)Aj-,-  an<l 
f[<p  ((,)]  0'((,)  (It,.  Hence  tlie  change  of  variable  suggested  by  the  ha.sty  substitution 
is  jiistitied. 
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EXERCISES 

1.  Show  that  THospital's  Rule  applies  to  evaluating  the  indeterminate  form 
f(x)/<t>(x)  when  x  becomes  infinite  and  both/  and  >p  either  become  zero  or  infinite. 

2.  Evaluate  the  following;  forms  by  differentiation.    Examine   the   quotients 

for  left-hand  and  for  right-hand  approach  ;  sketch  the  graphs  in  the  neighborhood 

of  the  points. 

a^  —  fr'  ,  ,     , .      tan  i  —  \  ,  ^   i  •        i 

(a)   lim^^^ ,  0     Urn  ; — ,  (7)  hmilogx, 

^   '   .,io      X  3-ij,r  X  —  {ir  j=o 

(5)   limie-',  (e)  Urn  (cot i)''-'^  (f)  limxi^^. 

3.  Evaluate  the  following  forms  by  the  method  of  expansions  : 

gc  _  gtanx  logx 


a)   lim  /i-cot^x),  (/3)  lim 

liO  Vx^  /  xiO 


(8)  lim  (csch X  —  esc i),        (c)  lim 
J  =  0  X  i  0 

4 .  Evaluate  by  any  method : 

e^  —  e-  "■  -1-  2  sin  X  —  4  X 


X  i  0  X  —  tan  X 
X  sin  (sin  x)  ■ 


(a)  lim 

xiO 

(7)  lim 


xiO  X'' 

icos'x  —  log  (1  -1-  x)  —  sin-iji2 
1  =  0  x^ 


lill  —  X 

(rt  lim"'-'""-^'' 

x=o      X  — sinx 

(« 

lim(*^"==f, 

lioV     X     / 

(5) 

,i„log(x-i.)_ 
I  =  J  „       tan  X 

<^^^!i'LH'+5r-"^='°°0-'9]- 


5.  Give  definitions  for  order  as  applied  to  infinites,  noting  that  higher  order 
would  mean  becoining  infinite  to  a  greater  degree  just  as  it  means  becoming  zero 
to  a  greater  degree  for  infinitesimals.  State  and  prove  the  theorem  relative  to  quo- 
tients of  infinites  analogous  to  that  given  in  the  text  for  Infinitesimals.  State  and 
prove  an  analogous  theorem  for  the  product  of  an  infinitesimal  and  infinite. 

6.  Note  that  if  the  quotient  of- two  infinites  has  the  limit  1,  the  difference  of 
the  infinites  is  an  infinite  of  lower  order.  Apply  this  to  the  proof  of  the  resolution 
in  partial  fractions  of  the  quotient /(x)/F(x)  of  two  polynomials  in  case  the  roots 
of  the  denofninator  are  all  real.  For  if  ^(x)  =  (x—  a)*Fj(x),  the  quotient  is  an 
infinite  of  order  k  in  the  neighborhood  of  x  =  a  ;  but  the  difference  of  the  quotient 
and/(a)/(x  —  aYF-^(a)  will  be  of  lower  integral  order  —  and  so  on. 

7.  Show  that  when  x  =  -f(xj,  the  function  e^  is  an  infinite  of  higher  order 
than  I"  no  matter  how  large  n.  Hence  show  that  if  P(x)  is  any  polynomial, 
lim  P (x)  e- ^  =  0  when  x  =  +  oo. 

x=  ao 

8.  Show  that  (log  x)"  when  x  is  infinite  is  a  weaker  infinite  than  i»  no  matter 
how  large  m  or  how  small  Ji,  supposed  positive,  may  be.  What  is  the  graphical 
interpretation  ? 


9.  If  P  is  a  polynomial,  show  that  lim  P(-)e   ^^  :=  0.    Hence  show  that  the 

-1  -i       x» 

Maclaurin  development  of  e   ^  is/(x)  =  e   ''  =  — /('O(Sx)  if /(O)  is  defined  as  0. 
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10.  The  higher  differentials  are  defined  as  d^y  =/(")(j-)(fZj)"  wliere  i  is  taken 
as  the  Independent  variable.  Show  that  d^x  =  0  f or  t  >  1  if  i  is  the  independent 
variable.  Show  that  the  higher  derivatives  D^,  D^y,  ■  ■  ■  are  not  the  quotients 
d^y/dx",  d'y/dx',  ■  ■  ■  ii  x  and  y  are  expressed  in  terms  of  a  third  variable,  but  that 
the  relations  are 

2    _  d^ydx  -  d^xdy  g    _  dx  {dxd'y  -  dyd'x)  -  3  d^x  (dxd^y  -  dyd'x) 

dx^  di' 

The  fact  that  the  quotient  d'y/dx",  n  >  1,  is  not  the  derivative  wlien  x  and  y  are 
expressed  paranietrically  militates  against  tlie  nsef  ulne.ss  of  the  higlier  differentials 
and  emphasizes  the  advantage  of  working. with  derivatives.  The  notation  d'^/dx" 
is.  however,  used  for  the  derivative.  Nevertheless,  as  indicated  in  Kxs.  ](i-]'.l, 
hiuher  differentials  may  be  used  if  proper  care  is  exercised. 

H.  Compare  the  conception  of  higher  differentials  with  the  work  of  Ex.  5,  p.  48. 

12.  Show  that  in  a.  circle  the  difference  between  an  infinitesimal  arc  and  its 
chord  is  of  the  tliird  order  lelative  to  either  arc  or  chord. 

13.  Show  that  if  |8  is  of  the  nth  order  with  respect  to  a,  and  y  is  of  the  firat 
order  with  respect  to  a,  then  /3  is  of  the  nth  order  with  respect  tt)  y. 

14.  Show  that  the  order  of  a  product  of  infinitesimals  is  equal  to  the  sum  of  the 
ordei's  of  the  infinitesimals  when  all  are  referred  to  the  same  primary  infinitesimal 
a.  Infer  that  in  a  product  each  infinitesimal  may  be  replaced  by  one  which  differs 
from  it  by  an  infinitesimal  of  higher  order  than  it  without  affecting  the  order  of  the 
product. 

15.  Let  A  and  B  be  two  points  of  a  unit  circle  and  let  the  angle  AOB  subtended 
at  the  center  be  the  primary  infinitesimal.  Let  the  tangents  at  A  and  B  meet  at 
T,  and  OT  cut  the  chord  AB  in  M  and  the  arc  AB  in  C.  Find  the  trigonometric 
expression  for  the  infinitesimal  difference  TC  —  CM  and  determine  its  order. 

16.  Compute  d^  (x  sin  x)  —  (2  cos  a;  —  x  sin  x)  dx^  +  (sin  x  +  x  cos  x)  d^x  by  taking 
the  differential  of  the  differential.  Thus  find  the  second  derivative  of  x  sini  if  x  is 
the  independent  variable  and  the  second  derivative  with  respect  to  i  if  x  =  1  +  <-. 

17.  Compute  the  first,  second,  and  third  differentials,  d^x  7t  0. 


(a)  x^cosx,  (/3)   Vl-  xlog(l-i),  (7)  xe^^^sinx. 

18.  In  Ex.  10  take  y  as  the  independent  variable  and  hence  express  D^y,  D^y 
in  terms  of  D^,  D'^x.   Cf.  Ex.  10,  p.  14. 

19.  Make  the  changes  of  variable  in  Exs.  8,  9,  12,  p.  14,  by  the  method  of 
differentials,  that  is,  by  replacing  the  derivatives  by  the  corresponding  differential 
expressions  where  x  is  not  assumed  as  independent  variable  and  by  replacing  these 
differentials  by  their  values  in  terms  of  the  new  variables  whpre  the  higher  differ- 
entials of  the  new  independent  variable  are  set  equal  to  0. 

20.  Reconsider  some  of  the  exercises  at  the  end  of  Chap.  I,  say,  17-19,  22,  23, 
27,  from  the  point  of  view  of  Osgood's  Theorem  instead  of  the  Theorem  of  the  Mean. 

21.  Find  the  areas  of  the  bounding  surfaces  of  the  solids  of  Ex.  11,  p.  18. 
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22.  Assume  tlie  law  F  =  kmm'/r-  of  attraction  between  partidi's.  Fiiifl  tlie 
attracUon  of  : 

(a)  a  circular  wire  of  lailius  ((  anil  of  mass,!/ on  avarlicic  in  al  a  dislancc /■  f  roni 
the  center  of  the  wire  along  a  perpendicular  to  its  plajic  ;      Am.  liMiiii-(n'^  +  r-yK 

(|3)  a  circular  disk,  etc.,  as  in  (a)  ;  Aim.  ik.\liwi--{\  -  r/Vr-' +  „-). 

(7)  a  semicircular  wire  on  a  particle  at  its  center  ;  Ans.  2kiIm/Trd-. 

(5)  a  finite  rod  upon  a  particle  not  in  the  line  of  the  rod.  The  answer  should 
be  expressed  in  terms  of  the  angle  the  rod  subtends  at  the  particle. 

(e)  two  parallel  equal  rods,  forming  tlie  opposite  sides  of  a  rectangle,  on  eacli 
other. 

23.  Compare  the  method  of  derivatives  (§  7),  the  method  of  the  Theorem  of  the 
Mean  (§  17),  and  tlie  method  of  infinitesimals  above  as  applied  to  obtaining  the  for- 
nuilas  for  (<r)  area  in  polar  coordinates,  (/3)  mass  of  a  rod  of  variable  density,  (7)  pres- 
sure on  a  vertical  submerged  bulkhead,  (5)  attraction  of  a  rod  on  a  particle.  Obtain 
the  results  by  .each  method  and  state  which  method  seems  preferable  for  each  ca.se. 

24.  Is  the  substitution  dx  =  (p'(t)dt  in  the  indefinite  integral  |/(j-)  dx  to  obtain 
the  indefinite  integral   Cf[(t>{t)]<p'{i)dt  justifiable  immediately  ? 

36.  Infinitesimal  analysis.  To  work  rapidly  in  the  applications  of 
paloulus  to  problems  in  geometry  and  physics  and  to  follow  readily  the 
books  written  on  those  subjects,  it  is  necessary  to  have  some  familiarity 
with  working  directlj-  with  infinitesimals.  It  is  possible  by  making  use 
of  the  Theorem  of  the  IVIean  and  allied  theorems^to  retain  in  every  ex- 
pression its  complete  exact  value ;  but  if  that  expression  is  an  infini- 
tesimal which  is  ultimately  to  enter  into  a  quotient  or  a  limit  of  a  sum, 
any  infinitesimal  which  is  of  higher  order  than  that  which  is  ultimately 
kept  will  not  influence  the  result  and  may  be  discarded  at  any  stage  of 
the  work  if  the  work  may  thereby  be  simplified.  A  few  theorems 
worked  through  by  the  infinitesimal  method  will  serve  partlj-  to  show 
how  the  method  is  used  and  partly  to  establish  results  which  may  be 
of  use  in  further  work.    The  theorems  which  will  be  chosen  are : 

1.  The  increment  Ax  and  the  differential  (Jx  of  a  variable  differ  b}- 
an  infinitesinw-l  of  higher  order  than  either. 

2.  If  a  tangent  is  drawn  to  a  curve,  the  perpendicular  from  the  curve 
to  the  tangent  is  of  higher  order  than  the  distance  from  the  foot  of  tlie 
perpendicular  to  the  point  of  tangency. 

3.  An  infinitesimal  arc  differs  from  its  chord  by  an  infinitesimal  of 
higher  order  relative  to  the  arc. 

4.  If  one  angle  of  a  triangle,  none  of  whose  angles  are  infinitesimal, 
differs  infinitesimally  from  a  right  angle  and  if  h  is  the  side  opposite 
and  if  <f>  is  another  angle  of  the  triangle,  then  the  side  opposite  <^  is 
h  sin  <^  except  for  an  infinitesimal  of  the  second  order  and  the  adjacent 
side  is  //  cos  <f>  except  for  an  infinitesimal  of  the  first  order. 
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The  first  of  tliese  theorems  has  been  proved  in  §  3-J.  Tlie  second  follows  from 
it  and  from  the  idea  of  liui^ency.  For  take  the  j--iixis  coincident  with  tlie  tangent 
or  parallel  to  it.  Then  the  perpendicnlar  is  A;/  and  the  distance  from  its  foot  to  the 
point  of  tangency  is  At.  The  qnotieiit  Ay/Ar  ai)i)roaches  0  as  its  limit  because  the 
tangent  is  horizontal  ;  and  the  theorem  is  provetl.  The  theorem  would  remain  true 
if  the  perpendicular  were  replaced  by  a  line  making  a  constant  angle  with  the  tangent 
and  the  distance  from  the  point  of  tangency  to  the  foot  of  the  perpendicular  were  re- 
placed 1)1/  the  dixtimce  to  the  foot  of  the  oblique  line.    For  if  Z  P.V.V  =  &, 

P/ 


TM 


PN  CSC  e 


PN 


cue  6 


ry-PNcote     tn  . 


PN 

"tn 


COt# 


J/A' 


and  therefore  when  P  approaches  T  with  8  constant,  PJ// T'Jf  approaches  zero  and 
PM  is  of  higher  order  than  TM. 

The  third  t;lieorem  follows  without  difficulty  from  the  assumption  or  theorem 
that  the  arc  has  a  length  intermediate  between  that  of  the  chord  and  that  of  the 
sum  of  the  two  tangents  at  the  ends  of  the  chord.  Let  0^  and  0„  be  the  angles 
between  the  chord  and  the  tangents.   Then 


s-  AB 
AM+  MB 


AT+  TB  -  AB  _  AM  (sec  6^  -  \)  +  JfB(secg.,- 1) 
^       AM+MB       ~  AM  +  MB 


(6) 


Now  as  AB  approaches  0,  both  secSj— 1  and  secS.,  —  1  approach  0  and  their 

coefficients  remain  necessarily  finite.    Hence  the  difference  between  the  arc  and 

the  chord  is  an  infinitesimal  of  higher  order  than  the  chord.   As  ^ 

the  arc  and  chord  are  therefore  of  the  same  order,  the  difference 

is  of  higher  order  than  the  arc.   This  result  enables  one  to  replace 

the  arc  by  its  chord  and  vice  versa  in  discussing  infinitesimals  of 

the  first  order,  and  for  such  purposes  to  consider  an  infinitesimal 

arc  as  straight.   In  discussing  infinitesimals  of  the  second  order,  this  substitution 

would  not  be  permissible  except  in  view  of  the  further  theorem  given  below  in 

§  37,  and  even  then  the  substitution  will  hold  only  as  far  as  the  lengths  of  arcs  are 

concerned  and  not  in  regard  to  directions. 

For  the  fourth  theorem  let  ff  be  the  angle  by  which  C  departs  from  90°  and  with 
the  perpendicular  BM  as  radius  strike  an  arc  cutting  BC.   Then  by  trigonometry 

AC  =  AM+  MC  =  h  cos  (P  +  BM  tan  6, 
BC=  h sin 0  +  7iJir(sec  ^  -  1). 

Now  tan  6  is  an  infinitesimal  of  the  first  order  with  respect  to  ff ; 
for  its  Maclaurin  development  begins  with  8.  And  sec  tf  —  1 
is  an  infinitesimal  of  the  second  order ;  for  its  development 
begins  with  a  term  in  ff^.  The  theorem  is  therefore  proved. 
This  theorem  is  frequently  applied  to  infinitesimal  triangles, 
that  is,  triangles  in  which  h  is  to  approach  0. 

37.  As  a  further  discus.sion  of  the  third  theorem  it  may  be  recalled  that  by  defi- 
nition the  length  of  the  arc  of  a  curve  is  the  limit  of  the  length  of  an  inscribed 
polygon,  namely, 

.o  =  lini  (Vaj-;-  +  A.vf  +  VAx'r  +  Af/.r  +  •  •  •  +  Vat;  +  A;/;)- 


M  C 


Now         Vax^  +  A?/-  -  Vrfj-^  +  dy^ 
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Ax-  +  Ai/-  —  dx-  —  dy' 


Vaj-  +  Ay-  -I-  Vdr-  -f  dj^^ 
(Ax  -  dx)  (Ai  -Kir)  -1-  (Ay  -  di/)  (Ay  -I-  dy) 
Vaj--  -I-  Ay-^  -t-  Vdi;2  +  dy^ 


and 


VAx2  +  Ay'-2  -  Vdx^  +  dy2  _     (Ax  -  di)    Aj -1- dx 


VAx-^  -(-  Ay'^                  Vax'^  +  Ay^  Vax-  -I-  Ay^  -|-  Vdx^  +  dy^ 
(Ay  -  dy)  Ay  +  dy 


+ 


Vax^  +  Ay2  Vax-^  +  Ay'''  -|-  VdlM^dy^ 

Bnt  Ax  —  dx  and  Ay  —  dy  are  infinitesimals  of  liiglier  order  than  Ax  and  Ay. 
Hence  tlie  riglit-liand  side  nnist  approacli  zero  as  its  limit  and  hence  Vax-  -I-  Ay- 
differs  from  Vdx-  -|-  dy-  by  an  infinitesimal  of  higher  order  and  may  replace  it  in 
the  smn 

s  =  lim  V  Vax,"  +  Ayf  =  lini  V  Vdx-  +  dy'-  =  f  'Vl+  u'-^dx. 

The  length  of  the  arc  measured  from  i  fixed  point  to  a  variable  point  is  a  func- 
tion of  the  upper  limit  and  the  differential  of  arc  is 

ds  =  d  r'Vl-f  y'2dx=Vl-|-y"-idx  =  Vdx^  -|-  dy'^. 

Jxd 

To  find  the  order  of  the  difference  between  the  arc  and  its  chord  let  the  origin 
be  taken  at  the  initial  point  and  the  x-axis  tangent  to  the  curve  at  that  point. 
The  expansion  of  the  arc  by  Maclaurin's  Formula  gives 

.s(x)  =  s(0)  -I-  is'(O)  4-  \  xV(0)  -I-  \x^!i"'(9x). 


y'v" 


where        s(0)  =  0,        s'(0)  =  VT+y^Jo  =  1,        s"(0)  =        

Vi  +  r' 

Owing  to  the  choice  of  axes,  the  expansion  of  the  curve  reduces  to 
y  =/(x)  =  y  (0)  -1-  xy'(O)  ■\r  \  x"-rm  =  ixV(Sx), 
and  hence  the  chord  of  the  curve  is 


:0. 


c  (z)  =  Vx2  +  y2  =  X  Vl  -)-  J x2[y"  (ex)f  =  x{l  +  x^P), 

where  P  is  a  complicated  expression  arising  in  the  expansion  of  the  radical  by 
Maclaurin's  Formula.   The  difference 

s(x)-c (X)  =  [x  +  i x^s"'(0x)]  -  [x  (1  -1-  x^P)]  =  x=  (J  s"'{ex)  -  P). 

This  is  an  infinitesimal  of  at  least  the  third  order  relative  to  i.  Now  as  both  s  (x) 
and  c  (x)  are  of  the  first  order  relative  to  i,  it  follows  that  the  difference  s  (x)  —  c  (x) 
must  also  be  of  the  third  order  relative  to  either  s  (x)  or  c  (x) .  Note  that  the  proof 
assumes  that  y"  is  finite  at  the  point  considered.  This  result,  which  has  been 
found  analytically,  follows  more  simply  though  perhaps  less  rigorously  from  the 
fact  that  sec  6^  —  I  and  sec  tfj  —  1  in  (6)  are  infinitesimals  of  the  second  order  with 
tfj  and  6^. 

38.  The  theory  of  contact  of  plane  cnrves  may  be  treated  by  means 
of  Taylor's  Formula  and  stated  in  terms  of  infinitesimals.  Let  two 
curves  y  =  f{x)  and  y  =  g (a)  be  tangent  at  a  given  point  and  let  the 
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origin  be  chosen  at  that  point  with  the  a;-axis  tangent  to  the  curves. 
The  Maclaurin  developments  are 

y  ==  /(^)  =  |/"(0)x^  +  •  •  ■  + -(—^^^-'f-'KO)  +  lct<-)/<»>(0)  + . .  • 

2/=  ^W  =  I  9"(0)x'  +  .. .  +^-l^^a.»-.^(»-i)(0)  +  la:»^(«)(0)  +  ■  ■  • 

If  these  developments  agree  up  to  but  not  including  the  term  in  x",  the 
difference  between  the  ordinates  of  the  curves  is 

fix)  -  £7  (^)  =  ^  X"  [/(-)(0)  -  ^<"X0)]  +  . . . ,         r'\0)  ^  /"XO), 

and  is  an  infinitesimal  of  the  nth  order  with  respect  to  x.  The  curves 
are  then  said  to  have  contact  of  order  n  —  1  at  their  point  of  tangeney. 
In  general  when  two  curves  are  tangent,  the  derivatives  /"(O)  and  §'"(0) 
are  unequal  and  the  curves  have  simple  contact  or  contact  of  the  first 
order. 

The  problem  may  be  stated  differently.  Let  PM  be  a  line  which 
makes  a  constant  angle  0  with  the  a;-axis.  Then,  when  P  approaches  T, 
if  RQ,  be  regarded  as  straight,  the  proportion 

lim  {PR  :  PQ)  =  lim  (sin  Z  PQR  :  sin  ZPRQ)  =  sin  0:1 

shows  that  PR  and  PQ  are  of  the  same  order.  Clearly  also  the  lines 
TM  and  TN  are  of  the  same  order.    Hence  if 

Pj 


PR  r.  ^-L  ,•  PQ 

lim    „  ,^    ^  0,  00,    then     lim  ^  ■,,^   =it  0,  oo  , 
(TiV)"         '      '  (TM)"         ' 


:^^ 


R 


Hence  if  two  curves  have  contact  of  the  (n  —  1)  st    -  r'-^^^     m/  N 
order,  the  segment  of  a  line  intercepted  between  """j. 

■  the  two  curves  is  of  the  rath  order  with  respect  to 
the  distance  from  the  point  of  tangeney  to  its  foot.    It  would  also  be 
of  the  mth  order  with  respect  to  the  perpendicular  TF  from  the  point 
of  tangeney  to  the  line. 

In  view  of  these  results  it  is  not  necessary  to  assume  that  the  two 
curves  have  a  special  relation  to  the  axis.  Let  two  curves  y  =  f(x)  and 
//  =  (/  (a-)  intersect  when  x  =  o,  and  assume  that  the  tangents  at  that  point 
are  not  parallel  to  the  y-axis.    Then  " 

,/  =  ,/„  +  (..  _  a)f'(a)  +  . . .  +  i^^^/c»-)(„)  +^^"/<")(„)+  • . . 
y  =  y.  +  (x-  a)  g\a)  +  ■  •  •  +  (^l^/(»->(a)  +  ^^  ;/«(.)  +  ■  •  ■ 
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will  be  the  Taylor  developments  of  the  two  curves.  If  the  difference 
of  the  ordinates  for  equal  values  of  :>■  is  to  lie  an  infinitesimal  of  the 
nth  order  with  respect  to  a  —  a  which  is  the  perpendicular  from  the 
point  of  tangency  to  the  ordinate,  then  the  Taylor  developments  must 
agree  up  to  but  not  including  the  terms  in  a;".  This  is  the  condition  for 
contact  of  order  n—1. 

As  the  difference  between  the  ordinates  is 

/(r)  -  y  (^)  =  i  (a;  -  «)"  [./■'">(.,)  -  c/-\a)-\  +  ■■■, 

the  difference  will  change  sign  or  keep  its  sign  when  a-  passes  through 
a  according  as  ?i  is  odd  or  even,  because  for  values  sufficiently  near  to 
X  the  higher  terms  may  be  neglected.  Hence  the  curves  will  n-nss  each 
other  if  the  order  of  contact  is  even,  but  will  not  cross  each  other  if  the 
order  of  contact  is  odd.  If  the  values  of  the  ordinates  are  equated  to  find 
the  points  of  intersection  of  the  two  curves,  the  result  is 

0  =  -i  (r  -  «)"S  [/'<"'(")  -  ^'"X")]  +  ■  ■  •  I 

and  shows  that  a;  =  «  is  a  root  of  multiplicity  n.  Hence  it  is  said  that 
two  curves  have  in  common  as  many  coincident  points  as  the  order  of 
their  contact  plus  one.  This  fact  is  usually  stated  more  graphically 
by  saying  that  the  curves  have  n  consecutive  points  in  common.  It  may 
be  remarked  that  what  Taylor's  development  carried  to  n  terms  does,  is 
to  give  a  polynomial  which  has  contact  of  order  ra  —  1  with  the  function 
that  is  developed  by  it. 

As  a  problem  on  contact  consider  the  determination  of  tlie  circle  which  shall 
have  contact  of  the  second  order  with  a  curve  at  a  given  point  (a,  yd).    Let 

y  =  Vo  +  (x-  a)f'(a)  +W-  o.Yf"(a)  +■■■ 

be  the  development  of  the  curve  and  let  y'  =f'(a)  =  taiiT  be  the  slope.  If  the 
circle  is  to  have  contact  with  the  curve,  its  center  must  be  at  some  point  of  the 
normal.  Then  if  R  denotes  the  assumed  radius,  the  equation  of  the  circle  may  be 
written  as 

(z  -  a)2  +  2  J?  sin  t  (x  -  a)  +  (y  -  yoY  -  2  K  cos  t  (t/  -  i/o)  =  0, 

where  it  remains  to  determine  B.  so  that  the  development  of  the  circle  will  coincide 
with  that  of  the  curve  as  far  as  written.   Differentiate  the  equation  of  the  circle. 


dy  _  E  sin  T  +  (j  —  a) 
dx      RcosT  —  {y  —  y„)' 


(-)       = 


tan  T  =  f'(a), 


ef^  _  [R  cos T-(y-  y„)y  +  [R  sin  t  +  (z  -  a)^  /tPy\ 


i- 
\d 


dx^  [U  COB T—(y  —  y„)Y  \dx^/a, ,/„      R  cos^  t 

and  2/ =  2/o  +  (■^ -")/'(") +*(^-")^ -5- — r-  +  --- 

a  cos*"  T 
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is  the  development  of  the  circle.   The  equation  of  the  coefficients  of  {j'  —  «)-, 

=  f  {a),     gives     R  =  -  -      =  ' ^- — '  '-'      . 

flcos-T  "  /"(,!)  /"(,() 

This  is  the  well  known  formula  for  the  radius  of  curvature  and  shows  that  the  cir- 
cle of  curvature  has  contact  of  at  least  the  second  order  with  the  curve.  The  circle 
is  sometimes  called  the  osculating  circle  instead  of  the  circle  of  curvature. 

39.  Three  theorems,  one  in  geometry  and  two  in  kinematics,  will 
now  be  i)roved  to  illustrate  the  diretit  application  of  the  infinitesimal 
methods  to  sudi  problems.    The  choice  will  be : 

1.  The  tangent  to  the  ellipse  is  equally  inclined  to  the  focal  radii 
drawn  to  the  point  of  contact. 

2.  The  displacement  of  any  rigid  body  in  a  plane  may  be  regarded 
at  any  instant  as  a  rotation  through  an  infinitesimal  angle  about  some 
point  unless  the  body  is  moving  parallel  to  itself. 

3.  The  motion  of  a  rigid  body  in  a  plane  may  be  regarded  as  the 
rolling  of  one  curve  upon  another. 

For  the  first  problem  consider  a  secant  PP'  which  may  be  converted  into  a 
tangent  TT'  by  letting  the  two  points  approach  until  they  coincide.  Draw  the 
focal  radii  to  P  and  P'  and  strike  arcs  with  F  and  F'  as 
centers.  As  F'P  +  PF  =  F'P'  +  P'F  =2  a,  it  follows 
that  NP  =  MP'.  Now  consider  the  two  triangles  PP'M 
and  P'PN  nearly  right-angled  at  M  and  N.  The  sides 
PP',  PM,  PN,  P'M,  P'N  are  all  infinitesimals  of  the 
same  order  and  of  the  same  order  as  the  angles  at  F  and 
F'.   By  proposition  4  of  §  36 

MP'  =  PP'  cos  Z  PP'Jf  -)-  «!,  NP  =  PP'  cos  /.  P'PN  +  e„, 

where  e,  and  e„  are  infinitesimals  relative  to  MP'  and  NP  or  PP'    Therefore 

lim  [cos  Z  PP'M  -  cos  Z  P'PN^  =  cos  /.  TPF'  -  cos  Z  TPF  =  lim  ikILh  t  o, 

and  the  two  angles  TPF'  and  T'PPare  proved  to  be  equal  as  desired. 

To  prove  the  second  theorem  note  first  that  if  a  body  is  rigid,  its  position  is  com- 
pletely determined  when  the  position  AH  of  any  rectilinear  segment  of  the  body 
is  known.  Let  the  points  A  and  B  of  the  body  be  de- 
scribing curves  AA'  and  BW  so  that,  in  an  infinitesimal 
interval  of  time,  the  line  AB  takes  the  neighboring  posi- 
tion A'B'.  Erect  the  perpendicular  bisectors  of  the  lines 
AA'  and  BB'  and  let  them  intersect  at  0.  Then  the  tri- 
angles AOB  and  A'OB'  have  the  three  sides  of  the  one 
equal  to  the  three  sides  of  the  other  and  are  equal,  and 
the  second  may  be  obtained  from  the  first  by  a  mere  rotation  about  0  through  the 
angle  ^0^'=  HOB'.  Except  for  infinitesimals  of  higher  order,  the  magnitude  of 
the  angle  is  AA'/OA  or  BB'/OB.  Next  let  the  interval  of  time  approach  0  so  that 
A'  approaches  A  and  B'  approaches  B.   The  perpendicular  bisectors  will  approach 
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the  normals  to  the  arcs  AA'  and  BB'  at  A  and  B,  and  the  point  O  will  approach 
the  intersection  of  those  normals. 

The  theorem  may  then  be  stated  that :  At  any  instant  of  time  the  motion  of  a 
rigid  body  in  a  plane  may  be  considered  as  a  rotation  through  an  infinitesimal  angle 
about  the  intersection  of  the  normals  to  the  paths  of  any  two  of  its  points  at  thai  in- 
stant ;  the  amount  of  the  rotation  will  be  the  distance  ds  that  any  point  moves  divided 
by  the  distance  of  that  point  from  the  instantaneous  center  of  rotation ;  the  angular 
velocity  about  the  instantaneous  center  will  be  this  amount  of  rotation  divided  by  the 
interval  of  time  dt,  that  is,  it  will  be  v/r,  where  v  is  the  velocity  of  any  point  of  the  body 
and  r  is  its  distance  from  the  instantaneous  cerder  of  rotation.  It  is  therefore  seen 
that  not  only  is  the  desired  theorem  proved,  but  numerous  other  details  are  found. 
As  has  been  stated,  the  point  about  which  the  body  is  rotating  at  a  given  instant 
is  called  the  instantaneous  center  for  that  instant. 

As  time  goes  on,  the  position  of  tlie  instantaneous  center  will  generally  change. 
If  at  each  instant  of  time  the  position  of  the  center  is  marked  on  the  moving  plane 
or  body,  there  results  a  locus  which  is  called  the  moving  centrode  or  body  centrode; 
if  at  each  instant  the  position  of  the  center  is  also  marked  on  a  fixed  plane  over 
which  the  moving  plane  may  be  considered  to  glide,  there  results  another  locus  which 
is  called  the^iied  centrode  or  the  space  centrode.  From  these  definitions  it  follows 
that  at  each  instant  of  time  the  body  centrode  and  the  space  centrode  intersect  at 
the  instantaneous  center  for  that  instant.  Consider  a  series  of 
positions  of  the  instantaneous  center  as  P_  jP-iPPjPj  marked 
in  space  and  Q-2Q-1QQ1Q2  marked  in  the  body.  At  a  given 
instant  two  of  the  points,  say  P  and  Q,  coincide  ;  an  instant 
la.ter  the  body  will  have  moved  so  as  to  bring  Qj  into  coin- 
cidence with  P^ ;  at  an  earlier  instant  Q_i  was  coincident  with 
P-i.  Now  as  the  motion  at  the  instant  when  P  and  Q  are  together  is  one  of 
rotation  through  an  infinitesimal  angle  about  that  point,  the  angle  between  PP.^ 
and  QQ^  is  infinitesimal  and  the  lengths  PP^  and  QQj  are  equal ;  for  it  is  by  the 
rotation  about  P  and  Q  that  Qj  is  to  be  brought  into  coincidence  with  Pj.  Hence 
it  follows  1°  that  the  two  centrodes  are  tangent  and  2°  that  the  distances  PP^  =  QQi 
which  the  point  of  contact  moves  along  the  two  curves  during  an  infinitesimal  inter- 
val of  time  are  the  same,  and  this  means  that  the  two  curves  roll  on  one  another 
without  slipping  —  because  the  very  idea  of  slipping  implies  that  the  point  of  con- 
tact of  the  two  curves  should  move  by  different  amounts  along  the  two  curves, 
the  difference  in  the  amounts  being  the  amount  of  the  slip.  The  third  theorem 
is  therefore  proved. 

EXERCISES 

1.  If  a  finite  parallelogram  is  nearly  rectangled,  what  is  the  order  of  infinites- 
imals neglected  by  taking  the  area  as  the  product  of  the  two  sides  ?  What  if  the 
figure  were  an  isosceles  trapezoid  ?  What  if  it  were  any  rectilinear  quadrilateral 
all  of  whose  angles  differ  from  right  angles  by  infinitesimals  of  the  same  order  ? 

2.  On  a  sphere  of  radius  r  the  area  of  the  zone  between  the  parallels  of  latitude 
X  and  X  +  dX  is  taken  as  2  tit  cos  X  •  rd\,  the  perimeter  of  the  base  times  the  slant 
height.  Of  what  order  relative  to  d\  is  the  infinitesimal  neglected  ?  What  if  the 
perimeter  of  the  middle  latitude  were  taken  so  that  2  irr^  cos  (X  -(-  J  dX)  d\  were 
assumed  ? 
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3.  What  is  the  order  of  the  infinitesimal  neglected  in  taking  4-nrHr  as  the 
volume  of  a  hollow  sphere  of  interior  radius  r  and  thickness  dr  ?  What  if  the  mean 
radius  were  taken  instead  of  the  interior  radius  ?  Would  any  particular  radius  be 
best? 

4.  Discuss  the  length  of  a  space  curve  y  =f(x),  z  =  g(x)  analytically  as  the 
length  of  the  plane  curve  was  discussed  in  the  text. 

5.  Discuss  proposition  2,  p.  68,  by  Maclaurin's  Formula  and  in  particular  show 
that  if  the  second  derivative  is  continuous  at  the  point  of  tangency,  the  infinites- 
imal in  question  is  of  the  second  order  at  least.    How  about  the  case  of  the  tractrix 


a,      a  —  Va-  —  j- 


2/  =  -  log +  Va2  -  i2, 

^       a  +  V  a-  —  x^ 

and  its  tangent  at  the  vertex  x  =  a?    How  about  s{x)  —  c (x)  of  §  37  ? 

6.  Show  that  if  two  curves  have  contact  of  order  n  —  1,  their  derivatives  will 
have  contact  of  order  n  —  2.  What  is  the  order  of  contact  of  the  fcth  derivatives 
k<n-  1? 

7.  State  the  conditions  for  maxima,  minima,  and  points  of  inflection  in  the 
neighborhood  of  a  point  where  /'"'(a)  is  the  first  derivative  that  does  not  vanish. 

8.  Determine  the  order  of  contact  of  these  curves  at  their  intersections: 

,^{x^  +  y''  +  z)  =  S(x  +  y)  r'  =  a'cos24>         ,  .  i^  +  y"  =  y 

^    '  5i2-6i2/+5i/2  =  8,  ''''^>  y-'  =  ia{a-x),     ^'^'x'  +  y^  =  xy. 

9.  Show  that  at  points  where  the  radius  of  curvature  is  a  maximum  or  mini- 
mum the  contact  of  the  osculaiting  circle  with  the  curve  must  be  of  at  least  the 
third  order  and  must  always  be  of  odd  order. 

10.  Let  PN  be  a  normal  to  a  curve  and  P'N  a  neighboring  normal.  If  0  is  the 
center  of  the  osculating  circle  at  P,  show  with  the  aid  of  Ex.  6  that  ordinarily  the 
perpendicular  from  O  to  P'N  is  of  the  second  order  relative  to  the  arc  PP"  and  that 
the  distance  ON  is  of  the  first  order.  Hence  interpret  the  statement :  Consecutive 
normals  to  a  curve  meet  at  the  center  of  the  osculating  circle. 

11.  Does  the  osculating  circle  cros.s  the  curve  at  the  point  of  osculation  ?  Will 
the  osculating  circles  at  neighboring  points  of  the  curve  intersect  in  real  points  ? 

12.  In  the  hyperbola  the  focal  radii  drawn  to  any  point  make  equal  angles  with 
the  tangent.  Prove  this  and  state  and  prove  the  corresponding  theorem  for  the 
parabola. 

13.  Given  an  infinitesimal  arc  AB  cut  at  C  by  the  perpendicular  bisector  of  its 
chord  AB.   What  is  the  order  of  the  difference  AC  —  BC  ? 

14.  Of  what  order  is  the  area  of  the  segment  included  between  an  infinitesimal 
arc  and  its  chord  compared  with  the  square  on  the  chord  ? 

15.  Two  sides  AB,  AC  of  a  triangle  are  finite  and  differ  infinitesimally  ;  the 
angle  S  at  ^  is  an  infinitesimal  of  the  same  order  and  the  side  BC  is  either  recti- 
linear or  curvilinear.  What  is  the  order  of  the  neglected  infinitesimal  if  the  area 
is  assumed  us  i  TaWB  ? .  What  if  the  assumption  \i,\AB-  AC  ■B'i 
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16.  A  cycloid  is  the  locus  of  a  fixed  point  upon  a  circumference  which  rolls  on 
a  straight  line.  Show  that  the  tangent  and  normal  to  the  cycloid  pass  through  the 
highest  and  lowest  points  of  the  rolling  circle  at  each  of  its  instantaneous  positions. 

17.  Show  that  the  increment  of  arc  As  in  the  cycloid  differs  from  2  a  sin  ^  6d9 
by  an  infinitesimal  of  higher  order  and  that  the  increment  of  area  (between  two 
consecutive  normals)  differs  from  3  a^  sin^  \  OdO  by  an  infinitesimal  of  higher  order. 
Hence  show  that  the  total  length  and  area  are  8  a  and  3  wa''.  Here  a  is  the  radius 
of  the  generating  circle  and  0  is  the  angle  subtended  at  the  center  by  the  lowest 
point  and  the  fixed  point  which  traces  the  cycloid. 

18.  Show  that  the  radius  of  curvature  of  the  cycloid  is  bisected  at  the  lowest 
point  of  the  generating  circle  and  hence  is-4u  sin  I  9. 

19.  A  triangle  ABC  is  circumscribed  about  any  oval  curve.  Show  that  if  the 
side  2JC'  is  bisected  at  the  point  of  contact,  the  area  of  the  triangle  will  be  changed 
by  an  infinitesimal  of  the  second  order  when  BC  is  replaced  by  a  neighboring  tan- 
gent B'C,  but  that  if  BC  be  not  bisected,  the  change  will  be  of  the  first  order. 
Hence  infer  that  the  minimum  triangle  circumscribed  about  an  oval  will  have  its 
three  sides  bisected  at  the  points  of  contact. 

20.  If  a  string  is  wrapped  about  a  circle  of  radius  a  and  then  unwound  so  that 
its  end  describes  a  curve,  show  that  the  length  of  the  curve  and  the  area  between 
the  curve,  the  circle,  and  the  string  are 

s=  r  a9dB,  A  =  f%,a''9H9, 

where  9  is  the  angle  that  the  unwinding  string  has  turned  through. 

21.  Show  that  the  motion  in  space  of  a  rigid  body  one  point  of  which  is  fixed 
may  be  regarded  as  an  instantaneous  rotation  about  some  axis  through  the  given 
point.  To  do  this  examine  the  displacements  of  a  unit  sphere  surrounding  the  fixed 
point  as  center. 

22.  Suppose  a  fluid  of  variable  density  D{x)  is  flowing  at  a  given  instant  through 
a  tube  surrounding  the  j-axis.  Let  the  velocity  of  the  fluid  be  a  function  v(x)  of  x. 
Show  that  during  the  infinitesimal  time  St  the  diminution  of  the  amount  of  the 
fluid  which  lies  between  x  =  a  and  x  =  a  +  h  is 

S[v{a  +  h)D{a  +  h)St-  V (a) D (a) Sf] , 

where  S  is  the  cross  section  of  the  tube.    Hence  show  that  D  {x)  v  (j)  =  const,  is  the 
condition  that  the  flow  of  the  fluid  shall  not  change  the  density  at  any  point. 

23.  Consider  the  curve  y  =f(x)  and  three  equally  spaced  ordinates  at  x  =  a  -  S, 
x  =  a,  x  =  a  +  5.  Inscribe  a  trapezoid  by  joining  the  ends  of  the  ordinates  at 
x  =  a±S  and  circumscribe  a  trapezoid  by  drawing  the  tangent  at  the  end  of  the 
ordinate  at  i  =  a  and  producing  to  meet  the  other  ordinates.    Show  that 


S 


:  2  Sf{a),  S  =  2  S^f{„)  +  ?: /"(«)  +  ^/<i'>«)  1 . 

.Si  =  2S^f{a)  +  |/"(a)  +  |J /<->«,)] 
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are  Lhe  areas  of  the  circuinscribed  trapezoid,  tliu  curve,  the  inscribed  trapezoid. 
Hence  infer  that  to  compute  the  area  under  the  curve  from  the  inscribed  or  cir- 
cumscribed trapezoids  introduces  a  relative  error  of  the  order  S-,  but  that  to  com- 
pute from  tlie  relation  6'  =  J^  (2  ti^  +  6\)  introduces  an  error  of  only  the  order  of  S*. 

24.  Let  the  interval  from  a  to  6  be  divided  into  an  even  number  2  7i  of  equal 
parts  5  and  let  the  2  n  -)-  1  ordinates  yo,  Vi,  ■  ■  ■,  y-2n  at  the  extremities  of  the  inter- 
vals be  drawn  to  the  curve  y  =/(i).  Inscribe  trapezoids  by  joining  the  ends  of 
every  other  ordinate  beginning  with  y^,  y^,  and  going  to  j/2n-  Circumscribe  trape- 
zoids by  drawing  tangents  at  the  ends  of  every  other  ordinate  y^,  y^,  ■  ■  •,  y^n-i- 
Compute  the  area  under  the  curve  as 

«  =  X ''/(•^) "^  =  -^  [4 (2/,  +  2/3  +  ■  •  •  +  y-in-i) 

+  2  (!/o  +  2/2  +  •  •  •  +  y-ln]  -  Vo  -  2/2»]  +  fi 

by  using  the  work  of  Ex.  23  and  infer  that  the  error  R  is  less  than  (6—  a)  S*f(^''\^)/ib. 
This  method  of  computation  is  known  as  Simpson's  Rule.  It  usually  gives  accu- 
racy sufficient  for  work  to  four  or  even  five  figures  when  S  =  0.1  and  6  —  a  =  1 ;  for 
f("'>(x)  usually  is  small. 

25.  Compute  the.se  integrals  by  Simpson's  Rule.  Take  2n  =  10  equal  intervals. 
Carry  numerical  work  to  six  figures  except  where  tables  must  be  used  to  find  f(x)  : 

J"  2  (If                                                                             /» 1       Ht  1 

—  =  log 2  =  0.69315,  (/3)    (      -  =  tan-i  1  = -jr  =  0.78535, 

IX  Jo    1  +  x'^  4 

(7)    r^''sinx(Jx  =  1.00000,  (S)    f    log,(|Xclx  =  21ogioK  -  Jtf  =  0.16776, 

/--logd  +  x)^^  ^^  27220,  (f)    r  l^?5il+^)  dx  =  0.82247. 

^  '  Jo        1  -l-x2  "'Jo  X 

The  answers  here  given  are  the  true  values  of  the  integrals  to  five  places. 

26.  Show  that  the  quadrant  of  the  ellipse  x  =  asin(t>,  y  =  b  cos0  is 

s  =  a  f   "Vl  —  e^sin'.'^d^  =  \-ira  C  Vj  (2  —  e^)  +  Je^cosmt  du. 
Jo  •'O 

Compute  to  four  figures  by  Simpson's  Rule  with  six  divisions  the  quadrants  of 
the  ellipses : 

(a)  e  =  ^  Vs,     s  =  1.211  a,  (/3)  6  =  i  V2,    s  =  1.351  a. 

27.  Expand  s  in  Ex.  26  into  a  series  and  discuss  the  remainder. 

1       r,      /1\%     /I -3X^6*      /1. 3- 5^66  /l-3--.(27t-l)Y^    e-"  1 

•^  =  2"  ""  L       I2)  '  -\rij^-  1271^6)    5  -  ■  ■  ■  \     2.4...2n     )  ^^l  "  '"'J 

/i>  <_i^  n  •3.^(2)iJ-  l)Y^2^    SeeEx.l8,p.60,andPeirce's"Tables,"p.62. 
l-en2-4...(2«-l-2)/2n-|-l 

Ivstimate  the  number  of  terms  nece,s.sary  to  compute  Ex.  26  (p)  with  an  error  not 
greater  than  2  in  the  la.st  place  and  compare  the  labor  with  that  of  Simpson's  Rule. 

28.  If  the  eccentricity  of  an  ellipse  is  ^^,  find  to  five  decimals  the  percentage 
error  made  in  taking  2  ira  as  the  perimeter.  -Arxs.  0.00694'/^ 
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29.  If  the  catenary  y  =  c  cosh  (i/c)  gives  the  shape  of  a  wire  of  length  L  sus- 
pended between  two  points  at  the  same  level  and  at  a  distance  I  nearly  equal  to 
L,  find  the  first  approximation  connecting  L,  I,  and  d,  where  d  is  the  dip  of  tile 
wire  at  its  lowest  point  below  the  level  of  support. 

30.  At  its  middle  point  the  parabolic  cable  of  a  suspension  bridge  1000  ft.  loiii; 
between  the  supports  sags  60  ft.  below  the  level  of  the  ends.  Find  the  length  of 
the  cable  correct  to  inches. 

40.  Some  differential  geometry.  Suppose  that  between  the  incre- 
ments of  a  set  of  variables  all  of  which  depend  on  a  single  variable  f 
there  exists  an  equation  which  is  true  except  for  infinitesimals  of  liij.,'her 
order  than  At  —  dt,  then  the  equation  will  be  exactly  true  for  the  differ- 
entials of  the  variables.    Thus  if 

is  an  equation  of  the  sort  mentioned  and  if  the  coefficients  are  any  func- 
tions of  the  variables  and  if  e^,  e„,  ■  •  •  are  infinitesimals  of  higher  order 
than  dt,  the  limit  of 

■'  M       ■'  At  At         At  At      At 

„dx         dti       ,  dz 

^Tt^'ji^^'Tt^'-'' 

or  fdx  -\-  gdy  +  hdz  +  Idt  =  0; 

and  the  statement  is  proved.  This  result  is  very  useful  in  writing 
down  various  differential  formulas  of  geometry  where  the  approximate 
relation  between  the  increments  is  obvious  and  where  the  true  relation 
between  the  differentials  can  therefore  be  found. 

For  instance  in  the  case  of  the  differential  of  arc  in  rectangular  cooi- 
dinates,  if  the  increment  of  arc  is  known  to  differ  from  its  chord  by  an 
infinitesimal  of  higher  order,  the  Pythagorean  theorem  shows  that  the 
equation  As^  =  Aa:^  +  Ay'     or     As'' =  Aj-- +  A>f  +  Az'  (7) 

is  true  except  for  infinitesimals  of  higher  order;  and  hence 

d!?  =  d7?-^dif     or     ds' =  dor"  +  df  +  dz\  {!') 

In  the  case  of  plane  polar  coordinates,  the  triangle  PP'N  (see  Fig.) 


has  two  curvilinear  sides  PP'  and  PN  and  is  right- 
angled  at  N.  The  Pythagorean  theorem  may  be 
applied  to  a  curvilinear  triangle,  or  the  triangle  may 

be  replaced  by  the  rectilinear  triangle  PP'N  with     '^       \j, 

the  angle  at  N  no  longer  a  right  angle  but  nearly  so.    In  either  way  of 
looking  at  the  figure,  it  is  easily  seen  that  the  equation  As'  =  A/^  -f-  r^A<^^ 


Ay 
it 


'ix 
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r,<p,e 
r,<p,z 


which  the  figure  suggests  differs  from  a  true  equation  by  an  infinitesi- 
mal of  higher  order;  and  hence  the  inference  that  in  polar  coordinates 

The  two  most  used  systems  of  coordinates 
other  than  rectangular  in  space  are  the  polar 
or  spherical  and  the  cylindrical .  In  the  first 
the  distance  /■  =  OP  from  the  pole  or  center, 
the  longitude  or  meridional  angle  <^,  and  the 
colatitude  or  polar  angle  6  are  chosen  as  coor- 
dinates ;  in  the  second,  ordinary  polar  coordinates  r  =  OM  and  <^  in 
tlie  3-//-plane  are  combined  with  the  ordinary  rectangular  z  for  distan('e 
from  that  plane.    The  formulas  of  transformation  are 

r  =  Var'^  +  /  +  -"' 


^J-^+if  +  : 


3  =  r  cos  6, 

y  = /•  sin  ^  sin  <^,  5=cos~' 

.r  =  r  sin  6  cos  </>,  d>  =  tan~'  -  > 

X 

for  polar  coordinates,  and  for  cylindrical  coordinates  they  are 
s  =  z,     y  =^r  sin  </>,     x  =  r  sin  <^, 


(•= v;^ 


+  y,     <^  =  tan  • 


(8) 


(9) 


Formulas  such  as  that 
for  the  differential  of 
arc  may  be  obtained  for 
these  new  coordinates  by 
mere  transformation  of 
("')  according  to  the  rules 
for  change  of  variable. 

In  both  these  cases, 
however,  the  value  of 
ds  may  be  found  readily 
by  direct  inspection  of 
the  figure.  The  small 
parallelepiped  (figure 
for  polar  case)  of  which 
As  is  the  diagonal  has 
some  of  its  edges  and 
faces  curved  instead  of 
straight;  all  the  angles, 
however,  are  right  angles, 
and  as  the  edges  are  infinitesimal,  the  equations  certainly  suggested  as 
holding  except  for  infinitesimals  of  higher  order  are 


A 
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As^  =  Ar^  +  1^  sin' 0S<t>- +  i^Aff^     and     Xs'^  =  Ai^  +  rA<f^' +  Ax"-    (10) 
or    els- =  Ji^  + 1^  sinHd,!,^  +  rdff'      and     ds'' =  dj»  +  Al^' +  fU\    (10') 

To  make  the  proof  complete,  it  would  l)e  necessary  to  show  that  noth- 
ing but  intinitesimals  of  higher  order  have  l)een  neglected  and  it  might 
actually  be  easier  to  transform  ~^JihF+dy^  +  di?  rather  than  give  a 
rigorous  demonstration  of  this  fact.  Indeed  the  infinitesimal  method  is 
seldom  used  rigorously ;  its  great  use  is  to  make  the  facts  so  clear  to  the 
rapid  worker  that  he  is  willing  to  take  the  evidence  and  omit  the  proof. 
In  the  plane  for  rectangular  coordinates  with  rulings  parallel  to  the 
//-axis  and  for  polar  coordinates  with  rulings  issuing  from  the  pole  the 
increments  of  area  differ  from 

dA  =  ydx     and     dA  =  \  )'d<f>  (11) 

respectively  by  infinitesimals  of  higher  order,  and 

=   r  'ydx     and     .4  =  ^   T  ' ,M<f,  (11') 

are  therefore  the  formulas  for  the  area  under  a  curve  and  between  two 
ordinates,  and  for  the  area  between  the  curve  and  two  radii.  If  the  plane 
is  rvded  by  lines  parallel  to  both  axes  or  by  lines  issuing  from  the  fiole 
and  by  circles  concentric  with  the  pole,  as  is  customary  for  double  inte- 
gration (§§  131,  134),  the  increments  of  area  differ  respectively  by 
infinitesimals  of  higher  order  from 

dA  =  dxdy     and     d.A  =  rdrd^,  (12) 

and  the  formulas  for  the  area  in  the  two  cases  are 

A  =  lim  2)  A^  ^ir"^  ^  iU^'^y,  (12') 

^  =  lim  ^  A^  =  CCdA  =  Cfrdrd4>, 

where  the  double  integrals  are  extended  over  the  area  desired. 

The  elements  of  volume  which  are  required  for  triple  integration 
(§§  133,  134)  over  a  volume  in  space  may  readily  be  written  down  for 
the  three  cases  of  rectangular,  polar,  and  cylindrical  coordinates.  In  the 
first  case  space  is  supposed  to  be  divided  up  by  planes  x  =  n,  y  =  i, 
z  =  c  perpendicular  to  the  axes  and  spaced  at  infinitesimal  intervals;  in 
the  second  C4use  tlie  division  is  made  by  tlie  spheres  /■  =  n  concentric 
with  the  pole,  tlip  planes  </>  =  /;  through  the  polar  axis,  and  the  cones 
^  =  c  of  revolution  about  the  polar  axis  ;  in  the  third  case  by  the  cylin- 
ders r  =  a,  the  planes  <f>  =  h,  and  the  planes  z  =  c.    The  infinitesimal 
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Volumes  into  which  space  is  divided  then  diifer  from 

(/(•  =  (h-ibjih,         dr  =  r  sin  edrdti>iW,         di<  =  rdnl^ida  (13) 

respectively  by  intinitesimals  of  higher  order,  and 

illdxdydx,  \  i  i i^^rnddrdtfydB,  ( ffrdrd,j,d::  (13') 

are  the  formulas  for  the  volumes. 

41.  The  direction  of  a  line  in  space  is  represented  by  the  three  angles 
which  the  line  makes  with  the  positive  directions  of  the  axes  or  liy  the 
cosines  of  those  angles,  the  direction  cosines  of  the  line.  From  the  defi- 
nition and  figure  it  appears  that 

7  rfa-  „      (/(/  ds 

i  =  cosa  =  —-.         7«  =  cos  i3= —,         n  =  wtiy=-r  (14") 

rf*'  ds  ds  ' 

are  the  direction  cosines  of  the  tangent  to  the  arc  at  the  point;  of  the 
tangent  and  not  of  the  chord  for  the  reason 
that  the  increments  are  replaced  by  the  differ- 
entials.   Hence  it  is  seen  that  for  the  direc- 
tion cosines  of  the  tangent  the  proportion 

l:m:n^=dx:dij:dz  (14') 

holds.    The  equations  of  a  space  curve  are 

x=f{t),        y  =  g{t),        z  =  h(t) 

in  terms  of  a  variable  parameter  t*  At  the  point  {x^,  y^,  z^  where 
i  =  f I,  the  equations  of  the  tangent  lines  would  then  be 

a"  —  a:o  _  y  —  yo  ^  s  —  gp  x —  Xg  ^//  —  yg  ^z-x^ 

{dxX         (dy\         (dzX  fXt^)         g\t^)         /.'(g'        ^     ^ 

As  the  cosine  of'the  angle  6  between  the  two  directions  given  by  the 
direction  cosines  I,  m,  n  and  /',  ?«',  n'  is 

cos  9  =  II' +  mm' -\-nn',     so     IV -\- mm' -\- nn' =  0  (16) 

is  the  condition  for  the  perpendicularity  of  the  lines.  Kow  if  (x,  y,  z) 
lies  in  the  plane  normal  to  the  curve  at  a-^^  y^,  z^,  the  lines  determined 
by  the  ratios  x  —  x^:  y  —  y^-.z  —  z^  and  {dx)^ :  {dy)^ :  (dz)^  will  be  per- 
pendicular.   Hence  the  equation  of  the  normal  plane  is 

(•'■  -  •'■o)('^)o  +  (.'/  -  .'/o)(''.'/)o  +  (-^  -  '-■oW^X  =  0 

fVX---  -  -'o)  +  .'/Vo)(.'/  -  Ho)  +  /''('o)(.t  -  .^„)  =  0.  (17) 

»  For  the  sake  of  generality  the  parametric  form  in  Ms  assumed  ;  in  a  partic-ular  case  a 
simplification  might  be  made  by  taking  one  of  the  variables  as  t  and  one  of  the  f  unctimis 
/',  rf,  h'  would  then  be  1.   Thus  in  Ex.  8  (e),  y  should  be  taken  as  I. 
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The  tangent  plane  to  the  curve  is  not  determinate ;  any  plane  through 
the  tangent  line  will  be  tangent  to  the  curve.  If  A  be  a  parameter,  the 
pencil  of  tangent  planes  is 

There  is  one  particular  tangent  plane,  called  the  osculating  />Z«7ie, which 
is  of  especial  importance.    Let 

^-^o=/'W-  +  i/"(g^'+i/"'(^)^^  -=t-t„  r^<i<t, 

with  similar  expansions  for  y  and  z,  he  the  Taylor  developments  of 
X,  y,  z  about  the  point  of  tangency.  When  these  are  substituted  in  the 
equation  of  the  plane,  the  result  is 

This  expression  is  of  course  proportional  to  the  distance  from  any  point 
X,  y,  s  of  the  curve  to  the  tangent  plane  and  is  seen  to  lie  in  general  of 
the  second  order  with  respect  to  t  or  ds.  It  is,  however,  possible  to 
choose  for  \  that  value  which  makes  the  first  bracket  vanish.  The  tan- 
gent plane  thus  selected  has  the  property  that  the  distance  of  the  curve 
from  it  in  the  neighborhood  of  the  j^oint  of  tangency  is  of  the  third  order 
and  is  called  the  osculating  plane.   The  substitution  of  the  value  of  A.  gives 


«  -  a-o   y-y,   « -  «o 
/'(*„)     9%)     f^Vo) 

f'%)     g'%)     h'%) 


=  0 


■^  -  a'o   y~i/o   ^-~-o 

(dxX      (dy\      idz\ 

('P^)o       i'PuX       (^^)o 


:0         (18) 


or  {dyd:'z  -  dz(Py)^(x  -  a-„)  +  {dsd'^x  -  dxd^z\(y  -  y^) 

+  (dxd"-y-dyd'.7%(x-z^)  =  0 

as  the  equation  of  the  osculating  plane.  In  case  f"{t^  =  g"{t^  =  ^*"(Q  =  0, 
this  equation  of  the  osculating  plane  vanishes  identically  and  it  is  neces- 
sary to  push  the  development  further  (Ex.  11). 

42.  For  the  case  of  plane  curves  the  curvature  is  defined  as  the  rate 
at  which  the  tangent  turns  compared  with  the  description  of  arc,  that 
is,  as  d^/ds  if  dij>  denotes  the  differential  of  the  angle  through  which 
the  tangent  turns  when  the  point  of  tangency  advances  along  the  curve 
by  ds.  The  radius  of  curvature  R  is  the  reciprocal  of  the  curvature, 
that  is,  it  is  ds/d<\>.    Then 

^<^  =  ^tan-.^,        f  =  i^  =  ^I^'        i^  =  Li^l>(19) 
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where  accents  denote  differentiation  with  respect  to  x.  For  space  curves 
the  same  definitions  are  given.  If  /,  m,  n  and  l  +  dl,  m  +  dm,  n  +  dn 
are  the  direction  cosines  of  two  successive  tangents, 

cos  cl<t>  =  1(1  +  dl)  +  m(m  +  dm)  +  n{n  +  dn). 

But        P  +  m'  +  n'^^l     and     {I  +  dlf  +  {m  +  dmf  +  (n  +  dnf  =  1. 

Hence         dP  +  dm^  +  dn^  =  2  —  2  cos  <^  =  (2  sin  \  <j>Y, 

where  accents  denote  differentiation  with  respect  to  s. 

The  torsion  of  a  space  curve  is  defined  as  the  rate  of  turning  of  the- 
osculating  plane  compared  with  the  increase  of  arc  (that  is,  d\l//ds,  where 
'/i/r  is  the  differential  angle  the  normal  to  the  osculating  plane  turns 
through),  and  may  clearly  be  calculated  by  the  same  formula  as  the 
curvature  provided  the  direction  cosines  L,  M,  N  of  the  normal  to  the 
plane  take  the  places  of  the  direction  cosines  I,  m,noi  the  tangent  line. 
Hence  the  torsion  is 

1        /dibV     dL^  +  dM-^  +  dN"" 

^^  =  [ds)=  ds^  =V^  +  M'^  +  N'^;  (20) 

and  the  radius  of  torsion  R  is  defined  as  the  reciprocal  of  the  torsion, 
where  from  the  equation  of  the  osculating  plane 

X M N 

dydP-z  —  dzdPy      dzdhc  —  dxdrz      dxdPy  —  dycPx 

=     ,  •^     =•         (20') 

Vsum  of  squares 

The  actual  computation  of  these  quantities  is  somewhat  tedious. 

The  vectorial  discu.ssion  of  curvature  and  torsion  (§  77)  gives  a  better  insight 
into  the  principal  directions  connected  with  a  space  curve.  These  are  the  direction 
of  the  tangent,  that  of  the  normal  in  the  osculating  plane  and  directed  towards 
the  concave  side  of  the  curve  and  called  the  principal  normal,  and  that  of  the 
normal  to  the  osculating  plane  drawn  upon  that  side  which  makes  the  three  direc- 
tions form  a  right-handed  system  and  called  the  binormal.  In  the  notations  there 
given,  combined  with  those  above, 

I  =  xi+  yi  +  zk,       t  =  (i  -|-  mj  -H  nk,       c  =  Xi  +  mJ  +  'J^,       n  =  ii  -|-  JIf  j  +  iVk, 

where  X,  n,  p  are  taken  as  the  direction  cosines  of  the  principal  normal.  Now  dt 
is  parallel  to  c  and  dn  is  parallel  to  —  c.    Hence  the  results 

dl  _  dm  _  dn  _  ds  ^^  _  '^^^ _  ^^  _     ^^  /oi\ 
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follow  from  dc/ds  -  C  and  dn/ds  =  T.  Now  dc  is  perpendicular  to  c  and  hence  in 
the  plane  of  t  and  n;  it  may  be  written  as  dc  =  {t.dc)t+(n.dc)n.  But  ast«c  =  ii.c  =  0, 
t.dc  =  —  cdt  and  n.rfc  =  —  cdn.     Hence 

do  =  - (c.dt)t  - (c.dn)n  =  -  Ctch  +  Tnds  =--dx  +  ~ ds. 

Hence  '^^  —  i  +  l^ .  *'  =  _!li  +  ^.  l'=_l  +  ^.  (22) 

"'"""'  ds'      R^  R  ds  R^  H  ds         R^  R  ^    ' 

Formulas  (22)  are  known  as  Frenefs  Formulas ;  they  are  usually  written  with  —  R 
in  the  place  of  R  because  a  left-handed  system  of  axes  is  used  and  the  torsion,  being 
an  odd  function,  changes  its  sign  when  all  the  axes  are  reversed.    If  accents  denote 

differentiation  by  s, 

I'       y'       z' 


above  formulas,  -  = 


!■      y       z 
X"     y"     z" 
X'"    y"'    z" 


I       y       z 
I'"     y'"     z" 


■  (23) 


__ ,    usual  formulas, —  =  —       ,         ,       ,, 

right-handed    «       ^"HrHz"'^  left-handed     «  ^  "^^  '  +  ^  ' 

EXERCISES 

1.  Show  that  in  polar  coordinates  in  the  plane,  the  tangent  of  the  inclination 
of  the  curve  to  the  radius  vector  is  rd(p/dr. 

2.  Verify  (10),  (ICK)  by  direct  transformation  of  coordinates. 

3.  Fill  in  the  steps  omitted  in  the  text  in  regard  to  the  proof  of  (10),  (IC)  by 
the  method  of  infinitesimal  analysis. 

4.  A  rhumb  line  on  a  sphere  is  a  line  which  cuts  all  the  meridians  at  a  constant 
angle,  say  a.  Show  that  for  a  rhumb  line  sin  6d(j>  =  tan  ad6  and  ds  =  r  sin  ad9. 
Hence  find  the  equation  of  the  line,  show  that  it  coils  indefinitely  around  the 
poles  of  the  sphere,  and  that  its  total  length  is  irr  sec  a. 

5.  Show  that  the  surfaces  represented  by  F((^,  ^)  =  0  and  F(r,  tf)  =  0  in  polar 
coordinates  in  space  are  respectively  cones  and  surfaces  of  revolution  about  the 
polar  axis.   What  sort  of  surface  would  the  equation  F(r,  0)  =  0  represent  ? 

6.  Show  accurately  that  the  expression  given  for  the  differential  of  area  in 
polar  coordinates  in  the  plane  and  for  the  diiierentials  of  volume  in  polar  and 
cylindrical  coordinates  in  space  differ  from  the  corresponding  increments  by  in- 
finitesimals of  higher  order. 

7.  Show  that  — .  r  —  >  r&inO  —  are  the  direction  cosines  of  the  tangent  to  a 

ds      ds  ds 

space  curve  relative  to  the  radius,  meridian,  and  parallel  of  latitude. 

8.  Find  the  tangent  line  and  normal  plane  of  these  curves. 

(a)  xyz  =  1,  y'  =  x  at  (1,  1,  1),        (;8)  z  =  cos  «,  y  =  sint,  z  =  fct, 

(7)  2  aj/  =  i^,  6  a'^z  =  1',  (S)  x  =  tcos,t,  y  =  t  sin  t,  z  =  kt, 

(e)  y  =  x^,  z^  =  l-y,'  "  (f)  x^  -|-  y^  +  z'^  =  a^,  i-  +  y^  +  2ax  =  Q. 

9.  Find  the  equation  of  the  osculating  plane  in  the  examples  of  Ex.  8.  Note 
that  if  X  is  the  independent  variable,  the  equation  of  the  plane  is 

(dy  dH      dz  d^y\  .  ,      /d2z\  ,  ,  ,  ld:^\  ,  ^      „ 

kxd^^-dx  d^)„<'  -  "»>  -  fc)o<^  -  ""^  +  feV^  -  ^''>  =  "• 
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10.  A  space  curve  passes  through  the  origin,  is  tangent  to  the  i-axis,  and  lias 
z  =  0  xs  its  osculating  plane  at  the  origin.    Show  that 

.r  =  l,r(0)  +  >  i-V"(0)  +  •  •  • ,         !/  =  i  fg"{0)  +  •  •  •  ,         z  =  l  lVi-(0)  +  .  .  ■ 

will  be  the  form  of  it.s  Maclaurin  development  if  i  —  0  gives  x  =  //  =  z  =  0. 

11.  If  the  2(1,  3cl,  •  •  • ,  (n  —  l)st  derivatives  of  /,  g,  h  vanish  for  t  =  („  but  not 
all  the  nth  derivatives  vanish,  show  that  there  is  a  plane  from  which  the  curve 
departs  by  an  infinitesimal  of  the  (n  +  l)st  order  and  with  which  it  therefore 
has  contact  of  order  u.  Such  a  plane  is  called  a  hyperosculating  plane.  Find  its 
equation. 

12.  At  what  points  if  any  do  the  curves  (j3),  (7),  (e),  (f),  Ex.  8  have  hyperoscu- 
lating planes  and  what  is  the  degree  of  contact  in  each  case  ? 

13.  Show  that  the  expression  for  the  radius- of  curvature  is 

where  in  the  first  case  accents  denote  differentiation  by  s,  in  the  second  by  t. 

14.  Show  that  the  radius  of  curvature  of  a  space  curve  is  the  radius  of  curva- 
ture of  its  projection  on  the  osculating  plane  at  the  point  in  question. 

15.  From  Frenet's  Formulas  show  that  the  successive  derivatives  of  z  are 

,      ,  .,      „      ^  ,„      >''      >^^'  I        ^  ^'   ,     -^ 

where  accents  denote  differentiation  by  s.  Show  that  the  results  for  y  and  z  are 
the  same  except  that  m,  n,  M  or  n,  n,  N  take  the  places  of  I,  X,  L.  Hence  infer 
that  for  the  nth  derivatives  the  results  are 

iCO  =  IP^  +  XPj  -1-  XP3,       yM  =  mPi  -1-  ^P^  +  -WPj ,       z(»)  =  nPi  +  vP„  -)-  NP^ , 

where  Pj,  P^,  P3  are  rational  functions  of  R  and  R  and  their  derivatives  by  s. 

16.  Apply  the  foregoing  to  the  expansion  of  Ex.  10  to  show  that 

where  R  and  R  are  the  values  at  the  origin  where  .s  =  0,  (  =  ^  =  -^=1.  a"*!  '■''^ 
other  six  direction  cosines  m,  n,  X,  ^,  i,  M  vanish.  Find  s  and  write  the  expan- 
sion of  the  curve  of  Ex.  8  (7)  in  this  form. 

17.  Note  that  the  distance  of  a  point  on  the  curve  as  expanded  in  Ex.  10  from 
the  .sphere  through  the  origin  and  with  center  at  the  point  (0,  U,  R'R)  is 


Vi"  -1-  (y  -  Rf  -1-  (z  -  W'R)''  -  Vr^  -I-  K'^R'' 

(xi  +  yi  -2Ry  +  z'^-2  R'Hz) 


Vi2  +  (y-  R)-^  +(z-  fl'R)^  +  VW+li^^ 

and  consequently  is  of  the  fourth  order.  The  curve  therefore  has  contact  of  the 
third  order  with  this  sphere.  Can  the  equation  of  this  sphere  be  derived  by  a 
limiting  process  like  that  of  Ex.  18  as  applied  to  the  osculatiug  plane  ? 
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18.  The  osculating  plane  may  be  regarded  as  the  plane  passed  through  three 
consecutive  points  of  the  curve  ;  in  fact  it  is  easily  shown  that 


lim 

Sx.  SB,  Sz 
Ax,  A|/,  As 
approach  0 


1               y               z               1 

Xo              Va              ^0              1 
a-o  +  to     2/o  +  ^y     Zo  +  *2:      1 

Jo  +  Az    y^^-  ^y    Zq  +  ^    1 

_  ] 
~2 

I-X„ 

y-Vo    z-Zo 

(di)o 

(mo    mo 

(d^)o 

(<i'y)o      idh). 

-0. 


19.  Express  the  radius  of  torsion  in  terms  of  the  derivatives  of  x,  y,  z  hy  i 
(Ex.  10,  p.  67). 

20.  Find  the  direction,  curvature,  osculating  plane,  torsion,  and  osculatiiif; 
sphere  (Ex.  17)  of  the  conical  helix  x  =  t  cos  t,  y  =  t  sin  t,  z  =  kt  nt  t  =  2v. 

21.  Upon  a  plane  diagram  which  shows  As,  Ax,  Ay,  exhibit  the  lines  which 
represent  ds,  dx,  dy  under  the  different  hypotheses  that  x,  y,  or  s  is  the  independ- 
ent variable. 


CHAPTER  IV 
PARTIAL  DIFFERENTIATION;  EXPLICIT  FUNCTIONS 

43.  Functions  of  two  or  more  variables.  The  definitions  and  theo- 
lenis  about  functions  of  more  than  one  independent  variable  are  to  a 
large  extent  similar  to  those  given  in  Chap.  II  for  functions  of  a  single 
variable,  and  the  clianges  and  difficulties  which  occur  are  for  the  most 
part  amply  illustrated  by  the  case  of  two  variables.  The  work  in  the 
text  will  therefore  be  confined  largely  to  this  case  and  the  generaliza- 
tions to  functions  involving  more  than  two  variables  may  be  left  as 
exercises. 

If  the  value  of  a  variable  z  is  uniquely  determined  when  the  values 
(.(■,  //)  of  two  variables  are  known,  z  is  said  to  be  a  function  z  =  f(r,  y) 
of  the  two  \ariables.  The  set  of  values  [(a-,  //)]  or  of  points  P{x,  y)  of 
the  .ry-plane  for  which  z  is  defined  may  be  any  set,  but  usually  consists 
of  all  the  points  in  a  certain  area  or  region  of  the  plane  bounded  by 
a  curve  which  may  or  may  not  belong  to  the  region,  just  as  the  end 
])oints  of  an  interval  may  or  may  not  belong  to  it.  Thus  the  function 
1/ Vl  —  !:'■  —  if  is  defined  for  all  points  within  the  circle  x^  +  if  =  1, 
but  not  for  points  on  the  perimeter  of  the  circle.  For  most  purposes  it 
is  sufficient  to  think  of  the  boundary  of  the  region  of  definition  as  a 
l)olygon  whose  sides  are  straight  lines  or  such  curves  as  the  geometric 
intuition  naturally  suggests. 

The  first  way  of  representing  the  function  z  =f{r,  y)  geometricall}- 
is  bj-  fill'  si/rfiiii'  z  =zf(x,  y),  just  as  y  =f(x)  was  represented  by  a  curve. 
This  method  is  not  available  for  ii  =/(x,  y,  z),  a  function  of  tliree  vari- 
ables, or  for  functions  of  a  greater  number  of  variables ;  for  space  has 
only  three  dimensions.  A  second  method  of  representing  the  function 
z  =/(.'•,  y)  is  by  its  contour  lines  in  the  a-y-plane,  that  is,  the  curves 
./'(■'■>  ?/)  =  const,  are  plotted  and  to  each  curve  is  attached  the  value  of 
the  (constant.  This  is  the  method  employed  on  maps  in  marking  heights 
above  sea  level  or  depths  of  the  ocean  below  sea  level.  It  is  evident  that 
these  contour  lines  are  nothing  but  the  projections  on  the  ary-plane 
of  the  curves  in  which  the  surface  z  =f{x,  y)  is  cut  by  the  planes 
z  =  const.  This  method  is  applicable  to  functions  u  =  f{x,  y,  z)  of 
three  variables.   The  contour  surfaces  it  =  const,  which  are  thus  obtained 
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are  fi-eqiieiitly  called  fqulpotcntkil  xurfacen.    If  the  function  is  sin.;,'li' 
valued,  the  contour  lines  or  surfaces  cainiot  intei'sect  one  anotliei'. 

The  fiinrfiiin  z  =/'(•'•,  y)  i"  '■"ntinitoiis  fnr  (<-,  /-)  when  either  of  the 
following  eciuivalent  conditions  is  satisfied  : 

no  matter  hoir  the  variable  point  P(:r,  y)  (ijiprourhea  (",  //). 
2°.   If  far  any  assigned  e,  a  nnmher  S  viai/  he  found  so  that 

\f{^,  y)  - /(«.  '0 1  < '   «•''■««    I .'■  - "  I  <  8,  I  //  -  /'  i  <  8. 

Geometrically  this  means  that  if  a  square  with  {a,  h)  as  center  and 


/(a,b)+e 


f(a,V) 


with  sides  of  length  2  8  parallel  to  the  axes  be  drawn, 

the  portion  of  the  surface  z  =i  f{.c,  y)  above  the 

square  will  lie  between  the  two  planes  z=f{ji,  b)±€. 

Or  if  contour  lines  are  used,  no  line  /(.'■,  y)  =  const. 

where  the  constant  differs  from/(",  h)  tay  so  much 

as  £  will  cut  into  the  square.   It  is  clear  that  in  place 

of  a  squai'e  surrounding  (a,  i)  a  circle  of  radius  8  or  any  other  figure 

which  lay  within  the  square  might  be  used. 

44.  Continuity  examined.  From  the  definition  of  continuity  just  given  and 
from  the  corresponding  definition  in  §  24,  it  follows  that  if  f(x,  y)  is  a  continuous 
function  of  x  and  y  for  (a,  b),  then  /(i,  6)  is  a  continuous  function  of  x  for  j;  =  a 
and  /(a,  y)  is  a  continuous  function  of  y  for  y  =  b.  That  is,  if  /  is  continuoits  in 
X  and  y  jointly,  it  is  continuous  in  x  and  y  severally.  It  might  be  thought  that 
conversely  if  /(x,  6)  is  continuous  for  x  =  a  and  /(n,  y)  for  y  =  h.  f{x,  y)  would 
be  continuous  in  (x,  y)  for  (<i,  V).  That  is,  if  /  is  continuous  in  j  and  y  severally, 
it  would  be  continuous  in  i  and  y 

jointly.   A  simple  example  will  show      ^ — ^    i    /^.— --g'  z 

that  this  is  not  necessarily  true.  Con- 
.sider  the  case 


2  =/(■!:,  y)  = 


3.2  +  y2 


X  +  ;/ 
/(O,  0)  =  0 
and  examine  z  for  continuity  at 
(0,  0).  The  functions  /(x,  0)  =  x, 
and  /{O,  y)  =  y  are  surely  continuous 
in  their  respective  variables.  But  the  surface  z=f{x,  y)  is  a  conical  surface  (except 
for  the  points  of  the  z-axis  other  than  the  origin)  and  it  is  clear  that  7'(x,  y)  may 
approach  the  origin  in  such  a  manner  that  z  shall  approach  any  desired  value. 
Moreover,  a  glance  at  the  contour  lines  shows  that  they  all  enter  any  circle  or 
square,  no  matter  how  .small,  concentric  with  the  origin.  If  P  approaches  the  origin 
along  one  of  the.se  lines,  z  remains  constant  and  its  limiting  vahu'  is  that  constant. 
In  fact  by  approaching  the  origin  along  a  set  of  points  which  jump  from  one  con- 
tour line  to  another,  a  method  of  approach  may  be  found  such  that  z  approaches 
no  limit  whatsoever  but  oscillates  between  wide  limits  or  becomes  infinite.  Clearly 
the  conditions  of  continuity  are  nut  at  all  fulfilled  by  z  at  (0,  0). 
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Diiulile  limits.   There  often  arise  for  consideration  expressions  like 


liiii 


riiiii /(/,;/)!,         liiii  riini/(j-,  //)-|, 

Lx=a  J  .1  i  „  Lii=b  J 


(1) 


where  the  limits  exist  whether  x  lirst  approaelies  its  liiiiil,  and  then  y  iUs  limit,  or 
vice  versa,  and  where  the  question  arises  as  to  whether  the  two  limits  thus  obtained 
are  equal,  that  is,  whether  the  order  of  taking  the  limits  in  the  double  limit  may 
be  interchanged.  It  is  clear  that  if  the  function /(j,  y)  is  continuous  at  (a,  b),  the 
limits  approache<l  by  the  two  expressions  will  be  equal ;  for  the  limit  of  f(t,  y)  is 
/(«,  6)  no  matter  how  (j;,  y)  approaches  (a,  b).  If  /  is  discontinuous  at  {a,  ft),  it 
may  still  happen  that  the  order  of  the  limits  in  the  double  limit  may  be  inter- 
changed, as  was  true  in  the  case  above  where  the  value  in  either  order  was  zero ; 
but  tllis  cannot  be  affirmed  in  general,  and  special  considerations  nmst  be  applied 
to  each  case  when  /  is  discontinuous. 

Varieties  of  regions*  For  both  pure  mathematics  and  physics  the  classification 
of  regions  according  to  their  connectivity  is  important.  Consider  a  finite  region  R 
bounded  by  a  curve  which  nowhere  cuts  itself.  (For  the  present 
purposes  it  is  not  necessary  to  enter  upon  the  subtleties  of  the 
meaning  of  "curve"  (see  §§  127-128);  ordinary  intuition  will 
suffice.)  It  is  clear  that  if  any  closed  curve  drawn  in  this  region 
had  an  unlimited  tendency  to  contract,  it  could  draw  together 
to  a  point  and  disappear.  On  the  other  hand,  if  li'  be  a  region 
like  R  except  that  a  portion  has  been  removed  so  that  R'  is 
bounded  by  two  curves  one  within  the  other,  it  is  clear  that 
some  closed  curves,  namely  those  which  did  not  encircle  the 
portion  removed,  could  shrink  away  to  a  point,  whereas  other 
closed  curves,  namely  those  which  encircled  that  portion,  could 
at  most  shrink  down  into  coincidence  with  the  boundary  of  that 
portion.  Again,  if  two  portions  are  removed  so  as  to  give  rise 
to  the  region  R",  there  are  circuits  around  each  of  the  portions 
which  at  most  can  only  shrink  down  to  the  boundaries  of  those 
portions  and  circuits  around  both  portions  which  can  shrink  down  to  the  bounda- 
ries and  a  line  joining  them.  A  region  like  R,  where  any  closed  curve  or  circuit 
may  be  shrunk  away  to  nothing  is  called  a  simply  connected  region ;  whereas  regions 
in  which  there  are  circuits  which  cannot  be  shrunk  away  to  nothing  are  called 
multiply  connected  regions. 

A  umltiply  connected  region  may  be  made  simply  connected  by  a  simple  device 
and  convention.  For  suppose  that  in  if'  a  line  were  drawn  connecting  the  two 
bounding  curves  and  it  were  agreed  that  no  curve  or  circuit  drawn  within  R'  should 
cross  this  line.  Then  the  entire  region  would  be  surrounded  by  a 
single  boundary,  part  of  which  would  be  counted  twice.  The  figure 
indicates  the  situation.  In  like  manner  if  two  lines  were  drawn  in 
R"  connecting  both  interior  boundaries  to  tlie  exterior  or  connecting 
the  two  interior  boundaries  together  and  either  of  them  to  the  outer 
boundary,  the  region  would  be  rendered  simply  connected.  The  entire  region 
would  have  a  single  boundary  of  which  parts  would  be  counted  twice,  and  any 
circuit  wliich  did  not  cro.ss  the  lines  could  be  .shrunk  away  to  nothing.   The  lines 


*  The  discussion  from  this  point  to  the  end  of  §  4.'>  may  be  connected  witli  that  of 
liVl'iB. 
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thus  drawn  in  the  region  to  make  it  simply  connected  are  called  cuts.  There  is  no 
need  that  tlie  region  be  finite  ;  it  might  extend  off  indefinitely  in  some  directions 
like  the  region  between  two  parallel  lines  or  between  the  sides  of  an  angle,  or  like 
the  entire  half  of  the  xy-p\a,ne  for  which  y  is  positive.  In  such  cases  the  cuts  may 
be  drawn  either  to  the  boundary  or  off  indefinitely  in  such  a  way  as  not  to  meet 
the  boundary. 

46.  Multiple  valued  functions.  If  more  than  one  value  of  z  corresponds  to  the 
pair  of  values  (x,  y),  the  function  ^  is  nmltiple  valued,  and  there  are  some  note- 
worthy differences  between  multiple  valued  functions  of  one  variable  and  of  several 
variables.  It  was  stated  (§  23)  that  multiple 
valued  functions  were  divided  into  branches 
each  of  which  was  single  valued.  There  are 
two  cases  to  consider  when  there  is  one  vari- 
able, and  they  are  illustrated  in  the  figure. 
Either  there  is  no  value  of  x  in  the  interval 
for  which  the  different  values  of  the  funetiou 
are  equal  and  there  is  consequently  a  number 
D  which  gives  the  least  value  of  the  difference 
between  any  two  branches,  or  there  is  a  value  of  x  for  which  different  branches 
liave  the  same  value.  Now  in  the  first  case,  if  x  changes  its  value  continuously  and 
if  f{x)  be  constrained  al.so  to  change  continuoii.sly,  there  is  no  possibility  of  passing 
from  one  branch  of  the  function  to  another  ;  but  in  the  second  case  such  change  is 
possible  for,  when  x  passes  through  the  value  for  which  the  branches  have  the  same 
value,  the  function  while  constrained  to  change  its  value  continuously  may  turn  off 
onto  the  other  branch,  although  it  need  not  dn  so. 

In  the  case  of  a  function  z  =f{x,  y)  of  t\v(j  variables,  it  is  not  true  that  if  the 
values  of  the  function  nowhere  become  equal  in  or  on  the  boundary  of  the  region 
over  which  the  function  is  defined,  then  it  is  impossible  to  pass  continuously  from 
one  branch  to  another,  and  if  P  (x,  y)  describes  any 
continuous  closed  curve  or  circuit  in  the  region,  the 
value  of  f(x,  y)  changing  continuously  must  return  to 
its  original  value  when  P  has  completed  the  descrip- 
tion of  the  circuit.    For  suppose  the  function  z  be  a 
helicoidal  surface  z  =  a  t&n-^(y/x),  or  rather  the  por- 
tion of  that  surface  between  two  cylindrical  surfaces 
concentric  with  the  axis  of  the  helicoid,  as  is  the  case 
of  the  surface  of  the  screw  of  a  jack,  and  the  circuit 
be  taken  around  the  inner  cylinder.   The  multiple  num- 
bering of  the  contour  lines  indicates  the  fact  that  the 
function  is  nmltiple  valued.    Clearly,  each  time  that  *' 

the  circuit  is  described,  the  value  of  z  is  increased  by  the  amount  between  the  suc- 
cessive branches  or  leaves  of  the  surface  (or  decreased  by  that  amount  if  the  circuit 
is  described  in  the  opposite  direction).  The  region  here  dealt  with  is  not  simply 
connected  and  the  circuit  cannot  be  shrunk  to  nothing  —  which  is  the  key  to  the 
situation. 

Theore-m.  If  the  difference  between  the  different  values  of  a  continuous  mul- 
tiple valued  function  is  never  less  than  a  finite  number  D  for  any  set  (j;,  y)  of 
values  of  the  variables  whether  in  or  upon  the  boundary  of  the  region  of  defini- 
tion, then  the  value  /(x,  y)  of  the  function,  constrained  to  change  continuously. 
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will  return  to  its  initial  value  when  the  point  P{x,  y),  describing  a  closed  curve 
which  can  be  shrunk  to  nothing,  completes  the  circuit  and  returns  to  its  starting 
point. 

Now  owing  to  the  continuity  of  /  tliroughout  the  region,  it  is  possible  to  find  a 
number  S  so  that  | /(x,  y)  —  f(z\  y')  \ < e  when  \x  —  x'\<S  and  \y  —  y'\<S  no  matter 
what  points  of  the  region  (z,  y)  and  (x',  y')  may  be.  Hence  the  values  of  /  at  any 
two  points  of  a  small  region  which  lies  within  any  circle  of  radius  },  d  cannot  differ 
by  so  much  as  the  amount  D.  If,  then,  the  circuit  is  so  small 
that  it  may  be  inclosed  within  such  a  circle,  there  is  no  possi- 
bility of  passing  from  one  value  of  /  to  another  when  the  circuit 
is  described  and  /  must  return  to  its  initial  value.  Next  let 
there  be  given  any  circuit  such  that  the  value  of  /  starting  from 
a  gjven  value /(x,  y)  returns  to  that  value  when  the  circuit  has 
befen  completely  described.  Suppose  that  a  modification  were 
introduced  in  the  circuit  by  enlarging  or  diminishing  the  inclosed  area  by  a  small 
area  lying  wholly  within  a  circle  of  radius  .J  5.  Consider  the  circnit  A  BCDE A  and 
the  modified  circuit  ABC'DEA.  As  these  circuits  coincide  except  for  the  arcs  BCL> 
and  BCD,  it  is  only  necessary  to  show  that/  takes  on  the  same  value  at  D  whether 
D  is  reached  from  B  by  the  way  of  C  or  by  the  way  of  C  But  this  is  necessarily 
so  for  the  reason  that  both  arcs  are  within  a  circle  of  radius  J  5. 
Then  the  value  of  /  must  still  return  to  its  initial  value  /(x,  y) 
when  the  modified  circuit  is  described.  Now  to  complete  the 
proof  of  the  theorem,  it  suffices  to  note  that  any  circuit  which 
can  be  shrunk  to  nothing  can  be  made  up  by  piecing  together  a 
number  of  small  circuits  as  shown  in  the  figure.  Then  a.s  the 
change  in /around  any  one  of  the  small  circuits  is  zero,-  the  change  must  be  zero 
around  2,  3,  4,  ■  •  •  adjacent  circuits,  and  thus  finally  around  the  complete  large 
circuit. 

ReditcUnlity  of  circuits.  If  a  circuit  can  be  shrunk  away  to  nothing,  it  is  said  to 
be  reducible ;  if  it  cannot,  it  is  said  to  be  irreducible.  In  a  simply  connected  region 
all  circuits  are  reducible  ;  in  a  multiply  connected  region  there  are  an  infinity  of 
irreducible  circuits.  Two  circuits  are  said  to  be  equivalent  or  reducible  to  each 
other  when  either  can  be  expanded  or  shrunk  into  the  other.  The  change  in  the 
value  of /on  passing  around  two  equivalent  circuits  from  A  to  A 
is  the  same,  provided  the  circuits  are  described  in  the  same  direc- 
tion. For  consider  the  figure  and  the  equivalent  circuits  AC  A 
and  AC  A  described  as  indicated  by  the  large  arrows.  It  is  clear 
that  either  may  be  modified  littlo  by  little,  as  indicated  in  the 
proof  above,  until  it  has  been  changed  into  the  other.  Hence  the 
change  in  the  value  of  /  around  the  two  circuits  is  the  same.  Or,  as  another  proof, 
it  may  be  observed  that  the  combined  circuit  AC  AC  A,  where  the  second  is 
described  as  indicated  by  the  small  arrows,  may  be  regarded  as  a  reducible  circuit 
which  touches  itself  at  A.  Then  the  change  of  /  around  the  circuit  is  zero  and  / 
must  lose  as  much  on  passing  from  .1  to  A  by  C  as  it  gains  in  passing  from  A  to 
A  by  C.  Hence  on  passing  from  A  to  .1  by  C  in  the  direction  of  the  large  arrows 
the  gain  in  /  must  be  the  same  as  on  passing  by  C. 

It  is  now  possible  to  see  that  any  rircuit  ABC  may  be  reduced,  to  circuits  around 
the  portions  cut  out  of  the  region  combined  with  lines  going  to  and  from  A  and  the 
boundaries.    The  figure  shows  this;   for  the  circuit  ABCBADC'DA  is  clearly 
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reducible  to  the  circuit  AC  A.  It  must  not  be  forgotten  that  although  the  lines  AB 
and  BA  coincide,  the  values  of  the  function  are  not  necessarily  the  same  on  AB 
as  on  BA  but  differ  by  the  amount  of  change  introduced  in 
/  on  passing  around  the  irreducible  circuit  BC'B.  One  of  the 
cases  which  arises  most  frequently  in  practice  is  that  in 
which  the  successive  branches  of  f(x,  y)  differ  by  a  constant 
amount  as  in  the  case  z  =  tan-  ^  (y/x)  where  2  ir  is  the  differ- 
ence between  successive  values  of  z  for  the  same  values  of  the 

variables.  If  now  a  circuit  such  as  ABG'BA  be  considered,  where  it  is  imagined 
that  the  origin  lies  within  BC'B,  it  is  clear  that  the  values  of  z  along  AB  and 
along  BA  differ  by  2  ir,  anil  whatever  z  gains  on  passing  from  A  to 
B  will  be  lost  on  passing  from  B  to  ^1,  although  the  values  through 
which  z  changes  will  be  different  in  the  two  cases  by  the  amount 
2ir.  Hence  the  circuit  ABC'BA  gives  the  same  changes  for  z  as 
the  simpler  circuit  BC'B.  In  other  words  the  result  is  obtained 
that  if  the  different  values  of  a  multiple  valued  function  for  the  same 
values  of  the  variables  differ  by  a  constant  independent  of  the  values  of 
the  variaJ)l€S,  any  circuit  may  be  reduced  to  circuits  about  tlie  bound- 
aries of  tlie  portions  removed ;  in  this  case  the  lines  going  from  the  point  ^1  to  the 
boundaries  and  back  may  be  discarded. 


EXERCISES 
1.  Draw  the  contour  lines  and  sketch  the  surfaces  corresponding  to 


(a)  Z: 


z  (0,  0)  =  0, 


(/3)  z  =  ■ 


z(0,  0)  =  0. 


x—y  x+y 

Note  that  here  and  in  the  text  only  one  of  the  contour  lines  passes  through  the 
origin  although  an  infinite  number  have  it  as  a  frontier  point  between  two  parts 
of  the  same  contour  line.   Discuss  the  double  limits  lim  lim  z,  lini  lini  z. 

x  =  o  y  =  0        y  =  0  x=0 

2.  Draw  the  contour  lines  and  sketch  the  surfaces  corresponding  to 


(a)  z  = 


x"-  +  y--l 


(/3)  -z  = 


y- 


(7)    Z: 


3-2  +  22,2-1 


2  J/  "  '   "       x'  '"  2x2  +  2/^-1 

Examine  particularly  the  behavior  of  the  function  in  the  neighborhood  of  the 
apparent  points  of  intersection  of  different  contour  lines.    Why  apparent  ? 

3.  State  and  prove  for  functions  of  two  independent  variables  the  generaliza- 
tions of  Theorems  6-11  of  Chap.  II.  Note  that  the  theorem  on  uniformity  is  proved 
for  two  variables  by  the  application  of  Ex.  9,  p.  40,  in  almost  the  identical  manner 
as  for  the  case  of  one  variable. 

4 .  Outline  definitions  and  theorems  for  functions  of  three  variables.  In  partic- 
ular indicate  the  contour  surfaces  of  the  functions 


(or)  u  = 


x  +  y  +  2z 


(P)  u  = 


x^  +  y'  +  z- 


(7)  u  = 


xy 


x  —  y  —  z  ^  '  x  +  y  +  z  '"  z 

and  discuss  the  triple  limits  as  x,  y,  z  in  different  orders  approach  the  origin. 

5.  Let  z  =  P(x,  y)/Q{x,  y),  where  P  and  Q  are  polynomials,  be  a  rational  func- 
tion of  X  and  y.  Show  that  if  the  curves  P  =  0  and  Q  =  0  intersect  in  any  points, 
all  the  contour  lines  of  z  will  converge  toward  these  points  ;  and  conversely  show 
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that  if  two  different  contour  lines  of  z  apparently  cut  in  some  point,  all  the  contour 
lines  will  converge  toward  that  point,  P  and  Q  will  there  vanish,  and  z  will  be 
vmdefined. 

6.  If  1)  is  the  minimum  difference  between  different  values  of  a  nuiltiple  valued 
function,  as  in  the  text,  and  if  the  function  returns  to  its  initial  value  plus  V^l) 
when  P  describes  a  circuit,  show  that  it  will  return  to  its  initial  value  plus  D'^1) 
when  P  describes  the  new  circuit  formed  by  piecing  on  to  the  given  circuit  a  small 
rcpion  which  lies  within  a  circle  of  radius  J  S. 

7.  Study  the  functio]i  z  =  tan-i((//j),  noting  especially  the  relation  between 
contour  lines  and  the  surface.  To  eliminate  the  origin  at  which  the  finiction  is  not 
defined  draw  a  small  circle  about  the  point  (0,  0)  and  observe  that  the  region  of 
the  whole  xj/-plane  outside  this  circle  is  not  simply  oounecteil  but  may  be  made  so 
by  drawing  a  cut  from  the  circumference  off  to  an  intinite  distance.  Study  the 
variation  of  the  function  as  P  describes  various  circuits. 

8.  Study  the  contour  lines  and  the  surfaces  due  to  the  functions 

(a)  z  =  tan-ix(/,         (;8)  2  =  tan- ' ,         (7)  z  =  sin-^(x  —  ;/). 

1-r 

Cnt  out  the  points  where  the  functions  are  not  defined  and  follow  the  changes  in 
the  functions  about  such  circuits  as  indicated  in  the  figures  of  the  text.  How  may 
the  region  of  definition  be  made  simply  connected  ? 

9.  Consider  the  function  z  =  tan-  i(P/Q)  where  P  and  Q  are  polynomials  and 
where  the  curves  P  =  0  and  Q  =  0  intersect  in  n  points  (Oj,  6j),  (a^,  ftj),  •  ■  ■ ,  (a„,  6„) 
but  are  not  tangent  (the  polynomials  have  common  solutions  which  are  not  mul- 
tiple roots).  Show  that  the  value  of  the  function  will  change  by  2fc7r  if  (x,  y) 
describes  a  circuit  which  includes  k  of  the  points.  Illustrate  by  taking  for  P/Q 
the  fractions  in  Ex.  2. 

10.  Consider  regions  or  volumes  in  space.  Show  that  there  are  regions  in  which 
some  circuits  cannot  be  shrunk  away  to  nothing  ;  also  regions  in  which  all  circuits 
may  be  shrunk  away  but  not  all  closed  surfaces. 

46.  First  partial  derivatives.  Let  z  =  f(x,  y)  be  a  single  valued 
fuiiution,  or  one  branch  of  a  multiple  valued  function,  defined  for  {a,  h) 
and  for  all  points  in  the  neighborhood.  If  y  be  given  the  value  h, 
then  z  becomes  a  function  f{x,  h)  of  x  alone,  and  if  that  function  has  a 
derivative  for  x  =  a,  that  derivative  is  called  the  partial  dtrimtlve  of 
z  =f{x,  y)  with  respect  to  ./■  at  {n,  h).  Similarly,  if  x  is  held  fast  and 
equal  to  a  and  if /((?,  //)  has  a  derivative  when  ij  =  h,  that  derivative  is 
called  the  partial  derivative  of  z  with  respect  to  y  at  {a,  h).  To  obtain 
these  derivatives  formally  in  the  case  of  a  given  function  f{x,  y)  it  is 
merely  necessary  to  differentiate  the  function  by  the  ordinary  rules, 
treating  y  as  a  constant  when  finding  the  derivative  with  respect  to  x 
and  X  as  a  constant  for  the  derivative  with  respect  to  //.    Notations  are 

1  =  1=-^- ^-^-^^-^'^  ^^  =  (11 
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for  the  a--derivative  with  similar  ones  for  the  y-derivative.  The  partial 
derivatives  ai-e  the  limits  of  the  quotients 

provided  those  limits  exist.  The  application  of  the  Theorem  of  the 
Mean  to  the  functions  f(x,  b)  and  f{a,  y)  gives 

f{a  +  h,h)-.t\a,b)  =  hf:{a  +  e^h,h),     0  <  6,  <  1, 

f(a,  h  +  k)-  f(a,  b)  =  kf;  {a,  b  +  e,k),     0  <  6.,  <  1,  ^'  ' 

under  the  proper  but  evident  restrictions  (see  §  26). 

Two  comments  maj'  be  made.  First,  some  writers  denote  the  partial  derivatives 
by  the  same  symbols  dz/dx  and  dz/dy  as  if  2  were  a  fimction  of  only  one  variable 
and  were  differentiated  with  respect  to  that  variable  ;  and  if  they  desire  especially 
to  call  attention  to  the  other  variables  which  are  held  constant,  they  affix  them  a.s 
subscripts  as  shown  in  the  last  symbol  given  (p.  93).  This  notation  is  particularly 
prevalent  in  thermodynamics.  As  a  matter  of  fact,  it  would  probably  be  impos- 
sible to  devise  a  simple  notation  for  partial  derivatives  which  should  be  satisfac- 
tory for  all  purposes.  The  only  safe  rule  to  adopt  is  to  use  a  notation  which  !.<; 
sufficiently  explicit  for  the  purposes  in  hand,  and  at  all  times  to  pay  careful  atten- 
tion to  what  the  derivative  actually  means  in  each  case.  Second,  it  should  be  noted 
that  for  points  on  the  boundary  of  the  region  of  definition  of  /(x,  y)  there  may  be 
merely  right-hand  or  left-hand  partial  derivatives  or  i)erhaps  none  at  all.  For  it 
is  necessary  that  the  lines  y  =  b  and  x  =  a  cut  into  the  region  on  one  side  or  the 
other  in  the  neighborhood  of  (o,  6)  if  there  is  to  be  a  derivative  even  one-sided : 
and  at  a  comer  of  the  boundary  it  may  happen  that  neither  of  these  lines  cuts 
into  the  region. 

Theoeem.  If  f(x,  y)  ^nd  its  derivatives  /^  and  _/j,'  are  continuous  func- 
tions of  {x,  y)  in  the  neighborhood  of  (a,  b),  the  increment  A/  may  be 
written  in  any  of  the  three  forms 

^f  =  f{a  +  h,b  +  k)-f{a,b) 

=  hf:{a  +  eji,  b)  +  kf,(a  +  h,  b  +  e,k) 

=  hf^a  +  eh,  b  +  Ok)  +  kf;(a  +  0h,b  +  Ok)  ^  > 

=  hf:{a,  b)  +  A-/,(«,  b)  +  ^/i  +  C/, 

where  the  6's  are  proper  fractions,  the  f's  infinitesimals. 

To  prove  the  first  form,  add  and  subtract /(o  +  h,h);  then 

A/=  [/(a  -1-  A,  6)  -/(a,  6)]  +  [/(a  +  ft,  6  -|-  fc)  _ /(a  +  ft,  h)] 
=  hf^  (a  -1-  ^jft,  6)  -1-  fc/;  (a  -(-  ft,  -i  -I-  B^k) 

by  the  application  of  the  Theorem  of  the  Mean  for  functions  of  a  single  variable 
(§§  7,  26).  The  application  may  be  made  because  the  function  is  continuous  and 
the  indicated  derivatives  exist.  Now  if  the  derivatives  are  also  continuous,  they 
may  be  expressed  as 

/;  (a  -1-  e^h,  b)  =  /;  (a,  b)  -i-  j-,,     /;  (o  +  ft,  6  +  e^k)  =  /;  {n.  i)  +  f„ 
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where  f„  ^^  may  be  made  as  small  as  desired  by  taking  h  and  k  sufficiently  small. 
Hence  the  third  form  follows  from  the  first.  The  second  form,  which  is  symmetric 
ill  the  increments  h,  k,  may  be  obtained  by  writing  x  =  n  +  th  and  ij  zzb  +  tk. 
Then/(j,  y)  =  *(<).  As /is  continuous  in  (i,  y),  the  function  *  is  continuous  in  t 
and  its  increment  is 


A*=/(o  +  «  + AiA,  6  +  «  + Aifc)-/(n  +  th,  b  +  tk). 
This  may  be  regarded  as  the  increment  of  /  taken  from  the  point  {x,  y)  with  At  ■  h 
and  At  •  k  as  increments  in  x  and  y.    Hence  A*  may  be  written  as 

A*  =  At  •  A/;  (a  +  lh,b  +  tk)  +  Af  ■  kf^.(a  +  th,  b  +  tk)  +  f , A(    /j  +  f^At  •  k. 
Now  if  A*  be  divided  by  At  and  At  be  allowed  to  approach  zero,  it  is  seen  that 

liin  —  =  A/; (a  +  th,b  +  tk)  +  t/'  (a  +  th,  b  +  Ik)  =  ~ . 
At  "  dt 

The  Theorem  of  the  Mean  may  now  be  applied  to  *  to  give  *  (1)  —  *  (0)  =  1  •  <^'{9), 
and  hence 

*  (1)  -  *  (0)  =f{a  +h,b  +  k)  -f(a,  b) 

=  A/  =  A/;  {a  +  0h,b  +  0k)  +  kf^  (a  +  9h,  b+Ok). 

47.    Tha  2)(irtial  differentials  of /may  be  defined  as 


d^f  =  /xAa-,     so  that     da-  =  A./',         ~—  =  -^  , 

(Ij:        cx 

'Jyf^f'v^y,     so  that     dy  =  Ai/,         '-"■-  =  ^ , 


(5) 


where  the  indices  a-  and  y  introduced  in  dj'  and  d^f  indicate  that  x  and 
IJ  respectively  are  alone  allowed  to  vary  in  forming  the  corresponding 
partial  diiferentials.    The  total  differential 

•Jf  =  dj  +  dj  ='fdx  +  f-  d,j,  (fi) 

Vd  V  If 

which  is  the  sum  of  the  partial  differentials,  may  l)e  defined  as  that 
sum ;  but  it  is  better  defined  as  that  part  of  the  increment 

df  cf 

Af  =  ^  A.r  +  f^  Ay  +  f  ,A./'  +  ^^A//  (7) 

which  is"  obtained  by  neglecting  the  terms  ^,A.<'  +  ^^Ai/,  which  are  of 
higher  order  than  Az  and  Ay.  The  total  differential  may  therefore  be 
computed  by  finding  the  partial  derivatives,  multi])lying  them  resi)ec- 
tively  by  dx  and  di/,  and  adding. 

The  total  differential  of  «  =  f(x,  y)  may  be  formed  for  (j,,,  y^  as 

where  the  values  x  —  x^  and  y  —  y„  are  given  to  the  independent  differ- 
entials dx  and  dy,  and  df  =  dz  is  written  as  s  —  z^.    This,  however,  is 
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the  equation  of  a  plane  since  x  and  y  are  independent.  The  difference 
A/— rf/"  which  measures  the  distance  from  the  plane  to  the  surface 
along  a  parallel  to  the  rj-axis  is  of  higher  order  than  VXa^+Ap ;  for 


\f-<[f 


Va^M-aP 


^,A..'  +  t,A// 


<  1^,1 +  1^.1^0- 


VAa--  +  \if 

Hence  the  plane  (8)  will  be  defined  as  the  tum/ent  plane  at  (.t„,  //„, 
to  the  surface  ;;;  =f{x,  .'/)■    The  normal  to  the  plane  is 


.^„) 


(f*) 


which  will  be  defined  as  the  iinrmal  to  the  surface  at  (.r^,  i/^,  j„).  The 
tangent  plane  will  cut  the  planes  y  =  ij^  and  ■•■  =  .t^  in  lines  of  which 
the  slope  is  /;'„  and  f^^^.  The  surface  will  cut  these  planes  in  curves 
which  are  tangent  to  the  lines. 

In  the  figure,  I'QSli  is  a  portion  of  the 

surface  x  =f(.r,  ij)  and  PT'TT"  is  a  cor- 

'  responding  portion  of  its  tangent  plane 

at  P(x^,  ij^,  .-.•^).    Xow  the  various  values 

may  be  read  off. 

P'q  =  A,/, 
P'7"  =  ,1J, 

P"R  =  \f, 
P"T"  =  ,/J, 

ys  =  A/, 

,V'T=,lf=:d,f+i!J. 

48.  If  the  variables  ./■  and  i/  are  expressed  as  a-  =  <(>(t)  and  y  =  ^(t) 
so  that  /'(.r,  y)  becomes  a  function  of  t,  the  derivative  of  /'  with  respect 
to  t  is  found  from  the  exjDression  for  the  increment  of/'. 


PP'  =  Xr, 

p'r'ipp'=f„ 

PP"  =  Xy, 

p"r'/pp"  =/;;, 

P'T'  4-  P"T"  =  N'T, 


Xt       dx  At      dy  At       ^'  \t      ^^  At 

,.      Af      elf      dfdx   ,   dfdii 

Inn  — =—  =  -^  =  T. — r  +  ^^ — r' 
M  =  o  At        at       Cx  at       oy  at 


(10) 


The  conclusion  recjuires  that  x  and  y  should  have  finite  derivatives  with 
respect  to  f.    The  differential  of  /  as  a  function  of  t  is 


dt  tix  dt 


^'hLat  =  'nix^fdy  (11; 

cy  dt  C.I-  Cy  ^      ' 


and  hence  it  appears  that  the  differential  has  the  same  f unit,  as  the  total 
differential.    This  result  will  be  generalized  later. 


c*  ^c 
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As  a  particular  case  of  (10)  suppose  that  x  and  y  are  so  related  that 
the  point  («,  y)  moves  along  a  line  inclined  at  an  angle  t  to  the  x-axis. 
If  A-  denote  distance  along  the  line,  then 

*■  =  »'o  +  *'  cos  T,     y  =  y^-\-s  sin  T,     dx  =  cos  Tih,    dy  =  sin  rds   (12) 
T  (//'       df  dx      df  dii        „  ,    . 

The  derivative  (13)  is  called  the  directlonnl  dei-iniflre  of  /  in  the  direc- 
tion of  the  line.  The  partial  derivatives  f^,  f,j  are  the  particular  direc- 
tional derivatives  along  the  directions  of  the  a-axis  and  y-axis.  The 
directional  derivative  of  /  in  any  direction  is  the  rate  of  increase  of 
/  along  that  direction  ;  if  s  =  f(x,  y)  be  inter- 
preted as  a  surface,  the  directional  derivative  is 
the  slope  of  the  curve  in  which  a  plane  through 
the  line  (12)  and  perpendicular  to  the  a-y-plane 
cuts  the  surface.  If  f{x,  y)  be  represented  by 
its  contour  lines,  the  derivative  at  a  point  - 
(x,  ?/)  in  any  direction  is  the  limit  of  the  ratio 
A// As  =  AC /As  of  the  increase  of  /,  from  one  contour  line  to  a  neigh- 
boring one,  to  the  distance  between  the  lines  in  that  direction.  It  is 
therefore  evident  that  the  derivative  along  any  contour  line  is  zero  and 
that  the  derivative  along  the  normal  to  the  contour  line  is  greater  than 
in  any  other  direction  because  the  element  dn  of  the  normal  is  less  than 
ds  in  any  other  direction.    In  fact,  apart  from  infinitesimals  of  higher 

'''^^''  An  Af      Af  df      df 

_  =  cos^,     ^  =  ^cos^,     ^  =  ,-^cosf  (14) 

Hence  it  is  seen  that  the  derivative  along  any  direction  may  he  found 
hy  multiplying  the  derivative  along  the  normal  by  the  cosine  of  the  angle 
between  that  direction  and  the  normal.  The  derivative  along  the  normal 
to  a  contour  line  is  called  the  normal  derivative  of  /  and  is,  of  course, 
a  function  of  (x,  y). 

49.  Next  suppose  that  u  =/(x,  y,  z,  •  ■  ■)  is  a  function  of  any  number 
of  variables.  The  reasoning  of  the  foregoing  paragraphs  may  be 
repeated  without  change  except  for  the  additional  number  of  variables. 
The  increment  of/  will  take  any  of  the  forms 

Af  =  f(a  +  h,  b  +  /.-,  r  -I-  /,  •  •  •)  -/(«,  b,  ,;  ■  •  ■) 

=  hf'A"  +  e^h, b,  r,...)  +  icf;(a  +  //, b -f- e,k, >;  ■  ■ .) 

+  /f:(a  +  h,b  +  k,r  +  ej,  ■■■)+■■■ 
=  [A/i'  "I"  hfii  +  ^/"z  +  ■  ■  '^a  +  eh.i,  +  eic,i-  +  ei,... 

=  kn  +  kf":,  +  {/■;  +  •■•  +  ^/'  + 1,^  +  Q  +  •  ■•• 
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and  the  total  differential  will  naturally  be  defined  as 

and  finally  ii  x,  y,  z,  ■  ■■  he  functions  of  t,  it  follows  that 

^_cfdx      dfdy      df±  .J-. 

dt  "  dx  dt  ^  dij  dt  '^  dzdt^  "•     ' 

and  the  differential  of /as  a  function  of  t  is  still  (16). 

If  the  variables  x,  y,z,  ■■■  were  expressed  in  terms  of  several  new 
variables  r,s,--,  the  function  /  would  become  a  function  of  those  vari- 
ables. To  find  the  partial  derivative  of ,/"  with  respect  to  one  of  those 
variables,  say  r,  the  remaining  ones,  .s,  •  •  • ,  would  be  lield  constant  and^ 
/  would  for  the  moment  become  a  function  of  i-  alone,  and  so  would  .' , 
y,z,--.    Hence  (17)  may  be  applied  to  obtain  the  jjartial  derivatives 

^  ==  ^^  +  §/!^  +  SZ^fi  +  . . . 

dr       Cj- cr       CI/ or       dz  or  '  ^_ 

df       df  ex   ,    cf  on  ^  df  dz 
and  ^  =  ^— +  7^T^+  "— H ,  etc. 

OS  ex  OS  ClJ  O.-i  CZ   OS 

These  are  the  formulas  for  chnnr/e,  of  cai-iabh  analogous  to  (4)  of  §  2. 
It  these  equations  be  multiplied  by  Ac,  A,s,  •  ■■  and  added, 

df  df  of  (ex  ox  \      of  Idij  \  , 

^Ar  +  -f  As +  ---  =  f^— A/' +  -A.S +  ■■■)  +  /-   T=^Ar +••■+■•■, 
Or  OS  ox\or  OS  /      oy\cr  / 

,  „      df  ,    ^  df  J     ,   df 
or  df=  -7—  dx  +  ^  dii  +  ^:—  dz  +  ■  ■  ■ ; 

•'         ox  ClJ     •'         oz 

for  when  r,  s,  •  •  ■  are  the  independent  variables,  the  parentlieses  above 
are  dx,  dy,  dz,  ■  ■  ■  and  tlie  expression  on  the  left  is  df. 

Theorem.  The  expression  of  the  total  differential  of  a  function  of 
X,  y,  z,  ■■■  zs  df  =  f^dx  +  /)////  +f^'lz  +  ■■■  is  the  same  whether  x,  y, 
z,  ■  ■  ■  are  the  independent  variables  or  functions  of  other  independent 
variables  ;•,  .s,  •  •  • ;  it  being  assumed  that  all  the  derivatives  which  occur, 
whether  of  /  by  x,  y,  z,  ■■  ■  or  of  x,  y,  z,  ■  ■  ■  by  ;•,  .•<■,  •■  ■ ,  are  continuous 
functions. 

By  the  same  reasoning  or  by  virtue  of  this  theorem  the  rules 

d(ciC)  =  rdv,     d(ii  -\-  v  —  «■)  =  dii  -\-  dr  —  dir, 

7,7         j/"\      ''(/»  —  udi'  (19) 

d (uv)  =  udv  -f  vdii,     d[-\= ^ ' 


of  the  differential  calculus  will  apply  to  calculate  the  total  differential 
of  combinations  or  functions  of  several  variables.  If  by  this  means,  or 
any  other,  there  is  obtained  an  expression 
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df=  R{r,  s,  t,  ■  ■  ■)(/,■  +  S{r,-s,  f,-)ds+  T(r,  s,  t,  ■  ■  ■)dt  +  ■  ■  ■    (20) 

for  the  total  differential  in  which  /•,  s,  f,  ■  ■■  are  independent  variables, 
the  (Xieffieients  H,  S,  '/',  ■  ■  ■  are  the  derivatives 

df  df  df 

Or  OS  of  ^ 

For  ill  the  equation  <//=  itdr+ Sd.i+'rdt-\ =f'^dr+t",d^+f,dt-\ , 

the  variables  /•,  ,<,  ^  ,  being  independent,  may  be  assigned  increments 
absolutely  at  pleasure  and  if  the  particular  choice  rfr  =  1,  rfs  =  (/f  =  •  ■  •  =  0, 
be  made,  it  follows  that  E  =./).';  and  so  on.  The  single  equation  (20)  is 
thus  equivalent  to  the  equations  (21)  in  number  equal  to  the  number  of 
the  independent  variables. 

As  WW  example,  consider  the  onse  nf  the  function  tan- '  (y/J).   By  the  rules  (19), 

d  tan-  >  ^  =     '^(^/•^^     =  dy/i-ydt/i-  _  xdy  -  ydx 
X      Wiy/iT-         l  +  (y/j-)-'  x'^W'^ 

Then  -  tan- '  ^  = ^'—  .         —  tan-  '  ^  -  — -^ ,         by  (20)-(21). 

?J  I  S-  +   {(-  CIJ  X         J-  +  )/2 

If  y  and  i  were  expressed  as  j/  =  sinh  rsi  and  x  =  cosh  nt^  then 

_yV  _  xthj  —  ydi  _  \hiidr  +  riAn  +  rsif] [cosh^rst  —  sinh^rst] 
X         I-  -^  y-  cosh-r.st  +  sinh^rst 

if  xt  ?/■  rt  cf  rs 


and 


?r      cosh  2  r.it  ex      oosh  2  rst  H       cosh  2  rst 


EXERCISES 

1.  Find  the  partial  derivatives/,',  /^'  or/^',  /^',  //  of  these  functions  : 
(a)  log(j-2  +  j/2),  (j3)  (■'cosj^sinz,  (7)  j- +  .Sjj^  +  y', 

(«)  F+i;-  ('^  ea^r;?'       •  (f)  lop;(sinj-  +  .sin2y  +  sinS2), 

(,)  sin-'^,  W  -:.-l  (.)  tanh->V2(^4^^f±^y- 

"■  "  J  ^  '  X  \x-  +  y^  +  z'/ 

2.  Apply  the  definition  (2)  directly  to  the  followinji  to  find  the  partial  deriva- 
tives at  the  indicated  points : 

(a)  -^^  at  (1,  1),  (/3)  j-=  +  Sxy  +  y'  at  (0,  0),  and  (7)  at  (1,  1), 

(S)  ^  ~^  at  (0,  0);  also  try  differentiating  and  substitutinj;  (0,  0). 
^  '  x  +  y 

3.  Find  the  partial  derivatives  and  hence  the  total  differential  of  : 

la)  ; .  (|8)  X  10,5  yz,  (7)  v  "-  -J-  -  y; 

'■■  +  •"'-  ,  /       T  \ 

(8)  e-^sinj/,  (t)  e^'sinhx?/,  (f)  logtan/x  + -j/l. 


iv) 


©'■  <«)'Fil'  O-CilW'  +  f)- 
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4.  Find  the  general  equations  of  tlie  tangent  plane  and  normal  line  to  these 
surfaces  and  find  the  equations  of  the  plane  and  line  for  the  indicated  (j;^.  Va)  ■ 

(a)  the  helicoid  z  =  t  tan- '  (i/A),  (li  0),  (1,  -  1),  (0,  1). 

O)  the  paraboloid  ipz  =  (x-  +  y-),  (0,  p),  (2p,  0),  (p,  -  p). 

(7)  the  hemisphere  z  =  Vn-  -  x-  -  ?/2,        (0,  -  J  a),  (J  «,  i  «),  (J  \  a  u,  0), 

(8)  the  cubic  xyz  =  1,  (1,  1,  1),  (-  2.  -  h  4),  (4,  i,  ^)- 

5.  Find  the  derivative  with  respect  to  t  in  these  cases  by  (10) : 

(a)  f=x"  +  y-,x  =  a  cos  t,y  =  ham  t,     (/3)  tan- 1  -» /| ,  y  =  cosh  «,  i  =  sinli  t, 
(y)  !im-'^(x-y),x  =  St,y  =  41^,  (S)  cos2xy,  x  =  tan-'^t,  y  =  isol-^l. 

6.  Find  the  directional  derivative  in  the  direction  indicated  and  obtain  its 
numerical  value  at  the  points  indicated :  / 

(a)  xh/,  T  =  45°,  (1,  2),  (/3)  sin^xy,  r  =  60°,  (vf,  -  2). 

7.  (a)  Determine  the  maximum' value  of  df/ds  from  (13)  by  regarding  t  as 

variable  and  applying  the  ordinai-y  rules.   Show  that  the  direction  that  gives  the 

maximum  is  ,  rrri^Z^^ — tttt:; 

r  =  tan-  ^  4,       and  then        ^  =  J  '/)' +  (l^Y- 
/;  dn       \\cxj      \cyj 

ifi)  Show  that  the  sum  of  the  squares  of  the  derivatives  along  any  two  perpen- 
dicular directions  is  the  same  and  is  the  square  of  the  normal  derivative. 


8.  Show  that  (/;  +  y'fy) /VT+y^  and  {f^y'  -Qj-^l  +  V'-  are  the  deriva- 
tives of /along  the  curve  y  =  (f>{x)  and  normal  to  the  curve. 

9.  If  df/dn  is  defined  by  the  work  of  Ex.  7  (a),  prove  (14)  as  a  consequence. 

10.  Apply  the  fornnilas  for  the  change  of  variable  to  the  following  cases : 
(a)  r  =  Vx-  -I-  1/2,  <)•  =  tan- 1  - . 

(/3)  X  =  r  cos  0,  2/  =  r  sin  0. 

(7)  x  =  2r  —  Z!i+',2j=—r  +  i 

r  x  =  i' cos  a  —  ?/' sin  a, 
l_2/ =  a;  sni  a  +  !/  c(js  a. 

(f)  Prove  ^  +  ^  =  0     if    f(u,v)=f(x-y,y-x). 
ex      cy 

(f)  Let  X  =  ax'  -\-  Ijy'  +  cz\  y  =  a'x'  -|-  b'y'  +  c'z\  z  =  a"x'  -f-  h"y'  -|-  c"z\  where 

a,  h,  c,  «',  //,  c',  a",  i",  c"  are  the  direction  cosines  of  new  rectangular  axes  with 

respect  to  the  old.  This  transformation  is  called  an  orthoyonal  Iransformaliim.  Show 

©"-©'-©■=  (If  ©*-©■=©■ 

11.  Define  directional  derivative  in  space  ;  also  normal  derivative  and  estab- 
lish (14)  for  this  ca.se.    Find  the  normal  derivative  of /=  xyz  at  (1,  2,  3). 

12.  Find  the  total  differeiitial  and  hence  the  partial  derivatives  in  F,xs.  1,  ."5,  and 
(a)  \o'^(x-  +  y' +  z:-),  (P)  y/x,  {y)  x^ye^r,  (d)  xyz\oiixyz, 


Find 
Find 

ex     dy      Wcx/       \cyl 
cr'  c(p'  \cr'        r-\d<p, 

9.    Find 

~  =  4x  +  2y  if  u  =  x"--y'^. 

Show 

\dx/      \cy/       \cx'}      XZy'l 
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(c)  u  =  x-  —  v^  z  =  rcoss(,  ij  =  ssin  rt.  Find  ri(/f  c.  ?»/'■<.  (ii/<l. 

(f)  "  =  i//-'',  -r  =  M.'(is0,siii^,  (/  =  /■  sill  0 sill  ^.      Kiiiil  »,.',  H  '   »^. 
(t))  !(  =  ("•',  J-  =  1.IJ.V)--  +  «-,  (/  =  taii-'(.v/r).       Find  h,.',  »;. 

13.  If  -  =  _-  and  —  =  -    ■' ,  show  —  =  -  ^  and  -1- =-SL  a  r,  d,  are  polar 

c-i:       c!/  cy  ex  cr       r  c0  c  f"0  cr 

coordinates  and/,  </  are  any  two  functions. 

14.  If  p(i,  y,  z,  t)  is  the  pressure  in  a  fluid,  or  p{x,  y,  z, «)  is  the  density,  depend- 
ing on  the  position  in  the  fluid  and  on  the  time,  and  if  »,  i,  w  are  tlie  velocities  of 
the  particles  of  the  fluid  along  the  axes, 

^P      .,  ^  ,   „^   ,       ^  ,  rp  .dp         CO         to         cb      Sp 

<u         ex         cy  cz       ct  dt         ex         <y  ez       dt 

Explain  the  meaning  of  each  derivative  and  prove  the  formula. 

15.  If  z  =  ij^,  interpret  z  as  the  area  of  a  rectangle  and  mark  (Z^^,  A^z,  Az  on  the 
figure.    Consider  likewise  u  =  xyz  as  the  volume  of  a  rectangular  parallelepiped. 

16.  Small  errors.  If  /(i,  y)  be  a  quantity  determined  by  measurements  on  x 
and  y,  the  error  in  /  due  to  small  errors  etc,  dy  in  a;  and  y  may  be  estimated  a.s 
df  =  f^dx+f^dy  and  the  relative  error  may  be  taken  as  d/-^/=d log/.  Why 
is  this  ? 

(a)  Suppose  S  =  J  a6  sin  C  be  the  area  of  a  triangle  with  a  =  10,  6  =  20,  C  =  30°. 
Find  the  error  and  the  relative  error  if  a  is  subject  to  an  error  of  0.1.  Arv<.  0.5, 1%. 

(p)  In  (rt)  suppose  C  were  liable  to  an  error  of  10'  of  arc.  Ans.  0.27,  |%. 

(7)  If  a,  b,  C  are  liable  to  errors  of.  1%,  the  combined  error  in  .S  may  be  3.1%. 

(S)  The  radius  r  of  a  capillary  tube  is  determined  from  13.0 wr^i  =  ui  by  find- 
ing the  weight  i«  of  a  column  of  mercury  of  length  I.  If  w  =  1  gram  with  an  error 
of  10-3  gr.  and  I  =  10  cm.  with  an  error  of  0.2  cm.,  determine  the  possible  error 
and  relative  error  in  r.  4.ns.  1.2%,  6  x  lO-*,  mostly  due  to  error  in  I. 

(c)  The  formula  c-^  =  a^  -)-  ii^  —  2  oft  cos  C  is  used  to  determine  c  where  a  =  20, 
6  =  20,  C  =  60°  with  possible  errors  of  0.1  in  a  and  6  and  30'  in  C.  Find  the  possible 
absolute  and  relative  errors  inc.  Ana.  J,  1J%. 

(f)  The  possible  percentage  error  of  a  product  is  the  sum  of  the  percentage 
errors  of  the  factors. 

(1;)  The  constant  g  of  gravity  is  determined  from  g  =  2st-^  hy  observing  a  body 
fall.  If  s  is  set  at  4  ft.  and  t  determined  at  about  J  sec,  show  that  the  error  in  r/ 
is  almost  wholly  due  to  the  error  in  t,  that  is,  that  s  can  be  set  very  much  more 
accurately  than  t  can  be  determined.  For  example,  find  the  error  in  t  which  would 
make  the  .same  error  in  g  as  an  error  of  |  inch  in  s. 

(0)  The  constant  g  is  determined  by  gt-  =  ir^l  with  a  pendulum  of  length  I  and 
period  t.  Suppo.se  t  is  determined  by  taking  the  time  100  sec.  of  100  beats  of  the 
pendulum  with  a  stop  watch  that  measures  to  \  sec.  and  that  I  may  be  mea.sured 
as  100  cm.  accurate  to  \  iiiilliineter.    Discuss  the  errore  in  ;/. 

17.  Let  the  coordinate  i  of  a  particle  be  x  =f{(/^,  (/..)  and  depend  on  two  inde- 
pendent variables  7,,  q„.    Show  that  the  velocity  and  kinetic  energy  are 
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where  dots  denote  differentiation  by  t,  and  0,1,  0,2,  a^^  are  functions  of  {q„  q^). 

Show  _  =  _ ,  i  =  1,  2,  and  similarly  for  any  number  of  variables  q. 
Siii      eqi 

18.  The  helix  a  =  u  cos  (,  y  =  a  sin  t,  z  =  t  tan  a  cuts  the  sphere  x'^  +  y^  +  z^  = 
a^sec^/S  at  sin- ^  (sin  asin^). 

19.  Apply  the  Tlieoreni  of  the  Mean  to  prove  that /(j,  y,  z)  i.s  a  constant  if 
/J  =/'  =/^'  =  0  is  true  for  all  values  of  z,  y,  z.  Compare  Theorem  16  (§  27)  and 
make  the  statement  accurate. 


20.  Transform  ^  =  -Ji^rf)' +  (t-)' +  {~)  *^  («)  cylindrical  and  (/3)  polar 
coordinates  (§  40). 

21.  Find  tlie  anjile  of  intersection  of  the  helix  x  =  2 cost,  y  =  2.sini,  z  =  I  and 
the  surface  xyz  =  1  at  their  first  intersection,  that  is,  with  0  <  t  <  ^  ir. 

22.  Let/,  3,  h  be  three  functions  of  (x,  y,  z).  In  cylindrical  coordinates  (§  40) 
form  the  coniliination.s  F  =  fco&<t>  +  gsinc^,  G  =  — /sin0  +  gcos^,  H  =  li.  Tran.s- 

ex      ci/      cz  cy      Sz  dx      dy 

to  cylindrical  coordinates  and  express  in  terms  of  F,  G,  H  in  simplest  form. 

23.  Given  the  functions  y^  and  (z!')^  and  z^"^.  Find  the  total  differentials  and 
hence  obtain  the  derivatives  of  x^  and  (x^)^  and  i<^. 

50.  Derivatives  of  higher  order.  If  the  first  derivatives  te  again 
differentiated,  there  arise  four  derivatives  f^,  /^J^„  f^'^,  f'J^  of  the  second 
order,  where  the  first  subscript  denotes  the  first  differentiation.  These 
may  also  be  written 

■'"=  ~  c.r' '     ''^  ~  dydx  '     ■'"'  ~  dxdy '     ■^ ""  ~  bf ' 

where  the  derivative  of  cf/di/  with  respect  to  x  is  written  c^f/d.rci/ 
with  the  variables  in  the  same  order  as  required  in  D^D„f  and  opposite 
to  the  order  of  the  subscripts  in  /^^.  This  matter  of  order  is  usually  of 
no  importance  owing  to  the  theorem:  If  the,  deriuatives  f'^,  f'^  hare 
derivatlreK  _/'^j'„  f'^'j.  ir/ilt-h  are  cnntinitovs  in  (x,  y)  in  the  neiiilihorlKind 
of  any  ijnini   (.r^,  y^^   the   derirativex  f'^  and  /J^   are  equal,  that  is, 

The  theorem  may  be  proved  by  repeated  application  of  the  Theorem  of  the 
Mean.   For 

[f(H  +  K  yo  +  k)-f(x„,  y^  +  k)]-[f(x„  +  h,  Vo)-f(x„,  ?/„)]  =  [0(</„  +  t)-*too)] 
=  [/(x„  +h,y^+  t)-/(x„  +  h,  2/0)]- [/(X01  Vo  +  *:)-/(^o.  2'o)]  =  i't'i-^o  +  'O—AK)] 
where  <t,(y)  stands  for  f(x„  +  h,  y)-f(x„,  y)  and  f  (i)  for  f(x,  y„  +  k)  -f(x,  y^). 

Now 

<t>{V<,  +  k)  -  <p(y^)  =  k4,'(y„  +  dk)  =  *:[/„' (x„  +  h,y„+  Ok)  -/;(x„,  y^  +  Ok)-], 

<(>  (x„  +  ?i)-i,  (x„)  =  iir  (x„  +  e-h)  =  ft  [/;  (x„  +  e-h,  y^  +  k)-  /;  (i„  +  e-h,  ?/„)] 
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by  applying  the  Theorem  of  the  Mean  to  <p{y)  and  \fi(x)  regarded  as  functions  of  a 
single  variable  and  then  substituting.  The  results  obtained  are  necessarily  equal 
to  each  other  ;  but  each  of  these  is  in  form  for  another  application  of  the  theorem. 

k[fy(Xo  +  Kyo  +  6k)  -/;(j:„,  2/0  +  ^k)]  =  khf;^ix^  +  vK  y^  +  (?fc), 
Kf'A^o  +  S'K  Vo  +  k)  -^(Xo  +  6'K  Va)]  =  hkf^ifia  +  ^'K  Vo  +  v'k). 
Hence  /j;  (x^  +  vh.  y„  +  ffk)  =  /;,',  (x^  +  B'h,  y^,  +  r,'k) . 

As  the  derivatives  f^  /^  are  suppo.sed  to  exist  and  be  continuous  in  the  variables 
(i,  j^)  at  and  in  the  neighborhood  of  (jr„,  !/„),  the  limit  of  each  side  of  the  equation 
exists  as  A  =  0,  4  =  0  and  the  equation  is  true  in  the  limit.    Hence 

The  diffeientiation  of  tlie  tliree  derivatives  f2,,f','„  =  fiai  /!,',  ^^'ill  gi^^ 
six  derivatives  of  the  third  order.  Consider  f^.^',,  and  f^'j..  These  may 
be  written  as  (,0^  and  {/Di,'^  and  are  e(iual  by  the  theorem  just  proved 
(provided  the  restrictions  as  to  continuity  and  existence  are  satisfied). 
A  similar  conclusion  holds  for  f^','„  and  ./■,^,'„ ;  the  number  of  distinct 
derivatives  of  the  third  order  reduces  from  six  to  four,  just  as  the 
number  of  the  second  order  reduces  from  four  to  three.  In  like  manner 
for  derivatives  of  any  order,  tJn'  r((liie  <if  the  Jfi-iratire  chiicmht  not  on 
the  order  in  which  the  individual  differentiations  irith  respeet  to  a-  and 
y  are  performed,  but  onhj  on  the  total  number  of  differentiations  with 
respect  to  each,  and  the  result  may  be  written  with  the  differentiations 
collected  as  ^,„^    , 

o-Dif=^=.cr>^^^--  (22) 

Analogous  results  hold  for  functions  of  any  number  of  variables.  If 
several  derivatives  are  to  be  found  and  added  together,  a  symbolic 
form  of  writing  is  fre(iuently  advantageous.    For  example, 

or       (/>,  +  !>„):/■  =  (/>f  +  'i  i>AKj  +  i->t)f = .^^.r  +  2.r:;„  +  .c; 

51.  It  is  sometimes  necessary  to  rhawje  the  rarlable  in  higher  deriv- 
atives, particularly  in  those  of  the  second  order.  This  is  done  by  a 
repeated  application  of  (18).  Thus  /';;  would  be  found  by  difEerentiat- 
ing  the  first  equation  with  respect  to  ;•,  and  f^,  by  differentiating  the. 
fii-st  by  s  or  the  second  by  r,  and  so  on.  Compare  p.  12.  The  exercise 
below  illustrates  the  method.  It  may  be  remarked  that  the  use  of  higher 
differentiah  is  often  of  advantage,  although  these  differentials,  like  the 
higher  differentials  of  functions  of  a  single  variable  (Exs.  10,  16-19, 
p.  67),  have  the  disadvantage  that  their  form  depends  on  what  the 
independent  variables  are.  This  is  also  illustrated  below.  It  should  be 
particularly  borne  in  mind  that  the  great  value  of  the  first  differential 
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lies  in  the  facts  that  it  may  be  treated  like  a  finite  quantity  and  that 
its  form  is  independent  of  the  variables. 

To  change  the  variable  iin)^^  +  v^^  tn  polar  cuordi nates  and  show 

f '^D      c"-o  _  f-u      Idv       1  c^v  ( X  —  r  cos0,  y  =  r  sin  0, 

^^      dy"^"  Er'-      r&r      f^S<t>-'  ir  =  ^/x^  +  y^,    (p  =  ta.n- ^ {y / x) . 

Then  —  = + -<        —  = +  t- t^ 

dx      &r  dx      dipdx  dy      dr  cy      d<p  ay 

by  applying  (18)  directly  with  x,  y  taking  the  place  of  r,  s,  •  •  ■  and  )-,  0  the  place 
of  J-,  y,  /.,■■■ .   These  expressions  may  be  reduced  so  that 

cv      tv         X  cv     —  y     _  cv  X       cv  —  y 

ex.      cr  Vx^  +  y'^      ^^  ^'  +  y'      ''' '"      ''^   ''' 
ch  _  t  fv  _  c  cv    cr        c  cv    c<t> 
dx'      ex  (X      cr  cz    ex      S<p  dx    dx 

_  Vc'v X      dv  d  x        c'^v   —  y       cv  c  —  ylx 
LSr^  r      dr  dr  r      crd<p    r^        c<l>  dr   r'  J  r 

[cP-v  X      cv  d  X      Sh]  —  y      cv  c  —  y~i—  y 
difidr  r      cr  d(f>r       C(p^    r^        dip  d(p    r^  J   r^ 

The  differentiations  of  x/r  and  —  y/r^  may  be  performed  as  indicated  with  respect  to 
r,  0,  remembering  that,  as  r,  ip  are  independent,  the  derivative  of  r  by  0  is  0.   Then 

dH  _  x^  c-v      y^  cv        xy  cH  xy  dv      y^  dH 

dx^      f'-  cf'       r^  dr  -fi  drd<j>  r*  d<p       r*  c<p- 

In  like  manner  d'^-v/dy'  may  be  found,  and  the  sum  of  the  two  derivatives  reduces 
to  the  desired  expression.   This  method  is  long  and  tedious  though  straightforward. 
It  is  considerably  shorter  to  start  with  the  expression  in  polar  coordinates  and 
transform  by  the  same  method  to  the  one  in  rectangular  coordinates.   Thus 

CD      dvdx       dv  dy      dv  cv   .  1  idv  dv    \ 

—  = 1 =  —  COS0H sni  <t>  =  -[  —  X  ■\ u), 

dr      dxdr       dyer       dx  dy  r\cx         cy    J 

c  I  dv\      jdh)        ^  ,     S'^w     .      \     ,  /  cH  cH  .      \        dv  dv   . 

—  (''")  =  (t^'=°-^*  +  TT-sni0)x  +  r^^^cos0+  — -sni0|yH cos0+  —  sin0, 

cr\  crl      \dx^  dydx         /        \cxcfy  cy'         ]        dx  cy 


cy 

dm      dm  dx      dm  dy  dv      .  dv  dv         dv 

—  = 1 = r  sni  0  H r  cos  0  = y  -\ x, 

00      ex  d<p      cy  d(t>  dx  cy  ex         dy 

1  d'^v      Ic'v  .  e%  \         /       dH    .  d'v  \ 

-T-^,  =  (T^sin0 cosip)y  +  ( sin0  -\ cosrf)|x 

rd<t;'      \dx^  dydx  j         \     dxdy  cn/^  / 


ev  cv    . 

■  —  cos  0 sm  0. 

dx  cy 


Then  ^r^\  +  l'^^('^  +  'y\r 

dr\  dr}      rd4fi      \dx^      dy'/ 

S^v      dH      \  d  I  dv\       \  dH       d^v      1  dv       1  dH 

dx:'      dy-      rcr\  dr/      r^  d<p^      dr^      r  dr      r^  d^^  ^    ' 

The  definitions  d^f  =  f^dx\  d^„f  =  f;^dxdy,  d^f  =  f^'^dy^  would  naturally  be 
given  for  partial  differentials  of  the  second  order,  each  of  which  would  vanish  if  / 
reduced  to  either  of  the  independent  variables  i,  j/  or  to  any  linear  function  of 
them.    Thus  the  second  diSerentials  of  the  independent  variables  are  zero.    The 
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second  total  differential  would  be  obtained  by  differentiating  the  first  total  differ- 
ontial. 

(?■-/=.  ,M/=.  ,;('/,(/  +  '--d;/)  =;  (/'■'  dx  +  d'^di/  +  '■-d:^j-  +  '-Id^y  ■ 
Vj-  cy      I         Ix  cy  CI  iy 

Imt  d-    =-dx-\ ~  dy,        d-    =    -    -dx  +  -    -dy, 

(X      CS-.  cycx  cy      dxcy  cy- 

t'-f  cH  dH  ^f  ?f 

and  dy  =  -i  ir^  +  2  -^-^  dxdy  +  -^  dy'  +  —  d'^j  +  ^  d^.  (24) 

ex-  dxdy  dy''  dx  iy 

Tlie  last  two  terms  vanish  and  the  total  differential  reduces  to  the  first  three  temis 
if  X  and  y  are  the  independent  variables  ;  and  in  this  case  the  second  derivatives, 
■'iti /I'l/i /vv'  '^■'^  ^''^  coefficients  of  dx^,  2  dxdy,  dy'^,  which  enables  those  derivatives 
to  be  found  by  an  extension  of  tlie  method  of  finding  the  tii-st  derivatives  (§  49). 
The  method  is  particularly  useful  when  all  the  second  derivatives  are  needed. 
The  problem  of  the  change  of  variable  may  now  be  treated.    Let 

F-v  '  f^'-v  c'^v 

d^v  =  —dx-^  +  2--  dxdy  +  —-  dy^ 
ex-  ex-  dy- 

=  £!^  j,2  +  2 1^  drd.p  +  ^,  d4>-^  +  -^  dh  +  ^  d-^0, 
5r-  ere<p  c(p-  cr  c<p 

where  x,  y  are  the  independent  variables  and  r,  0  other  variables  dependent  on 
them  —  in  this  case,  defined  by  the  relations  for  polar  coordinates.   Then 

dx  =  cos  (pdr  —  r  sin  <f>d<t>,        dy  —  sin  ipdr  +  r  cos  <pd<p 
or  ir  —  cos0(ir  +  sin^dy,         rdip  =  —  sin  ipdx  +  cos <pdy.  (25) 

Then  tf^r  =  (—  sin  <pdi  +  cos  0d^)d0  =  rdij>d(t>  =  rdip-, 

drd(f>  +  rd^<l>  =  —  (cos  (f>dx  +  sin  ifidy)  dtp  =  —  drdtp, 

where  the  differentials  of  dr  and  rd(t>  have  been  found  subject  to  d-x  =  d^y  =  0. 
Hence  d-r  =  rdit;-  and  rd-<p  —  —  idrdtti.  These  may  be  substituted  in  drv  which 
becomes 

d^\3  =  — dr-  +  21 )drd0  +  ( — -  +  r  —  \d<j>^. 

er-  \<>(<p      r  dip/  \?0-         fi7 

Next  the  values  of  dr=,  drdip,  dip-  may  be  substituted  from  (25)  and 

rf'-o       .,         2/a=«        1  fi)\        ^   .    ^   ,  /S^v   ,     Pu\sinV"|^- 

d^  =    — cos20 ( 1  cos  0  sin  0+    --;  +  '•—  — —  h"' 

ler-  r\drdip      r  dipl  \dip-        cr/    r-    J 

[c-v            .            /  c-v        1  ?D\cos2d.— sin^0      f-ucos^sin^T      , 
—  cos0sin0  +  ( ) --:r-, — ^, — -  \<^^y 
cf^                        \crcip      r  dip/            r  ?ip-         r-        J 

[c-v  .  „        2/a=t)        1  ev\        ^   .    ^  ,  [e-v   ,     guXcosS^I     ., 

+    — sin20  +  -( cos0sin0  +  (— -  +  r  — ) — —  \<ly-- 

Idr'  r  Vrcip      r  e<p/  \B<p^         cr/     r'    J 

Thus  finally  the  derivatives  v^,  v^^,  v^'^  are  the  three  brackets  which  are  the 
coefficients  of  dx-,  2 dxdy,  dy-.   The  value  of  v^  +  v'J^  is  as  found  before. 

52.  The  condition  f^^fy^  wliich  subsists  in  accordance  with  the 
fundamental  theorem  of  §  50  gives  the  condition  that 

M{x,  ij)dx  +  N{x,  ij)ihj  =  1^  t/a  ■+  2-  du  =  df 
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■he  the  total  differential  of  some  function  f{x,  y).    In  fact 
c_df_dM__dN_^d_df 
dycx       dy        dx       oxdy 
d.V      cN  /dM\       (dN\  .„„, 

The  second  form,  where  the  variables  which  are  constant  during  the 
differentiation  are  explicitly  indicated  as  subscripts,  is  more  common  in 
works  on  thermodynamics.  It  will  be  proved  later  that  conversely  if 
this  relation  (2G)  holds,  the  expression  Mdx  +  Ndy  is  the  total  differ- 
ential of  some  function,  and  the  method  of  finding  the  function  will 
also  te  given  (§191^,  124).  In  case  Mdx  +  Ndy  \\s,  the  differential  of 
some  function /f.r,  //)  it  is  usually  called  an  exart  differential. 

The  application  of  tlir  cdndition  for  an  exact  differential  may  \ie 
made  ii|  connection  witli  a  jiroblem  in  thermodynamics.  Let  S  and  U 
be  the  entropy  and  energy  of  a  gas  or  vapor  inclosed  in  a  reeeptaclr  of 
volume  r  and  subjected  to  tlie  pressure  p  at  the  temperature  T.  The 
fundamental  equation  of  thermodynamics,  connecting  the  differentials 
of  energy,  entropy,  and  volume,  is 

aU='TdS-,d.y      and      (f )  =  -  (g^  (27) 

is  the  condition  that  dl'  be  a  total  differential.  Xow,  any  two  of  the 
five  quantities  U,  S,  r,  T,  ji  may  be  taken  as  independent  variables.  In 
(27)  the  choice  is  S,  v ;  if  the  equation  were  solved  for  dS,  the  choice 
would  be  U,  r  ;  and  U,  S  if  solved  for  dr.  In  ea<;h  case  the  cross  differ- 
entiation to  express  the  condition  (26)  would  give  rise  to  a  relation 
between  the  derivatives. 

If  p,  T  were  desired  as  independent  variables,  the  change  of  variable 
should  be  made.   The  expression  of  the  condition  is  then 

r  d  r^/ds\       /dv\  -\^      r  a  r^/ds\       /dv\  l^ 


T 


where  the  differentiation  on  the  left  is  made  with  p  constant  and  that  on  the  right 
with  T  constant  and  where  the  subscripts  have  been  dropped  from  the  second 
derivatives  and  the  usual  notation  adopted.  Everything  cancels  except  two  terms 
which  give 
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/dS\  /do\  1  /TdS\  /dv\ 

The  importance  of  the  test  for  an  exact  diffeiPiitial  lies  not  only  in  the  relations 
obtained  between  the  derivatives  as  above,  but  also  in  the  fact  that  in  applieil 
mathematics  a  great  many  expressions  are  written  as  differentials  which  are  not 
the  total  differentials  of  any  functions  and  which  must  be  distiniruished  from  exact 
differentials.  For  instance  if  dH  denote  the  infinitesimal  portion  of  heat  added 
to  the  gas  or  vapor  above  considered,  the  fundamental  equation  is  expressed  as 
dH  =  dU  +  pdv.  That  is  to  say,  the  amount  of  heat  added  is  equal  to  the  increase 
in  the  energy  plus  the  work  done  by  the  gas  in  expanding.  Now  dll  is  not  the  dif- 
ferential of  any  function  H{U,  v)  ;  it  is  dS  =  dll/T  which  is  the  differential,  and 
this  is  one  reason  for  introducing  the  entropy  S.  Again  if  the  forces  A',  i'  act  on  a 
particle,  the  work  done  during  the  displacement  through  the  arc  da  =  Vdj-  +  dy'^ 
is  written  d  W  =  Xdz  +  Tdy.  It  may  happen  that  this  is  the  total  differential  of 
some  function  ;  indeed,  if 

dW=-dV(z,y),     Xdx-^Ydy  =  -dY,     X  =  -— ,    1'  =  -—, 

?x  cy 

where  the  negative  sign  is  introduced  in  accordance  with  custom,  the  function  V  is 
called  the  potential  energy  of  the  particle.  In  general,  however,  there  is  no  poten- 
tial energy  function  V,  and  d  W  is  not  an  exact  differential  ;  this  is  always  true 
when  part  of  the  work  is  due  to  forces  of  friction.  A  notation  which  should  dis- 
tinguish between  exact  differentials  and  those  which  are  not  exact  is  much  more 
needed  than  a  notation  to  distinguish  between  partial  and  ordinary  derivatives ; 
but  there  appears  to  be  none. 

Many  of  the  physical  magnitudes  of  thermodynamics  are  expressed  as  deriva- 
tives and  such  relations  as  (26)  establish  relations  between  the  magnitudes.  Some 
definitions : 

specific  heat  at  constant  volume       is     d-  =  ( — —  I   =  T I  --|- )  , 

\dJ  /v         \d  1  /v 

.       ,         /dH\         .^/dS\ 
specific  heat  at  constant  pressure    is     Cp=l  — 1   =  '  I  y^)  > 

/dH\         ~/d6\ 
latent  heat  of  expansion  is    i,.  =1— -I    =11  —  ) 

coefficient  of  cubic  expansion  is 

modulus  of  elasticity  (isothermal)    is    iV=  —  '' It-) 

modulus  of  elasticity  (adiabatic)      is    Ks  =  ~  "l^) , 


v\dTjp 


T 


53.  A  polynomial  is  said  to  lie  homogeneous  when  eacli  of  its  terms 
is  of  the  same  order  when  all  the  variables  are  considered.  A  delini- 
tion  of  homogeneity  which  includes  this  case  and  is  applicable  to  more 
general  cases  is  :  A  function  f{x,  y,  z,  ■  ■  ■)  '>f  any  number  «f  variables  is 
called  homogeneous  if  the  function  is  vmltiplinl  by  some pnin-nf  \  when 
all  the  rariablea  are  multijiVml  by  X;  and  the  power  of  \  which  factors 
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out  is  called  the  order  of  homogeneity  of  the  function.  In  symbols  the 
condition  for  homogeneity  of  order  n  is 

f{\2;  \y,  Xz,  ■■■)  =  X\f{x,  tj,  z,  ■  ■  ■).  (29) 

Thus                    a:e-  +  ^>       -|  +  tan-i->           ,  ,  (29') 

X  z  .-  ^x'  +  If 

are  homogeneous  functions  of  order  1,  0,  —  1  respectively.    To  test  a 
function  for  homogeneity  it  is  merely  necessary  to  replace  all  the  vari- 
ables by  A.  times  the  variables  and  see  if  X  factors  out  completely.   The 
.  homogeneity  may  usually  be  seen  without  the  test. 

If  the  identity  (29)  be  differentiated  with  respect  to  X, 

(^l;  +  ^l"^*£"^"  )^^^''  ^^'  ^'  •  •  •)  =  ''^" "  '■^■(■'■' '-'' '-"'  ■  •  ■)• 

A  second  differentiation  with  respect  to  X  would  give 

(x^^,  +  xy^  +  xz-f^-^..\f  +  (yx-^  +  /^  +  !iz^.  +  -)f 
\     dx^        ''  dxoij  dxoz  )■'      y    oijox      ''  cif  ex-         /•' 

-     (-%^+2.,/g5^  +  /|,+  ...)/=.(.-l)X»-V(.,y,.v-)- 
Now  if  X  be  set  e(iual  to  1  in  these  equations,  then 

2/  ,     ^/  ,     ¥, 

X hi/- \-  z^r-  +  ■  ■ 

C.r  01/  Oz 


2/     ,  "of     ,         of     ,  ft  \  fXC\\ 


^'a^  +  2xi/gg^  +  ^^+2«g^  +  ...  =  ,.(n-l)/(a:,y,.,...). 

In  words,  these  equations  state  that  the  sum  of  the  partial  derivatives 
each  multiplied  by  the  variable  with  respect  to  which  the  differentia- 
tion is  performed  is  n  times  the  function  if  the  function  is  homogeneous 
of  order  n ;  and  that  the  sum  of  the  second  derivatives  each  multiplied 
by  the  variables  involved  and  by  1  or  2,  according  as  the  variable  is 
repeated  or  not,  is  n(n  —  Y)  times  the  function.  The  general  formula 
obtained  by  differentiating  any  number  of  times  with  respect  to  X  may 
be  expressed  symbolically'  in  the  convenient  form 

{xD^  +  ///-;,  +  ;./),  +  ..  ■)\f  =n(n-\)...{n-  /,■  +  1)/.         (31) 

This  is  known  as  Knli'r'x  FunnMhi  on  homogeneous  functions. 

It  is  worth  while  noting  that  in  n,  certain  .sense  every  equation  wliich  represents 
a  geometric  or  physical  relation  is  honiogeneou.s.  For  instance,  in  geometiy  the 
magnitudes  that  arise  may  be  lengths,  areas,  volumes,  or  angles.  These  magni- 
tudes are  expressed  as  a  number  times  a  unit  ;  thus,  V2  ft.,  3  sq.  yd.,  ir  cu.  ft. 
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In  adding  and  subtracting,  the  terms  must  be  like  quantities ;  lengtlis  added  to 
lengtlis,  areas  to  areas,  etc.  The  fundamental  unit  is  taken  as  length.  The  units  of 
area,  volume,  and  angle  are  derived  therefrom.  Thus  the  area  of  a  rectangle  or 
the  volume  of  a  rectangular  parallelepiped  is 

^  =  aft.  X  6ft.  =  abU.^  =  aftsqft.,     F  =  aft.  x  6ft.  x  eft.  =  a6c ft.^  =  a6c cu.  ft., 

and  the  units  sq.  ft.,  cu.  ft.  are  denoted  as  ft.^,  ft.'  just  as  if  the  simple  unit  ft. 
had  been  treated  as  a  literal  quantity  and  included  in  the  multiplication.  An  area 
or  volume  is  therefore  considered  as  a  compound  quantity  consisting  of  a  number 
which  gives  its  magnitude  and  a  unit  which  gives  its  quality  or  dimensions.  If  L 
denote  length  and  [L]  denote  "of  the  dimensions  of  length,''  and  if  similar  nota- 
tions be  introduced  for  area  and  volume,  the  equations  [.4]  =  [i]^  and  [F]  =  [i]' 
state  that  the  dimensions  of  area  are  squares  of  length,  and  of  volumes,  cubes  of 
lengths.  If  it  be  recalled  that  for  purposes  of  analysis  an  angle  is  measured  by  the 
ratio  of  the  arc  subtended  to  the  radius  of  the  circle,  the  dimensions  of  angle  are 
seen  to  be  nil,  as  the  definition  involves  the  ratio  of  like  magnitudes  and  must 
therefore  be  a  pure  number. 

When  geometric  facts  are  represented  analytically,  either  of  two  alternatives  is 
open  :  1°,  the  equations  may  be  regarded  as  existing  between  mere  numbers ;  or 
2°,  as  between  actual  magnitudes.  Sometimes  one  method  is  preferable,  sometimes 
the  other.  Thus  the  equation  x^  +  y^  =  r'^  of  a  circle  may  be  interpreted  as  1°,  the 
sum  of  the  squares  of  the  coordinates  (numbers)  is  constant ;  or  2°,  the  sum  of  the 
squares  on  the  legs  of  a  right  triangle  is  equal  to  the  square  on  the  hypotenuse 
(Pythagorean  Theorem).  The  second  interpretation  better  sets  forth  the  true 
inwardness  of  the  equation.  Consider  in  like  manner  the  parabola  ■>/''■  =  ipx.  Gen- 
erally y  and  x  are  regarded  as  mere  numbers,  but  they  may  equally  be  looked 
upon  as  lengths  and  then  the  statement  is  that  the  square  upon  the  ordinate  equals 
the  rectangle  upon  the  abscissa  and  the  constant  length  4p  ;  this  may  be  inter- 
preted into  an  actual  construction  for  the  parabola,  because  a  square  equivalent 
to  a  rectangle  may  be  constructed. 

In  the  last  interpretation  the  constant  p  was  assigned  the  dimensions  of  length 
so  as  to  render  the  equation  homogeneous  in  dimensions,  with  each  term  of  the 
dimensions  of  area  or  [i]^.  It  will  be  recalled,  however,  that  in  the  definition  of 
the  parabola,  the  quantity  p  actually  has  the  dimensions  of  length,  being  half  the 
distance  from  the  fixed  point  to  the  fixed  line  (focus  and  directrix).  This  is  merely 
another  corroboration  of  the  initial  statement  that  the  equations  which  actually 
arise  in  considering  geometric  problems  are  homogeneous  in  their  dimensions,  and 
nui.st  be  so  for  the  reason  that  in  stating  the  first  equation  like  magnitudes  must 
be  compared  with  like  magnitudes. 

The  question  of  dimensions  may  be  carried  along  through  such  processes  as 
differentiation  and  integration.  For  let  y  have  the  dimensions  [y'\  and  x  the  dimen- 
sions [x].  Then  Ay,  the  difference  of  two  y'%  must  still  have  the  dimensions  [y] 
and  Ax  the  dimensions  [x].  The  quotient  Ay /Ax  then  has  the  dimensions  [i/]/[x]. 
For  example  the  relations  for  area  and  for  volume  of  revolution, 

-  =  y,     -=^y,    g>ve    |^_J=  — =  [X],    l^-J-— -[L], 

and  the  dimen.sions  of  the  left-hand  side  clieck  with  those  of  the  right-hand  side. 
As  integration  is  the  limit  of  a  sum,  the  dimensions  of  an  integral  are  the  product 
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of  the  dimensions  of  the  function  to  be  integrated  and  of  the  difierential  dx. 

Thus  if 

/■■^     (M  J  .  X 

■  c 


r^    dx  1  ,  X 

y  =  I    =  -  tan-i  -  +  - 

^0  «'■'  +  x'      a  a 


were  an  Integral  arising  in  actual  practice,  the  very  fact  that  a^  and  x^  are  added 
would  show  that  they  must  have  the  same  dimensions.  If  the  dimensions  of  x 
be  [i],  then 

and  this  checks  with  the  dimensions  on  the  right  which  are  [i]~^,  since  angle  has 
no  dimensions.  As  a  rule,  the  theory  of  dimensions  is  neglected  in  pure  mathe- 
matics ;  but  it  can  nevertheless  be  made  exceedingly  useful  and  instructive. 

In  mechanics  the  fundamental  units  are  length,  mass,  and  time  ;  and  are  denoted 
by  [X],  [3f],  [T].   The  following  table  contains  some  derived  units : 

velocity  - — - ,        acceleration  -= — - ,  force  ■* , 

areal  velocity      LL ,       density  - — - ,  momentum  '-"'   -^  *-    -^ , 


m 

acceleration 

m 

[T\ 

[Tf' 

[LT 

density 

[M] 

LJJ 

[Lf 

1 

moment 

[H][LV 

[T] 

[TY 

[T] 
angular  velocity  -^r;^ ,        moment  '-   /J;^^     ,       energy  t — ■' '-    -'  . 

With  the  aid  of  a  table  like  this  it  is  easy  to  convert  magnitudes  in  one  set  of 
units  as  ft.,  lb.,  sec,  to  another  sy.stem,  say  cm.,  gm.,  sec.  All  that  is  necessary  is 
to  substitute  for  each  individual  unit  its  value  in  the  new  system.   Thus 

g  =  32l—.        1  ft.  =  30.48  em.,        </ =  32J  x  30.48 -^^  =  980i -^!?^. 
sec.^  "  sec.'-'  sec.^ 

EXERCISES 

1.  Obtain  the  derivatives/^,  /;;,  /j;,  /;;,  and  verify/;;  =/;;. 

(a)  sin-i  I ,  (fi)  log  ^i±A' ,  ^y)  Jl\  +  ^  (xy). 

X  xy  \xf 

2.  Compute  Ifv/Py-  in  polar  coordinates  by  the  straightforward  method. 

3.  Show  that  a-  —  =  — ^  if  B  =  f{x  +  at)  +  (p{x  —  at). 

4.  Show  that  this  equation  is  unchanged  in  form  by  the  transformation  : 

'-^  +  2x:y"-  —  +  2(y-y')'^+xiyif=0;       u  =  xy,     v  =  l/y. 
ex'-  cx  cy  I 

5.  In  polar  coordinates  z  =  r  cos 6,  x  =  r  sin  dcos<p,  y  r=r  sin  g  sin  0  in  space 

dx'      dy'      dy'      r'lcr\"  fr)'^  mv'es<t>^'^  smffdOy"      se/y 
The  work  of  transformation  may  be  shortened  by  substituting  successively 
i  =  ?-iCOS0,    !/  =  r,  sin0,     and     z  =  rcos0,    r,  =rsin0. 

6.  Let  X,  y,  z,  ;  be  four  independent  variables  and  x  =  r  cos<)>,  y  =  r  sin  <p,  z  =  z 
the  equations  for  transforming  x,  y,  z  to  cylindrical  coordinates.    Let 
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dxcz  cycz  ix-      cy-  cyct  cxH  ' 

show     Z  = ?,     X  cos  (/>  +  Y  sin  <t>  = -,     Fsiiii*  —  G-'cos*  = -— , 

r  cr  r  dz  r  dt 

where  r-^Q  =  cf/cr.    (Of  importance  for  the  Hertz  oscillator.) 

7.  Apply  the  test  for  an  exact  differential  to  each  of  the  following,  and  write 
by  inspection  the  functions  corresponding  to  the  exact  differentials: 

(a)  3xdx  +  y^dy,        (/3)  Sxydx  +  xHy,        (7)  x^ydx  +  yHy, 
xdx  +  ydy  xdx  -  ydy  ydx-xdy 

iv)  (4i3  +  3x-y  +  y')dx  +  (x^  +  2xy  +  3y^)dy,         (6)  x^yi(dx  +  dy). 

8.  Express  the  conditions  that  F(x,  y,  z)dx  +  Q(x,  y,  z)dy  +  R(x,  y,  z)dz  be 
an  exact  differential  dF(x,  y,  z).   Apply  these  conditions  to  the  differentials  : 

(a)  3x^y-zdx  +  ix^yzdy  +  x^yHz,         (/3)  (y  +  2) dH-  (i  +  2) dj/  +  (a;  +  y)dz. 

9.  Obtain  [-i—\  =  (  —  1  and  ( — |  =  ( —  ]  from  (27)  with  proper  variables. 

10.  If  three  functions  (called  thermodynamic  potential.s)  be  defined  as 

'p  =  U-TS,  x  =  U  +  pv,  t=U-TS  +  pv, 

show  di/-  =  -  HdT-  pdv,    dx  =  TdS  +  vdp,    df  =  -  SdT  +  vdp, 

and  express  the  conditions  that  dip,  dx,  dt;'  be  exact.    Compare  with  Ex.  9. 

11.  State  in  words  the  definitions  corresponding  to  the  defining  formulas,  p.  107. 

12.  If  the  sum  {^fdx  +  Ndy)  +  {Pdx  +  Qdy)  of  two  differentials  is  exact  and  one 
of  the  differentials  i.s  exact,  the  other  is.    Prove  this. 

13.  Apply  Euler's  Formula  (81),  for  the  simple  case  t  =  1,  to  the  three  func- 
tions (29')  and  verify  the  formula.    Apply  it  for  *:  =  2  to  the  first  function. 

14.  Verify  the  homogeneity  of  these  functions  and  determine  their  order  : 

(a)  y"-/x  +  z(logx  -  log?/),         (/3)      ,     '^       ■  (7)  -^- 

Vx-  +  y-  <"_+  oy  +  CZ 

(S)  xyf-f' +  z\  (e)   V^n,t-l^,  (f)  T^= r^" 

^  vx  +  </y 

15.  State  the  dimensions  of  moment  of  inertia  and  convert  a  unit  of  moment  of 
inertia  in  ft.-lb.  into  its  equivalent  in  cm.-gm. 

16.  Discuss  for  dimen.sions  Peirce's  formulas  Nos.  93,  124-125,  220,  300. 

„      ,„        ,«,  .         'i  f -f       ^B        ,  d  cT  .  dx       cT 

17.  ConUnue  Ex.  17,  p.  101,  to  show  —  —  =  —  and  —  t^  =  mv  ^—  +  zr'- 

dt  an       clji  dt  cqt  BQi       cq, 

18.  If  Pi  =  —  in  Ex.  17,  p.  101,  show  without  analysis  that  2  T  =  y,p,  +  q^p„. 

cili 
If  T'  denote  T'  =  T,  where  T  is  considered  as  a  function  of  p,,  p^  while  T  is  con- 
sidered as  a  function  of  7,,  1/.,,  prove  from  T'  =  y, p,  +  q.^p«  —  T  that 

iT'_.  ^TL--iL 

cpi         "         cq,  cqi 
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19.  If  (»[,  1/,)  and  {x.,,  ?/._,)  are  the  coordinates  of  two  inovinj;  particles  and 

d-x,       ,.  cPy,      „  d-x„      ..  d'y, 

'  dt^  '        '  d<2  ^        -  di^  ^        ^  dl^         ^ 

are  the  equations  of  motion,  and  if  x^,  j/,,  i.,,  y„  are  expressible  as 

^1  =/i(9i,  92- 93)>     2'i  =  S'i(9i>  ?2.  93)'     ■<:2=/2(9i' 92.  93)'     y2  =  a^ili,  1^,  <iz) 
in  terms  of  three  independent  variables  ^j,  q^,  q^,  show  that 

c9,  ggfi  c?i  Sg^      dt  dq^       cq^ 

where  T  =  I  (m^n^  +  m^Uj')  =  T'(f/,,  q^,  q^,  q^,  q^,  q^)  and  is  homogeneous  of  the 
second  degree  in  q^,  q„,  q^.  The  work  may  be  carried  on  as  a  generalization  of 
Ex.  17,  p.  101,  and  Ex.  17  above.  It  may  be  further  extended  to  any  number  of 
particles  whose  positions  in  space  depend  on  a  number  of  variables  q. 

20.  In  Ex.  1!)  if  Pi  =  — ,  generalize  Ex.  18  to  obtain 

cpi        cqi  cqi  '        dt         cqi 

The  equations  Qt  = and  Qi  =  -!-  -\ are  lespectively  the  Lagran- 

dt  ci'ii       cqi  dt        cqi 

gian  and  Hamiltonian  equations  of  motion. 

21.  If  rr'  =  42  and  4>'  =  <p  and  u'(r',  <(>')  =  ))(r,  0),  .show 


2^!)'   .    1  pu'   ,     1    cH'       r^  /oH      1  f  1) 

k 


1   L'v  1     c-u     f-   lo-u         1  CD  1     C'V\ 


gr'2      r'or'      r'^d<t>'-^      r'^\dr^ 


22.  If  rr'  =  fc^,  0'  =  0,  ^'  =  ^,   and  D'(r',  0',  e')  =  -  J)(r,  0,  d),  show  that  the 

r' 
expression  of  Ex.  5  in  the  primed  letters  is  kr-/r'^  of  its  value  for  the  unprimed 
letters.    (Useful  in  §  198.) 


23.  ltz  =  x<p(^)  +  :l.(^),  show  x^~  +  2xy—  +  y'~  =  0. 

\x/         W  ei^  cxcy  dy^ 

24.  Make  the  indicated  changes  of  variable  : 

('0  --  .;  +  — -;p  =  e- 2"(  — -  +  -— -  \itx  =  c"  cos  i),  j/  =  c"  sin  v, 
ix-       dy^  \  cu'        dv^/  ' 

(P)  TT  +  -^  =  h^  +  -:r^)    ^^)  +   — I    '  where 

x=/(u,«),     y  =  i>{u,v),     'I^^-i,     ^1  =  -S±. 
cu       dv       dv  du 

25.  For  an  orthogonal  transformation  (Ex.  10  (f ),  p.  100) 

('-V      I'-v       c-v       c-v        r-e        c'-v 

■--..  +  — .  +  .  .,  =  .- ;:;  +  -  T.  +     "-;  ■ 
<x-      ( y-       (Z-      ex-      < ij  -       (■  2  - 

54.  Taylor's  Formula  and  applications.   The  (leveloi)iiient  of /(./•,  y) 
is  found,  as  was  the  Tht-orein  of  tlie  ]\[eaii,  from  the  reliitiou  (p.  Hi")) 
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A/=<I.(1)_<1>(0)      if     ^(f)=f(,,  +  th,b  +  tk). 
If  4>(^)  he  expanded  hy  Maclaurin's  Formula  to  n  terms; 

nt)  -  <I'(0)  =  ^<I.'(0)  +  ^^  *"(0)  +  . . .  +  ^    ^""'      <l.("-'>(0)  +  -  <l.(")(eO. 

The  expressions  for  *'(!•)  and  <|.'(0)  may  be  found  as  follows  by  (10) : 

*'(0  =  kn  +  /■:/;;,  *'(0)  =  [v;  +  /.;/;;],_, 
then        *V)  =  /^(AC  +  /;Q  +  AhA/:;  +  /:C)      ""' 

<t.<"(0  =  (/'/>.  +  /'/>,)'■./;    i-^'CO)  =  [(/,;>,.  +  /•/)„)'/],.,„. 
And  ./■("  +  /',  /'  +  /.•)  -/(",  h)  =  A/=  *(1)  -4.(0)  =  (^hl)^  +  kD,)f{,<,  h) 

+  ^  (/./;,,  +  kD,;)-f{a,  b)  +  ...  +  ^-1^  (/.yj^.  +  kD^Y-^f(„, h) 
+  f?  {i^J^.r  +  f^f^YA"  +  eh,b  +  Ok).  (32) 

In  this  expansion,  the  increments  h  and  /■  may  be  replaced,  if  de- 
sired, by  .)•  —  i:  and  ij  —  h  and  then  /(./•,  //)  will  be  expressed  in  terms 
of  its  value  and  the  values  of  its  derivatives  at  («,  h)  in  a  manner 
entirely  analogous  to  the  case  of  a  single  variable.  In  particular  if  the 
point  {(I,  h)  about  which  the  development  takes  place  be  (0,  0)  the 
development  becomes  Maclaurin's  Formula  for  /(a-,  y). 

/(»•,  >J)  =/(0,  0)  +  {..■D^  +  !/D„)AO,  0)  +  ij  (j^'D^  +  yD„ff(0,  0)  +  ■  ■  ■ 

+  ^;rZi)T  (•'•^-  +  l^^^y -A(0,  0)  +  ^  i^D,  +  yZ)J"/(ft., Oy).      (32') 

Whether  in  Maclaurin's  or  Taylor's  Formula,  the  successive  terms  are 
homogeneous  polynomials  of  the  1st,  2d,  ■  •  •,  (n  —  l)st  order  in  .r,  ij  or 
in  J-  —  a,  1/  —  b.    The  formulas  are  unique  as  in  §  32. 

Siipjiose  Vl  —  X-  —  (/■■'  is  to  be  dovelopeil  about  (0,  0).  Tho  succosHivo  -deriva- 
tivL's  are 

■''■■  =  ^^''\  — '  f:,=  ,  ~^  =■  /;(o,o)  =  o,  /,;(o,o)  =  o, 

V  1  —  .f-  —  y-  VI  —  x^  —  y- 

f"  -     -'^  +  y'^        f"  _         xy  f.,  _     -  1  + 1:- 


(1  _  y2  _  j,-2)f  (l_a.2_,^-.^,  ■'■  (1  _  J.-2  _  2^2)1 

^.,..  __     j(l-,</-)i  ,,-,  _  \p-2xif--\i 

{i--r--j/-)^'     '""~a-j---r)'' 

and     ^'1  -  .f- -  i/-'  =  1  +  (O.r  +  0;/)  +  >.  (-  x'-  +  Oj)/  -  y-i)  +  ;  (0.ri  +  ...)  +  ..., 
'"'        Vl  —  J--  —  i/-  =  1  —  i  (j--  +  if-)  +  teniKs  of  fourth  order  +  ■  •  • . 

In  this  case  tlie  expansion  may  be  foiuid  by  treating  j;'^  +  y^  a.s  a  single  term  and 
expanding  by  tlie  binomial  tlieoreni.    The  result  would  be 
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[1  _  (I"-  +  y".)]i  =  1  _  J  (i2  +  2,2)  -i(x'  +  2xh/-'  +  y*)-^z (^^  +  yy • 

That  the  development  thus  obtained  is  identical  with  the  Maclaurln  development 
that  might  be  had  by  the  method  above,  follows  from  the  uniqueness  of  the  devel- 
opment.  Some  such  short  cut  is  usually  available. 

55.  The  condition  that  a  function  z=f(x,  y)  have  a  minimum  or 
maximum  at.(ff,  h)  is  that  A/>  0  or  A/<  0  for  all  values  of  h  =  \.r 
and  k  =  \ij  which  are  sufficiently  small.  From  either  geometrical  or 
analytic  considerations  it  is  seen  that  if  the  surface  x  =  /(j-,  //)  has  a 
minimum  or  maximum  at  («,  h),  the  curves  in  which  the  planes  ij  =  h 
and  X  =  a  cut  the  surface  have  minima  or  maxima  at  r  =  a  and  ?/  =  Ii 
respectively.  Hence  the  partial  derivatives  f^  and  /J  must  both  vanish 
at  («,  h),  provided,  of  course,  that  exceptions  like  those  mentioned  on 
page  7  be  made.    The  two  simultaneous  equations 

/;  =  o,  /;  =  o,  (33) 

corresponding  to  /'(x)  =  0  in  the  case  of  a  function  of  a  single  varia- 
ble, may  then  be  solved  to  find  the  positions  (y,  y)  of  the  minima 
and  maxima.  Frequently  the  geometric  or  physical  interpretation  of 
z  =  f(i-,  y)  or  some  special  device  will  then  determine  whether  there 
is  a  maximum  or  a  minimum  or  neither  at  each  of  these  points. 

For  example  let  it  be  required  to  find  the  maximum  rectangular  parallelepiped 
which  has  three  faces  in  the  coordinate  planes  and  one  vertex  in  the  plane 
x/a  +  y/h  +  z/c  =  1.   The  volume  is 


V  =  xyz  =  cxy 


H-f)- 


-:^  =  —  2-xy—-y^  +  cy  =  0         —  =  —  2-xy x-  +  ex  =  0. 

cx  a  0  cy  0  a 

The  solution  of  these  equations  is  i  =  J  u,  ^  =  J  6.  The  corresponding  z  is  J  c  and 
the  volume  V  is  therefore  abc/9  or  |  of  the  volume  cut  off  from  the  first  octant  by 
the  plane.  It  is  evident  that  this  solution  is  a  maximum.  There  are  other  solutions 
of  V^  =  1  'J  =  0  which  have  been  discarded  because  they  give  V  =  0. 

The  conditions  /^'  =  /;;  =  0  may  be  established  analytically.    For 

v=  (/:  +  Q^^-  +  (/;  +  Q  A.'/. 

Xow  as  ^j,  ^,,  are  infinitesimals,  the  signs  of  the  parentheses  are  deter- 
mined by  the  signs  oi  f^,  f^  unless  these  derivatives  vanish;  and  hence 
unless  /;;  =  0,  the  sign  of  A/  for  A.r  sufficiently  small  and  positive  and 
A//  =  0  would  be  opposite  to  the  sign  of  Af  for  Ax  sufficiently  small  and 
negative  and  Ay  =  0.  Therefore  foi-  a  minimum  or  iiui.rimnm  f^  =  0: 
"Tui  in  like  manntr  f^  =  0.  Considei-ations  like  these  will  serve  to 
establish  a  criterion  for  distinguishing  between  maxima  and  minima 
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analogous  to  the  criterion  furnished  by  f"(x)  in  the  case  of  one  vari- 
able.   rorif/;=/;  =  0,  then 

by  Taylor's  Formula  to  two  terms.  Now  if  the  second  derivatives  are 
continuous  functions  of  (z,  y)  in  the  neighborhood  of  (a,  //),  each  deriv- 
ative at  {(I  +  6h,b  +  6k)  may  be  written  as  its  value  at  (n,  b)  plus  an 
infinitesimal.    Hence 

A/  =  h  (.Kf^  +  2  hkf^;  +  /.•y;„),„, ,,  +  ^  {^h-^  +  2  hic^  +  k%). 

Now  the  sign  of  A/  for  sufficiently  small  values  of  A,  /,•  must  be  the 
same  as  the  sign  of  the  first  parenthesis  provided  that  parenthesis  does 
not  vanish.    Hence  if  the  quantity 

V'Jix   T"    -   '"•J.n/   -r    A  J,j„)(„.  I,)    ^    Ci    t  /7        7  \ 

'  ■  '<  0  tor  every  (//,  /,■),  a  maximum. 

As  the  derivatives  are  taken  at  the  point  (a,  6),  they  have  certain  constant 
values,  say  A^  ii,  C.  The  question  of  distinguishing  between  minima  and  maxima 
therefore  reduces  to  the  discussion  of  tlie  possible  signs  of  a  quadratic  form 
Afi^  +  2  Bhk  +  Ck-  for  different  values  of  k  and  k.    The  examples 

show  that  a  quadratic  form  may  be  :  either  1°,  positive  for  every  (h,  k)  except  (0,  0) ; 
or  2°,  negative  for  every  {h,  k)  except  (0,  0) ;  or  3°,  positive  for  some  values  (A,  k) 
and  negative  for  others  and  zero  for  others ;  or  finally  4°,  zero  for  values  other  than 
(0,  0),  but  either  never  negative  or  never  positive.  Moreover,  the  four  poasibilities 
here  mentioned  are  the  only  cases  conceivalile  except  5°,  that  A  =  B  =  C  =  0  ami 
the  form  always  is  0.  In  the  first  case  the  form  is  called  a  d^nite  positive  form,  in 
the  second  a  definile  negative  form,  in  the  third  an  ind^nite  form,  and  in  the  fourth 
and  fifth  a  singular  form.  The  first  case  a.s.sure8  a  minimum,  tlie  second  a  maxi- 
mum, the  third  neither  a  minimum  nor  a  maximum  (sometimes  calle<l  a  minimax)  ; 
but  the  case  of  a  singular  form  leaves  the  (juestion  entirely  undecided  just  a-s  tlie 
condition /"(i)  =  0  did. 

The  conditions  which  di.stinguish  between  the  different  possibilities  may  be  ex- 
pressed in  terms  of  the  coefficients  A,  B,  0. 

l°pos.  def.,     B^<AC,     A,C>0;         3°  indef .,     B^  >  AC  ; 
2°  neg.  def.,     B^  <  AC,     A,  C<0;        4°  sing.,      B^  =  A  C. 

The  conditions  for  distinguishing  between  maxima  and  minima  are  : 


=  0]   •'""     ■'"^■''^'  \f^f;;  <Om&ximum;  ' 


f"  =  f'f"  (?). 


It  may  be  noted  that  in  applying  these  conditions  to  the  case  of  a  definite  form  it 
is  sufBcient  to  show  that  e 
sarily  have  the  same  sign. 


is  sufBcient  to  show  that  either/^  ^^  fyy  '^  positive  or  negative  because  they  neces- 


no  DIFFEIIENTIAI.  CALC^UhUS 

EXERCISES 

1.  Write  at  loiigtli,  without  symbolic  sliorteuiiif;,  the  expansion  of /(s,  y)  by 
Taylor's  Formula  to  and  including  the  terms  of  tlie  third  order  in  ./  -  ",  y  -  h. 
Write  the  formula  also  with  the  terms  of  the  thii'd  order  as  the  remainder. 

2.  Write  by  analogy  the  proper  form  of  Taylor's  Fornuila  for/(j:,  y,  z)  and 
prove  it.    Indicate  the  result  for  any  number  of  variables. 

3.  Obtain  the  quadratic  and  lower  terms  in  the  development 

(a)  of  x!/2  +  si„  xy  at  (1,  I  tt)     and     (/3)  of  tan-'  (y/x)  at  (1,  1). 

4.  A  rectangular  parallelepiped  with  one  vertex  at  the  origin  and  three  faces 
in  the  coordinate  planes  lias  the  opposite  vertex  upon  tlie  ellip.soid 

a;V"'-=  +  y-/"^  +  ^'-/•■'-  =  1  • 
Find  the  maximum  volume. 

5.  Find  the  point  within  a  triangle  such  that  the  sum  of  the  squares  of  its 
distances  to  the  vertices  shall  be  a  minimum.    Note  that  the  point  is  the  intersec- 

.  tion  of  the  medians.   Is  it  obvious  that  a  minimum  and  not  a  maximum  is  present  ? 

6.  A  floating  anchorage  is  to  be  made  with  a  cylindrical  body  and  equal  coni- 
cal ends.   Find  the  dimensions  that  make  the  surface  least  for  a  given  volume. 

7.  A  cylindrical  tent  has  a  conical  roof.   Find  the  best  dimensions. 

8.  Apply  the  test  by  second  derivatives  to  the  problem  in  the  text  and  to  any 
of  Exs.  4-7.    Discuss  for  maxima  or  minima  the  followi)ig  functions  : 

(a)  x^y  +  x^f  -  X,  (/3)  x'  +  2/3  _  r^iyi  _  i  (j.2  +  ^^2)^ 

(t)  2-  +  2/2  +  X  +  !/,  (5)  ^  2/3  -  xi/  +  x:hj  -  z, 

(t)  x^  +  y^-  9x2/  +  27,  (f)  X*  +  2/'-  2x2  +  ixy-  2  2/-. 

9.  State  the  conditions  on  the  first  derivatives  for  a  maximum  or  minimum  of 
function  of  three  or  any  number  of  variables.    I'rove  in  the  case  of  three  variables. 

10.  A  wall  tent  with  rectangular  body  and  gable  roof  is  to  be  so  constnicted  as 
to  use  the  least  amount  of  tenting  for  a  given  volume.   Find  the  dimensions. 

11.  Given  any  number  of  masses  nij,  )n„,  ■  •  -,  m„  situated  at  (x,,  2/,),  (Xj, ^.,),  •  ■  •, 
(x„,  i/„).  Show  that  the  point  about  which  their  moment  of  inertia  is  least  is  their 
center  of  gravity.  If  the  points  were  (x,,  y■^,  Zj),  ■  •  •  in  space,  what  point  would 
make  Smr-  a  mininnnn  ? 

12.  A  test  for  maximum  or  minimum  analogous  to  that  of  Ex.  27,  p.  10,  may 
be  given  for  a  function /(z,  y)  of  two  variables,  namely  :  If  a  function  is  positive 
all  over  a  region  and  vanishes  upon  the  contour  of  the  region,  it  must  have  a  max- 
imum within  the  region  at  the  point  for  which /J  =/J  =  0.  If  a  function  is  iinite 
all  over  a  region  and  becomes  infinite  over  the  contour  of  the  region,  it  nmst  have 
a  minimum  within  the  region  at  the  point  for  which  /^  =  f^j  =  0.  These  tests  are 
subject  to  the  proviso  that/^'  =/^'  =  0  has  only  a  single  solution.  Comment  on  the 
test  and  apply  it  to  exercises  above. 

13.  If  a,  6,  c,  r  are  the  sides  of  a  given  triangle  and  the  radius  of  the  inscribed 
circle,  the  pyramid  of  altitude  h  constructed  on  the  triangle  as  base  will  have  its 
maximum  surface  when  the  surface  is  J  (a  +  b  -(•  c)  Vr^  +  h^. 


CHAPTER  V 

PARTIAL  DIFFERENTIATION  ;   IMPLICIT  FUNCTIONS 

56.  The  simplest  case ;  F(x,  y)  =  0.    Tlie  total  dittViential 
(IF  =  /•'//./■  +  /■';////  =  (/O  =  0 

indicates  ^  =  -^.         ^  =  -^'  (1) 

<'■■■       i-u       <>i.i      •/•;,' 

as  the  derivative  of  y  by  .t,  or  of  a-  by  y,  where  y  is  defined  as  a  function 
of  a-,  or  X  as  a  function  of  y,  by  the  relation  F(a',  y)  =  0  ;  and  this  method 
of  obtaining  a  derivative  of  an  impJli-lt  function  without  solving  expli- 
citly for  the  function  has  probably  been  familiar  long  before  the  notion 
of  a  partial  derivative  was  obtained.  The  relation  F{x,  tj)  =  0  is  pictured 
as  a  curve,  and  the  function  y  =  ^(a-),  which  would  be  obtained  by  solu- 
tion, is  considered  as  multiple  valued  or  as  restricted  to  some  definite 
portion  or  branch  of  the  curve  F{.i-,  y)  =  0.  If  the  results  (1)  are  to 
be  applied  to  find  the  derivative  at  some  point 
(*'o'  .'/o)  °^  ^^  curve  F(./-,  y)  =  0,  it  is  necessary 
that  at  that  jioint  the  denominator  F'^  or  F'^  should  f      ~jF(x,y)=0 

not  vanish. 

These  pictorial  and  somewhat  vague  notions 
may  be  stated  ^jrecisely  as  a  theorem  susceptible 
of  proof,  namely:  Let  o'^  be  any  real  value  of  x 
such  that  1°,  the  equation  l-'i.r^,  y)  =  0  has  a  real  solution  y^;  and  2°,  the 
function  F(x,  y)  regarded  as  a  function  of  two  independent  variables 
(x,  y)  is  continuous  and  has  continuous  first  partial  derivatives  F^ ,  F^  in 
the  neighborhood  of  (.r^,  2/„)  ;  and  3°,  the  derivative  F^_(x^,  y^  4^  0  does 
not  vanish  for  (.t^,  y^) ;  then  F(a:,  y)  =  0  may  be  solved  (theoretically) 
as  y  =  <^  (a")  in  the  vicinity  of  a;  =  a-^  and  in  such  a  manner  that 
y^  =  <t>  (a  „),  that  <j}  (x)  is  continuous  in  x,  and  that  ff>  (x)  has  a  derivative 
<l,'(x)  —  —  F'^/F'^  ;  and  the  solution  is  unique.  This  is  the  fundamental 
theorem  on  implicit  functions  for  the  simple  case,  and  the  proof  follows. 

By  the  conditions  on  F'^,  F^,  the  Tlieorem  of  the  Mean  is  applicable.    Hence 

F(x,  y)  -  F(x„,  2/„)  =  F{x,  y)  =  {hF^  +  fci^^):,, +  «*,!,„ +  9*.  (2) 

Furthermore,  in  any  square  \h]<S,  \k\<S  surrounding  {Xg,  Va)  and  sufficiently 
small,  the  continuity  of  i^^  insures  |F^|<Jf  and  the  continuity  of  FJ  taken  with 
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the  fact  that  F^(x„,  !/„)  ^t  0  insures  \F^\>m..    Consider  tlie  range  of  x  as  further 

restricted  to  values  such  that  |k-  i„|<m5/Jf  if  m<M.   Now  consider  the  value 

of  F(x,  y)  for  any  x  in  the  permissible  interval 

and  tor  y  =  y„+  S  OT  y  =  yg—  S.   As  | kF^\> mS 

but  I  (x  —  Xf,)  F^  I  <  mS,   it  follows  from   (2)  that 

F{x,  y„  +  S)  has  the  sign  of  SF^  and  F(x,  y^  —  5) 

has  the  sign  of  —  JF^J ;  and  as  the  sign  of  F^  does 

not  change,  F(x,  y„  +  S)  and  F{x,  y„  —  S)  have 

opposite  signs.    Hence  by  Ex.  10,  p.  45,  there  Is 

one  and  only  one  value  of  y  between  ?/„  —  5  and 

2/„  +  5  such  that  F{x,  y)  =  0.   Thus  for  each  x  in 

the  interval  there  is  one  and  only  one  y  such 

that  F{x.  y)  =  0.  The  equation  F{x,  y)  =  0  has  a 

unique  .solution  near  (i^,  y,,).   Let  y  =  <j>(x)  denote  th 

continuous  at  i  =  i^  because  \y  —  2/,, | <  5. 

si\ch  that  F(i,  y)  =  0,  equation  (2)  gives  at  once 
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solution.   The  .solution  is 
If  (j,  y)  are  restricted  to  values  y  =  <l>{x) 


k  ^  y-y„  ^  Ay  ^  _  F;^(x  +  Oh,  y  +  dk)  ^i/  ^  _  Ki^o^  V^i) 

h      i-i„      M  f;  (x  +  dh.y  +  Ok) '         (i.r  f;  (j„,  y„) ' 

As  F^,  F'y  are  continuous  and  F,^  -^  0,  the  fraction  k/h  approaches  a  limit  and  the 
derivative  0'(j„)  exists  and  is  given  by  (1).  The  same  reasoning  would  apply  to 
any  point  x  in  the  interval.  The  theorem  is  completely  proved.  It  may  be  added 
that  the  expression  for  <t>'(x)  is  such  as  to  show  that  ip'(x)  itself  is  continuous. 


The  values  of  higher  derivatives  of  inijilicit  functions  are  obtainable 
by  successive  total  differentiation  as 


=  0, 


(3) 


etc.-  It  is  noteworthy  that  tliese  successive  equations  may  be  solved  for 
the  derivative  of  highest  order  by  dividing  by  Fj,  which  has  been  assumed 
not  to  vanish.  The  question  of  whether  the  function  //  =  <^  (a)  defined 
implicitly  by  F(.r,  //)  =  0  has  derivatives  of  order  high'er  than  the  first 
may  be  seen  by  these  equations  to  depend  on  whether  F(a',  y)  has 
higher  partial  derivatives  which  are  continuous  in  (.>■,  i/). 

57.  To  find  the  vuixima  and  minima  of  y  =  </>  (r),  that  is,  to  find  the 
points  where  the  tangent  to  F{x,  y)  =  0  is  parallel  to  the  y-axis,  observe 
that  at  such  points  y'  =  0.    Equations  (3)  give 


f;  =  0,      p;;  +  py  =  o. 


(4) 


Hence  always  under  the  assumption  that  F^j  =^  0,  there  are  mnximn  at 
the  intersections  of  F  =  0  and  F^=  0  if  F^^  and  F'^  hiire  the  same  sign, 
and  minima,  at  the  intersections  for  which  F'^  and  F^  ha  re  opposite  signs  ; 
the  case  F"  =  0  still  remains  undecided. 
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For  example  if  F{x,  y)  =  x^  +  i/^  —  3axy  =  0,  the  derivatives  are 
3(x2  -  ay)  +  3(^2  -  a^)y'  =  0,  '^'^  -      "^'^  ~  "^ 


6x  -  eay-  +  6yy'-^  +  3(y^  -  fix)y"  ; 


tit  y'-  —  ax 

dhj  _  2  a'xy 


<lx-  (y^  —  ax)" 

To  find  the  maxima  or  minima  of  y  as  a  function  of  x,  solve 

F^  =  0  =  x--ay,         F  =  0  =  x^  +  y- -  S  axy,         f;  ^  0. 

The  real  solutions  of  i^^  =  0  and  F=  0  are  (0,  0)  and  (j/ia,  -^4 a)  of  vfhich  the 
first  must  be  discarded  because  7^J(0,  0)  =  0.  At  (V^u,  Via)  the  derivatives 
F^  and  F^  are  positive;  and  the  point  is  a  niaxinmin.  The  curve  F  =  0  is  the 
folium  of  Descartes. 

The  role  of  the  variables  ,r  and  //  may  he  interchanged  if  F^.  =#=  0  and 
the  equation  F(x,  y)  =  0  may  Iw  solved  for  .r  =  </'(//),  the  functions  <f> 
and  til  being  inverse.  In  this  way  the  vertii^al  tangents  to  the  curve 
F  =  0  may  be  discussed.  For  the  points  of  F  =  0  at  which  both  F^=  0 
and  F^  =  0,  the  equation  cannot  Imj  solved  in  the  sense  here  defined. 
Such  points  are  called  singuktr  jminf.s  of  the  curve.  The  questions  of 
the  singular  points  of  i^  =  0  and  of  maxima,  minima,  or  minimax  (§  55) 
of  the  surface  z  =  F(x,  y)  are  related.  For  if  7','  =  F'^  —  0,  the  surface 
has  a  tangeat  plane  parallel  to  s  =  0,  and  if  the  condition  s  =  F  =  0  is 
also  satisfied,  the  surface  is  tangent  to  tlie  ,ry/-plane.  Now  if  ,-  =  F(./-,  y) 
has  a  maximum  or  minimum  at  its  point  of  tangency  with  .-;  =  0,  the 
surface  lies  entirely  on  one  side  of  the  plane  and  the  point  of  tangency 
is  an  isolated  point  of  F(x,  y)  =  0 ;  wherea.s  if  the  surface  has  a  mini- 
max it  cuts  through  the  plane  -.  =  0  and  the  point  of  tangency  is  not 
an  isolated  point  of  F{.r,  y)  =  0.  The  shape  of  the  curve  F  =  0  in  the 
neighborhood  of  a  singular  point  is  discussed  by  developing  /•'(./•,  y) 
about  that  point  by  Taylor's  Formula. 

For  example,  consider  the  curve  F(x.  y)  =  x^  +  y^  —  x^y^  —  J  (j^  -(-  ?/-)  =  0  and 
the  surface  z  =  F(x,  y).   The  conunon  real  solutions  of 

F;  =  3x-^-2xy^-x  =  0,        F'^  =  3y^ -2x:hj  -  y  =  0,        F(x,y)  =  0 

are  the  singular  points.  The  real  solutions  of  F!^  =  0,  F^  =  0  are  (0,  0),  (1,  1), 
(J,  i)  and  of  these  the  first  two  satisfy  F(x,  y)  =  0  but  the  last  does  not.  The 
singular  points  of  the  curve  are  therefore  (0,  0)  and  (1,  1).  The  test  (34)  of  §  5.5 
shows  that  (0,  0)  is  a  maximum  for  z  =  F{x,  y)  and  hence  an  i.solated  point  of 
F(x,  y)  =  0.  The  test  also  shows  that  (1,  1)  is  a  minimax.  To  discuss  the  curve 
F{x,  y)  =  0  near  (1,  1).  apply  Taylor's  Formula. 

0  =  F(x,  J/)  =  ^  (3  A2  -  8  W:  +  3 12)  +  J  (6  A-'  -  12  h'^k  -  12  A*'^  +  6 fc^)  +  remainder 
=  ^  (3  cos^  <p  —  8  sin  (p  cos  tp  +  3  sin^  0) 

+  r  (cos'  0  —  2  COS''  *  sin  0  —  2  cos  0  sin^  <p  +  sin'  0)  +  •  •  • . 
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if  polar  coordinates  h  =  rcosc^,  k  =  rsiii0  be  introduced  at  (1,  1)  and  r-  be  can- 
celed. Now  for  vciy  sinall  values  of  r,  the  equation  can  be  satisfied  only  when 
the  first  parenthesis  is  very  small.    Hence  the  solutions  of 

3-4siii20  =  O,         sin20  =  J,       or      </.  =  24- 17^',  65^42|', 

and  0  +  rr,  are  the  directions  of  the  tangents  to  F(x,  y)=  0.    The  equation  i^=  0  is 

0  =  (1^  —  2  sin  2  0)  +  r  (cos  0  +  sin  0)  (1  —  1 J  sin  2  <p) 

if  only  the  first  two  terms  are  kept,  and  this  will  serve  to  sketch  F(x,  y)  =  0  for 
very  smill  values  of  r,  that  is,  for  (j>  very  near  to  the  tangent  directions. 

58.  It  is  important  to  obtain  conditions  for  the  maxinmni  or  minimum 
of  a  function  s  =  /(.'■,  y)  where  the  variables  x,  y  are  connected  by  a 
relation  F(x,  y)  =  0  so  that  s  really  becomes  a  function  of  x  alone  or  y 
alone.  For  it  is  not  ahvaj'S  possible,  and  frequently  it  is  inconvenient, 
to  solve  F(x,  y)  =  0  for  either  variable  and  thus  eliminate  tliat  variable 
from  s  =zf(x,  ?/)  by  substitution.  When  the  variables  r,  y  in  .-  =f(x,  ?/) 
are  thus  connected,  the  minimum  or  maximum  is  called  a  constra  ined 
vilnimiim  or  moxiiiniiii  ;  wlien  there  is  no  equation  P(jr,  ?/)  =  0  between 
them  the  minimum  or  maximum  is  called  fn'r  if  anj-  designation  is 
needed.*  Tlie  conditions  are  obtained  by  differentiating  .-  =  /'(./■, //) 
and  F(.r,  y)  =  0  totally  with  respect  to  ./•.    Thus 


and 


dx       ox       by  dx         ' 

(/O  _dF       CF  dy 

dx        Cx        by  dx         ' 

ofcF_dfdF-^^ 
dx  cy       by  bx          ' 

£.0,    .  =  0, 

(5) 


where  the  first  equation  arises  from  the  two  above  by  eliminating  dy/dx 
and  the  second  is  added  to  insure  a  minimum  or  maximum,  are  the  con- 
ditions desired.  Xote  tliat  all  singular  points  of  F{x,  y)  =  0  satisfy  the 
first  condition  identically,  but  that  the  process  by  means  of  which  it 
was  obtained  excludes  such  points,  and  that  the  rule  cannot  be  exj)ected 
to  apply  to  them. 

Another  method  of  treating  the  problem  of  constrained  maxima  and 
minima  is  to  introduce  «  iiiiiltlj,lifr  and  form  the  function 

s  =  $(./•,, y)  =/(.,■,  y)-f-XF(.r,  7/),         X  a  multiplier.  (G) 

Now  if  this  function  z  is  to  have  a  free  maximum  or  minimum,  tlien 

*;  =  ,n  +  xf;  =  0,       *,;  =  /;  +  a.;.;;  =  o.  (7) 

.These  two  equations  taken  with  F  =  0  constitute  a  set  of  three  from 
which  the  three  values  a-,  y,  \  may  be  obtained  by  solution.    Note  that 

*  The  adjective  "relative"  is  sometimes  used  for  constrained,  and  "absolute"  for 
free ;  but  the  term  "  absolute  "  is  best  kept  for  the  greatest  of  the  maxima  or  least  of 
the  minima,  and  the  term  "  relative  "  for  the  other  maxima  and  minima. 
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K  cannot  be  obtained  from  (7)  if  botli  f;  and  f;  vanish ;  and  hence  this 
method  also  rejects  the  singular  points.  That  this  method  really  deter- 
mines the  consti-ained  maxima  and  minima  of  /'(./•,  y)  subject  to  the 
constraint  F{.r,  y)  =  0  is  seen  from  the  fact  that  if  X  be  eliminated  from 
(7)  the  condition /;;.f;  -y;;F^  =  0  of  (5)  is  obtained.  The  new  method 
is  therefore  identical  with  the  former,  and  its  introduction  is  more  a 
matter  of  convenience  than  necessitj-.  It  is  possible  to  show  directly 
that  the  new  method  gives  the  constrained  maxima  and  minima.  For 
the  conditions  (7)  a*^  those  of  a  ^ree  extreme  for  the  function  $(j', //) 
which  depends  on  two  independent  variables  (.>;  ij).  Now  if  the  equa- 
tions (7)  be  solved  for  (.r,  y),  it  appears  that  the  position  of  the  maximuni 
or  minimum  will  be  expressed  in  terms  of  X  as  a  parameter  and  that 
consequently  the  point  {x{\),  i/{\))  cannot  in  general  lie  on  the  curve 
^(•^'j  Z/)  =  0 ;  but  if  X  be  so  determined  that  the  point  shall  lie  on  this 
curve,  the  function  <l>(j-,  //)  has  a  free  extreme  at  a  point  for  which 
F=0  and  hence  in  particular  must  have  a  constrained  extreme  for  the 
particular  values  for  which  F(a;  ij)  =  0.  In  speaking  of  (7)  as  the  con- 
ditions for  an  extreme,  the  conditions  which  should  be  imposed  on 
the  second  derivative  have  been  disregarded. 

For  example,  suppose  tlie  maximuni  radius  vector  from  the  origin  to  the  folium 
of  Descartes  were  desired.  The  problem  is  to  render/(i,  y)  =  x'^  -)-  y'^  maximuni 
subject  to  the  condition  F(j;,  y)  =  x-'  +  y'  —  'i  axy  =  0.    Hence 

2x-(-3X{j:2-a!/)  =  0,         2?7 -^  3X(y2  -  aj)  =  0,         i^ -^^  y^  -  Zaxy  =  0 

or  2x^{y^-ax)-2y-Z(x-^-ay)  =  0,        x^  -^^  y^  -  Z  axy  =  d 

are  the  conditions  in  the  two  cases.  These  equations  may  be  solved  for  (0,  0), 
(l^a,  Ija),  and  some  imaginary  values.  The  value  (0,  0)  is  singular  and  X  cannot 
be  determined,  but  the  point  is  evidently  a  minimum  of  j^  -)-  y'^  by  inspection.  The 
point  (IJ  a,  \\  a)  gives  X  =  —  1^  «.  That  the  point  is  a  (relative  constrained)  maxi- 
mum of  i'^  -I-  y'-^  is  also  seen  by  inspection.  There  is  no  need  to  examine  dy.  In 
most  practical  problems  the  examination  of  the  conditions  of  the  second  order 
may  be  waived.  This  example  is  one  which  may  be  treated  in  polar  coordinates 
by  the  ordinary  methods ;  but  it  is  noteworthy  that  if  it  could  not  be  treated  that 
way,  the  method  of  solution  by  eliminating  one  of  the  variables  by  solving  the 
cubic  F(j,  y)  =  Q  would  be  unavailable  and  the  methods  of  constrained  maxima 
would  be  required. 

EXERCISES 

1.  By  total  differentiation  and  division  obtain  dy/dx  in  the.se  ca.ses.  Do  not 
.substitute  in  (1),  but  use  the  method  by  which  it  was  derived. 

(a)  ax^  +  2hxy  -\-  cy^  -  \  =  0,  (j3)  x*  +  y*  =  ia^y,  (7)  (cos j)"  -  (sin y^  =  0, 
(«)  (i2  -^  y^  =  a^x-^  -  y-%  (e)  e'  -|-  e''  =  2iy,  (f)  x-'^y--  =  tan-ix)/. 

2.  Obtain  the  second  derivative  d^y/dx-  in  Ex.  1  (n),  (/3),  (e),  (f)  by  differen- 
tiating the  value  of  dy/dx  obtained  above.   Compare  with  u.se  of  (.3). 
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3.  Prove  - 


J2„  F'^jr"  _  2  F'F'F"  +  F"^F" 


dl2  _F'8 

!/ 

4.  Find  the  radius  of  curvature  of  these  curves  : 

(a-)  xl  +  2/t  =  at,  K  =  3  {axy)i,         (j3)  xi  +  yi  =  al,R  =  2  V(z  +  y)^/a, 
(y)  6^x2  +  a'^y-^  =  a%^,         (d)  xy^  =  a^{a-  x),         (e)  (axf  +  (by)i  =  1. 

5 .  Find  y',  y",  y'"  in  case  i^  +  ;/'  —  3  axy  =  0. 

6.  Extend  equations  (3)  to  obtain  y"'  and  reduce  by  Ex.  3. 

7.  Find  tangents  parallel  to  the  i-axis  for  (x?-  +  y^Y  =  2  a^  (i^  _  y'i.^, 

8.  Find  tangents  parallel  to  the  ^-axis  for  {x'-  +  2/^  +  (vx)'^  =  a?  (x^  +  y^)- 

9.  If  b^  <ac  in  oi^  +  2  fcry  +  c?/^  +  /i  -f  j^j/  +  A  =  0,  circumscribe   about   the 
curve  a  rectangle  parallel  to  the  axes.    Check  algebraically. 

10.  Sketch  x"  +  y°-  =  x^y^  +  |(x2  +  y^)  near  the  singular  point  (1,  1). 

11.  Find  the  singular  points  and  discuss  the  curves  near  them  : 

(a)  i^  +  !/3  =  3  axy,  (fi)  {x^  +  yY  =  2  cfl  (j:^  -  y% 

(7)  X*  +  I/'  =  2 (J  -  j/)2,  (J)  1/5  +  212/2  =  i2  +  J/'. 

12.  Make  these  functions  maxima  or  minima  subject  to  the  given  conditions. 
Discuss  the  work  both  with  and  without  a  multiplier ; 

,   .        a  6  ^  ^  ^  .        sin  a;      u 

(a) 1 ,     a  tan  x  +  o  tan  y  =  c.  Aths.  =  -  ■ 

u  cos  X      V  cos  y  sin  y      v 

ip)  x^  -{-  y"^,     ax2  +  2  6i^  +  cy2  =/.  Find  axes  of  conic. 

(7)  Find  the  shortest  distance  from  a  point  to  a  line  (in  a  plane). 

13.  Write  the  second  and  third  total  differentials  of  F(x,  y)  =  0  and  compare 
with  (3)  and  Ex.  5.   Try  this  method  of  calculating  in  Ex.  2. 

14.  Show  that  F^dz  +  F^dy  =  0  does  and  should  give  the  tangent  line  to 
F(x,  2/)  =  0  at  the  points  {x,  y)  it  dx  =  ^  —  x  and  dy  =  r)  —  y,  where  f,  t;  are  the 
coordinates  of  points  other  than  (i,  y)  on  the  tangent  line.  Why  is  the  equation 
inapplicable  at  singular  points  of  the  curve  ? 

59.  More  general  cases  of  implicit  functions.  The  problem  of 
implicit  functions  may  be  generalized  in  two  ways.  In  the  first  plax^e 
a  greater  number  of  variables  may  occur  in  the  function,  as 

^(J-,  y,  «)  =  0,  F{x,y,z,---,u)  =  0; 

and  the  question  may  be  to  solve  the  equation  for  one  of  the  variables 
in  terms  of  the  others  and  to  determine  the  partial  derivatives  of  the 
chosen  dependent  variable.  In  the  second  place  there  may  be  several 
equations  connecting  the  variables  and  it  may  be  required  to  solve  the 
equations  for  some  of  the  variables  in  terms  of  the  others  and  to 
determine  the  partial  derivatives  of  the  chosen  dependent  variables 
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with  respect  to  the  independent  variables.  In  both  cases  the  formal 
differentiation  and  attempted  formal  solution  of  the  equations  for  the 
derivatives  will  indicate  the  results  and  the  theorem  under  which  the 
solution  is  proper. 

Consider  the  ease  F(j;  >/,  s)  =  0  and  form  the  differential. 

c/l'{x,  y,  ,-)  =  F;,/r  +  >;',/y  +  F^,h  =  0.  (8) 

If  s  is  to  be  the  dependent  variable,  the  partial  derivative  of  x  by  x  is 
found  by  setting  d;/  =  0  so  that  y  is  constant.    Thus 

oz  _  /d.~\        f;  ds     i,iz\        F' 

are  obtained  by  ordinary  division  after  setting  <!i/  =  0  and  (/.r  =  0  re- 
spectively. If  this  division  is  to  be  legitimate,  F;  must  not  vanish  at 
the  point  considered.  The  immediate  suggestion  is  the  theorem :  If, 
when  real  values  (x^,  y^)  are  chosen  and  a  real  value  .t^,  is  obtained 
from  F{z,  x^,  ij^)  =  0  by  solution,  the  function  F(x,  //,  z)  regarded  as 
a  function  of  three  independent  variables  (./■,  y,  ,-)  is  continuous  at 
and  near  (x^,  y^,  z^  and  has  continuous  tirst  jjartial  derivatives  and 
K  (-''o'  ^0'  ^o)  ^  0,  then  F{x,  y,  z)  =  0  may  be  solved  uniquely  for 
.-  =  <l>  (x,  y)  and  <t>  (.»•,  y)  will  be  continuous  and  have  partial  derivatives 
(9)  for  values  of  (.c,  y)  sufficiently  near  to  (x^,  y^). 

The  theorem  is  again  proved  by  the  Law  of  the  Mean,  antl  in  a  similar  mariner. 

F{x,  'y,  z)  -  F(j„,  2/„,.z„)  =  F{x,  y,  z)  =  (AF;  +  kF^  +  lF^U  +  ei..„„  +  eJ.:.„  +  ei- 

-'^s  Fj,  Fjj,  FJ  are  continuous  and  F^(x„,  y^,  Zg)  ^  0,  it  is  possible  to  take  5  so 
small  that,  when|A|<S,  H:|<8,  |i|<5,  the  derivative  |  F.' |  >  m  and  |  F,'|<^,  |FJ|<^. 
Now  it  is  desired  so  to  restrict  h,  k  that  ±  SF^  shall  determine  the  sign  of  the 
parenthesis.   Let 

\x~Xg\<lmS/fi,        \V-yo\<imS/n,     then    |/(F;  +  i-F;|<mS 

and  the  signs  of  the  parenthesis  for  {x,  y,  z„  +  S)  and  (j;,  y,  z„  —  S)  will  be  opposite 
since  |Fj|>m.  Hence  if  (j,  y)  be  held  fixed,  there  is  one  and  only  one  value  of  z 
for  which  the  parenthesis  vanishes  between  z„+  S  and  z„  —  S.  Thus  z  is  defined  as  a 
single  valued  function  of  (z,  y)  for  sufficiently  small  values  of  h  =  x  —  x^,k  =  y  —  y„. 

Also  i_      F^(x„  +  eh,y,+  0k,z,  +  9l)  |^_^--^ 


h  F^(x^  +  0h,y„  +  ek,Zo+ei)  *:  F/f..) 

when  k  and  h  respectively  are  assigned  the  values  0.  The  limits  exist  when  ft  =  0  or 
fc  =  0.  But  in  the  first  case  Z  =  Az  =  AxZ  is  the  increment  of  z  when  x  alone  varies, 
and  in  the  second  case  I  =  Az  =Aj^.  The  limits  are  therefore  the  desired  partial 
derivatives  of  z  by  z  and  y.  The  proof  for  any  number  of  vari:ibles  would  be 
similar. 
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If  none  of  the  derivatives  F'^,  F^,  FJ  vanish,  the  equation  F(a>,  t/,z)=0 
may  be  solved  for  any  one  of  the  variables,  and  formulas  like  (9)  will 
express  the  partial  derivatives.    It  then  appears  that 

^ZiV^'U^^^  =  ^^  =  i  (10) 

bi[dzl     C.-CZ       F'^F^       ^'  ^^"^ 

\dxly\ihj)Xdzl,     oxoi/dz 

in  like  manner.  Tlie  first  equation  is  in  this  case  identical  with  (4) 
of  §  2  because  if  y  is  constant  the  relation  F(^x,  //,  z)  =  0  reduces  to 
G  (x,  z)  =  0.  The  second  equation  is  new.  By  virtue  of  (10)  and  simi- 
lar relations,  the  derivatives  in  (11)  may  be  inverted  and  transformed 
to  the  right  side  of  the  equation.  As  it  is  assumed  in  thermodynamics 
that  the  pressure,  volume,  and  temperature  of  a  given  simple  substance 
are  connected  by  an  equation  F(2),  i',  T)  =  0,  called  the  characteristic 
equation  of  the  substance,  a  relation  between  different  thermodynamic 
magnitudes  is  furnished  by  (11). 

60.  In  the  next  place  suppose  there  are  two  equations 

F{x,  ,j,  „,  r)  =  0,  G  {x,  y,  v,  r)  =  0  (12) 

between  four  variables.    Let  each  equation  be  differentiated. 

,/F  =  0  =  F'^ilr  +  F',f},j  +  F'Jii  +  F'^dv, 

dG  =  0=  G'^dx  +  G'ydij  +  G;^du  +  G'/h:  (13) 

If  it  te  desired  to  consider  ii,  /■  as  the  dependent  variables  and  x,  ij  as 
independent,  it  would  be  natural  to  solve  these  equations  for  the  differ- 
entials du  and  do  in  terms  of  dx  and  dij ;  for  example, 

da  =  (/-x:-^;^;v^;  +  (^;^;-^--,>o-/// .  , 

p'(J'  —  F'G'  ^      > 

Tlie  differential  dn  would  liave  a  <litteient  numerator  but  the  same  de- 
nominator. The  solution  requires  F'^G'^  —  F'^G'„  ^  0.  This  suggests  the 
desired  theorem  :  If  (»„,  i-^  are  solutions  of  F  =  0,  (3  =  0  corresponding 
^°  (*o'  Vo)  '^"'^  ^^  -'^"'^'.'  —  K^^^'n  does  not  vanish  for  the  values  (a-„,  y^,  n^,  t>^), 
the  equations  F  =  0,  G  =  0  may  be  solved  for  v  =  (f>(x,  y),  r  —  i/f(.r,  y) 
and  the  solution  is  unique  and  valid  for  (.r,  //)  suiEciently  near  (x  ,  >/ ) 
—  it  being  assumed  that  Fand  G  regarded  as  functions  in  four  variables 
are  continuous  and  have  continuous  hrst  partial  derivatives  at  and  near 
(■''o'  I/o'  '"■o'  ^'o)  ;  moreover,  the  total  differentials  du,  do  are  given  by  (13') 
;ind  a  similar  equation. 
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The  proof  of  this  theorem  may  be  deferred  (§  64).  Some  observations 
should  be  made.  The  equations  (13)  may  be  solved  for  any  two  vari- 
ables in  terms  of  the  other  two.    The  partial  derivatives 

of  --  by  X  or  of  a-  by  k  will  naturally  depend  on  whether  the  solution 
for  ((  is  in  terms  of  (.r,  //)  or  of  (a-,  r),  and  tlie  solution  for  n-  is  in  («,  u) 
or  {ii,  I/).  Moreover,  it  must  not  be  assumed  that  dii/dx  and  dx/du  are 
reciprocals  no  matter  which  meaning  is  attached  to  each.  In  obtaining 
relations  between  the  derivatives  analogous  to  (10),  (11),  the  values  of 
the  derivatives  in  terms  of  the  derivatives  of  F  and  (i  may  be  found  or 
the  equations  (12)  may  first  be  considered  as  solved. 

Thus  if 


!( 

=  <t>  (j,  y), 

du  = 

-■  4'.r<i^  +  'Pi/'iy, 

V 

=  f{^,y), 

dv  = 

■  <p'jix  +  i/ydij. 

ilr 

■/■„'''"  -  0„''ii' 

dy  = 

—  'p'/hi  +  0^fit) 

'P.,4',1  -  'P.ji'.c 

't>'r'l'',i  -  <t'',i'i''r 

cx 

ex 

Tl3~ 

-< 

cu 

'f'.r'^!/  -  f./^.r 

CU  cx 

ex  du 

ee  ex  _ 

?xdv~ 

1, 

Tlien 


rtud  —  = ,  —  = ,  oCc. 

cu    0>;-,^,;f;       ?«    0.>j-f>.r 

„  fit  cx     ev  ?x     ,  

Henco  h =  1 ,  (15) 

ex  du      fxSv 

as  may  be  seen  by  direct  substitution.  Here  u,  u  are  expressed  in  terms  of  i,  y  for 
the  derivatives  u^,  w^  ;  and  i,  y  are  considered  as  expressed  in  terms  of  u,  v  for  the 
derivatives  x'„,  i[,. 

61.  The  questions  of  free  or  constrained  maxima  and  minima,  at  any 
rate  in  so  far  as  the  determination  of  the  conditions  of  the  first  order  is 
concerned,  may  now  be  treated.  If  F{x,  y,  s)  =  0  is  given  and  the  max- 
ima and  minima  of  s  as  a  function  of  {x,  i/)  are  wanted, 

Ki^,i/,^)  =  0,         f;^(x,  !/,  z)  =  0,         F(x,>/,z)  =  0         (16) 

are  three  equations  which  may  be  solved  for  x,  y,  ,t.  If  for  any  of  these 
solutions  the  derivative  F^  does  not  vanish,  the  surface  ,-j  =  <j>(x,  ij)  has 
at  that  point  a  tangent  plane  parallel  to  .?  =  0  and  there  is  a  maximum, 
minimum,  or  minimax.  To  distinguish  between  the  possibilities  further 
investigation  must  be  made  if  necessary  ;  the  details  of  such  an  investi- 
gation will  not  be  outlined  for  the  reason  that  special  methods  are 
usually  available.  The  conditions  for  an  extreme  of  n  as  a  function  of 
{x,  ij)  defined  implicitly  by  tlie  equations  (13')  are  seen  to  be 

F-^G:-F:.G'^=(i,  f;g:-f:g:,  =  o,  f=o,  o'  =  o.      (i?) 

The  four  equations  may  be  solved  for  x,  ij,  u,  r  or  merely  for  x,  ij. 
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Suppose  that  the  maxima,  minima,  and  minimax  of  m  =  f(x,  y,  z)  sub- 
ject either  to  one  equation  Fix,  y,z)  —  0  or  two  equations  F(x,  y,  z)  =  0, 
G{x,  y,  z)  =  0  of  constraint  are  desired.  Xote  that  if  only  one  equation 
of  constraint  is  imposed,  the  function  ii  =  f{x,  y,  z)  becomes  a  function 
of  two  variables ;  whereas  if  two  equations 'are  imposed,  the  function  ii 
really  contains  only  one  variable  and  the  question  of  a  minimax  does 
not  arise.    The  method  of  nvilt'qdlers  is  again  employed.    Consider 

<^{x,y,z)=f+\F     or     *=/+XF+m<?  (18) 

as  the  case  may  be.    Tlie  conditions  for  a  free  extreme  of  $  are 

<I.;  =  0,         *,;=0,         *;  =  0.  (19) 

These  three  equations  may  lie  solved  for  the  coordinates  x,  y,  .-  which 
will  then  be  expressed  as  functions  of  A.  or  of  X  and  fi.  according  to  the 
case.  If  then  X  or  X  and  /i  be  determined  so  that  (x,  y,  z)  satisfy  F  =  0 
ov  F  =  0  and  O  =  0,  the  constrained  e.Ktremes  of  u  =/(>,  y,  z)  will  be 
found  except  for  the  examination  of  the  conditions  of  higher  order. 

As  a  problem  in  constrained  maxima  ami  minima  let  the  axes  of  the  section  of 
an 'ellipsoid  by  a  jjlane  through  the  origin  lie  determined.   Form  the  function 


^  =  i^  +  y^  +  z-  +  \('^^,  +  \-  +-  -  \\  +  M(ir  +  my  + 
\n'-       h-      c-         I 


nz) 


by  adding  tox-  +  y'^  +  z-,  which  is  to  be  made  extreme,  the  equations  of  the  ellipsoid 
and  plane,  which  are  the  equations  of  constraint.   Then  apply  (19).    Hence 

a^      2  6-^2  c^      2 

taken  with  the  ecjuations  of  ellip.soid  and  plane  will  determine  i,  y,  z,  X,  ji.  If  the 
ecjuations  are  multiplied  by  x.  y.  z  and  reduced  by  the  equations  of  plane  and 
ellipsoid,  the  solution  for  X  is  X  =  —  r^  =  —  (a:^  -f  j^'^  +  z^).  The  three  equations 
then  become 

1     lila-  1    /i/nft^  1    )irufi  .  ,     , 

Hence + + =  0    determmes  r^.  (20) 

r'  —  a^      T^  —  \i^      r^  —  (fl 

The  two  roots  for  r  are  the  major  and  minor  axes  of  the  ellipse  in  which  the  plane 
cuts  the  ellipsoid.   The  substitution  of  jr.  y,  z  above  in  the  ellipsoid  determines 

II?-      /     al     \-     I    Imi    \-     /     en    \-      .  x'^      y^      z^ 

Now  when  (20)  is  solved  for  any  particular  root  r  and  the  value  of  /i  is  found  by 
(21),  the  actual  coordinates  i.  y.  z  of  the  exti  -■mities  of  the  axes  may  be  found. 
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EXERCISES 

1.  Obtain  the  partial  derivatives  of  z  by  x  and  y  directly  from  (8)  and  not  by 
substitution  in  (9).    Where  does  the  solution  fail  ? 

'"*  ^"  +  /;■"'  +  ^  =  ^'  (/3)  X  +  ^  +  z  =  ^  , 

a        c-       c-  xyz 

(7)  (i-  +  U-  +  z-)-  =  aV  +  6V  +  cV,         («)  I2/Z  =  f. 

2.  Find  the  second  derivatives  in  Ex.  1  (or),  (/3),  (S)  by  repeated  differentiation. 

3.  State  and  prove  the  theorem  on  the  solution  of  F(x,  y,  z,  u)  =  0. 

4.  Show  that  the  product  a,,ET  of  the  coefficient  of  expansion  by  the  modulu.s 
of  elasticity  (*;  52)  is  ecjual  to  the  rate  of  rise  of  pressure  with  the  temperature  if 
the  vohune  is  con.stant. 

5.  E.stablisli  the  proportion  Es  ■  Et  =  (',, :  C,-  (.see  §  52). 

b.   If  t  (s.  !/.  i.  »)  —  0.  show    -       — -—  =  1. =  1. 

(J-  ey  tz  cu  is  cii 

7.  Write  the  filiations  of  tanijent  plane  and  normal  line  to  F(x,  ^.  z)  =  0  and 
find  the  tangent  planes  and  normal  lines  to  Kx.  1  (/3),  (S)  at  x  =  1,  j/  =  1. 

8.  Find,  by  using  (13),  the  iiulicated  derivatives  on  the  a.s.suinption  that  either 
X,  y  or  i(,  I-  are  dependent  and  the  other  pair  independent : 

(<r)   «•'  +  V-'  +  X-  -  3(/  =  0,         ic''  +  fi  +  y^  +  .Sx  =  0,         11,'.  »„.  ;;,:,;,  r,". 
(j3)  X  +  y  +  u  Jr  i:  =  </.  x-  +  y-  +  ifi  +  v-  =  b,  x,;,  u^,  v'^,  v'^ 

(y)  Finil  dy  in  Ixitli  cases  if  x.  r  are  independent  variables. 

9.  Prove  —  —  +  —  ^  =  0  if  F(x,  y,  i(,  b)  =  0,  G  (x,  y,  u,  v)  =  0. 

ex  cu       ex  Cl- 
io.  Find  du  an<l  the  derivatives  u^..  u^,  u^  in  case 

x-  +  y-  +  2"  =  «!-'.         xy  =  u'^  +  v'  +  w'^,        xyz  =  uvv;. 

11.  If  F(x.  y,  z)  =  0.  G(x,  J/,  z)  =  0  define  a  curve,  show  that 

(f;g:  -  f:g,;)„    (fig;  -  f;G;)„    (f;g;  -  f;g;.), 

is  the  tangent  line  to  the  curve  at  (x„,  j/„,  z„).    Write  the  normal  plane. 

12.  Fornudate  the  problem  of  implicit  functions  occurring  in  Kx.  11. 

13.  Find  the  perpendicular  distance  from  a  point  to  a  plane. 

14.  The  sum  of  three  positive  numbers  is  x  +  j/  +  z  =  -V,  where  X  is  given. 
Determine  x,  y,  z  so  that  the  product  xi'yz''  shall  be  maximum  if  p,  y,  r  are  given. 

Ans.  X  :  y  ■■  z  :  \  =  p  ■■  q  ■■  r  .  (p  +  q  +  r). 

15.  The  sum  of  three  positive  numbers  and  the  .sum  of  their  squares  are  both 
given.    Make  the  product  a  maximum  or  minimum. 

16.  The  surface  {x-  +  y'^  +  z^)-  =  (ix^  +  by^  +  cz^  is  cut  by  the  plane  U  +  my  +  nz=0. 

—, =  **• 

r'  —  (I 
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17.  Ill  case  F(x,  y,  u,  v)  =  0,  G{x,  y,  u,,  v)  =  0  consider  the  differentials 

av  =  —  dx-\ dy,        dx  =  —  du  -\ —  dv,        dy  =  —  du-\-  -^dv. 

ex  cy  cu  cv  du  en 

Substitute  in  tlie  first  from  the  last  two  and  obtain  relations  like  (15)  and  Ex.  9. 

18.  If  f{x,  y,  z)  is  to  be  maximum  or  minimum  subject  to  the  constraint 
F(x,  y,  z)  =  0,  show  that  the  conditions  are  that  dx  -.dy  -.dz  =  0  -.0  -.d  are  indeter- 
minate when  their  solution  is  attempted  from 

/;dx+/;d!/+/:d2  =  0    and     F^^dx  +  F^^dy  +  Fldz  =  0. 

From  what  geometrical  con.siderations  should  this  be  obvioiLs  ?  Di.scuss  in  connec- 
tion with  the  problem  of  inscribing  the  maximum  rectangular  parallelepiped  in 
the  ellipsoid.   These  equations, 

dx:dy:dz=  f'^F'^  -  /IF;  :  f'J'^  -  f'X,  :  fj^  -f-y;  =  0:0:  0, 

may  sometimes  be  used  to  !idvaiita;_'e  for  such  problems. 

19.  Given  the  curve  F(x.  y.  z)  =  0,  G(x,  y,  z)  =  0.  Di-scuss  the  conditions  for 
ihe  highest  or  lowest  points,  (ir  more  generally  the  points  where  the  tangent  is 
parallel  to  z  =  0,  by  treating  u  =f(x.  j/,  z)  =  2  as  a  maxinumi  or  minimum  sub- 
ject to  the  two  constraining  equations  F  =  0,  G  =  0.  Sliow  that  the  condition 
F'^G'^  =  F'^G'^  which  is  thus  obtained  is  equivalent  to  setting  dz  =  0  in 

F'^dx  +  Fljdy  +  F'Az  =  0     and     G'jlx  +  G,jdy  +  G'^dz  =  0. 

20.  Find  the  highest  and  lowest  points  of  these  curves  : 

(«)  X-  -f  J/-  =  2-  -I-  1,   x  +  y  +2z  =  0,         (^)  -  +  ''L  +  ^  =  \^  Jx  +  my  jf.  nz  ^  0. 

((-       ifi       c' 

21.  Show  that  F'^dz  +  F'^^dy  +  F'.dz  =  0,  with  dx  =  i- x.  dy  =  t)-  y,  dz  =  i- z, 
is  the  tangent  plane  to  the  surface  F{x,  y,  z)  =  0  at  (i,  y,  z).   Apply  to  Ex.  1. 

22.  Given  F(x,  y,  u,  v)  =  0,  G{x,  y,  u,  v)  =  0.   Obtain  the  equations 

cZ^  +  ^'i!l  +  £££^-0        £^4.£^£!f     ^^^_n 

ex       cu  ex       fo  ex  cy       eu  cy       cv  ey        ' 

?G       cG  eu      cG  ev  cG      cG  cu      cG  cv 

^  +  T-—  +  T-  —  =0,  —  + + =0, 

ex      CU  cx      CV  cx  aj      cu  cy      dv  cy 

and  explain  their  significance  as  a  sort  of  partial-total  differentiation  of  F  =  0 
and  G  =  0.  Find  «,'  from  them  and  compare  with  (13').  Write  similar  equations 
where  i,  y  are  considered  as  functions  of  (u,  v).  Hence  prove,  and  compare  with 
(15)  and  Ex.  9, 

--^  +  —^1  —  1         E}!:^  ,   ^"^■'^  —  n 
cy  cu      cy  cv        '        cymi      ey  cv  ~    ' 

23.  Show  that  the  differentiation  with  respect  to  x  and  y  of  the  four  equations 
under  Ex.  22  leads  to  eight  equations  from  which  the  eight  derivatives 

f""  ?-»  c'-ii  r'u  r-v  iH 

cx-  cxcy  cycx  cy'-'        cx-'  '         cy^ 

may  be  obtained.    Show  thus  that  formally  u"  =  u" 
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62.  Functional  determinants  or  Jacobians.    Let  two  functions 

Ii  =  <t>{-^,1/),  r  =  ^{x,,,)  (22) 

of  two  independent  variables  be  given.  The  continuity  of  the  functions 
and  of  their  first  derivatives  is  assumed  throughout  this  discussion 
and  will  not  be  mentioned  again.  Suppose  that  there  were  a  relation 
F{it,  v)  =  0  or  F{<j),  il/)=  0  between  the  functions.    Then 

F(,^,  ,/,)  =  o,      F,>:,  +  j^,:^.:  =  0,      i=^,>;  +  p,>;  =  0.     (23) 

The  last  two  equations  arise  on  differentiating  the  first  with  respect  to 
.<•  and  I/.    The  elimination  of  F,;  and  F„'  from  these  gives 


d(u,  r)  hi,  r', 

^    '        -   '•'-'      >=0.  (24) 


^  {■'->  u)       V,  u 


The  determinant  is  merely  another  way  of  ^vl■iting  the  first  expression  ; 
the  next  form  is  the  customarj-  short  way  of  writing  the  determinant 
and  denotes  that  the  elements  of  the  determinant  are  the  first  deriva- 
tives of  H  and  <'  with  respect  to  x  and  //.  This  determinant  is  called  the 
funct'umid  determinant  or  Jacohian  of  the  functions  n,  c  or  <^,  i/f  with 
respect  to  the  variables  .r,  y  and  is  denoted  by  J.  It  is  seen  that :  If 
there  is  a  functional  relntinn  F((t>,  i/^)  =  0  hetireen  tiru  functions,  the 
Jacohian  of  the  functions  ranishes  identicalli/,  that  is,  vanishes  for  all 
values  of  the  variables  (.r,  //)  under  consideration. 

Converselj',  if  the  Jacohian  ranishes  identicalli/  orer  a  tiro-<limensional 
refjion  for  (x,  if),  the  functions  are  connected  Iii/  a  functiannl  relatirm. 
For,  the  functions  u,  r  may  be  assumed  not  to  reduce  to  mere  constants 
and  hentr  there  may  be  assumed  to  be  points  for  which  at  least  one  of 
the  partial  derivatives  <f>^,  <f>'^,  ip^,  ifi^  does  not  vanish.  Let  <^^  be  the 
derivative  wliich  does  not  vanish  at  some  particular  point  of  the  region. 
Then  u  =  <t>(.r,  y)  may  be  solved  as  j'  =  x(",  .'/)  in  the  vicinity  of  that 
point  and  the  result  may  be  substituted  in  r. 

f.7-  ill  c.r  ,      cr         1         ,    ,        . ,  ,  ,.  /n  1 K 

But  ^=-— -     and     ^  =  —  (,^,>;  -  .^,<^„)  (24') 

cy  cy  Cii  cy       </)j. 

by  (11)  and  substitution.  Thus  dr/cy  =  J/<j>'^ ;  and  if  J  =  0,  then 
dr/cy  =  0.  This  relation  holds  at  least  throughout  the  region  for  which 
<^^  gt  0,  and  for  points  in  this  region  or/dy  vanishes  identically.  Hence 
r  does  not  depend  on  y  hut  becomes  a  function  of  u  alone.  This  es- 
tablishes the  fact  that  v  and  u  ai-e  functionally  connected. 
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These  considerations  may  be  extended  to  other  cases.    Let 

«  =  ,^(r,  //,  .-;),  i'  =  ^(x,y,z),  w  =  ^(j;  1/,  x).  (25) 

If  there  is  a  functional  relation  F(u,  v,  «•)  =  0,  diiferentiate  it. 

F,;<^;  +  F,V;  +  i^-^pfc  =  0,       0;    .a;    x: 

F:,t>',  +  K'i'y  +  Kx,:  =  0,     <t>y  «/';  x.;  =  o.        (^6) 
K<t>:  +  K'l':  +  Kx^  =  (),      *.'  i'z  xz 

^(<t>,^,x)  _^('<.  ^^  "•)_  r_n 

The  result  is  obtained  by  eliminating  Fi,  F,'.,  F'„  from  the  three  eciuatioiis. 
The  assumption  is  made,  here  as  above,  that  F'^,  F^.,  F^  do  not  all  vanish  ; 
for  if  they  did,  the  three  equations  would  not  imply  ./  =  0.  (Jn  the 
other  hand  their  vanishing  would  imply  that  F  did  not  contain  n,  r,  ir, 
—  as  it  must  if  there  is  really  a  relation  between  them.  And  now  con- 
versely it  may  lie  shown  that  if  J  vanishes  identically,  there  is  a  func- 
tional relation  between  m,  v,  ir.  Hence  again  the  necessanj  and  snjffirlenf 
rnnditifins  that  tlic  three  functions  (25)  he  fu7u;tlonally  connected  [g  that 
their  Jacohlan  vanish. 


The  proof  of  the  converse  part  is  about  as  before.  It  may  be  assumed  that  at 
least  one  of  the  derivatives  of  u,  »,  w  or  <p,  ^,  x  hy  x,  y,  z  does  not  vanish.  Let 
0^  -^  0  be  that  derivative.  Then  a  =  (^  (j;,  y,  z)  may  be  solved  as  x  =  w  (u,  2/,  z) 
and  the  result  may  be  substituted  in  »  and  w  as 

v  =  ^(z,y,z)  =  ^ (u,  y,  z),         w  =  x {x,  y,z)  =  x (w,  V,  z). 

Next  the  Jacobian  of  v  and  w  relative  to  y  and  z  may  be  written  as 


cv 

cw 

cv 

cy 
cv: 

dz 

cz 

'P, 

'^  +  ry  X 

cy 

cy 

Xy 

i'xzr  +  'I'z     X^T-  +  Xz 
cz                    cz 

Yy       X,j 
"Pz       x'z 

+  K 

-•Py/'t'^      Xy 
-  <t''zlK      x'z 

^z       -  <t>z/'P^ 

1 

[< 

y     'Xy 

z       x'z 

+  K 

4 
x'z 

•t>'z 

+  x; 

t>'z     ^: 

As  /  vanishes  identically,  the  Jacobian  of  v  and  w  expressed  as  functions  of  y,  z, 
and  u  vanishes.  Hence  by  the  case  previously  discussed  there  is  a  functional  rela- 
tion F{xi,  lo)  =  0  independent  ot  y,  z;  and  as  »,  lo  now  contain  u,  this  relation  may 
be  considered  as  a  functional  relation  between  u,  v,  w. 

63.  If  in  (22)  the  variables  m,  v  be  assigned  constant  values,  the 
equations  define  two  curves,  and  if  m,  v  be  assigned  a  series  of  such 
values,  the  equations  (22)  define  a  network  of  curves  in  some  part  of  the 
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a-y-plane.  If  there  is  a  functional  relation  u  =  F{v),  that  is,  if  the 
Jacobian  vanishes  identically,  a  constant  value  of  v  implies  a  constant 
value  of  n  and  hence  the  locus  for  which  v  is  constant  is  also  a  locus 
for  which  ii  is  constant ;  the  set  of  ?)-curves  coincides  with  the  set  of 
(^-curves  and  no  true  network  is  formed.  This 
case  is  uninteresting.  Let  it  be  assumed  that 
the  Jacobian  does  not  vanish  identically  and 
even  that  it  does  not  vanish  for  any  point  (x,  y) 
of  a  certain  region  of  the  a-?/-plane.  The  indi- 
cations of  §  60  are  that  the  equations  (22)  may 
then  be  solved  for  x,  y  in  terms  of  m,  v  at  any 
point  of  the  region  and  that  there  is  a  pair  of 
the  curves  through  each  point.  It  is  then  proper  to  consider  (»,  v)  as 
the  coordinates  of  the  points  in  the  region.  To  any  point  there  corre- 
spond not  only  the  rectangular  coordinates  (x,  y)  but  also  the  nin-i- 
llnear  coordinates  («,  v). 

The  equations  connecting  the  rectangular  and  curvilinear  coordinates 
may  be  taken  in  either  of  the  two  forms 

"  =  <^(-?,  .'/),         '•  =  '/'(a-,  y)      or     X  =f{u,  v),        y  =  g{x,,  r),     (21") 
each  of  which  are  the  solutions  of  the  other.    The  Jacobians 


Ci   <,«* 


X,  y)      \u,  v) 


are  reciprocal  each  to  each ;  and  this  relar 
tion  may  be  regarded  as  the  analogy  of 
the  relation  (4)  of  §  2  for  the  case  of 
the  function  y  =  ^(x)  and  the  solution 
X  =f(y)  =  <i>~^{y)  in  the  case  of  a  single 
variable.    The  differential  of  arc  is 


(27) 


(x+d„x,  i/+<J„i/) 

(u,  v+dv) 

+<ix,  v+dy) 
+  du,  t)  +  dt>) 
r+d« 

V 


(x-\-duX.v+d„v) 
(u+du,  v) 


\ou/      \oi( 


df!^  =  dx'  +  df=  Edv^  +  2  Fdudr  +  Gdi^, 


X 

(28) 


dx  dx      dy  dy 
du  or      du  or  ' 


"^^'^j   '   \dv 


^!/ 


The  differential  of  area  included  between  two  neighboring  ^(-curves  and 
two  neighboring  r-curves  may  be  written  in  the  form 


dA 


dudv  =  dvdn  -^  J 


^>  y. 


(29) 


These  statements  will  now  be  proved  in  detail. 
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To  prrivi-  (27)  write  out  the  Jacobiaiis  at  lenitli  and  reduce  the  result. 


\z.  y)     \u,  vj 


cu      rr.       ,  CI  cy 

cJ.     fJ      1  in  cu.  I 

cu     cv        ex  cyi 

ey    cy\ci}  ex  , 

\cucx       cvcx  £^£^,£^£^1        i     fy 


!  cx  cu      ex  cc     ex  cu      ex  cxs\  _,  i  _  i 

~^cucz     cucz^    £!!  £!^  J.  £^  £_^  1     ■(!    1 

\cycu      cyan     cy  cu      cy  cr: 

where  the  rule  for  multiplying  determinants  ha^  been  applied  and  the  reduction 
has  been  made  by  (15),  Kx.  9  above,  and  similar  formula.-.  If  the  rule  for  multi- 
plying determinants  is  unfamiliar,  the  Jacobian,s  may  be  written  and  multiplied 
without  that  notation  and  the  reduction  may  be  made  by  the  same  formulas  as 
before. 

To  establish  the  formula  for  the  differential  of  arc  it  is  only  necessary  to  write 
the  total  differentials  of  dx  and  dy.  to  square  and  add,  and  then  collect.  To  obtain 
the'differential  area  between  four  adjacent  cur\'es  consider  the  triani^le  determined 
by  ()(.  r).  (u  +  du.  c).  (u,  v  -(-  Jr).  which  is  half  that  area,  and  ilouble  the  resiUt. 
The  determinantal  form  of  the  area  of  a  triansrle  j-  the  best  in  iLse. 

,         ,     ,        cx         cy  ex    cy\ 

;  dirT     d^        I  —  du     —  du  —     —  I 

\cu 


dA=2- 

ilrX      dry 


\ex  cy  .  cx     cy\ 

*  — dx:     —  cc  i      ,  —    —  : 

cz  CO       I        cr     fc  1 


The  subscripts  on  the  differentials  indicate  which  variable  changes  ;  thus  d,!,  ij!/ 
are  the  coordinates  of  (u  +  du,  x)  relative  to  (u,  t).  This  meth'xl  is  easily  extended 
to  determine  the  analogous  quantities  in  three  dimensions  or  more.  It  may  be 
noticed  that  the  triangle  does  not  1'  uk  as  if  it  were  half  the  area  (except  for  infin- 
itesimals of  higher  order)  in  the  figure  ;  but  see  Ex.  12  below. 

It  should  be  remarked  that  as  the  differential  of  area  dA  is  usually 
considered  positive  when  du  and  da  are  positive,  it  is  usually  better  to 
replace  /  in  (29_)  by  its  absolute  value.  Instead  of  regarding  (n,  ;•)  as 
curvilinear  coordinates  in  the  a-y-plane,  it  is  possible  to  plot  them  in 
their  own  ?a'-plane  and  thus  to  establish  by  {'22')  a  transformation  of 
the  a:y-plane  over  onto  the  !'i'-plane.  A  small  area  in  the  a;y-plane  then 
becomes  a  small  area  in  the  wp-plane.  If  J  >  0,  the  transformation  is 
called  direct :  but  if  /  <  0,  the  transformation  is  called  perverted-  The 
significance  of  the  distinction  can  be  made  clear  only  when  the  ques- 
tion of  the  signs  of  areas  has  been  treated-  The  transformation  is  called 
conforirml  when  elements  of  arc  in  the  neighborhood  of  a  point  in  the 
a-y-plane  are  proportional  to  the  elements  of  arc  in  the  neighborhood  of 
the  corresponding  point  in  the  woplane,  that  is,  when 

d^  =  dx^  +  dtf  =  k  (dxi^  +  dr")  =  U,r:^  (30) 
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For  in  this  case  any  little  triangle  will  te  transformed  into  a  little  tri- 
angle similar  to  it,  and  hence  angles  will  be  unchanged  by  the  transfor- 
mation. Thfrt  the  transformation  be  conformal  requires  that  F=0  and 
!■:  =  (1.  It  is  not  necessary  that  E  =  G  =  k  be  constants  ;  the  ratio  of 
similitude  may  be  diiferent  for  different  points. 

64.  There  remains  outstanding  the  proof  that  equations  may  be  solved 
in  the  neighborhood  of  a  point  at  which  the  Jacobian  does  not  vanish. 
The  fact  was  indicated  in  §  60  and  used  in  §  63. 

Thkkkkm.    Lety;  equations  in  n  +  j>  variables  1h'  given,  sa\, 

^iC'V  •' ■.•  ■  ■  •  -  -^  +  „)  =  0,  F,,  =  0,...,F^,  =  0.  (31) 

Let  the  p  functions  be  soluble  for  x^^,  .r^,  .  ■ .,  .r^^  when  a  particular  set 
^■(p+i)o'  ■  ■  ■>  ^(n+Ph  of  the  other  n  variables  are  given.  Let  the  functions 
and  their  first  derivatives  be  continuous  in  all  the  «  +  j;  variables  in  the 
neighborhood  of  (.r,^,  r.^,  ■■■,  ,;■(„  . „,,,).  Let  the  .Jacobian  of  the  functions 
with  res])e(^t  to  ./-j,  .r„ 


•I'  . 


.rC^^' 


C.i\  C.r 


oI-\       8F^ 


+  0,  (32) 


lol  ■  ■  'I  ■'(n+j))o 

fail  to  vanish  for  the  particular  set  mentioned.  Then  the  p  equations 
may  be  solved  for  the  p  variables  x^,  r„  ■  •  ■,  ar^,  and  the  solutions  will  be 
continuous,  unique,  and  differentiable  with  continuous  first  partial 
derivatives  for  all  values  of  x^^^^,  ••■,  a-„^p  sufficiently  near  to  the 
values  a-(p+,)„,  ••■,  x,^^^^. 

Theorem.  The  necessary  and  sufficient  condition  that  a  functional 
relation  exist  between  p  functions  of  p  variables  is  that  the  Jacobian 
of  the  functions  with  respect  to  the  variables  shall  vanish  identic^ally, 
that  is,  for  all  values  of  the  variables. 

The  proofs  of  these  theorems  will  naturally  be  given  by  mathematical  induction. 
Each  of  the  theorems  has  been  proved  in  the  simplest  cases  and  it  remains  only  to 
show  that  the  theorems  are  true  for  j>  functions  in  case  they  are  for  p  —  1.  Expand 
the  determinant  J. 

dF            dF  cF 

^  J  =  J,  — 1  +  J„  — 1  -I \-  Jp  — 1 ,  .L,  ■■-,  Jp,  minors. 

ftti       "  ax„  dip 

For  the  first  theorem  J  ^0  and  hence  at  least  one  of  the  minors  J^,  ■  ■  ■,  Jp  must 
fail  to  vanish.  Let  that  one  be  Jj,  which  is  the  Jacobian  of  F^,  ■■■,  Fp  with  respect 
to  Xj,  ■  •  • ,  jp.  By  the  assumption  that  the  theorem  holds  for  the  case  p  —  1,  these 
p—1  equations  m-  y  be  solved  for  Zj,  •  •  •,  Zp  in  terms  of  the  n  +  1  variables  ij, 
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ip+i,  •  •  -1  Xti+p,  and  the  results  may  be  substituted  in  F,.  It  remains  to  show  tliat 
Fj  =  0  is  soluble  for  Xj.   Now 

^  =  ^  +  ?£l^  +  ...  +  £^i£^^J/J,^0.  (32-) 

di,       ai,       dx^  3*1  cXp  e^i 

Por  the  derivatives  of  x^,  ■  ■  ■ ,  Xp  with  respect  to  Xj  are  obtained  from  the  equations 

&Xj       ex,  cXj  8Xp  cX[  cXj       oXj  cXj  cXp  cXj 

resulting  from  the  differentiation  of  F^  =  0,  ■  ■  ■,  F^  =  0  with  respect  to  Xj.  The 
derivative  dXi/dx^  is  therefore  merely  Ji/J^ ,  and  hence  dF^/dx.^  =  J//i  and  does 
not  vanish.  The  equation  therefore  may  be  solved  for  Xj  in  terms  of  x,,  + 1 ,  ■  ■  • , 
x„  +p,  and  this  result  may  be  substituted  in  the  solutions  above  found  f(jr  x., ,  •  ■  • .  x,, . 
Hence  the  equations  have  been  solved  for  Xj,  Xj,  •  ■  •,  x^  in  terms  of  x,, +i,  ■  •  •,  x„  +  p 
and  the  theorem  is  proved. 

For  the  second  theorem  the  procedure  is  analogous  to  tliat  previously  followed. 
If  there  is  a  relation  F(ttj,    •  •,  itp)  =  0  between  the  p  functions 

«i  =  01  (^n  •  •  •  7  •^;>)'  ■  •  ■  •         tp  =  0j-  (-^i .  •  •  • ,  -iV)' 
ilifferentiation  witli  respect  to  x,.  ■  •  •,  Xp  gives  p  equations  from  which  the  deriva- 
tives of  F  by  «,.■■• ,  Hp  may  be  eliminated  and  J\-^ '■ — - )  =  0  becomes  the  con- 


/'^T  ■•■•  "/V 
\x, ,  •  •  ■ .  Xp/ 


dition  desired.  If  conversely  this  Jacobian  vanishes  identically  and  it  be  assumed 
that  one  of  the  derivatives  of  u,-  by  x,,  say  SUj/cXj,  does  nut  vanish,  then  the  solution 
Xj  =  (u(u,,  X.,.  •  ■  ■,  Xp)  may  be  effected  and  the  result  may  be  substituted  in  u„, 
■  •  •,  Up.  The  Jacobian  of  Uj,  ■  ■  •,  Mp  with  respect  to  x„,  ■  •  •,  Xp  will  then  turn  out 
to  be  </  -^  cHy/cx-y  and  will  vanish  because  J  vanishes.  Now,  however,  only  p  —  1 
functions  are  involved,  and  hence  if  the  theorem  is  true  for  p  —  1  functions  it  must 
be  true  for  p  functions. 

EXERCISES 

1.  If  u  =  ax  +  hy  +  c  and  v  =  a'x  +  h'y  +  c'  are  functionally  dependent,  the 
lines  u  =  0  and  u  =  0  are  parallel ;  and  conversely. 

2.  Prove  X  ■\-  y  +  z,  xy  +  yz  +  zx,  x'^  +  y'^  +  z^  functionally  dependent. 

3.  If  u  =  ax  +  6y  +  cz  +  d,  v  =  a'x  +  b'y  +  c'z  +  d',  w  =  a"x  +  h"y  +  c"z  +  d" 
are  functionally  dependent,  the  planes  u  =  0,  !)  =  0,  u)  =  0  are  parallel  to  a  line. 

5u  /  dF  dF 

4.  In  what  senses  are   -  and  ^    of  (24')  and  — i  and  — !  of  (32')  partial  or  total 

dy  dXj  SXj 

derivatives  ?   Are  not  the  two  sets  completely  analogous  ? 

Yy        Xy 


5.  Given  (25),  suppose 

'I'z       Xz 

tute  in  u  =  tp,  and  prove  du/Sx  =  J 


7i  0.    Solve  V  =  \l/  and  i«  =  x  for  y  and  z,  snbsti- 

Ty        Xy 


I'I'z      Xz 

6.  If  u  =  u  (X,  y),  !)  =  V  (i,  y),  and  x  =  x  (|,  v),  V  =  V  (I,  v),  prove 

State  the  extension  to  any  number  of  variables.    How  may  (27')  be  used  to  prove 
(27)  ?   Again  state  the  extension  to  any  number  of  variables. 
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7.  Prove  c/F=/(f^)dud«d«,  =  d«d«d«,-.j(HL^)  is  the  element  of 
volume  in  space  with  curvilinear  coordinates  u,  v,  w  =  consts. 

8.  In  what  parts  of  the  plane  can  u  =  x^->r  y\  v,  =  xy  not  be  used  as  curvi- 
linear coordinates  ?   Express  ds^  for  these  coordinates. 

9.  Prove  that  2u  =  x^  _  ^2^  „  _  ^^y  jg  ^  conformal  transformation. 

10.  Prove  that  i  =  -—-—  ,  y  =       "    „  is  a  conformal  transformation. 

11.  Define  conformal  transformation  in  space.   If  the  transformation 
x  =  au  +  bv  +  cw,        y  =  a'u  +  h'v  +  c'w,        z  =  a"u.  +  6"»  +  c"i« 

is  conformal,  is  it  orthogonal  ?   See  Ex.  10  (f),  p.  100. 

12.  Show  that  the  areas  of  the  triangles  whose  vertices  are 

(u,  u),  (u  +  du,  b),  (u,  »  +  di))     and     (u  +  du,  r  +  du),  (u  +  An,  c),  (u,  »  +  du) 
are  infinitesimals  of  the  same  order,  as  suggested  in  §  63. 

13.  Would  the  condition  f  =  0  in  (28)  mean  that  the  set  of  curves  u  =  const, 
were  perpendicular  to  the  set  v  =  const.  ? 

14.  Express  E,  F,  G  in  (28)  in  terms  of  the  derivatives  of  u,  j)  by  i,  y. 

15.  If  z  =  ^  {a,  f),  y  =  ^  (s,  «),  z  =  X  (s,  t)  are  the  parametric  equations  of  a 
surface  (from  which  s,  t  could  be  eliminated  to  obtain  the  equation  between 
I,  y,  z),  show 

'±  =  j(->Cil\^jl-L±\     andfind      '±. 
dx  \s,t/  \s,t/  By 

65.  Envelopes  of  curves  and  surfaces.  Let  the  equation  7^(x,  y,  a)  =  0 
be  considered  as  representing  a  family  of  curves  where  the  different 
curves  of  the  family  are  obtained  by  assigning  different  values  to  the 
parameter  a.    Such  families  are  illustrated  by 

(a-  —  af +■)/=!     and     ax  +  i//a  =  1,  (33) 

which  are  circles  of  unit  radius  centered  on  the  x-axis  and  lines  which 
cut  off  the  area  ^  a"  from  the  first  quadrant.  As  a  changes,  the  circles 
remain  always  tangent  to  the  two  lines  y  =  ±  1  and 
the  point  of  tangency  traces  those  lines.  Again,  as  ^ 
a  changes,  the  lines  (33)  remain  tangent  to  the  hyper- 
bola xi/  =  k,  owing  to  the  property  of  the  hyperbola 
that  a  tangent  forms  a  triangle  of  constant  area  with 
the  asymptotes.  The  lines  y  =  ±  1  are  called  the  _ . 
envelope  of  the  system  of  circles  and  the  hyperbola 
xy  =  k  the  envelope  of  the  set  of  lines.  In  general,  if  there  is  a  curve 
to  which  the  curves  of  a  family  F(x,  y,  a)  =  0  are  tangent  and  if  the 
point  of  tangency  descries  that  curve  as  a  varies,  the  curve  is  called 
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the  enveloi^p.  (or  part  of  the  envelope  if  there  are  several  such  curves) 
nfthrfiiiiiUn  F{j-,  y,  a)  =  0.  Thus  any  fairv(>  may  be  regarded  as  the 
envelope  of  its  tangents  or  as  the  envelo])e  of  its  circles  of  curvatui-e. 

To  find  the  e(piations  of  the  envelope  note  that  by  definition  the 
enveloping  curves  of  the  family  F(.i-,  //,  a)  =  0  are  tangent  to  the  envelope 
and  that  the  point  of  tangency  moves  along  the  envelope  as  a  varies. 
The  etjuation  of  the  envelope  may  therefore  be  written 

,r  =  ,^(a),         y  =  ^(«)     with     F{<i,,  ij^,  a)  =  0,  (34) 

where  the  first  e(piations  express  the  dejiendenee  of  the  points  on  the 
envelope  iipon  the  ])arameter  «  and  the  last  ecpiation  states  that  each 
point  of  the  envelope  lies  also  on  some  curve  of  the  family  J-X-r,  //,  a)  =  0. 
Differentiate  (34)  with  respect  to  a.    Then 

F;^'(a)  +  /■■>'(«)  +  ^a  =  0.  (35) 

Now  if  the  point  of  contact  of  the  envelope  with  the  curve  F  =  0  is  an 
ordinary  poi  it  of  that  curve,  the  tangent  to  the  curve  is 

^;vr-.rJ  +  -F;(//-y„)  =  0:     and     f;.,^' +  F>' =  0, 

since  the  tangent  direction  dij  :  dx  =  ip'  -.  <(,'  along  the  envelope  is  by 
definition  identical  with  that  along  the  enveloping  curve ;  and  if  the 
point  of  contact  is  a  singular  point  for  the  enveloping  curve,  F'^  =  Fy  =  0. 
Hence  in  either  case  F^  —  0. 

TlhMS  for  points  nn  the  envelojic  the  two  pquationx 

F(x,  y,  a)  =  0,  J-;(a",  y,  a)  =  0  (36) 

are  satisfied  and  the  eqitatisn  of  the  envelope  nf  the  family  F=0  may 
lie  found  hy  solving  (36)  to  find  thu  puraitietrlr  eqitatinns  :••  =  <^(a), 
y  =  {fr(a)  of  the  enrelojye  or  by  eliniinatlnrj  a  hctween  (36)  to  find  the 
equation  of  the  envelopie  in  the  form  $(.)",  y)  =  0.  It  should  be  remarked 
that  the  locus  found  by  this  process  may  contain  other  curves  than  the 
envelope.  For  instance  if  the  curves  of  the  family  F  =  d  have  singular 
points  and  if  r  =  <^(a),  y  =  </'(«)  be  the  locus  of  the  singular  points 
as  a  varies,  equations  (34),  (35)  still  hold  and  hence  (36)  also.  The 
rule  for  finding  the  envelojie  therefore  finds  also  the  locus  of  singular 
points.  Other  extraneous  factors  may  also  be  introduced  in  performing 
the  elimination.  It  is  therefore  important  to  test  graphically  or  analyt- 
ically the  solution  obtained  by  applying  the  rule. 

As  a  first  example  let  the  envelope  of  (j-  —  a)'^  +  2/^  =  1  be  found. 

F(x,  !/,  a)  =  (X  -  a-)2  +  2/2  _  1  =  0,         f;  =  -  2  (x  -  a)  =  0. 

The  elimination  of  a  from  these  equations  ^ives  2/2—1=0  ami  ilip  solution 
for  a  gives  x  —  ix,  y  =±  1.   The  loci  indicated  as  envelopes  are  y  =  ±  1.   It  ia 
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geometrically  evident  that  those  are  really  envelopes  and  not  extraneous  factors. 
But  as  a  second  example  consider  ax  +  y/a  =  1.    Here 

F{r,  !/,  a)  =  ax  +  y/a  -1  =  0,  F;  =  j-  -  y/a-  =  0. 

The  siilution  is  y  =  a/%  x  =  l/^if,  which  jtivesji/  =  \.  This  is  the  envelope;  itcoidd 
not  be  a  locus  of  singular  points  of  F  =:  0  as  there  are  none.  Suppose  the  elimina- 
tion of  a  be  made  by  Sylvester's  method  as 


■y/a-  +  0/<f  -t-j:  +  On-  =  0 

0/rt=  -  y/a  +  0  +  j-a  =  0 

y/a-  —  I/a  +x  +  Ort;  =  0 

0/<t-  +  y/a  —  1  +  Jit  =  0 


y 

0 

s     0 

0 

— ;/ 

0    I 

y 

-  1 

r     0 

0 

V 

-  1      X 

0; 


the  redaction  of  the  determinant  gives  xy  (ixy  —  1)  =  0  as  the  eliminant,  and  con- 
tains not  only  the  envelope  4xy  =  1,  but  the  factors  x  =  0  and  y  =  0  which  are 
obviously  extraneous. 

As  a  third  problem  find  the  envelope  of  a  line  of  which  the  length  intercepted 
between  the  axes  is  constant.    The  necessary  equations  are 

--)--  =  1,         a-  -I-  p^  =  K\         —  da  +  ^  d/3  =  0,         ada  -\-  /3d/3  =  0. 
a      p  a-  p^ 

Two  parameters  a,  p  connected  by  a  relation  have  been  introduced ;  both  equations 
have  been  differentiated  totally  with  respect  to  the  parameters  ;  and  the  problem 
is  to  eliminate  a,  /3,  da,  d^  from  the  equations.  In  this  case  it  is  simpler  to  carry 
both  parameters  than  to  introduce  the  radicals  which  would  be  required  if  only 
one  pai-ameter  were  used.  The  elimination  of  da,  iJ/3  from  the  last  two' equations 
gives  X  :  y  =  o^  ;  (3'  or  v'x  :  "n/?/  =  a  :  (3.    From  this  and  the  first  equation, 


1  1  1 


«      xl{xi  +  y^)      P      yKx^^-yi) 


and  hence     xs  -|-  j^l  =  Kt. 


66.  Consider  two  neighboring  curves  of  F(r,  i/,  a)  =  0.    Let  (x^,  tj^ 
be  an  ordinary  point  oi  a  =  a^  and  (./„  -f  "'.#■,  ?/„  +  f///)  of  a^  +  iln.    Then 

F{x^  +  <J^,  J/o  +  <'l/,  0^0  +  ''«)  -  ^(^0'  ?/o>  «o) 

=  Fj/.r  -\-  F;,hi  -f-  Fa'ln  =  0  (37) 

holds  except  for  infinitesimals  of  higher  order.  Tlie  distance  from  the 
point  on  a^  +  ila  to  the  tangent  to  a„  at  (.r^,  ?/„)  is 

iy£±J:^  =      ±^'^'^«     =  rf„  (38) 

except  for  infinitesimals  of  higher  order.  This  distance  is  of  the  first 
order  with  da,  and  the  normal  derivative  (Ja/dn  of  §  48  is  finite  except 
when  F^  =  0.  The  distance  is  of  higher  order  than  da,  and  da/dn  is 
infinite  or  dn/da  is  zero  when  f;=  0.  It  appears  therefore  that  the 
envelope  is  the  locus  of  points  at  which  the  distaru-e  between  two  neigh- 
horinri  curves  is  of  higher  order  than  da.  This  is  also  apparent  geomet- 
ricallv  from  tlie  fact  that  the  distance  from  a  point  on  a  curve  to  the 
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tangent  to  the  curve  at  a  neigliboring  point  is  of  higher  order  (§  36). 
Singular  points  have  been  ruled  out  because  (38)  becomes  indetermi- 
nate. In  general  the  locus  of  singular  points  is  not  tangent  to  the 
curves  of  the  family  and  is  not  an  envelope  but  an  extraneous  factor ; 
in  exceptional  cases  this  locus  is  an  envelope. 

If  two  neighboring  curves  Fir,  y,  a)  =  0,  F(sr,  //,  a  -\-  Aa)  =  0  inter- 
sect, their  point  of  intersection  satisfies  both  of  the  equations,  and  hence 
also  the  equation 

—  [F(x,  y,  a  -I-  Aa)  -  F{x,  y,  a)]  =  F;(.r,  y,  a  +  Ma)  =  0. 

If  the  limit  be  taken  for  Aa  =  0,  the  limiting  position  of  the  intersec- 
tion satisfies  F'^=  d  and  hence  may  lie  on  the  envelope,  and  will  lie  on 
the  envelope  if  the  common  point  of  intersection  is  remote  from  singular 
points  of  the  curves  F{x,  y,  a)  =  0.  This  idea  of  an  envelope  as  the 
limit  of  points  in  which  neighboring  curves  of  the  family  intersect  is 
valuable.  It  is  sometimes  taken  as  the  definition  of  the  envelope.  But, 
unless  imaginary  points  of  intersection  are  considered,  it  is  an  inade- 
quate definition  ;  for  otherwise  y  =  (or  —  of  would  have  no  envelope 
according  to  the  definition  (whereas  y  =  0  is  obviously  an  envelope)  and 
a  curve  could  not  be  regarded  as  the  envelope  of  its  osculating  circles. 

Care  must  be  used  in  applying  the  rule  for  finding  an  envelope.  Otherwise  not 
only  may  extraneous  solutions  be  mistaken  for  the  envelope,  but  the  envelope  may 
be  missed  entirely.   Consider 

2/  —  sin  az  =  0    or    a  —  i-i  sin-i  y  =  0,  (39) 

where  the  second  form  is  obtained  by  solution  and  contains  a  multiple  valued 
function.  These  two  families  of  curves  are  identical,  and  it  is  geometrically  clear 
that  they  have  an  envelope,  namely  y=±l.  This  is  precisely  what  would  be 
found  on  applying  the  rule  to  the  first  of  (39)  ;  but  if  the  rule  be  applied  to  the 
second  of  (39),  it  is  seen  that  F'^  =  \,  which  does  not  vanish  and  hence  indicates  no 
envelope.  The  whole  matter  should  be  examined  carefully  in  the  light  of  Implicit 
functions. 

Hence  let  F(x,  j/,  a)  =  0  be  a  continuous  single  valued  function  of  the  three 
variables  (z,  y,  a)  and  let  its  derivatives  F'^,  F^,  F^  exist  and  be  continuous.  Con- 
sider the  behavior  of  the  curves  of  the  family  near  a  point  (x^,  y^,)  of  the  curve  for 
or  =  a„  provided  that  (i„,  y^)  is  an  ordinary  (nonsingular)  point  of  the  curve  and 
that  the  derivative  F^  (x„,  y^,  a„)  does  not  vanish.  As  J";  ^  0  and  either  F^  ^  0 
or  J"^  5^  0  for  (Zo,  y^,  a„),  it  is  possible  to  surround  (i,,,  y^)  with  a  region  so  small 
that  F(x,  y,  a)  =  0  may  be  solved  for  a  =f(x,  y)  which  will  be  .single  valued  and 
differentiable ;  and  the  region  may  further  be  taken  so  small  that  F'^  or  F',^  remains 
different  from  0  throughout  the  region.  Then  through  every  point  of  the  region 
there  is  one  and  only  one  curve  a  =/(i,  y)  and  the  curves  have  no  singular  points 
within  the  region.  In  particular  no  two  curves  of  the  family  can  be  tangent  to 
each  other  within  the  region. 
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Furthermore,  in  such  a  region  there  is  no  envelope.  For  let  any  curve  which 
traverses  the  region  he  x  =  ,p  (t),  y  —  ^  (<).   Then 

a  W  =  /(0  W,  ^  m,        a'(t)  =  f'^,p'{t)  +  /;^'(«). 

Along  any  curve  a  =f(x,  y)  the  equation  f^dz^f'^dy  =  0  holds,  and  if  x  =  <t>{t), 
y  =  yp(i)  be  tangent  to  this  curve,  dy  =  dx=f':<p'  and  a'(t)  =  0  or  a  =  const! 
Hence  the  only  curve  which  has  at  each  point  the  direction  of  the  curve  of  the 
family  through  that  point  is  a  curve  which  coincides  throughout  with  some  curve 
of  the  family  and  is  tangent  to  no  other  member  of  the  family.  Hence  there  is  no 
envelope.  The  result  is  that  an  envelope  can  be  present  only  when  J"  =  0  or  when 
^i  =  -Fy  =  0,  and  this  latter  case  has  been  seen  to  be  included  in  the  condition 
F^  =  0.  If  F(x,  y,  a)  were  not  single  valued  but  the  branches  were  separable,  the 
same  conclusion  would  hold.  Hence  in  case  ^(x,  y,  a)  is  not  single  valued  the  loci 
over  which  two  or  more  values  become  inseparable  must  be  added  to  those  over 
which  i*'^  =  0  in  order  to  insure  that  all  the  loci  which  may  be  envelopes  are  taken 
into  account. 

67.  The  preceding  considerations  apply  with  so  little  change  to  other 
cases  of  envelopes  that  the  facts  will  merely  be  stated  without  proof. 
Consider  a  family  of  surfaces  F{x,  y,  z,  a,  /8)  =  0  depending  on  two 
parameters.  The  envelope  may  be  defined  by  the  property  of  tangency 
as  in  §  65 ;  and  the  conditions  for  an  envelope  would  he 

F{x,,j,z,a,p)  =  0,         f;  =  0,         F^  =  0.  (40) 

These  three  equations  may  be  solved  to  express  the  envelope  as 

^  =  <!>(",  li),         y  =  <p(a,P),         s  =  x(a, /8) 

parametrically  in  terms  of  a,  /? ;  or  the  two  parameters  may  be  elimi- 
nated and  the  envelope  may  be  found  as  *  {x,  y,  z)  =  0.  In  any  case 
extraneous  loci  may  be  introduced  and  the  results  of  the  work  should 
therefore  be  tested,  which  generally  may  be  done  at  sight. 

It  is  also  possible  to  determine  the  distance  from  the  tangent  plane 
of  one  surface  to  the  neighboring  surfaces  as 

Vlf+l^fTK'       Vf;^  +  f;'  +  f:'       '  ^ 

and  to  define  the  envelope  as  the  locus  of  points  such  that  this  distance 
is  of  higher  order  than  |rfa|  +  |f^/8|.  The  equations  (40)  would  then  also 
follow.  This  definition  would  apply  only  to  ordinary  points  of  the  sui- 
faces  of  the  family,  that  is,  to  points  for  which  not  all  the  derivatives 
F^,  Fy,  F'^  vanish.  But  as  the  elimination  of  a,  ^  from  (40)  would  give 
an  equation  which  included  the  loci  of  these  singular  points,  there 
would  be  no  danger  of  losing  such  loci  in  the  rare  instances  where  they, 
too,  happened  to  be  tangent  to  the  surfaces  of  the  family. 
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The  application  of  implicit  functions  as  in  §  (iO  coukl  also  be  made  in  this  case 
and  would  show  that  no  envelope  could  exist  in  regions  where  no  singular  points 
occurred  and  where  either  F^  or  Fg  failed  to  vanish.  This  work  could  be  based 
either  on  the  first  definition  involving  tangency  directly  or  on  the  second  definition 
which  involves  tangency  indirectly  in  the  statements  concerning  infinitesimals  of 
higher  order.  It  may  be  added  that  if  F(x,  ij,  z,  a,  p)  =  0  were  not  single  valued, 
the  surfaces  over  which  two  values  of  the  function  become  inseparable  should  be 
added  as  possible  envelopes. 

A  family  of  surfaces  F{x,  y,  z,  a)  =  Q  depending  on  a  single  param- 
eter may  have  an  envelope,  and  tlin  envelope  is  foiaid  fiviii 

Fix,  y,  ^,  a)  =  0,  F;(,r,  y,  z,  a)  =  d  (42) 

by  the  elimination  of  the  single  parameter.  The  details  of  the  deduction 
of  the  rule  will  be  ondtted.  If  tvro  neighboring  surfaces  intersect,  the 
limiting  position  of  the  cui-ve  of  intersection  lies  on  the  envelope  and 
the  envelope  is  the  surface  generated  by  this  curve  as  a  varies.  The 
surfaces  of  the  family  touch  the  enveloi)e  not  at  a  point  merely  but 
along  these  curves.  The  cui'ves  are  called  churacferistlcs  of  the  family. 
In  the  case  where  consecutive  surfaces  of  the  family  do  not  intersect 
in  a  real  curve  it  is  necessary  to  fall  back  on  the  conception  of  imagi- 
naries  or  on  the  definition  of  an  envelope  in  terms  of  tangency  or 
infinitesimals ;  the  characteristic  curves  are  still  the  curves  along 
which  the  surfaces  of  the  family  arc,  in  contact  with  the  envelope  and 
along  which  two  consecutive  surfaces  of  the  family  are  distant  from 
each  other  by  an  infinitesimal  of  higher  order  than  da. 

A  particular  case  of  importance  is  the  envelope  of  a  plane  which 
depends  on  one  parameter.    The  equations  (42)  are  then 

Ax  +  By  +  Cs  +  D  ^  0,  A  'r  +  B'y  +  C'z  +  D' =  0,       (43) 

where  A,  B,  C,  D  are  functions  of  the  parameter  and  differentiation 
with  respect  to  it  is  denot<!d  by  accents.  The  case  where  the  plane 
moves  parallel  to  itself  or  turns  about  a  line  may  be  excluded  as  trivial. 
As  the  intersection  of  two  planes  is  a  line,  the  characteristics  of  the 
system  are  straight  lines,  the  envelope  is  a  ruled  surface,  and  a  plane 
tangent  to  the  surface  at  one  2^oint  of  the  lines  is  tangent  to  the  surface 
throughout  the  whole  extent  of  the  line.  Cones  and  cylinders  are  exam- 
ples of  this  sort  of  surface.  Another  example  is  the  surface  enveloped 
by  the  osculating  planes  of  a  curve  in  space ;  for  the  osculating  plane 
depends  on  only  one  parameter.  As  the  osculating  plane  (§  41)  may  be 
regarded  as  passing  through  three  consecutive  points  of  the  curve,  two 
consecutive  osculating  planes  may  be  considered  as  having  two  consecu- 
tive points  of  the  cui'vc  in  common  and  hence  the  characteristics  are 
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the  tangent  lines  to  the  curve.    Surfaces  whicli  are  tlie  envelopes  of  a 
l^lane  which  <lcj)eu(ls  on  a  single  parameter  are  called  dci-clnpahle  sui-fdcm. 
A  family  of  curves  dependent  on  two  parameters  as 

F(r,  y,  z,  a,  ft)  =  0,    '      G{.r,  //,  ,v,  a,  ft)  =  0  (44) 

is  called  a  conf/nienrc  of  cnrres.  The  curves  may  have  an  envelope,  that 
is,  there  may  be  a  surface  to  which  the  curves  are  tangent  and  which 
may  be  regarded  as  the  locus  of  their  points  of  tangency.  The  envelope 
is  obtained  by  eliminating  a,  ft  frQm  the  e(iuations 

F  =  0,        G  =  0,        F;r;;  -  FgG- =  0.  (45) 

To  see  this,  suppose  that  the  third  condition  is  not  fulfilled.  The  equa- 
tions (44)  may  then  be  solved  as  a  =f(x,  y,  z),  ft  =  f/(.r,  y,  s).  Reason- 
ing like  that  of  §  66  now  shows  that  there  cannot  possibly  be  an 
envelope  in  the  region  for  whic;h  the  solution  is  valid.  It  may  therefore 
be  inferred  that  the  only  possibilities  for  an  envelope  are  contained  in 
the  equations  (45).  As  various  extraneous  loci  might  be  introduced  in 
the  elimination  of  a,  ft  from  (45)  and  as  the  solutions  should  therefore 
be  tested  individually,  it  is  hardly  necessary  to  examine  the  general 
question  further.  The  envelojje  of  a  congruence  of  curves  is  called  the 
fonil  surface  of  the  congruence  and  the  points  of  contact  of  the  curves 
with  the  envelope  are  called  the  focal  points  on  the  curves. 

EXERCISES 

1.  Find  the  envelopes  of  these  families  of  curves.   In  each  case  test  the  answer 
or  its  individual  factors  and  check  the  results  by  a  sketch  : 

(a)  y  =  2ax+  a*,  (/3)  y^  =  a(i,-  a),         (y)  y  =  ax  +  k/a, 

(S)  a(j/-l-a)2  =  x3,         {i)y  =  a{x.^af,         (f)  y"- =  a {x  -  a)K 

2.  Find  the  envelope  of  the  ellipses  x-/a'^  -1-  y-/b^  =  1  under  the  condition  that 
(a)  the  sum  of  the  axes  is  constant  or  (j3)  the  area  is  constant. 

3.  Find  the  envelope  of  the  circles  whose  center  is  on  a  given  parabola  and 
which  pass  through  the  vertex  of  the  parabola. 

4.  Circles  pass  through  the  origin  and  have  their  centers  on  i-  —  y'  =  c'.   Find 
their  envelope.  ^na-  ^^  lemniscate. 

5.  Find  the  envelopes  in  these  cases : 

(a)  X  +  xya  =  sin- ^xy,         (j3)  x  +  jr^_vors- ^y  +  ^/2y-  y-, 
(y)  y+a  =  Vl-l/j;. 

6.  Find  the  envelopes  in  these  ca.ses  : 
(a)  ax  +  py  +  <r^z  =  1,        (p)  ^  +1  + ~ =  1, 


a      li       1-a-p 
ivith  afSy  =  IcK 

7.  Find  the  envelopes  hi  Ex.  0  (a),  (/3)  if  a  =  j3  or  if  «  =  -  ^ 


(7)-,  +  i  +  ^  =  l  with  af(7  =  i^'- 
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8.  Prove  that  the  envelope  of  F(x,  y,  z,a)  =  0  is  tangent  to  the  surface  along 
the  vfhole  characteristic  by  showing  that  the  normal  to  F(x,  y,  z,  a)  =  0  and  to  the 
eliminant  of  F=0,  F^  =  0  are  the  same,  namely 

f::F;.F:    and    K^F:f^:F;^F:'-^:K^F:'^. 

where  a{x,  y,  z)  is  the  function  obtained  by  solving  F^  =  0.  Consider  the  problem 
also  from  the  point  of  view  of  infinitesimals  and  the  normal  derivative. 

9.  If  there  is  a  curve  x  =  <i>(a),  y  =  iKor),  z  =  x(«)  tangent  to  the  curves  of 
the  family  defined  by  F{x,  y,  z,  a)  =  0,G  (x,  y,  z,a)  =  0  in  space,  then  that  curve 
is  called  the  envelope  of  the  family.  Show,  by  the  same  reasoning  as  in  §  65  for 
the  case  of  the  plane,  that  the  four  conditions  F  =  0,  G  =  0,  F^  =  0,  G^  =  0  must 
be  satisfied  for  an  envelope  ;  and  hence  infer  that  ordinarily  a  family  of  curves  in 
space  dependent  on  a  single  parameter  has  no  envelope. 

10.  Show  that  the  family  F(x,  y,  z,  a)  =  0,  F^{x,  y,  z,  a)  =  0  of  curves  which 
are  the  characteristics  of  a  family  of  surfaces  has  in  general  an  envelope  given  by 
the  three  equations  F  =  0,  F^  =0,  F^'^  =  0. 

11.  Derive  the  condition  (45)  for  the  envelope  of  a  two-parametered  family  of 
curves  from  the  idea  of  tangency,  as  in  the  case  of  one  parameter. 

12.  Find  the  envelope  of  the  normals  to  a  plane  curve  y  =/(x)  and  show  that 
the  envelope  is  the  locus  of  the  center  of  curvature. 

13.  The  locus  of  Ex.  12  is  called  the  evolute  of  the  curve  y  =f(x).  In  these  cases 
find  the  evolute  as  an  envelope  : 

(a)  y  =  I^  (j3)  I  =  a  sin  t,  y  =  b  cos  t,  (7)  2xy  =  a?-, 

(5)y2  =  2mx,         (c)  a;  =  a(^  -  sintf),  y  =  a(l  -  cosS),         (f)2/  =  coshx. 

14.  Given  a  surface  2  =/(x,  y).  Construct  the  family  of  normal  lines  and  find 
their  envelope. 

15.  If  rays  of  light  is.suing  from  a  point  in  a  plane  are  reflected  from  a  curve  in 
the  plane,  the  angle  of  reflection  being  equal  to  the  angle  of  incidence,  the  envelope 
of  the  reflected  rays  is  called  the  caustic  of  the  curve  with  respect  to  the  point. 
Show  that  the  caustic  of  a  circle  with  respect  to  a  point  on  its  circumference  is  a 
cardioid. 

16.  The  curve  which  is  the  envelope  of  the  characteristic  lines,  that  is,  of  the 
rulings,  on  the  developable  surface  (43)  is  called  the  cuspidal  edge  of  the  surface. 
Show  that  the  equations  of  this  curve  may  be  found  parametrically  in  terms  of  the 
parameter  of  (43)  by  solving  simultaneously 

^x  +  £2/  +  Cz  +  D  =  0,  A'x  +  B'y  +  C'z  +  i^  =  0,  A"x  +  B"y  +  C"z  +  I>"  =  0 

for  X,  y,  z.    Consider  the  exceptional  cases  of  cones  and  cylinders. 

17.  The  term  '"  developable  "  signifies  that  a  developaJile  surface  may  Ix  developed 
or  mapped  on  a  plane  in  such  a  way  that  lengths  of  arcs  on  the  surface  become  equal 
lengths  in  the  plane,  that  is,  the  map  may  be  made  without  distortion  of  size  or 
.shape.  In  the  case  of  cones  or  cylinders  this  map  may  be  made  by  slitting  the  cone 
or  cylinder  along  an  element  and  rolling  it  out  upon  a  plane.  What  is  the  analytic 
statement  in  this  case  ?  In  the  case  of  any  developable  surface  with  a  cuspidal 
edge,  the  developable  surface  being  the  locus  of  all  tangents  to  the  cuspidal  edge, 
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the  length  of  arc  upon  the  surface  may  bo  written  as  do-'  =  (di  +  ds)'  +  tMa'^/R'^ 
where  s  denotes  arc  measured  along  the  cuKpidal  edge  and  t  denotes  distance  along 
the  tangent  line.  This  form  of  da^  may  be  obtained  geometrically  by  infinitesimal 
analysis  or  analytically  from  the  equations 

x=/(s)  +  t/'(s),  v  =  g{i>)  +  lg'(ii),  z  =  h{a)  +  th'{s) 
of  the  developable  surface  of  which  x  =/(s),  y  =  g{s),  z  =  h(s)  is  the  cuspidal  edge. 
It  is  thus  seen  that  dff'  is  the  same  at  corresponding  points  of  all  developable  sur- 
faces for  which  the  radius  of  curvature  H  of  the  cuspidal  edge  is  the  same  function 
of  n  without  regard  to  the  torsion  ;  in  particular  the  torsion  may  be  zero  and  the 
developable  may  reduce  to  a  plane. 

18.  Let  the  line  x  =  az  +  b,  y  =  cz  +  d  depend  on  one  parameter  so  as  to  gen- 
erate a  ruled  surface.  By  identifying  this  form  of  the  line  with  (43)  obtain  by 
substitution  the  conditions 

Aa  +  Be  +  C  =  0,     A'a  +  V'c  +  C"  =  0  Aa'  +  Be'  =  0  |«'  c'  1     „ 

Ab  +  Bd  +  I)=Q,     A'h  +  B'd+IX  =  0    """    Ab'  +  Bd' =  0    °^    W  d'\~ 

as  the  condition  that  the  line  generates  a  developable  surface. 

68.  More  differential  geometry.    The  representation 

F(u:,y,z)  =  0,     or     ~.=f(r,y)  (46) 

or  X  =  <l>(ij,  (,■),         //  = «/'(»,  /■),         ,--■  =  xOh  '■) 

of  a  surface  may  be  taken  in  the  unsolved,  the  solved,  or  the  i)arainetric 
form.  The  parametric  form  is  equivalent  to  the  solved  form  provided 
u,  V  be  taken  as  x,  y.    The  notation 

_dj_  _dz  _d^         ,_^  _!!? 

■'       dx  ^y  ^^''  '       ^^^U  ^''f 

is  adopted  for  the  derivatives  of  z  with  respect  to  a-  and  y.  The  applica- 
tion of  Taylor's  Formula  to  the  solved  form  gives 

A.?  ==  ■ph  +  qk  -h  \  (r/i'  +  2  nM-  +  fir)  -\ (47) 

with  //  =  Aa-,  k  =  A//.  The  linear  terms  ph  +  <jk  constitute  the  differ- 
ential dz  and  represent  that  part  of  the  increment  of  z  which  would  be 
obtained  by  replacing  the  surface  by  its  tangent  plane.  Apart  from 
infinitesimals  of  the  third  order,  the  distance  from  the  tangent  plane  up 
or  down  to  the  surface  along  a  parallel  to  the  «-axis  is  given  by  the 
quadratic  terms  ^(rlt^  +  2shk  +  tk^). 

Hence  if  the  quadratic  terms  at  any  point  are  a  positive  definite  form 
(§  55),  the  surface  lies  above  its  tangent  plane  and  is  concave  up;  but 
if  the  form  is  negative  definite,  the  surface  lies  below  its  tangent  plane 
and  is  coucave  down  or  convex  up.  If  the  form  is  indefinite  but  not 
singular,  the  surface  lies  partly  above  and  partly  below  its  tangent 
plane  and  may  be  called  concavo-convex,  that  is,  it  is  saddle-shaped.  If 
the  form  is  singular  nothing  can  be  definitely  stated.   These  statements 
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ai-e  mei-L'ly  generalizations  of  those  of  §  oo  made  for  the  case  where  the 
tangent  plane  is  parallel  to  the  .ry-plane.  It  will  be  assumed  in  the 
further  work  of  these  articles  that  at  least  one  of  the  derivatives  r,  s,  t 
is  not  0. 

To  examine  more  closely  the  behavior  of  a  surface  in  the  vicinity  of 
a  particular  point  upon  it,  let  the  a-y-plane  be  taken  in  coincidence  with 
the  tangent  plane  at  the  point  and  let  the  point  be  taken  as  origin. 
Then  Maclaurin's  Formula  is  available. 

z  =  \  (rx^  +  2  nxi/  +  tif)  +  terms  of  higher  order  _ 

=  \^ (r  cos''  e  +  2s  sin  6  ms  6  +  t  sin^  6)  +  higher  terms,     ^     ^ 

where  (p,  d)  are  polar  coordinates  in  the  xy-plane.    Then 

9  +  2  A-  sin  Ono&e  +  t  siii-  e  =  '—^^~\l+  (yj  V  (49) 

is  the  curvature  of  a  normal  section  of  the  surface.  The  sum  of  the 
curvatures  in  two  normal  sections  which  are  in  perpendicular  planes 
may  be  obtained  by  giving  6  the  values  6  and  6  +  ^Tr.  This  sum 
reduces  to  ;■  +  ^  and  is  therefore  independent  of  0. 

As  the  sum  of  the  curvatures  in  two  perpendicular  normal  planes  is 
constant,  the  maximum  and  minimum  values  of  the  curvature  will  be 
found  in  perpendicular  planes.  These  values  of  the  curvature  are  called 
the  2>''i-nclji'il  values  and  their  reciprocals  are  the  principal  nulii  of 
riirvature  and  the  sections  in  which  they  lie  are  the  2i>'incip(tl  sections. 
If  s  =  0,  the  princijial  sections  are  6  =  0  and  0  =  lir;  and  conversely 
if  the  axes  of  x  and  ij  had  been  chosen  in  the  tangent  plane  so  as  to  be 
tangent  to  the  principal  sections,  the  derivative  s  would  have  vanished. 
The  equation  of  the  surface  would  then  have  taken  the  simj)le  form 

^  —  i  ('*^  +  *!/')  +  higher  terms.  (50) 

The  principal  curvatures  would  be  merely  r  and  t,  and  the  curvature 

in  any  normal  section  would  have  had  the  form 

1       cos^  e      sin-  e 

-  =  —r, 1 — -  =  /■  cos-  e  +  f  sin-  6. 

IL  it  /t_. 

If  tlie  two  principal  curvatures  have  opposite  signs,  that  is,  if  the 
signs  of  r  and  t  in  (50)  are  opposite,  the  surface  is  saddle-shaped. 
There  are  then  two  directions  for  which  the  curvature  of  a  normal  sec- 
tion vanishes,  namely  the  directions  of  the  lines 

6  =  ±  tan-^  -^-lljn^     or     VjTj  x  =  ±  V|7] ,,. 

These  are  called  the  asymptotic  directions.  Along  these  directions  the 
surface  departs  from  its  tangent  plane  by  infinitesimals  of  tlie  third 
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order,  or  liiglicr  order.  If  a  curve  is  drawn  on  a  surface  so  that  at  each 
point  of  the  curve  the  taiit,'ent  U)  the  curve  is  along  one  of  the  asymp- 
totic directions,  the  curve  is  called  an  (isi/mptotir  ciin-e  nr  line  of  the 
surface.  As  the  surface  departs  from  its  tangent  plane  liy  infinitesimals 
of  higher  order  than  the  second  along  an  asymptotic  line,  the  tangent 
plane  to  a  surface  at  any  point  of  an  asymptotic  line  must  be  the  oscu- 
lating plane  of  the  asymptotic  line. 

The  charac^ter  of  a  point  upon  a  surface  is  indicated  by  the  Dupin 
indicatrix  of  the  point.    The  indicatrix  is  the  conic 

^  +  f  =  l,  iiLz  =  \{r.-  +  fi,%  (51  j 

whi(^h  has  the  principal  directions  as  the  directions  of  its  axes  and  the 
square  roots  of  the  absolute  values  of  the  principal  radii  of  curvature 
as  the  magnitudes  of  its  axes.  The  conic  nray  be  regarded  as  similar  to 
the  conic  in  which  a  i)lane  infinitely  near  the  tangent  plaiie  cuts  the 
surface  when  infinitesimals  of  order  higher  than  the  second  are  neg- 
lected. In  case  the  surface  is  concavo-convex  the  indicatrix  is  a  hyper- 
bola and  should  be  considered  as  either  or  both  of  the  two  conjugate 
hyperbolas  that  would  arise  from  giving  x  positive  or  negative  values 
in  (51).  The  point  on  the  surface  is  called  elliptic,  hyperbolic,  or 
parabolic  according  as  the  indicatrix  is  an  ellipse,  a  hyperbola,  or  a  i)air 
of  lines,  as  happens  when  one  of  the  principal  curvatures  vanishes. 
These  classes  of  points  correspond  to  the  distinctions  definite,  indefinite, 
and  singular  applied  to  the  quadratic  form  rh^  -\-  2  shk  ■{-  tk^. 

Two  further  results  are  noteworthy.  Any  curve  drawn  on  the  surface 
differs  from  the  section  of  its  osculating  plane  with  the  surface  by 
infinitesimals  of  higher  order  than  the  second.  For  as  the  osculating 
plane  passes  through  three  consecutive  points  of  the  curve,  its  inter- 
section with  the  surface  passes  through  the  same  three  consecuti\'c 
points  and  the  two  curves  have  contiict  of  the  second  order.  It  follows 
that  the  radius  of  curvature  of  any  curve  on  the  surface  is  identical 
with  that  of  the  curve  in  which  its  osculating  plane  cuts  the  surface. 
The  other  result  is  Meusnier's  Theorem :  The  radius  of  curvature  of  an 
oblique  section  of  the  surface  at  any  point  is  the  projection  upon  the 
plane  of  that  section  of  the  radius  of  cur\rature  of  the  normal  section 
which  passes  through  the  same  tangent  line.  In  other  words,  if  the 
radius  of  curvature  of  a  normal  section  is  known,  tliat  of  the  oblique 
sections  through  the  same  tangent  line  may  be  obtained  by  multiplying 
it  by  the  cosine  of  the  angle  between  the  plane  normal  to  the  surface 
and  the  plane  of  the  obli(iue  section. 


146  DIFFERENTIAL  CALCULUS 

The  proof  of  Meusiiier's  Theorem  may  be  given  by  reference  to  (48).  Let  the 
i-axis  in  the  tangent  plane  be  taken  along  the  intersection  with  the  oblique  plane. 
Neglect  infinitesimals  of  higher  order  than  the  second.   Then 

y  =  ,j>{x)=lax\        z  =  i(rx''  +  2sxv  +  ty^)  =  ^rx^  (48') 

will  be  the  equations  of  the  curve.  The  plane  of  the  section  is  az  —  ry  =  0,  as  may 
be  seen  by  inspection.  The  radius  of  curvature  of  the  curve  in  this  plane  may  be 
found  at  once.  For  if  u  denote  distance  in  the  plane  and  perpendicular  to  the 
i-axis  and  if  v  be  the  angle  between  the  normal  plane  and  the  oblique  plane 

u  =  z  sec  p  =  yoscv  =  irsecp-  X''  —  ^acscv  x'. 

The  form  u  =  ^rsecv-x^  gives  the  curvature  as  r  sec  v.  But  the  curvature  in  the 
normal  section  is  r  by  (48').  As  the  curvature  in  the  oblique  section  is  sec  v  times 
that  in  the  normal  section,  the  radius  of  curvature  in  the  oblique  section  is  cos  r 
times  that  of  the  normal  section.    Meusnier's  Theorem  is  thus  proved. 

89.  These  investigations  with  a  special  choice  of  axes  give  geometric  proper- 
ties of  the  surface,  but  do  not  express  those  properties  in  a  convenient  analytic 
form ;  for  if  a  surface  z  =/(z,  y)  is  given,  the  transformation  to  the  special  axes 
is  difficult.  The  idea  of  the  indicatrix  or  its  similar  conic  as  the  section  of  the 
surface  by  a  plane  near  the  tangent  plane  and  parallel  to  it  will,  however,  deter- 
mine the  general  conditions  readily.   If  in  the  expansion 

Az  -  dz  =  J  {rK'  +  2shk  +  tk^)  =  const.  (52) 

the  quadratic  terms  be  set  equal  to  a  constant,  the  conic  obtained  is  the  projection 
of  the  indicatrix  on  the  ly-plane,  or  if  (52)  be  regarded  as  a  cylinder  upon  the 
ij/-plane,  the  indicatrix  (or  similar  conic)  is  the  intersection  of  the  cylinder  with 
the  tangent  plane.  As  the  character  of  the  conic  is  unchanged  by  the  projection, 
the  point  on  the  surface  is  elliptic  if  s^  <  rt,  hyperbolic  if  s^  >  rt,  and  parabolic  if 
3^  —  rt.  Moreover  if  the  indicatrix  is  hyperbolic,  its  asymptotes  must  project  into  the 
asymptotes  of  the  conic  (52),  .and  hence  if  dx  and  dy  replace  h  and  k,  the  equation 

rda;2  -|-  2  sAxdy  -|-  Wj/^  =  o  (53) 

may  be  regarded  as  the  differerdial  equation  of  the  projection  of  the  asymptotic  lines 
on  the  xy-plane.  If  r,  s,  t  be  expressed  as  functions/^,  /^,,  /JJ^  of  (z,  y)  and  (53)  be 
factored,  the  integration  of  the  two  equations  M(x,  y)dx  +  N{x,  y)dy  thus  found 
will  give  the  finite  equations  of  the  projections  of  the  asymptotic  lines  and,  taken 
with  the  equation  z  =/(i,  y),  will  give  the  curves  on  the  surface. 

To  find  the  lines  of  curvature  is  not  quite  so  simple  ;  for  it  is  necessary  to  deter- 
mine the  directions  which  are  the  projections  of  the  axes  of  the  indicatrix,  and 
these  are  not  the  axes  of  the  projected  conic.  Any  radius  of  the  indicatrix  may 
be  regarded  as  the  intersection  of  the  tangent  plane  and  a  plane  perpendicular  to 
the  K2/-plane  through  the  radius  of  the  projected  conic.   Hence 

are  the  two  planes  which  intersect  in  the  radius  that  projects  along  the  direction 
determined  by  h,  k.   The  direction  cosines 

h:k:ph  +  qk  ^^^     ,^  ^  ^  ^  ^  ^^^ 


V/i-  +  k-  +  (ph  -I-  qkf 
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are  therefore  those  of  the  radius  in  the  indicatrix  and  of  its  projection  and  they 
detennine  the  cosine  of  the  angle  0  between  the  radius  and  its  projection.  The 
square  of  the  radius  in  (52)  is 

¥  +  fc2,     and     {h^  +  k'^)  sec^  <t>  =  li^  +  k'^  +  (ph  +  qky^ 

is  therefore  the  square  of  the  corresponding  radius  in  tlie  indicatrix.  To  deter- 
mine the  axes  of  the  indicatrix,  this  radius  is  to  be  made  a  maximum  or  minimum 
subject  to  (52).   With  a  umltiplier  X, 

h  +  ph  +  qk  +  \{rh  +  sk)  =  0,        k  +  ph  +  qk  +  \  {sh  +  tk)  =  0 

are  the  conditions  required,  and  the  elimination  of  X  gives 

A2[s(l  +  p2)- pgr]  +  hk[t(l+p^)-r(l  +  g^)]  -  k^[t{l  +  q^)-pqt]  =  0 

as  the  equation  that  determines  the  projection  of  the  axes.   Or 

(1  +p^)<ix  +  pqdy      pqdx  +  (1  +  q^)  dy 
rdx  +  sdy  sdx  +  tdy 

is  the  differential  equation  of  the  projected  lines  of  curvature. 

In  addition  to  the  asymptotic  lines  and  lines  of  curvature  the  geodesic  or  shortest 
lines  on  the  surface  are  important.  These,  however,  are  better  left  for  the  methods 
of  the  calculus  of  variations  (§  159).  The  attention  may  therefore  be  turned  to 
finding  the  value  of  the  radius  of  curvature  in  any  normal  section  of  the  surface. 

A  reference  to  (48)  and  (49)  shows  that  the  curvature  is 

1  _2z  _rh^  +  2shk  +  tk^  _  rh^  +  2shk  +  tk^ 

in  the  special  case.  But  in  the  general  case  the  normal  distance  to  the  surface  is 
(Az  —  dz)  cos  7,  with  sec  7  =  Vl  +  p*'  +  g^,  instead  of  the  2  z  of  the  special  case,  and 
the  radius  p^  of  the  special  case  becomes  p^  sec''  <p  =  h^  +  k''  +  (ph  +  qk)^  in  the 
tangent  plane.   Hence 

1  _      2  (Az  -  dz)  cos  7      _  rP  +  2  slm  +  tm^ 

R'h^  +  k^  +  iph  +  qkY"     ViTpMT' 

where  the  direction  cosines  I,  mot  a.  radius  in  the  tangent  plane  have  been  intro- 
duced from  (54),  is  the  general  expression  for  the  curvature  of  a  normal  section. 

The  form 

1  _     rh^  +  2shk  +  tk^ 1  ^  .^,. 

R~  h^  +  k^  +  (ph+  qk)-^  Vl+p^  +  g^' 

where  the  direction  h,  k  of  the  projected  radius  remains,  is  frequently  more  con- 
venient than  (56)  which  contains  the  direction  cosines  I,  m  of  the  original  direction 
in  the  tangent  plane.   Meusnier's  Theorem  may  now  be  written  in  the  form 

cos  V  _  rP  +  2  slm  +  int'  ,5y^ 

fi  VlTpM^ 

where  v  is  the  angle  between  an  oblique  section  and  the  tangent  plane  and  where 
I,  m  are  the  direction  cosines  of  the  intersection  of  the  planes. 

The  work  here  given  has  depended  for  its  relative  simplicity  of  statement  upon 
the  assumption  of  the  surface  (46)  in  solved  form.  It  is  merely  a  problem  in 
implicit  partial  differentiation  to  pass  from  p,  g,  r,  s,  t  to  their  equivalents  in  terms 
of  F^,  Fy,  Fj  or  the  derivatives  of  <t>,  ^,  x  by  a,  p. 
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EXERCISES 

1        r  4-  t      r i 

•    1.  Ill  (4!))  .slidw  —  =  ——  H CDS  2d  +  K  sin  2  ff  and  find  llie  directinns  nl 

iniixinnnii  and  niininiiiin  //.   If  /.',  and  ii'j  aiv  tlic  inaxinmni  and  ininiinuni  values 
of  Ji,  show 

11  .  ,       1      1  <         9 

1 =  r  +  t     and =  rt  —  ifl. 

Half  of  the  sum  of  the  curvatures  is  called  the  mean  curvature;  the  product  of  the 
curvatures  is  called  the  total  curvature. 

2.  Find  the  mean  citrvature,  the  total  curvature,  and  therefrom  (by  constnict- 
ins?  and  solving  a  (juadratic  equation)  the  principal  radii  of  curvature  at  the  origin  : 

{a)  z  =  xy,         ((3)  z  =  x^  +  xy  +  y-,         (y)  z  =  x{x  +  y). 

3.  In  the  surfaces  (a)  z  =  xy  and  (/S)  z  =  2  j"  +  yi-  find  at  (0.  0)  the  radius  of 
curvature  in  the  sections  made  by  the  planes 

(or)  J  +  y  =  0,  0)  I  +  2/  +  z  =  0,  (7)  1  +  1/  +  2  2  =  0, 

(S)x-2y  =  0,        (f)  z-2i/  +  2  =  0,  (f)  j- +  2?/ +  |  z  =  0. 

The  oblique  sections  are  to  be  treated  by  applying  Meusnier"s  Theorem. 

4.  rind  the  asymptotic  directions  at  (0,  0)  in  Exs.  2  and  3. 

5.  Show  that  a  developaiile  surface  is  everywhere  parabolic,  that  is,  that  ri  —  s^  =  0 
at  every  point ;  and  conversely.  To  do  this  consider  the  surface  as  the  envelope  of 
its  tangent  plane  z- p^^- q^y  =  z^-  p^,,  -  ggy^,  where  jp„,  q„,  *„,  !/„,  Zo  are  fmic- 
tions  of  a  single  parameter  a.    Hence  show 

j(^j  =  0  =  (H-sX    and     -^f "'  '"  ~^^°^"^  ~  ^"^")  =  Voi^'  '  rt)o- 
The  first  result  proves  the  statement ;  the  second,  its  converse. 

6.  Find  the  differential  equations  of  the  asymptotic  lines  and  lines  of  curvature 
on  these  surfaces : 

(a)  z  =  xy,        (jS)  z  =  ta.n-^y/x),         (7)  z^  +  y^  =  coshi,         (5)  xyz  =  1. 

7.  Show  that  the  mean  curvature  and  total  curvature  are 
'•(1  +  9^)+  ^(1  +p^)-2pqs  1     _        rt  -  .s^ 


2\E^'^r'J'' 


8.  Find  the  principal  radii  of  curvature  at  (1,  1)  in  Ex.  6. 

9.  An  umbilic  is  a  point  of  a  surface  at  which  the  principal  radii  of  curvature 
(and  hence  all  radii  of  curvature  for  normal  sections)  are  equal.    Show  that  the 

conditions  are —  —  = for  an  umbilic,  and  determine  the  umbilics  of 

1  +  p-^      pg      1  +  9^ 
the  ellipsoid  with  semiaxes  u,  li,  c. 


CHAPTER   VI 

COMPLEX  NUMBERS  AND  VECTORS 

70.  Operators  and  operations.  If  an  entity  //  is  changed  into  an 
entity  r  l)y  some  law,  tlie  (Oiange  may  he  regarded  as  an  nj/fniflun  per- 
formed upon  11,  tlie  iipiTiind,  to  (H)nvert  it  into  r  ;  and  if  /  l)e  introduced 
as  the  symbol  of  the  operation,  the  result  may  be  written  as  r  =fii. 
For  brevity  the  synd)ol  /  is  often  called  an  operutov.  \'arious  sorts, 
of  operand,  ojierator,  and  result  are  familiar.  Thus  if  v  is  a  positive 
number  n,  the  application  of  the  operator  •>/  gives  the  square  root ;  if  « 
represents  a  range  of  values  of  a  variable  or,  the  expression  /(.r)  or  fx 
denotes  a  function  of  a- ;  if  ?(  be  a  function  of  .r,  the  ojjeration  of  dif- 
ferentiation may  be  symbolized  by  D  and  the  result  l)n  is  the  deriva- 
tive ;  the  symbol  of  definite  integration   |    (*)  r/#  converts  a  function 

V  (x)  into  a  number ;  and  so  on  in  great  variety. 

The  reason  for  making  a  short  study  of  operators  is  that  a  consider- 
able number  of  the  concepts  and  rules  of  arithmetic  and  algebra  maj- 
be  so  defined  for  operators  themselves  as  to  lead  to  a  cftlcuhts  of  opera- 
tions which  is  of  frequent  use  in  matliematics ;  the  single  application  to 
the  integration  of  certain  differential  equations  (§  95)  is  in  itself  highly 
valuable.  The  fundamental  concept  is  that  of  a  pirodiict :  If  u  is  opii'r- 
ated  upon  by  f  to  gtre,  fii  =  r  and  if  c  is  ojjerated  tq)on  h\j  (j  to  (jive  gv  =  ir, 

so  that  ^  J}  /i\ 

fu,  =  /•,  ffv  =  fffii  =  i<;         fffy  =  ir,  (1) 

then  the  operation  indicated  as  rjf  which  converts  u  direct/]/  into  w  is 
called  the  product  off  Inj  fj.  If  the  functional  symbols  sin  and  log  be 
regarded  as  operators,  the  symbol  log  sin  could  be  regarded  as  the 
product.  The  transformations  of  turning  the  3?/-plane  over  on  the 
a;-axis,  so  that  x'  =  x,  y'  =  —  y,  and  over  the  y-axis,  so  that  x'  =  —  x, 
y'  =  y,  may  be  regarded  as  operations ;  the  combination  of  these  opera- 
tions gives  the  transformation  x'  =  —  x,  y'  =  —  y,  which  is  equivalent 
to  rotating  the  plane  through  180°  about  the  origin. 

The  products  of  arithmetic  and  algebra  satisfy  the  committatine  law 
fjf  =  fg,  that  is,  the  products  of  y  by /and  of  /  by  jr  are  equal.  This 
is  not  true  of  operators  in  general,  as  may  he  seen  from  the  fact  that 

149 
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log  sin  X  and  sin  log  x  are  different.  Whenever  the  order  of  the  factors 
is  immaterial,  as  in  the  case  of  the  transformations  just  considered,  the 
operators  are  said  to  be  commutative.  Another  law  of  arithmetic  and 
algebra  is  that  when  there  are  three  or  more  factors  in  a  product,  the 
factors  may  be  grouped  at  pleasure  without  altering  the  result,  that  is, 

Han  =  ('"J)f=hf-  (2) 

This  is  known  as  the  associative  law  and  operators  which  obey  it  are 
called  associatine.  Only  associative  operators  are  considered  in  the 
work  here  given. 

For  the  repetition  of  an  operator  several  times 

ff=f,  fff=f\  rr=r^'',  (S) 

the  usual  notation  of  powers  is  used.  Tlie  law  of  indices  clearly  hohl.i ; 
for  /""•■"  means  that  /  is  applied  m  +  n  times  successively,  whereas 
./""V""  means  that  it  is  applied  n  times  and  then  m  times  more.  Not 
applying  the  operator  /  at  all  would  naturally  be  denoted  by  f,  so  thut 
fu  =  V  and  the  operator  f  would  be  equivalent  to  mxdtiplication  by  1 ; 
the  notation  /"  =  1  is  adopted. 

If  for  a  given  operation  /  there  can  be  found  an  operation  ff  such 
that  the  product  fy  =  f  =  1  is  equivalent  to  no  operation,  then  y  is 
called  the  inverse  of  /  and  notations  such  as 

/<7  =  1,     ,^=/-i  =  i,    //-i=/i  =  l  (4) 

are  regularly  borrowed  from  arithmetic  and  algebra.  Thus  the  inverse 
of  the  square  is  the  square  root,  the  inverse  of  sin  is  sin-',  the  inverse 

of  the  logarithm  is  the  exponential,  the  inverse  of  D  is  I .  Some  oper- 
ations have  no  inverse ;  multiplication  by  0  is  a  case,  and  so  is  the 
square  when  applied  to  a  negative  number  if  only  real  numbers  are 
considered.  Other  operations  have  more  than  one  inverse ;  integra- 
tion, the  inverse  of  D,  involves  an  arbitrary  additive  constant,  and  the 
inverse  sine  is  a  multiple  valued  function.  It  is  therefore  not  always 
true  that/-y=  1,  but  it  is  customary  to  mean  by  /-'  that  particular 
inverse  of  /  for  which  f-'f  =  ff-^  =  1.  Higher  negative  powers  are 
defined  by  the  equation  /-"  =  (/-')",  and  it  readily  follows  that 
.f"/""  =  1,  as  may  be  seen  by  the  example 

rf-'=ff(f  ■/-')/-'/-'  =/(/■/-')/-' =fr^  =  1. 

The  law  of  indices  ff  =/"■  +  "  also  holds  for  negative  indices,  except 
in  so  far  as  /- '/  may  not  be  equal  to  1  and  may  be  required  in  the 
reduction  of  /"/» to  /"'  + ". 
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If  }i,  r,  and  V  +  (•  are  operands  for  the  operator  /  and  if 

/(«  +  ")=/"+/'•,  (5)- 

so  that  the  operator  applied  to  the  sum  gives  the  same  result  as  the 
sum  of  the  results  of  operating  on  each  operand,  then  the  operator 
/  is  called  linear  or  distributive.  If  /  denotes  a  function  such  that 
f(x  +  I/)  =f{x)  +/(//),  it  has  been  seen  (Ex.  9,  p.  45)  that  /  must  be 
equivalent  to  multiplication  by  a  constant  and  fx  =  Cx.  For  a  less 
specialized  interpretation  this  is  not  so;  for 

}>(,i  +  /•)  =  Da  +  Dc     and     I  (»  +  r)  z=   f  "  +   (  '' 

are  two  of  the  fundamental  formulas  of  calculus  and  sliow  operators 
which  are  distributive  and  not  equivalent  to  multiplication  by  a  constant. 
Nevertheless  it  does  follow  by  the  same  reasoning  as  used  before  (Ex.  9, 
p.  45),  that  fnii  =  nfii-  if  /  is  distributive  and  if  n  is  a  rational  number. 
Some  operators  have  also  the  property  of  addition.  Sujjpose  that  ii 
is  an  ojjei-and  and/,  g  are  operators  such  that  fii  and  gii  are  things  that 
may  be  added  togetlier  as  fii  +  c/ii,  tlien  the  */////  of  tlie  operators,  /  +  f/, 
is  defined  by  the  e(iuation  (f-\-f/)ii=fti  +  (/ii.  If  furthermore  the 
operators  /,  g,  h  are  distributive,  then 

h{f  +  g)  =  hf  +  hg     and     (f+g)h=fh  +  gh,  (6) 

and  the  multiplication  of  the  operators  becomes  itself  distributive.  To 
prove  this  fact,  it  is  merely  necessary  to  consider  that 

''  [(/+  <J)  "]  =  /'  (/«  +  g>')  =  hfu  +  hgn 
and  (/  +  g)  (/*»)  =  //' «  +  ghu. 

Operators  irhirh  are  associative,  rom.mutatlve,  duitrlbutlve,  and  irhirh 
admit  addition  may  he  treated  algebra i/-aUij,  In  so  far  as  polynomials  are 
concerned,  by  the  ordinary  algorisms  of  algebra  ;  for  it  is  by  means 
of  the  associative,  commutative,  and  distributive  laws,  and  the  law  of 
indices  that  ordinary  algebraic  polynomials  are  rearranged,  multiplied 
out,  and  factored.  Now  the  operations  of  multiplication  by  constants 
and  of  differentiation  or  partial  differentiation  as  applied  to  a  function 
of  one  or  more  variables  x,  y,  s,  •  •  ■  do  satisfy  these  laws.    For  instance 

c(I>i()=D(ci,),  D^D^ii=D,jD^i,,  {n^  +  T)„)Dji=DJ),u+D,,n,u.  (7) 
Hence,  for  example,  if  y  l)e  a  function  of  x,  the  expression 

/)"y  +  a^TT-hj  H h  "„_i%  +  "„.'/, 

where  the  coefficients  a  are  constants,  may  Ite  written  as 

(/)"  +  ^fji)"-*  H +  <i„^J)  +  a,yj  (8) 
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aiifl  may  then  lie  factored  into  the  form 

[( />  -  a^){J)  -«,)■••  (I)  -  «„- 1)(  "  -  Vj.'/.  (^"i 

where  a,,  a,„  ■  ■  ■,  a„  are  the  roots  of  the  algebraic,  polynomial 
a-»  -I-  „^.,"- '  +  . . .  +  .,„_ J.,'  4-  "„  =  0. 

EXERCISES 

1.  Show  that  (fgh)-^  =  h-'^g-^f-^^  that  is,  that  the  reciprocal  of  a  product  of 
operations  is  the  product  of  the  reciprocals  in  inverse  order. 

2.  By  definition  the  operator  gfg-^  is  called  the  transform  of  /  by  g.  Show 
that  (a)  the  transform  of  a  product  is  the  product  of  the  transforms  of  the  factors 
taken  in  the  same  order,  and  (^)  the  transform  of  the  inverse  is  the  inverse  of  the 
transform. 

3.  If  s  9t  1  but  s^  =  1,  the  operator  s  is  by  definition  said  to  be  involutory.  Show 
that  (a)  an  involutory  operator  is  equal  to  its  own  inverse ;  and  conversely  (p)  if 
an  operator  and  its  inverse  are  equal,  the  operator  is  involutory ;  and  (7)  if  the 
product  of  two  involutory  operators  is  commutative,  the  product  is  itself  involu- 
tory ;  and  conversely  (5)  if  the  product  of  two  Involutory  operators  is  involutory, 
the  operators  are  commutative. 

4.  If /and  g  are  both  distributive,  so  are  the  products /jr  and  gf. 

5.  If /is  distributive  and  n  rational,  show /nu  =  nfii. 

6.  Expand  the  following  operators  first  by  ordinary  formal  multiplication  and 
second  by  applying  the  operators  successively  as  indicated,  and  show  the  results 
are  identical  by  translating  both  into  familiar  forms. 

(a)  iD-l){n-2)y,     Ans.^-3^  +  2y, 
dx"         dx 

(P)  (I}-\)I){D  +  \)y,  (7)  D(D-2)(D+l)(Z)  +  3)v. 

7.  Show  that  (D—a)  e"-  fe-'^A'dx  =  A',  where  ,Y  is  a  function  of  x,  and 
hence  infer  that  e^  je-'"{»)dx  is  the  inverse  of  the  operator  (D  —  a)  (»). 

8.  Show  that  D {e^y)  =  e^ (D  +  a)  y  ^d  hence  generalize  to  show  that  if 
P(D)  denote  any  polynomial  in  D  with  constant  coefficients,  then 

P(D)-e'^  =  e^P(D+  a)y. 

Apply  this  to  the  following  and  check  the  results. 

(a)  (D2  -  3 D  +  2)62=^2/  =  e2^(I»2  +  B)y  =  e2^/^  +  ^V 

\dx'^      dx/ 
(/3)  (i)2_3D-2)e-y,         (y)  (D' -  SI)  +  2)ery. 

9.  If  1/  is  a  function  of  x  and  x  =  e'  show  that 

IKy  =  e-'D,y,  Dly  =  (^i'D,(I)t-\)y,  ■  ■  •,  D^y  =  e-p'lMDi-l)--  ■  (D,-p  +  l)y. 

10.  Is  the  expression  {hD^  +  kDp)",  which  occurs  in  Taylor's  Formula  (§  54), 
the  nth  power  of  the  operator  hDx  +  hi),,  or  is  it  merely  a  conventional  symbol  ? 
The  same  (juestion  relative  to  (x])^  +  yJ>i!)''  occurring  in  Ruler's  Fornmla  {§  53)  ? 
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71.  Complex  numbers.  In  the  foniial  solution  of  the  ('(niation 
'(./■'"  +  ''■'■  +  '•  =  0,  whei'e  /(■  <  4"r-,  mimbei's  of  tlic  form  m  +  /(  V—  1, 
where  m  and  n  are  real,  arise.  8ui:h  iiunihers  are  called  nmi/i/fx  or 
imnr/iniiri/  ;  the  jjart  //(  is  called  the  rvnl  part  and  w  V  —  1  the  y;«/r 
imaginary  part  of  the  number.  It  is  customary  to  write  V—  1  =  i  and 
to  treat  i  as  a  literal  quantity  subject  to  the  relation  i^  =  —  1.  The  defini- 
tions for  the  etpuilifij,  aildition,  and  miiltij/Unrfion  of  coni])lex  num- 
bers are 

a  +  bl  —  r  +  iJi     if  and  only  if     <(  =  r,  h  =  il, 

[a  -f  hi-]  +  [r-  +  di-]  =  {,1  +  r)  +  {h  +  d)  ;,  (9) 

[(I  +  hi]  [r  +  di]  =  (ill-  —  hd)  +  {ad  -f  hr)  !. 

It  readily  follows  that  tlie  rnmninfiitire,  associatire,  and  distributive 
laws  hold  in  the  domain  uf  n implex  numbers,  namelj', 

a  +  /3  =  /3  +  a,  («  +  ;8)  +  y  =  a  +  (/3  +  y), 

«/8  =  ^,  (afi)  y  =  a  (J3y),  (10) 

a  (/3  +  y)  =  a/8  +  «7,  («  +  /8)  y  =  ay  +  ;3y, 

where  Greek  letters  have  been  used  to  denote  complex  numbers. 
Diu'uiion  is  accomplished  by  the  method  of  rationalization. 

a  +  bi  _a  +  hi  r  —  di  __  {ar.  -\-  hd)  -\-  {be  —  ad)  i 
c  +  di~  r  +  di  r  —  di  ~~  '■-  +  ifi 

This  is  always  possible  except  when  t-^  +  d-  =  0,  that  is,  when  both  c 
and  d  are  0.  A  complex  number  is  defined  as  0  when  and  only  when 
its  real  and  pure  imaginary  parts  are  both  zero.  With  this  definition  0 
has  the  ordinary  properties  that  a  +  0  =  a  and  aO  =  0  and  that  a/0  is 
impossible.  Furthermore  if  aprodmt  aft  vanishes,  either  a  or  ft  ran'ishes. 
For  suppose 

[a  +  hi]  [e  +  di]  =  {ar  -  bd)  +  {ad  +  he)  i  =  0. 
Then  ac  —  bd  =  0     and     ad  +  he  =  0,  (12) 

from  which  it  follows  that  either  a  =  b  =  0  or  e  =  d  =  0.  From  the 
fact  that  a  product  cannot  vanish  unless  one  of  its  factors  vanishes 
follow  the  ordinary  laws  of  cancellation.  In  brief,  all  the  elementarij 
laws  of  real  uhjehra  hold  also  for  the  algebra  of  eomplex  numbers. 

By  assuming  a  set  of  Cartesian  coordinates  in  the  3'//-plane  and  asso- 
ciating the  number  a  +  hi  to  the  point  {a,  h),  a  graphieal  representation 
is  obtamed  which  is  the  counterpart  of  the  number  scale  for  real  num- 
bers. The  point  (a,  h)  alone  or  the  directed  line  from  the  origin  to  the 
point  {a,  h)  may  be  considered  as  representing  the  number  a  -\-  hi. 
If  OP  and  OQ  are  two  directed  lines  representing  the  two  numbers 
a  -\-  hi  and  e  +  di,  a  reference  to  tlie  figure  sliows  that  the  line  which 
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represents  the  sum  of  the  numbers  is  OR,  the  diagonal  of  the  parallelo- 
gram of  which  OP  and  OQ  are  sides.  Thus  the  geometrw  Imr  for  adding 
i-owpkx  numbers  is  the  same  as  the  law  for  compoundin/j  forces  and  is 
known  as  the  parallelogram  lair.  A  segment  AB  of  a  line  possesses 
magnitude,  the  length  AB,  and  direction,  the 

direction   of  the    line   AB  from  A  to  B.    A    y      ^       >-<^'°+'''''"^'" 
quantity  which  has  magnitude  and  direction  is 
called  a  vector;  and  the  parallelogram  lair  is 
called  the  lair  of  vector  addition.   Complex  num- 
bers may  therefore  be  regarded  as  rectors. 

From  the  iigure  it  also  appears  that  OQ  and  PR  have  the  same  mag- 
nitude and  diiection,  so  that  as  vectors  they  are  equal  although  the}- 
start  from  different  points.  As  OP  +  PR  will  be  regarded  as  equal  to 
OP  +  OQ,  the  definition  of  addition  may  be  given  as  the  triangle  law 
instead  of  as  the  parallelogram  law ;  namely,  from  the  terminal  end  P 
of  the  first  vector  lay  off  the  second  vector  PR  and  close  the  triangle 
by  joining  the  initial  end  0  of  the  first  vector  to  the  terminal  end  R  of 
the  second.  The  absolute  value  of  a  complex  number  «  +  bi  is  the 
magnitude  of  its  vector  OP  and  is  equal  to  Vo^  +  J^,  the  square  root  of 
the  siun  of  the  squares  of  its  real  part  and  of  the  coefficient  of  its  pure 
imaginary  part.  The  absolute  value  is  denoted  by  |a  +  Z«i|  as  in  the  case 
of  reals.  If  a  and  /3  are  two  complex  numbers,  the  rule  |ar]  + 1/3|  ^  ja  -}-  /S| 
is  a  consequence  of  the  fact  that  one  side  of  a  triangle  is  less  than  the 
sum  of  the  other  two.  If  the  absolute  value  is  given  and  the  initial  end 
of  the  vector  is  fixed,  the  terminal  end  is  thereby  constrained  to  lie 
upon  a  circle  concentric  with  the  initial  end. 

72.  When  the  complex  numbers  are  laid  off  from  the  origin,  polar 
coordinates  may  be  used  in  place  of  Cartesian.    Then 

r  =  V(?4-Z?,       <f>  —  tan~V>/«*,       a  =  r  cos  <^,       b  =  r  sin  tf> 
and  a  +  ib  ■=  r(c,os  <t>  +  i  sin  <^). 

The  absolute  value  r  is  often  called  the  modulus  or  magnitude  of  the 
complex  number ;  the  angle  <f)  is  called  the  a?igle  or  argument  of  the 
number  and  suffers  a  certain  indetermination  in  that  2  mr,  where  n  is 
a  positive  or  negative  integer,  may  be  added  to  <f>  without  affecting  the 
number.  This  polar  representation  is  particidarly  useful  in  discussing 
products  and  quotients.    For  if 

or  =  j-j  (cos  <^j  4-  i  sin  <^j),         /?  =  r^  (cos  <^^  +  i  sin  ^ J, 
then  or^  =  7-,r,[cos  (<^^  +  .^^  +  i  sin  (,^^  +  ,^^], 

*  As  both  co8i(i  and  sin*  are  known,  the  quadrant  of  this  angle  is  determined. 
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as  may  be  seen  by  multiplication  according  to  the  rule.  Hence  the 
magnitude  of  a  product  is  the  product  of  the  vuignitudes  of  thu  factors, 
and  the  angle  of  a  product  is  the  sum  of  the  angles  of  the  factors;  the 
general  rule  being  proved  by  induction. 

The  interpretation  of  multiplication  hy  a  complex  number  as  an  oper- 
ation is  illuminating.  Let  /3  be  the  multiplicand  and  a  the  multiplier. 
As  the  product  a^  has  a  magnitude  equal  to  the  product  of  the  magni- 
tudes and  an  angle  equal  to  the  sum  of  the  angles,  the  factor  a  used  as 
a  multiplier  may  be  interpreted  as  effecting  the  rotation  of  /3  through 
the  angle  of  a  and  the  stretching  of  j8  in  the  ratio  |a|:l.  From  the 
geometric  viewpoint,  therefore,  multiplicotiun  by  a  complex  number  is 
an  ojteration  of  rotation  and  stretching  in  the  plane.  In  the  case  of 
a  =  cos  <^  +  i  sin  <l>  with  r  =  1,  the  operation  is  only  of  rotation  and 
hence  the  factor  cos  <f>  -\-  i  sin  <f>  is  often  called  a  cyclic  factor  or  versor. 
In  particidar  the  number  i  =  v—  1  will  eifect  a  rotation  through  90° 
when  used  as  a  multiplier  and  is  known  as  a  quiidrautal  versor.  The 
series  of  powers  i,  f^  =  —  1,  i^  =  —  i,  i*  =  1  give  rotations  through  90°, 
180°,  270°,  360°.  This  fact  is  often  given  as  the  reason  for  laying  off 
pure  imaginary  numbers  bi  along  an  axis  at  right  angles  to  the  axis 
of  reals. 

As  a  particular  product,  the  nth  power  of  a  complex  nmnber  is 

a"  =  (a  +  iby  =  [?■  (cos  <^  +  i  sin  <^)]"  =  ?■"  (cos  nip  +  i  sin  n<f>)  ;    (15) 

and  (cos  <t>  +  i  sin  <^)"  =  cos  n<f>  +  i  sin  n<f>,  (15') 

which  is  a  special  case,  is  known  as  De  Moiore's  Theorem  and  is  of  use 
in  evaluating  the  functions  of  n<f>;  for  the  binomial  theorem  may  be 
applied  and  the  real  and  imaginary  parts  of  the  expansion  may  be 
equated  to  cos  n<l>  and  sin  n<t>.    Hence 

n(n  —  1)  „ ,    .  ., , 

cos  n4>  =  cos"<^ ^^-^ — ^  cos"  ~  ^<j>  sur<t> 

,  w(7i  —  l)(ra  —  2)(7i  —  3)       „_.j    .  ,,  ,^1-^ 

A — ^^ '— ^ ^  cos"    *<i  sin'A  —  •  ■  ■  (lb) 

4! 

n(n  —  V\{n  —  '') 
sin  n<^  =  n  cos»->.^  sin  ^ ^^ Sj cos"-^<^  sin'<^  H . 

As  the  wth  root  ^a  of  a  must  be  a  number  which  when  raised  to  the 
wth  power  gives  a,  the  nth  root  may  U^  written  as 

-\/a  =  •v^-(cos  <^/n  +  i  sin  <^/ra).  (1") 

The  angle  <^,  however,  may  have  any  of  the  set  of  values 

<^,     <^  +  27r,     </>-|-47r,     ••■.     <#.  +  2(w  -  l)'7r. 


<t> 

4>       -iTr 

4>     ,     -iTT 

-  H ' 

--I 

n 

n         n 

n         n 
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and  the  ?i,tli  2)arts  of  tlu'sc  give  tlie  n  different  angles 

n  n  ^     ' 

Hence  there  may  be  found  just  n  different  nth  roots  of  any  given  coni- 
l)lex  number  (including,  of  course,  the  reals). 

The  roots  of  unity  deserve  mention.  The  equation  x"  =  1  has  in  the  real  domain 
one  or  two  roots  according  as  n  is  odd  or  even.  But  if  1  be  refjarded  as  a  complex 
number  of  which  the  pure  imaginary  part  is  zero,  it  may  be  represented  by  a  point 
at  a  unit  distance  from  the  origin  upon  the  axis  of  reals ;  the  magnitude  of  1  is  1 
and  the  angle  of  1  is  0,  2  tt,  •  ■  • ,  2  (n  —  1)  tt.  The  nth  roots  of  1  will  therefore  have 
the  magnitude  1  and  one  of  the  angles  0,  2  tt/ii,  ■  •  ■ ,  2  (n  —  1)  tr/n.  The  n  nth  roots 
are  therefore 

27r       .   .    27r        ,  iir       .   .    iv 

1,     cr  =  cos 1- tsin  —  ,  <t- =  cos 1- tsm  — ,  ■•■, 

n  n  n  n 

2(7i-])7r       .   .    2(n-l)7r 

a"-i  =  cos— 5 h  tsni— 5^ '—, 

n  n 

and  may  be  evaluated  with  a  table  of  natural  functions.  Xow  i"  —  1  =0  is  factor- 
able a,s  (j;  —  l)(j:»-i  +  j;«-2  +  . . .  ^.  ^  _|_  i)  _  q,  and  it  therefore  follows  that  the 
nth  roots  other  than  1  must  all  satisfy  the  equation  formed  by  setting  the  second 
factor  equal  to  0.  As  a  in  particular  .satisfies  this  equation  and  the  other  roots  are 
a^,  •  ■  •,  a"-^,  it  follows  that  the  sum  of  the  n  nth  roots  of  unity  is  zero. 

EXERCISES 

1.  Prove  the  distributive  law  of  multiplication  for  complex  numbers. 

2.  By  definition  the  pair  of  imaginaries  a  +  M  and  a  —  bi  are  called  conjugate 
imaginaries.  Prove  that  (cr)  the  sum  and  the  product  of  two  conjugate  imagftiaries 
are  real ;  and  conversely  (/3)  if  the  sum  and  the  product  of  two  imaginaries  are  both 
real,  the  imaginaries  are  conjugate. 

3.  Show  that  if  P(x,  y)  is  a  symmetric  polynomial  in  x  and  y  with  real  coeffi- 
cients so  that  P(z.  y)  =  P(y.  x).  then  if  conjugate  imaginaries  be  substituted  for  a: 
and  y,  the  value  of  the  polynomial  will  be  real. 

4.  Show  that  if  «  +  hi  is  a  root  <if  an  algebraic  equation  P{x)  =  0  with  real 
coefficients,  then  a  —  bi  is  also  a  root  of  the  equation. 

5.  Can7  out  the  indicated  operations  algebraically  and  make  a  graphical  repre- 
sentation for  every  number  concerned  and  for  the  answer : 

(a)  (1  -t-  if,  (;3)  ( 1  -I-  ^/3  0  (1  -  i).         (y)  (3  -|-  V^)  (4  +  V^), 

,,,,  1  +  i  ,  ,  1  +  iVri 


1-  i 


l-^^'3  V2-i\'.S 


(1  +  ly  (1  +  0-     (!-'■)-  V         2         / 

6.  Plot  and  find  tlic  miululus  and  angle  in  the  following  cases: 
(cv)  -2,         (/i)_2V3I,         (7)3-|-4J,         (S)i-l\ 
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7.  Sliow  that  the  rmdubm  of  a  quotient  of  two  numbers  is  the  quotient  of  the  moduli 
aiui  that  the  angle  is  the  angle  of  the  numerator  less  that  of  the  denominator. 

8.  Carry  out  the  indicated  operations  trigonometrically  and  plot: 

(a)  The  examples  of  Ex.  5,  (j3)  Vl  +  i  Vl  -  /,         (7)  V-  2  +  2V3i, 

(«)  (VTTi  +  ^rri)-2,  (e)  VV2  +  Vr^,        (f)  v'2  +  2V3t, 

(v)  ^16 (COS 200° +  i sin 200°),         {ff)  y/^,  (,)  Vsi. 

9.  Find  the  equations  of  analytic  geometry  which  represent  the  transforma- 
tion equivalent  to  multiplication  by  tr  =  —  1  +  V—  3. 

10.  Show  that  |2  —  ir]  =  r,  where  z  is  a  variable  and  cr  a  fixed  complex  number, 
is  the  equation  of  the  circle  (i  —  a)'^  +  (ij  —  b)'^  =  r". 

11.  Find  cos5j  and  cos8x  in  tenns  of  cosa,  and  sin6x  and  sinTj;  in  terms  of 
sill  J. 

12.  Obtain  to  four  decimal  places  the  five  roots  ■v'l. 

13.  li  z  =  z  +  iy  and  2'  =  x'  +  iy\  show  that  z'  =  {coS(/i  —  isin0)z—  a  is  the 
formula  for  shifting  the  axes  through  the  vector  distance  a  =  a  +  it)  to  the  new 
origin  (a,  6)  and  turning  them  through  the  angle  </i.  Deduce  the  ordinary  equa- 
tions of  transformation. 

14.  Show  that  \z  —  a\  —  h\z  —  /3|,  where  k  is  real,  is  the  equation  of  a  circle  ; 
specify  the  position  of  the  circle  carefully.  Use  the  theorem  :  The  locus  of  points 
whose  distances  to  two  fixed  points  are  in  a  constant  ratio  is  a  circle  the  diameter 
of  which  is  divided  internally  and  externally  in  the  same  ratio  by  the  fixed  points. 

15.  The  transformation  2'  = ,  where  a,  b,  c,  d  are  complex  and  ad—  be  ?t  0, 

cz  +  d 
is  called  the  general  linear  transformution  of  z  into  z'.   Show  that 

CO'  +  d 
c^  +  d 

Hence  infer  that  the  transformation  carries  circles  into  circles,  and  points  which 
divide  a  diameter  internally  and  externally  in  the  same  ratio  into  points  which 
divide  some  diameter  of  the  new  circle  similarly,  but  generally  with  a  different  ratio. 

73.  Functions  of  a  complex  variable.  Let  s  =  j  +  li/  be  a  complex 
variable  representable  geometrically  as  a  variable  point  in  the  a-y-plane, 
which  may  be  called  the  comjdex  pJane.  As  z  determines  the  two  real 
numbers  x  and  y,  any  function  -F(j",  y)  which  is  the  sum  of  two  single 
valued  real  functions  in  the  form 

F{x,  y)  —  X (ar,  y)  +  iY{x,  y)  =  R  (cos  *  +  i  sin  *)  (19) 

will  be  completely  determined  in  value  if  z  is  given.  Such  a  function 
is  called  a  complex  fiiwtion  (and  not  a  function  of  the  complex  variable, 
for  reasons  that  will  appear  later).  Tlie  magnitude  and  angle  of  the 
function  are  determined  by 

R  =  VA'^  +  Y\         cos  *  =  ^  ,  sin  4>  =  - .  (-0) 


\z'  —  a'\  =  k\z'  —  ^'\    becomes    \z—a\  =  k 


■/31. 
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The  function  F  is  continuous  by  deiinition  when  and  only  when  both 
X  and  Y  are  continuous  functions  of  (x,  y);  R  is  then  continuous  in 
(x,  y)  and  F  can  vanish  only  when  R  =  0;  the  angle  *  regarded  as  a 
function  of  (a-,  y)  is  also  continuous  and  determinate  (except  for  the 
additive  2  mr)  unless  i?  =  0,  in  which  case  X  and  Y  also  vanish  and  the 
expression  for  4>  involves  an  indeterminate  form  in  two  variables  and 
is  generally  neither  determinate  nor  continuous  (§  44). 

If  the  derivative  of  F  with  respect  to  z  were  sought  for  the  value 
z  =  a  +  lb,  the  procedure  would  be  entirely  analogous  to  that  in  the 
case  of  a  real  function  of  a  real  variable.  The  increment  \z  =  Aj  -)-  t'Ay 
would  be  assumed  for  z  and  \F  would  be  computed  and  the  quotient 
AF/Az  would  be  formed.    Thus  by  the  Theorem  of  the  Mean  (§  46), 

AF  _  AA-  +  ixY  _  (A-;  +  ;}")  aj-  +  (A-;  +  n-,;)A// 

A2        Ax  +  iAy  Ax  +  iAy  ^'         ^     ^ 

where  the  derivatives  are  formed  for  («,  h)  and  where  ^  is  an  infinitesi- 
mal complex  number.  When  Az  approaches  0,  both  Ax  and  Ay  must 
approach  0  without  any  implied  relation  between  them.  In  general  the 
limit  of  AF/Az  is  a  double  limit  (§  44)  and  may  therefore  depend  on 
the  way  in  which  Ax  and  Ay  approach  their  limit  0. 

Now  if  first  Ay  =  0  and  then  subsequently  Ar  =  0,  the  value  of  the 
limit  of  AF/As  is  A'^  +  iY^  taken  at  the  point  (a,  b)  ;  whereas  if  first 
Ax  =  0  and  then  Ay  =  0,  the  value  is  —  iX^,  +  Y^.  Hence  if  the  limit 
of  AF/Az  is  to  be  independent  of  the  way  in  which  Az  approaches  0,  it 
is  surely  necessary  that 

8X  ,    .dY  .dX      dY 

ox  Ox  cy       Oy 

dX      dY  ^      cX  dY 

or  —  =  _     and     -3-  =  -— •  (22) 

ox        Cy  Oy  Ox  ^     ' 

And  conversely  if  these  relations  are  satisfied,  then 

AF      (dX       .dY\   ,    ^      (dY       .dX\       , 

and  the  lunit  is  A";  +  iY'^  =  }';  —  ix'^  taken  at  the  point  {a,  b),  and  is 
independent  of  the  way  in  which  As  approaches  zero.  The  desirability 
of  having  at  least  the  ordinary  functions  differentiable  suggests  the 
definition:  A  complex  function  F(x,  y)  =  X{x,  y)  +  iY(x,  y)  is  con- 
sidered as  a  function  of  the  complex  variable  z  =  x  +  iy  when  and  only 
n-hen  X  and  Y  are  in  general  differentiable  and  satisfy  the  relations  (22). 
In  this  case  tlie  derivative  is 
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iJF      dX         dY      dY       .cX 

''(■')  =  ^=g7  +  'a7  =  a^-^a^-  (23) 

These  conditions  may  also  be  expressed  in  polar  coordinates  (Ex.  2). 

A  few  words  about  the  function  *(j;,  y).  This  is  a  multiple  valued  function  of 
the  variables  (x,  y),  and  the  difference  between  two  neighboring  branches  is  the  con- 
stant 2  w.  The  application  of  the  discussion  of  §  45  to  this  case  shows  at  once  that, 
in  any  simply  connected  region  of  the  complex  plane  which  contains  no  point  (a,  6) 
such  that  R  (a,  b)  =  0,  the  different  branches  of  *  (x,  y)  may  be  entirely  separated 
so  that  the  value  of  *  must  return  to  its  initial  value  when  any  closed  curve  is  de- 
scribed by  the  point  (x,  y).  If,  however,  the  region  is  multiply  connected  or  contains 
points  for  which  R  =  0  (which  makes  the  region  multiply  connected  because  these 
points  must  be  cut  out),  it  may  happen  that  there  will  be  circuits  for  which  *, 
although  changing  continuously,  will  not  return  to  its  initial  value.  Indeed  if  it  can 
be  shown  that  *  does  not  return  to  its  initial  value  when  changing  continuously  as 
(x,  y)  describes  the  boundary  of  a  region  simply  connected  except  for  the  excised 
points,  it  may  be  inferred  that  there  must  be  points  in  the  region  for  which  if=:  0. 

An  application  of  these  results  may  be  made  to  give  a  very  simple  demonstration 
uf  the  fundamental  theorem  of  algebra  that  every  equation  of  the  nth  degree  has  at  least 
one  root.   Consider  the  function 

F(z)  =  z»  -I-  a^^"-l  +  .  . .  +  On-iZ  +  a„  =  X(x,  y)  +  iY{x,  y), 

where  X  and  Y  are  found  by  writing  z  as  x  +  iy  and  expanding  and  rearranging. 
The  functions  X  and  Y  will  be  polynomials  in  (i,  y)  and  will  therefore  be  every- 
where finite  and  continuous  in  (x,  y).    Consider  the  angle  *  of  F.   Then 

*  =  ang.of  F=ang.  ofz»(l  -1-  ^  -I-  •  ■  ■ -I- ^^ -I- -|  =  ang.  of  z»-|- ang.of  (l-(-.  •  •). 

\  2  Z»-l         2»/ 


Next  di'aw  about  the  origin  a  circle  of  radius  r  so  large  that 

+ 


On-l 


|a,|  ^       ^  |a„-i|  ^  |a„|^^_ 


Then  for  all  points  2  upon  the  circumference  the  angle  of  F  is 

*  =  ang.  of  F=  n(ang.  of  z)  +  ang.  of  (!-(->)),        hl<<- 

Now  let  the  point  (x,  y)  describe  the  circumference.  The  angle  of  z  will  change  by 
2  TT  for  the  complete  circuit.  Hence  *  must  change  by  2  riTr  and  does  not  return  to 
its  initial  value.  Hence  there  is  within  the  circle  at  least  one  point  (a,  6)  for  which 
R  (a,  ft)  =  0  and  consequently  for  which  X(a,  6)  =  0  and  Y{a,  6)  =  0  and  F(a,  b)  =0. 
Thus  if  a  =  a  -1-  i6,  then  ^(lar)  =  0  and  the  equation  F(z)  =  0  is  seen  to  have  at 
least  the  one  root  a.  It  follows  that  z  —  a  is  a  factor  of  F(z) ;  and  hence  by  induc- 
tion it  may  be  seen  that  F(2)  =  0  has  just  n  roots. 

74.  The  discussion  of  the  algebra  of  complex  numbers  showed  how 
the  sum,  difference,  product,  quotient,  real  powers,  and  real  roots  of 
such  numbers  could  be  found,  and  hence  made  it  possible  to  compute 
the  value  of  any  given  algebiaic  expression  or  function  of  z  for  a  given 
value  of  z.   It  remains  to  show  that  any  algebraic  expression  in  z  is 


160  DIFFEEENTIAL  CALCULI'S 

really  ;i  function  of  z  in  the  sense  that  it  has  a  derivative  with  respect 
to  z,  and  to  find  the  derivative.  Now  the  differentiation  of  an  algebraic 
function  of  the  variable  a-  was  made  to  depend  upon  tlie  formulas  of  dif- 
ferentiation, (6)  and  (7)  of  §  2.  A  glance  at  the  methods  of  derivation 
of  these  formulas  shows  that  they  were  proved  by  ordinary  algebraic 
manipulations  such  as  have  been  seen  to  be  equally  possible  with  imagi- 
naries  as  with  reals.  It  therefore  may  be  concluded  that  an  algebraic 
expression  in  z  lias  a  derivative  with  resjtect  to  z  and  that  derivative 
mni/  he  found  jiist  as  if  z  were  a  real  variable. 

The  case  of  the  elementary  functions  e',  log  z,  sin  z,  cos  z,  ■  ■  ■  other 
than  algebraic  is  different ;  for  these  functions  have  not  been  defined 
for  complex  variables.  2^ow  in  seeking  to  define  these  functions  when  z 
is  complex,  an  effort  should  be  made  to  define  in  such  a  way  that :  1° 
when  z  is  real,  the  new  and  the  old  definitions  become  identical ;  and 
2°  th'e  rules  of  operation  with  the  function  shall  be  as  nearly  as  possi- 
ble the  same  for  the  complex  domain  as  for  the  real.  Thus  it  would  be 
desirable  that  De'  =  e^  and  6^  +  '°  =  e'e'-,  when  s  and  w  are  complex. 
With  these  ideas  in  mind  one  may  proceed  to  define  the  elementary 
functions  for  complex  arguments.    Let 

r  =  R  (x,  y)  [cos  $  {x,  y)  +  i  sin  $  {x,  //)].  (24) 

The  derivative  of  this  function  is,  by  the  first  rule  of  (23), 

d  ,  c 

Dif  =  —  {R  cos  *)  -f  t  —  {R  sm  *) 
cx  cx 

=  (ii'^  COS  $  —  7?  sin  $  ■  <l>^)  -I-  i  {R'^  sin  $  -|-  /J  cos  *  ■  *^), 

and  if  this  is  to  be  identical  with  if  above,  the  equations 

R'^  cos  *  —  R^'^  sin  4>  =  7J  cos  $  R'  =  R 

,   .  or 

R^  sm  *  -I-  7i$^  cos  4>  =  7?  sm  *  *t  =  0 

nmst  hold,  where  the  second  pair  is  obtained  by  solving  the  first.  If 
the  second  form  of  the  derivative  in  (23)  had  been  used,  the  results 
would  have  been  A'^  =  0,  *J  =  1.  It  therefore  appears  that  if  the 
derivative  of  e,  however  computed,  is  to  be  e',  then 

7?;  =  /?,  ./;;  =  o,   <i.;  =  o,   <i.;  =  i 

are  four  conditions  imposed  upon  72  and  *.  These  conditions  will  be 
satisfied  if  /.'  =  <■'  and  <i>  =  //.*    Hence  define 

,,..  -^  ,,.  +..'/  _  ,,'  (^(-oH  (/  -|-  i  sin  if).  (25) 

*  The  use  (if  the  more  general  solutions  R  =  (/e^,  4>  =  »/  -I-  C  would  lead  to  expressions 
which  would  not  reduce  to  c^  when  y  —  0  and  z  =  j;  or  would  not  satisfy  e"  + ""  =  e^e'". 
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With  this  detinitiou  De'  is  surely  e',  and  it  is  readily  shown  that  the 
exponential  law  <?=  +  "  =  e^e""  holds. 

For  the  special  values  J  nrl,  iri,  2  tti  of  s  the  value  of  <;=  is 

«i'"'=t-,     ^"'  =  -1,     6'^"'  =  !. 

Hence  it  appears  that  if  2  mri  be  added  to  z,  e'  is  unchanged ; 

g2  +  2„«i_^.^     period     2Tri.  (26) 

Thus  In  the  fnmpler  dnmnin  <f  has  ihi'  period  2Tri,  just  as  cos  jl-  and 
sin  X  have  the  real  period  2  ir.    This  relation  is  inherent ;  for 

e^'  =  cos  y  -\-  I  sin  //,     e"^*  =  cos  ij  —  i  sin  y, 

and  cos  i/  = ^ '    sin  y  =  — ^"^ (27) 

The  trigonometric  functions  of  a  real  variable  y  may  be  expressed  in 
terms  of  the  exponentials  of  yt  and  —  j/l.  As  the  exponential  has  been 
defined  for  all  complex  values  of  z,  it  is  natural  to  use  (27)  to  define 
the  trigonometric  functions  for  complex  values  as 

e"'  +  e-"       .           <"'  -  r;-"- 
cos  z  = ;r J     sm  ;:  =  — — (2 1  ') 

^  ^  i 

With  these  definitions  the  ordinary  formulas  for  cos  (z  +  v),  D sin z,  ■■■ 
may  be  obtained  and  be  seen  to  hold  for  complex  arguments,  just  as  the 
corresponding  formulas  were  derived  for  the  hyperbolic  functions  (§  5). 
As  in  the  case  of  reals,  the  logarithm  log  z  will  be  defined  for  com- 
plex numbers  as  the  inverse  of  the  exponential.    Thus 

if  e  =  w,     then     log  t«  =  s  +  2  wki,  (28) 

where  the  periodicity  of  the  function  e'  shows  that  the  Ingnrithm  Ls  not 
uniquely  determined  hut  admits  the  addition  of  2 mri  to  any  one  of  its 
values,  just  as  tan"^  x  admits  the  addition  of  nir.  If  ir  is  written  as  a 
complex  nimiber  u  +  in  with  modulus  )•  =  ^u^  +  v'  and  with  the  angle 
</>,  it  follows  that 

,(•  =  „  +  i(.  =  r  (cos  ,f>  +  i  sin  <^)  =  »'e*''  =  e'°«'-  +  ** ;  (29) 

and  log  ir  =  log  r  +  tfii  =  log  Vu^  +  "'^  +  i  tan"'  (i'/ii) 

is  the  expression  for  the  logarithm  of  w  in  terms  of  the  modulus  and 
angle  of  w ;  the  2  nvi  may  be  added  if  desired. 

To  this  point  the  expression  of  a  power  «"■,  where  the  exponent  l>  is 
imaginary,  has  had  no  definition.  The  definition  may  now  Im  given  in 
terms  of  exponentials  and  logarithms.    Let  , 

^h  _  gMoga      Qj.      log  a'>  =  I)  log  a. 
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In  this  way  the  problem  of  computing  a*"  is  reduced  to  one. already 
solved.  From  the  very  definition  it  is  seen  that  the  logarithm  of  a 
power  is  the  product  of  the  exponent  by  the  logarithm  of  the  base,  as 
in  the  case  of  reals.  To  indicate  the  path  that  has  been  followed  in 
defining  functions,  a  sort  of  family  tree  may  be  made, 
real  numbers,  i  real  angles,  x 

real  powers  and  real  trigonometric  functions, 

roots  of  reals,  i"  cosx,  sinx,  tan-^i, 

I  ' ,  I ' 

exponentials,  logarithms  real  powers  and  roots 

of  reals,  e',  logj  of  imaginaries,  z" 


I 


1  I 

exponentials  of  imaginaries,  e" 


I  I 

logarithms  of  imaginaries,  log  z  trigonometric  functions 
I  of  imaginaries 

imaginary  powers,  z" 

EXERCISES 

1.  Show  that  the  following  complex  functions  satisfy  the  conditions  (22)  and 
are  therefore  functions  of  the  complex  variable  z.   Find  F'{z)  -. 

(a)  x2  _  y2  +  2ixv,  (/3)  x3  _  3(xy2  +  x^  -  if)  +  i(Zx^y  -  y' -  &xy), 

(■>')  ^4-^-*^T-^2'        (5)  logVx2  +  2/2  +  aan-i^, 
x^  +  y'       x^+  y^  X 

(e)  e"' cos 2/ +  ie^ sin ?/,  (f)  sinisinhv  +  icosicoshi/. 

2.  Show  that  in  polar  coordinates  the  conditions  for  the  existence  of  F'{z)  are 

cX      IcY       dY  ISX        .^,      _,,,  ^      /SX  ,   .dY\,  .  .      ^ 

=  --:—•     1—  = with     F'(z)  =  | +  t  —  )(cos0  — isinA). 

dr        r  d(t>        ^  r  d(t>  \  gr  ^/  ' 

3.  Use  the  conditions  of  Ex.  2  to  show  from  Z)  log  2  =  z-  '  that  log  z  =  log  r  +  ipi. 

4.  From  the  definitions  given  above  prove  the  formulas 

(a)   sin (i  +  iy)  =  sin x cosh y  +  icosx sinh y, 

( p)  cos  (x  +  iy)  =  cos  x  cosh  y  —  i  sin  x  sinh  y, 

,   ,  ,      ,     .   .  ,      sin2i  +  isinh2w 

(y)  Un(x  +  ij/)  = — —-^. 

cos  2  x  +  cosh  2  y 

5.  Find  to  three  decimals  the  complex  numbers  which  express  the  values  of : 

(a)  ei",  (/3)  e\  (y)  ei  +  i^,    _  (5)  e-i-', 

(c)  sinjiri,  (f)  cosi,        (,,)  sin(i  +  J  V- 3),         («)  tan(- 1  -  i), 

(Olog(-l),         {K)\0gi,        (X)  log(i  +  |V^),         (^)  log(-l-i). 

6.  Owing  to  the  fact  that  log  a  is  multiple  valued,  aP  is  multiple  valued  in  such 
a  manner  that  any  one  value  may  be  multiplied  by  e^ »"'''.  Find  one  value  of  each 
of  the  following  and  several  values  of  one  of  them : 

(or)  2',         (/3)  i'-,         (7)   vq,         (5)   V^,         (e)  (J+  iVr3)S'  +  ', 
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7.  Show  that  Da"  —  a^loga  when  a  and  2  are  complex. 
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8.  Show  that  (apy  =  a!^\  and  fill  in  such  other  steps  as  may  be  suggested  by 
the  work  in  the  text,  which  for  the  most  part  has  merely  been  sketched  in  a  broad 
way. 

9.  Show  that  if  f(z)  and  g(z)  are  two  functions  of  a  complex  variable,  then 
/(z)  ±  ff(2),  ocf{z)  with  a  a  complex  constant, /(z)(/(z),  /(z)/f/(z)  are  al.so  func- 
tions of  z. 

10.  Obtain  logarithmic  expressions  for  the  inverse  trigonometric  functions. 
Find  sin-^i. 

75.  Vector  sums  and  products.  As  stated  in  §  71,  a  vector  is  a  quan- 
tity whi(;h  has  magnitude  and  direction.  If  the  mai^nitudes  of  two 
vectors  are  equal  and  tlie  directions  of  the  two  vectors  are  the  same, 
the  vectors  are  said  to  be  equal  irrespective  of  the 
position  which  they  occupy  in  space.  The  vector 
—  a  is  by  definition  a  vector  which  has  the  same 
magnitude  as  a  but  the  opposite  direction.  The 
vector  VM  is  a  vector  which  has  the  same  direction 
as  a  (or  the  opposite)  and  is  m  (or  —  vi)  times  as 
long.  The  law  of  vector  or  geometric  addition  is 
the  parallelogram  or  triangle  law  (§  71)  and  is  still 
applicable  when  the  vectors  do  not  lie  in  a  plane 
but  have  any  directions  in  space ;  for  any  two  vec- 
tors brought  end  to  end  determine  a  plane  in  which  the  construction 
may  be  carried  out.  Vectors  will  be  designated  by  Greek  small  letters 
or  by  letters  in  heavy  type.  The  relations  of -equality  or  similarity 
between  triangles  establish  the  rules 

a  +  i3=/8  +  a,  a  +  (/8-f  y)  =  (ar  +  /3)-|-7,  7»  («  +  ^)  =  «(«  +  m^    (30) 

as  true  for  vectors  as  well  as  for  numbers  whether  real  or  complex.  A 
vector  is  said  to  be  zero  when  its  magnitude  is  zero,  and  it  is  writ- 
ten 0.  From  the  definition  of  addition  it  follows  that 
a  -f-  0  =  a.  In  fact  as  far  as  addition,  subtraction,  and 
multiplication  hy  numbers  are  concerned,  vectors  obey 
the  same  formal  laws  as  numhers. 

A  vector  p  may  be  resolved  into  components  par- 
allel to  any  three  given  vectors  a,  P,  y  which  are  not 
parallel  to  any  one  plane.  For  let  a  parallelepiped 
be  constructed  with  its  edges  parallel  to  the  three 
given  vectors  and  with  its  diagonal  equal  to  the  vector  whose  compo- 
nents are  desired.    The  edges  of  the  parallelepiped  are  then  certain 
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iiuiltiplcs  xa,  yfi,  f:y  of  a,  ft,  y:  and  these  are  tlie  desired  fomponents 
(if  p.    Tlie  vector  p  may  lie  written  as 

p  =  ,a  +  yp  +  r:y.-  (31) 

It  is  clear  that  two  equal  vectors  would  necessarily  have  the  same 
components  along  three  given  directions  and  that  the  components  of  a 
zero  vector  would  all  be  zero.  Just  as  the  equality  of  two  complex 
numbers  involved  the  two  equalities  of  the  res]3ective  real  and  imagi- 
nary parts,  so  the  equality  of  two  vectors  as 

p  =  xa  +  ///3  +  zy  =  3-'a  +  f/'/B  +  z'y  =  p'  (31') 

involves  the  three  equations  j-  =  a-',  y  =  y',z  =  z'. 

As  a  problem  in  the  use  of  vectors  let  there  be  given  the  three  vectors  a,  p,  y 
from  an  assumed  origin  O  to  three  vertices  of  a  parallelogram  ;  required  the  vector 
to  the  other  vertex,  the  vector  expressions  for  the  sides  and  diagonals  of  the  paral- 
lelogram, and  the  proof  of  the  fact  that  the  diagonals  bisect 
each  other.  Consider  the  figure.  The  side  AB  is,  by  the 
triangle  law,  that  vector  which  when  added  to  OA  =  a 
gives  07?  =  ^,  and  hence  it  must  be  that  AB  =  p  —  a. 
In  like  manner  AC  =  y  —  a.  Now  OD  is  the  sum  of  OC 
and  CD,  and  CD  =  AB;  hence  OD  =  y  +  p-  a.  The  diag- 
onal AD  is  the  difference  of  the  vectors  OD  and  OA,  and 
is  therefore  7  -|-  /3  —  2  or.  The  diagonal  BC  is  7  —  /3.  Now  the  vector  from  0  to  the 
middle  point  of  BC  may  be  found  by  adding  to  OB  one  half  of  BC.  Hence  this 
vector  is  /3  -f  1(7  —  /3)  or  I  (/3  -(-  7).  In  like  manner  the  vector  to  the  middle  point  of 
AD  is  seen  to  be  a  -I-  ^  (7  -)-  ^  —  2  a)  or  ^(7  -|-  j3),  which  is  identical  with  the  former. 
The  two  middle  points  therefore  coincide  and  the  diagonals  bisect  each  other. 

Let  a  and  y3  be  any. two  vectors,  \a\  and  |/3|  their  respective  lengths, 
and  Z.  (a,  j8)  the  angle  between  them.  For  convenience  the  vectors  may 
he  considered  to  be  laid  off  from  the  same  origin.  The  product  of  the 
lengths  of  the  vectors  by  the  cosine  of  the  angle  between  the  vectors 
is  called  the  scalar  jji'oduct, 

scalar  product  =  a./3  =  \a\\P\  cos  Z  (a,  /3),  (32) 

of  the  two  vectors  and  is  denoted  by  placing  a  dot  between  the  letters. 
This  combination,  called  the  scalar  product,  is  a  number,  not  a  vector. 
As  ||8|cosZ  (a,  /3)  is  the  projection  of  /S  upon  the  direction  of  a,  the 
scalar  product  may  be  stated  to  be  equal  to  the  product  of  the  length 
of  either  vector  by  the  length  of  the  projection  of  the  other  upon  it. 
In  particular  if  either  vector  were  of  unit  length,  the  scalar  product 
would  be  the  projection  of  the  other  upon  it,  with  proper  regard  for 

*  The  numbers  z,  y,  2  are  the  oblique  coordinates  of  the  terminal  end  of  p  (if  the 
initial  end  be  at  the  origin)  referred  to  a  set  of  axes  which  are  parallel  to  a,  /3,  7  and 
upon  which  tlie  unit  lengths  are  taken  as  the  lengths  of  a,  ^,  7  respectively. 


COMPLEX   NUMBERS   AND   VECTOKS  1G5 

the  sign ;  and  if  both  vectors  ave  unit  veotors,  the  pi-oduft  is  the  cosine 
of  the  angle  Ijetween  tlieni. 

The  scalar  product,  from  its  definition,  is  nnininilKtirr  so  tliata./?=;3.rt:. 
Moreover  (wa).j8  =  a>(m/i)  =  iii.  (a./3),  thus  allowing  a  numerical  factor 
m  to  be  combined  with  either  factor  of  the  product.  Furthermore  the 
duitrUnitive  hur 

a'(fi  +  y)  =  'f/3  +  ify     or     (a  +  ^).y  =  a.y  +  /S-y  (33) 

is  satisfied  as  in  the  case  of  numbers.  For  if  a  be  written  as  the  product 
(la^  of  its  length  u  by  a  vector  a^  of  unit  length  in  the  direction  of  u, 
the  first  equation  becomes 

aa^-iP  +  y)  =  cn^'P  +  <ta^-y     or     a,.(/3  +  y)  =  a^-fi  +  a^.y. 

And  now  »,»(/3  +  y)  is  tlie  projection  of  the  sum  /3  +  y  upon  the  direc- 
tion of  a,  and  a^'P  +  a^^y  is  the  sum  of  the  projections  of  /3  and  y  upon 
this  direction ;  by  the  law  of  projections  these  are  equal  and  hence  the 
distributive  law  is  proved. 

The  associative  law  does  not  hold  for  scalar  products ;  for  (a-P)  y 
means  that  the  vector  y  is  inulti])lied  by  the  number  a.yS,  whereas 
a  (/8»y)  means  that  a  is  niidtiplied  by  (/3«y),  a  very  different  matter. 
The  laws  of  cancellation  cannot  hold ;  for  if 

a.^  =  0,     then     |a||;8|  cos  Z  (rr,  fi)  =  0,  (34) 

and  the  vanishing  of  the  scalar  product  a-fi  implies  either  that  one  of 
the  factors  is  0  or  that  the  two  vectors  are  perpendicular.  In  fact 
a.^  =  0  is  called  the  condition  of  pei-pendiculuriti/.  It  should  be  noted, 
however,  that  if  a  vector  p  satisfies 

p.a  =  0,         p-/8  =  0,         p-y  =  0,  (35) 

three  conditions   of  perpendicularity  with  three  vectors  a,  yS,  y  not 
parallel  to  the  same  plane,  the  inference  is  that  p  =  0. 
76.  Another  product  of  two  vectors  is  the  vector  prod  net, 

vector  product  =  ax/3  =  v|a||^|sinZ(ar,  /3),  (30) 

where  v  represents  a  vector  of  unit  length  normal  to  the  plane  of  a 
and  )8  upon  that  side  on  which  rotation  from  a  to 
/3  through  an  angle  of  less  than  180°  appears  posi-     ax/3 
tive  or  counterclockwise.    Thus  the  vector  product 
is  itself  a  vector  of  which  the  direction  is  perpen- 
dicular to  each  factor,  and  of  which  the  magni- 
tude is  the  product  of  the  magnitudes   into  the 
sine  of  the  included  angle.    The  magnitude  is  therefore  equal  to  the 
area  of  the  parallelogram  of  which  the  vectors  a  and  /?  are  the  sides. 
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The  vector  product  will  be  represented  by  a  cross  inserted  between  the 
letters. 

As  rotation  from  j3  to  a  is  the  opposite  of  that  from  a  to  j3,  it  follows 
from  the  definition  of  the  vector  product  that 

ySxa  =  —  ax/3,     not     nrx/3  =  fixii:,  (37) 

and  the  product  is  not  comiiiututli-e,  the  order  of  the  factors  must  be 
carefully  observed.    Furthermore  the  equation 

ax^  =  vk|||8|sinZ(a,  |8)  =  0  (38) 

implies  either  that  one  of  the  factors  vanishes  or  that  the  vectors  a  and 
/3  are  parallel.  Indeed  the  condition  n^p  =  0  is  called  the  ronditinn  af 
para!  / 1' f  is  III.  The  laws  of  cancellation  do  not  hold.  The  associative  law 
also  does  not  hold;  for  (ax|3)xy  is  a  vector  j^erpendicnlar  to  ax^  and  y, 
and  since  ax/3  is  perpendicular  to  the  plane  of  a  and  y8,  the  vector  (ax|3)x-y 
perpendicular  to  it  must  lie  in  the  plane  of  a  and  /3 ;  whereas  the  vec- 
tor ax(^xy),  by  similar  reasoning,  must  lie  in  the  plane  of  ft  and  y :  and 
hence  the  two  vectors  cannot  be  equal  except  in  the  very  special  case 
where  each  was  parallel  to  j3  which  is  common  to  the  two  planes. 

But  the  operation  (mff)x|3  =  o:x(m/3)  =  m(ax/3),  which  consists  in 
allowing  the  transference  of  a  numerical  factor  to  any  position  in  the 
product,  does  hold;  and  so  does  the  dixtrihntliuf  Jnic 

ax(p  +  y)  =  axj8  +  arxy     and     (a  +  j8)xy  =  axy  +  /Jxy,       (39) 

the  proof  of  which  will  he  given  below.  In  expanding  according  to 
the  distributive  law  care  must  be  exercised  to  keep  the  order  of  the 
factors  in  each  vector  product  the  same  on  both  sides  of  the  equation, 
owing  to  the  failure  of  the  commutative  law ;  an  interchange  of  the 
order  of  the  factors  changes  the  sign.  It  might  seem  as  if  any  algebraic 
operations  where  so  many  of  the  laws  of  elementary  algebra  fail  as  in 
the  case  of  vector  products  would  be  too  restricted  to  be  very  useful ; 
that  this  is  not  so  is  due  to  the  astonishingly  great  niunber  of  problems 
in  which  the  analysis  can  be  carried  on  with  only  the  laws  of  addition 
and  the  distributive  law  of  multiplication  combined  with  the  possibility 
of  transferring  a  nmnerical  factor  from  one  position  to  another  in  a 
product ;  in  addition  to  these  laws,  the  scalar  product  a«/3  is  commuta- 
tive and  the  vector  product  ax|3  is  commutative  except  for  change  of  sign. 
In  addition  to  segments  of  lines,  plane  areas  may  he  regarded  as 
vector  quantities  ;  for  a  plane  area  has  magnitude  (the  amomit  of  the 
area)  and  direction  (the  direction  of  the  normal  to  its  plane).  To  specify 
on  which  side  of  the  plane  the  normal  lies,  some  convention  must  be 
made.    If  the  area  is  part  of  a  surface  inclosing  a  portion  of  space,  the 
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normal  is  taken  as  the  exterior  normal.    If  the  area  lies  in  an  isolated 

plane,  its  positive  side  is  determined  only  in  connection  with  some 

assigned  direction  of  description  of  its  bounding  curve ;  the  rule  is  :   If 

a  person  is  assumed  to  walk  along  the  boundary  of  an  area  in  an 

assigned  direction  and  upon  that  side  of  the  plane  which 

causes  the  inclosed  area  to  lie  upon  his  left,  he  is  said 

to  be  upon  the  positive  side  (for  the  assigned  direction 

of  description  of  the  boundary),  and  the  vector  which 

represents  the  area  is  the  normal  to  that  side.    It  has 

been  mentioned   that  .the    vector   product   represented 

an  area. 

That  the  projection  of  a  plane  area  upon  a  given  plane  gives  an  area 
which  is  the  original  area  multiplied  by  the  cosine  of  the  angle  between 
the  two  planes  is  a  fundamental  fact  of  projection,  following  from  the 
simple  fact  that  lines  parallel  to  the  intersection  of  the  two  planes  are 
unchanged  in  length  whereas  lines  perpendicular  to  the  intersection 
are  multiplied  by  the  cosine  of  the  angle  between  the  planes.  As  the 
angle  between  the  normals  is  the  same  as  that  between  the  planes,  the 
projection  of  an  area  upon  a  plane  and  the  jji'ojection  of  the  rector  rep- 
resenting the  area  upon  the  normal  to  the  plane  are  equivalent.  The 
projection  of  a  closed  area  upon  a  plane  is  zero ;  for  the  area  in  the 
projection  is  covered  twice  (or  an  even  number  of  times)  with  opposite 
signs  and  the  total  algebraic  sum  is  therefore  0. 

To  prove  the  law  a->^{^  +  y)  =  *=^/8  +  a^y  and  illustrate  the  use  of 
the  vector  interpretation  of  areas,  construct  a  triangular  prism  with  the 
triangle  on  yS,  y,  and  ^  +  y  as  base  and  a  as  lateral  edge.  The  total 
vector  expression  for  the  surface  of  this  prism  is  ^ 

^xa  +  yxa  +  ax(j8  +  y)  +  1  (;8xy)  -  ^  ySxy  =  0, 

and  vanishes  because  the  surface  is  closed.  A  cancel- 
lation of  the  equal  and  opposite  .terms  (the  two 
bases)  and  a  simple  transposition  combined  with  the 
lule  /3xar  =  —  «x|8  gives  the  result 

ax(/3  +  y)  =  —  /8xa  —  yx«  =  a^^  +  axy. 
A  system  of  vectors  of  reference  which  is  particularly  useful  consists 
of  three  vectors  i,  j,  k  of  unit  length  directed  along  the  axes  X,  Y,  Z 
drawn  so  that  rotation  from  A'  to  Y  appears  positive  from  the  side  of 
the  j;(/-plane  upon  which  Z  lies.  The  components  of  any  vector  r  drawn 
from  the  origin  to  the  point  (x,  y,  z)  are 

xi,    yj,    «k,    and    t  =  xi  +  y]  +  zls.. 


P 
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The  produf.ts  of  i,  j,  k  into  eaeli  other  are,  from  the  definitions, 
i.i  =  j.j  =  k.k  =  ]. 
i.j  =  j.i  =  j.k  =  k.j  =  k.i  =  i.k  =  0,  ^^^^ 

ixi  =  jxj  =  fc»<k  =  0, 
ixj  =  -jxi  =  k,     jxk  =  -kxj  =  i,     kxi  =  -ixk  =  j. 
By  means  of  these  products  and  the  distributive  laws  for  scalar  and 
vecttor  ])roducts,  any  given  products  may  be  expanded.    Tlius  if 

a  =  ",i  +  "J  +  "3k     and     /3  =  h'\  +  /g  +  ''^k, 
t.lien  «'/3  =  "/'i  +  "A  +  "s^'g,'  (-H) 

«x/3  =  (<,/3  -  ,r/ji  +  (;<1\  -  "A)  j  +  ("A  -  ii.I'^'^, 
by  direct  multiplication.    In  tliis  way  a  passage  may  be  made  from 
vector  formulas  to  Cartesian  formulas  whenever  desired. 

EXERCISES 

1.  Prove  geometriciiUy  tliat  a  +  (^  +  7)  =  («  +  (3)  +  7  and  ?n(a  +  |3)  =  mo:  +  m|3. 

2.  If  a  and  /3  are  tlie  vectors  from  an  assumed  origin  to  A  and  li  and  if  C 
divides  ^7>  in  tlic  ratio  m  :  n,  sliow  tliat  tlie  vector  to  C  is  7  =  (na  +  mP)/{in  +  n). 

3.  In  the  parallelogram  ABCD  show  that  the  line  BE  connecting  the  vertex  to 
the  middle  point  of  the  opposite  side  CD  is  trisected  by  the  diagonal  A])  and 
trisects  it. 

4.  Show  that  the  medians  of  a  triangle  meet  in  a  point  and  are  trisected. 

5.  If  HI,  and  m„  are  two  masses  situated  at  P,  and  P^,  the  center  of  gravity  or 
renter  of  m(V<x  of  iii,  and  m„  is  defined  as  that  point  G  on  the  line  PjPo  which 
divides  7',  P.,  inver.sely  as  the  masses.  Moreover  if  G,  is  the  center  of  mass  of  a 
number  of  masses  of  which  the  total  mass  is  ^[^  and  if  G„  is  tlie  center  of  ma.ss  of 
a  number  of  other  masses  whose  total  ma.ss  is  if.-,,  the  same  rule  applied  to  Jl/,  and 
M„  and  (7,  and  G.,  gives  the  center  of  gravity  G  of  the  total  number  of  ina.s.ses. 

Show  that 

?«,r,  +  m.,r.,         ,     _      7ii,r,  +  m„r„  +  •  •  •  +  m,,r„   •  Smr 

r  =     '  '     — =^     and     r  =     '  '    — ?-^-^ = , 

)?ij  +  m^  7)ij  +  nij  H h  n^.  Zm 

where  r  denotes  the  vector  to  the  center  of  gravity.    l?esolve  Into  components  to 

"  2»i  '         ~   2?n  '  2hi  ' 

6.  If  a  and  /3  are  two  fixed  vectors  and  p  a  variable  vector,  all  being  laid  off 
from  the  same  origin,  .show  that  (p  —  ^).tr  =  0  is  the  equation  of  a  plane  through 
the  end  of  /3  pei-pendicular  to  a. 

7.  Let  a,  |3,  7  be  the  vectors  to  the  vertices  A,  B,  C  "of  a  triangle.  Write  the 
three  equations  of  the  planes  through  the  vertices  perpendicular  to  the  opposite 
.sides.  Show  tliat  the  third  of  these  can  be  derived  as  a  combination  of  the  other 
two  ;  and  hence  infer  that  the  three  planes  have  a  line  in  common  and  that  the 
pei'pendiculars  from  the  vertices  of  a  triangle  meet  in  a  point. 
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8.  Solve  the  problem  analoirous  to  Ex.  7  for  the  pei-pendicular  bisectors  of  the 
skies. 

9.  >>oU'  that  tlie  h'ii<;th  of  a  verlor  is  V<r.(i.    If  ir,  fi,  ami  y  ■-=  fl  —  a  are  tlie 
three  siile.s  of  a  triaiii;le,  e.xpand  7.7  =  ^  —  ii-)'(f*  —  ir)  to  cil)taiii  the  law  of  i-osiiies. 

10.  Sliow  that  tlie  sum  of  the  sijuares  of  the  iliaj;oiials  of  a  i)arallelogram  e(|uals 
the  sum  of  tlie  .squares  of  the  sides.  AVliat  does  the  difference  of  the  squares  of  the 
diagonals  equal  ? 

11.  Show  that —    cr  and  are  the  components  of  j3  parallel  and  perpen- 

dicular  to  a  by  showinj;  1°  that  these  vectors  have  the  rij;ht  direction,  and  2"  tliat 
they  have  tlu^  riftlit  mafjniUide. 

12.  If  <r,  j»,  7  are  the  three  edges  of  a  parallelepiped  which  start  from  the  same 
vertex,  show  that  (irxfi)-7  is  the  volume  of  the  parallelepiped,  the  volume  being 
considered  positive  if  7  lies  on  tlie  same  .side  of  the  plane  of  a  and  /3  with  the 
vector  crx/S. 

13.  Show  by  Ex.  12  that  {ax^).y  =  a:-(pxy)  and  {axp)-y  =  {I3xy).a ;  and  hence 
infer  that  in  a  product  of  three  vectors  with  cross  and  dot,  the  position  of  the  cross 
and  dot  may  be  interchanged  and  the  order  of  the  factors  may  be  pemiuted  cyc- 
lically without  altering  the  value.  Show  that  the  vanishing  of  ((rxj3)'7  or  any  of 
its  equivalent  expressions  denotes  that  a,  /3,  7  are  parallel  to  the  .same  plane  ;  the 
condition  ax^-y  =  0  is  called  the  condition  of  complanarity. 

14.  A.s.suniiiig  a  =  a^i  +  r(„j  +  o.k,  j3  =  h,i  +  h„j  +  (igk,  7  =  c,i  +  r.,j  +  r„k, 
expand  n^y,  a«(3,  and  nx(fixy)  in  terms  of  the  coefficients  to  show 

rtx(/Sx7)  =  ((f7)/3  —  (<r.ja)7;     and  hence     (n-x/3)x7  =  ((ir.7)  j3  —  (7./3)  rt. 

15.  TIk'  formulas  of  Ex.  14  for  expanding  a  product  with  two  crosses  and  the 
rule  of  Ex.  13  that  a  dot  and  a  cross  may  be  interchanged  may  be  applied  to  expand 

{axj3)x(7x5)  =  (n-.7x5)/3  -  (;3.7x5)«  =  {o:xp.5)y-  (ax^.y)S 
and  («x^).(7x5)  =  ((r.7)(/3.5)  -  {p.y)(a.S). 

16.  If  a  and  p  are  two  unit  vectors  in  the  uy-plane  inclined  at  angles  6  and  <p 
to  the  X-axis,  show  that 

a  =  i  cos  ^  +  j  sin  ff,     j3  =  i  cos  0  -)-  j  sin  0  ; 

and  from  the  fact  that  a.fi  =  cos(0  -  d)  and  axp  =  ksin(0  -  6)  obtain  by  multi- 
plication tlie  trigonometric  formulas  for  siu(0  —  &)  and  cos(0  —  0). 

17.  If  /,  m,  n  arc  direction  cosines,  the  vector  ft  -|-  mj  -|-  nk  is  a  vector  of  unit 
length  in  the  direction  for  which  I,  m,  n  are  direction  cosines.  Show  that  the 
condition  for  perpendicularity  of  two  directions  {I,  m,  n)  and  (r,  m',  n')  is 
W  +  mm'  -t-  nn'  =  0. 


18.  AVith  the  same  notations  as  in  Ex.  14  show  that 

|i     j     k 
a.a  =  «f  -I-  (i|  +  ft|     and     «:x/3  =    o^  a.,  .(3      and     ax^.y  = 


I  61    h    ''; 


^1  K  ''3 
'•i  '■■J  '■3 
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19.  Compute  the  scalar  and  vector  products  of  these  pairs  of  vect/irs  ; 


(")  ■! 


r6i  +  0.3]  -  5k 


1^0.1  i-  4.2  j  +  2..5k, 


(/3)  < 


ri  +  2j  +  3k 


[  -  3  i  -  2  j  +  k, 


(7)  i 


ri  +  k 


U  +  1- 


20.  Find  the  areas  of  the  parallelograSns  defined  by  the  pairs  of  vectors  in 
Ex.  19.   Find  also  the  sine  and  cosine  of  the  angles  between  the  vectors. 

21.  Prove  ax[j3x(7xS)]  =  {a.yxd)^  —  a'^yxS  =  /3.5  ax7  —  p.y  axS. 

22.  What  is  the  area  of  the  triangle  (1,  1,  1),  (0,  2,  3),  (0,  0,  -  1)  ? 

77.  Vector  differentiation.  As  the  fundamental  rules  of  differentia- 
tion depend  on  the  laws  of  subtraction,  multiplication  by  a  number, 
tlie  distributive  law,  and  tlie  rules  permitting  rearrangement,  it  follows 
that  the  rules  must  be  applicable  to  expressions  containing  vectors 
without  any  changes  except  those  implied  by  the  fact  that  axj3  ^  /3x«. 
As  an  illustration  consider  the  application  of  the  definition  of  differen- 
tiation to  the  vector  product  Uxv  of  two  vectors  which  are  supposed 
to  be  functions  of  a  numerical  variable,  say  x.    Then 

A(UxV)  =  (U  +  Au)x(v  -I-  AV)  —  UxV 

=  UxAV  -I-  AUxV  +  AUxAV, 
A  (UxV) 
Ao; 


Av       Au        ,   AUxAv 

:  UX- h   -—XV   H . 

A.y       Ax  Ax 


d(\lxy)               A(uxv)  fZv 
; =   lim  — ^^ —  UX — 


dx 


Ax 


du 


dx       dx 


XV. 


Here  the  ordinary  rule  for   a   product    is   seen  to   hold,  except  that 
the  order  of  the  factors  must  not  he  interchnnged. 

The  interpretation  of  the  derivative  is  important.  Let  the  variable 
vector  r  be  regarded  as  a  function  of  some  variable,  say  x,  and  suppose 
r  is  laid  oil  from  an  assumed  origin  so  that,  as  x  varies, 
the  terminal  point  of  r  describes  a  curve.  The  incre- 
ment Ar  of  r  corresponding  to  Ax  is  a  vector  quantity 
and  in  fact  is  the  chord  of  the  curve  as  indicated. 
The  deriratire 

dT      ,.     Ar      f/r     ,.     Ar 

^  =  lim— ,     —  =  lim  — =  t  (42) 

dx  Ax       ds  As  ^     ' 

is  therefore  a  rector  tfingent  tu  the  curre  :  in  particular  if 
the  variable  x  were  the  arc  .s-,  the  derivative  would  have 
the  magnitude  unity  and  would  be  a  unit  vector  tangent  to  the  curve. 
The  derivative  or  differential  of  a  vector  of  constant  length  is  per- 
pendicular to  the  vector.    This  follows  from  the  fact  that  the  vector 
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then  describes  a  circle  concentric  with  the  origin.  It  may  also  be  seen 
analytically  from  the  ecjuation 

rf(r.r)  =  (/r.r  +  r.rfr  =  2  r.rfr  =  d  const.  =  0.  (43) 

If  the  vector  of  constant  length  it  of  length  unity,  the  increment  Ar  is 
the  chord  in  a  unit  circle  and,  apart  from  infinitesimals  of  higher 
order,  it  is  equal  in  magnitude  to  the  angle  subtended  at  the  center. 
Consider  then  the  derivative  of  the  unit  tangent  t  to  a  cui've  with 
respe(!t  to  the  arc  *•.  The  magnitude  of  ilt  is  the  angle  the  tangent  turns 
through  and  the  direction  of  dt  is  normal  to  t  and  hence  to  the  curve. 
The  vector  quantity,  ,^       «^ 

curvature     C  =  ^  =  ^,  (44) 

therefore  has  the  magnitude  of  the  curvature  (by  the  detinition  in  §  42) 
and  the  direction  of  the  interior  normal  to  the  curve. 

This  work  holds  equally  for  plane  or  space  curves.  In  the  case  of  a  space  curve 
the  plane  which  contains  the  tangent  t  and  the  curvature  C  is  called  the  osculating 
plane  (§  41).  By  definition  (§  42)  the  torsion  of  a  space  curve  is  the  rate  of  turning 
of  the  osculating  plane  with  the  arc,  that  is,  d\l//ds.  To  find  the  torsion  by  vector 
methods  let  c  be  a  unit  vector  C/VC>C  along  C.  Then  as  t  and  c  are  perpendicular, 
n  =  txc  is  a  unit  vector  perpendicular  to  the  osculating  plane  and  dn  will  equal  d^ 
in  magnitude.   Hence  as  a  vector  quantity  the  torsion  is 

„      dn      d(txc)      dt         J.  do      ^  do  ,.,, 

T  =  — =  -^ ^  =  — XC  + tx— =  tx— ,  (45) 

ds         ds         ds  ds         ds 

where  (since  dt/ds  =  C,  and  c  is  parallel  to  C)  the  first  term 

drops  out.   Next  note  that  dn  is  perpendicular  to  n  because  it 

is  the  differential  of  a  unit  vector,  and  is  perpendicular  to  t 

because  dn  =  d(txc)  =  txdc  and  t.(txdc)  =  0  since  t,  t,  do  are 

necessarily  complanar  (Ex.  12,  p.  160).     Hence  T  is  parallel 

to  c.    It  i!»  convenient  to  consider  the  torsion  as  positive  when 

the  osculating  plane  seems  to  turn  in  the  positive  direction  when 

viewed  from  the  side  of  the  normal  plane  upon  which  t  lies.   An  inspection  of  the 

tigure  shows  that  in  this  case  dn  has  the  diruction  —  c  and  not  +  c.    As  c  is  a  unit 

vector,  the  numerical  value  of  the  torsion  is  therefore  —  c-T.   Then 

T  =  — C.T  =  —  C.tx—  =  —  C-tx-; =z=; 

ds  ds  vc-C 


ds"  VC'C 


r".r" 
where  differentiation  with  respect  to  s  is  denoted  by  accents. 

78.  Another  sort  of  relation  between  vectors  and  differentiation 
comes  to  light  in  connection  with  the  normal  and  directional  deriva^ 
tives  (§  48).    If  F(.>;  ,y,  s)  is  a  function  whidi  has  a  definite  value  at 
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each  point  of  space  and  if  the  two  neighboring  surfaces  F  =  C  and 
F  =  C  +  dC  are  considered,  the  normal  derivative  of  F  is  the  rate  of 
change  of  F  along  the  normal  to  the  surfaces  and 
is  written  dF/dn.  The  rate  of  change  of  F  along  ^  -  ^^  '^ 
the  normal  to  the  surface  F  =  ('  is  more  rapid  than 
along  any  other  direction ;  for  the  change  in  F  be- 
tween the  two  surfaces  is  dF  =  dC  and  is  constant, 
whereas  the  distance  dn  between  the  two  surfaces  is 
least  (apart  from  infinitesimals  of  higher  order)  along  the  normal.  In 
fact  if  dr  denote  the  distance  along  any  other  direction,  the  relations 
shown  by  the  figure  are 

dr  =  sec  6dn     and     — -  =  —r-  cos  6.  (46) 

dr        dn 

If  now  n  denote  a  vector  of  unit  length  normal  to  the  surface,  fhf 
product  ndF/dn  will  lie  a  rector  quantity  irhirh  has  loth  the  magnitude 
and  the  direction  nf  most  rapid  increase  of  F.    Let 

n  — -  =  V7-'  =  grad  F  (47) 

dn 

be  the  symbolic  exju-essions  for  this  vecto]',  where  VF  is  reiid  as  "del  F'' 
and  grad  F  is  read  as  '"  the  gradient  of  F."  If  dr  be  tlie  vector  of  which 
dr  is  the  length,  the  scalar  product  n«'^r  is  precisely  cos  6dr,  and  hence 
it  follows  that 

dx.VF  =  dF     and     Tj.Vi-'  =  '—  ,  (48) 

where  r^  is  a  miit  vector  in  the  direction  di.  The  second  of  the  equa- 
tions shows  that  the  directional  dcriratire  in  ani/  direction  U  the  coiii- 
ponent  or  projection  of  the  gradient  in  that  direction. 

From  this  fact  the  expression  of  the  gradient  may  1x2  found  in  terms 
of  its  components  along  the  axes.  For  the  derivatives  of  F  along  the 
axes  are  dF/dx,  dFjoij,  cF/dz,  and  as  tliese  are  the  comi)oneuts  of  VF 
along  the  directions  i,  j,  k,  the  result  is 

VF  =  grad  F  =  i  ^  -h  i  ^  -|-  k  ^  ■ 
Cj-  Cii  cr: 

•'  .  (49) 

c  v  c 

Hence  V  =  \^--\-\  —  -\-}s.— 

CJ-  ClJ  cz 

may  be  regarded  as  a  symbolic  vector-differentiating  operator  which 
when  applied  to  F  gives  the  gradient  of  F.    The  product 

''^•^^' =(''•'■  £+''^  4  ^''■■^£)^-'='^^        (SO) 
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is  imiiiediak'ly  seen  to  give  the  ordinary  expression  for  dF.  From  this 
form  of  grad  F  it  does  not  appear  that  tlie  gradient  of  a  function  is 
independent  of  the  choice  of  axes,  hut  from  tlie  manner  of  derivation 
of  VF  first  given  it  does  appear  that  grad  F  is  a  definite  vector  quan- 
tity independent  of  the  choice  of  axes. 

In  the  ease  of  any  given  function  F  tlie  gradient  may  be  found  hy 
the  application  of  the  formula  (49) ;  but  in  many  instances  it  may  also 
be  foimd  by  means  of  the  important  relation  dX'VF  =  dF  of  (48).  For 
instance  to  prove  the  formula  \  {FG)  =  FVG  +  OVF,  the  relation  may 
be  applied  as  follows  : 

dT-V{FG)  =  d(FG)  =  FdG  +  GdF 

=  FdT'^G  +  GdT-VF=:  dl.(F'VG  +  GVF). 

Now  as  these  equations  hold  for  any  direction  dr,  the  di  may  be  can- 
celed by  (35),  p.  165,  and  the  desired  residt  is  obtained. 

The  use  of  vector  notations  for  treating  a.ssignefl  practical  problems  involving 
computation  is  not  great,  but  for  handling  the  general  theory  of  such  parts  of 
physics  as  are  essentially  concerned  with  direct  quantities,  mechanics,  hydro- 
mechanics, electromagnetic  theories,  etc.,  the  actual  use  of  the  vector  algorisms 
considerably  shortens  the  formulas  and  has  the  added  advantage  of  operating 
directly  upon  the  magnitudes  involved.  At  this  point  some  of  the  elements  of 
mechanics  will  be  developed. 

79.  According  to  Newton's  Second  Law,  when  a  force  acts  u^ton  a 
particle  of  mass  vi,  the  rate  of  chanrje  of  niomentiini  Is  ejpud  to  the, 
force  acting,  and  takes  iilnce  in  the  direction  of  the  force.  It  therefore 
appears  that  the  rate  of  change  of  momentum  and  momentum  itself 
are  to  be  regarded  as  vector  or  directed  magnitudes  in  the  application 
of  the  Second  Law.  Now  if  the  vector  r,  laid  off  from  a  fixed  origin 
to  the  point  at  which  the  moving  mass  m  is  situated  at  any  instant  of 
time  t,  be  differentiated  with  respeot  to  the  time  t,  the  derivative  dr/dt 
is  a  vector,  tangent  to  the  curve  in  whicli  the  particle  is  moving  and  of 
magnitude  equal  to  ds/dt  or  v,  tlie  velocity  of  motion.  As  vectors*, 
then,  the  velocity  v  and  the  momentiun  and  the  force  may  be  written  as 

v  =  — ,        mv,        F  =  -(wv). 

dt  dt  .gj. 

Hence  Y  =  m-=in—,=mi     if     i  =  Yt=le- 

From  the  equations  it  appears  that  the  force  F  is  the  product  of  the 
mass  m  by  a  vector  f  which  is  the  rate  of  change  of  the  velocity  regarded 

*  In  applications,  it  is  usual  to  denote  vectors  by  heavy  type  and  to  denote  the  magni- 
tudes of  those  vectors  by  eorrpspording  italic  letters. 
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as  a  vector.  The  vector  f  is  called  the  acceleration;  it  must  not  be  con- 
fused with  the  rate  of  change  dv/dt  or  dh/df  of  the  speed  or  magnitude 
of  the  velocity.  The  components  f^,  /„,  /^  of  the  acceleration  along  the 
axes  are  the  projections  of  f  along  the  directions  i,  j,  k  and  may  be 
written  as  f«i,  f •],  f -k.    Then  by  the  laws  of  differentiation  it  follows 

that  ,  7  /     -N        , 

,  .       dv    .      d  (V'l)       di' 

■'"^  dt  dt  dt 

.      ^  .      dh  .      f^^(r.i)      (Px 

■^^  =  ^"  =  ^-'  =  -df-  =  -de- 


df'     ■'''    df'     ^'    df 


Hence  f^^-JT^'        fv^li^'        /- =  35 


and  it  is  seen  that  the  components  of  the  acceleration  are  the  acceler- 
ations of  the  components.  If  X,  1',  Z  are  the  components  of  the  force, 
the  equations  of  motion  in  rectangular  coordinates  are 

Instead  of  resolving  the  acceleration,  force,  and  displacement  along 

the  axes,  it  may  be  convenient  to  resolve  them  along  the  tangent  and 

normal  to  the  curve.    The  velocity  v  may  be  written  as  «t,  where  v  is 

the  magnitude  of  the  velocity  and  t  is  a  unit  vector  tangent  to  the 

curve.    Then 

,  _  rfv  _  d{vt)  _dv^.  dt 

~  dt~     dt     ~  dt  dt' 

T.   i  dt       dt  ds       „  r 

^""^  dt  =  ^sdt  =  ''"  =  Ti'''  (53) 

where  R  is  the  radius  of  curvatm-e  and  n  is  a  imit  normal.    Hence 

'  =  de'  +  R'''     f'  =  df'     f^  =  H-  (53') 

It  therefore  is  seen  that  the  component  of  the  acceleration  along  the 
tangent  is  dj^s/df,  or  the  rate  of  change  of  the  velocitv  regarded  as  a 
number,  and  the  component  normal  to  the  curve  is  o'^/R.  If  T  and  X 
are  the  components  of  the  force  along  the  tangent  and  normal  to  the 
curve  of  motion,  the  equations  are 

T  =  m/,  =  'm.-j^,  TV  =  to/,  =  m -■ 

It  is  noteworthy  that  the  force  must  lie  in  the  osculating  plane. 

If  r  and  r  -|-  Ar  are  two  positions  of  the  radius  vector,  the  area  of 
the  sector  included  by  them  is  (except  for  infinitesimals  of  higher  order) 
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AA  =  ^■rx(r  + Ar)  =  JrxAr,  and  is  a  vector  quantity  of  which  the 
direction  is  normal  to  the  plane  of  r  and  r  +  Ar,  that  is,  to  the  plane 
through  the  origin  tangent  to  the  cui've.  The  rate  of  description  of  area, 
or  the  ureal  velocity,  is  therefore 


''A,.^  ,  _  Ar       ,      dx 

< 

dt 


-  =  lim.rx-=.rx-=jr=<v.  (54) 

The  projections  of  the  areal  velocities  on  the  coordinate  planes,  which 
are  the  same  as  the  areal  velocities  of  the  projection  of  the  motion  on 
those  planes,  are  (Ex.  11  below) 

1/    dz         diA  1/   dx         d-\  1/    di,         dx\ 

2[^dt-'7u)'     2[^di-'-dt)'     2(''5f-^;7^>  (^4') 

If  the  force  F  acting  on  the  mass  m  passes  through  the  origin,  then 
r  and  F  lie  along  the  same  direction  and  rxF  =  0.  The  equation  of 
motion  may  then  be  integrated  at  sight. 

m—-  =  F,  9«,rx— -  =  rxF  =  0, 

dt  dt  ' 

It  is  seen  that  in  this  case  the  rate  of  description  of  area  is  a  constant 
vector,  which  means  that  the  rate  is  not  only  constant  in  magnitude 
but  is  constant  in  direction,  that  is,  the  path  of  the  particle  m  must  lie 
in  a  plane  through  the  origin.  When  the  force  passes  through  a  fixed 
point,  as  in  this  case,  the  force  is  said  to  be  central.  Therefore  when  a 
particle  moves  under  the  action  of  a  central  force,  the  motion  takes  place 
in  a  plane  passing  through  the  center  and  the  rate  of  description  of 
areas,  or  the  areal  velocity,  is  constant. 

80.  If  there  are  several  particles,  say  n,  in  motion,  each  ha.s  it.s  own  equation 
of  motion.  These  equations  may  be  cunibined  by  addition  and  subsequent  reduction. 

m,   -  J  =  F, ,  m,  — 2  =  F.,,  •  •  •,  m„  — -  =  F„, 

and  m.  -^,'  +  m^  -Jl  +  . . .  +  m„  -^  =  Fj  +  F,  +  ■  •  ■  +  F„. 

dt-  dt^  dt- 

iPx  (Pr  d^i       d? 

But        "h  ^  +  "lo  -TIT  +  •  •  •  +  "1"  ^  =  t;  (™i^i  +  '™2''2  +  ■  •  •  +  "^'^")- 
ax'  at-  at'      dt' 

Let  mil,  +  m2r2  H +  ni„r„  =  (?Kj  +  m.,-^ +  m„)  i  =  M  i 

.  _  ?n,rj  +  )«.,r.,  +  •  ■  •  +  7«„r„  _  Shu  _  Sjnr 

7/1,  +  m.,  +  •  •  ■  +  m,,  Swi        jV 

dt^ 


Then 


.V^  =  F,  +  F.  +  ■  •  •  +  F„  =  ^F.  (55) 
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Now  the  vector  r  wliicli  has  been  here  introduced  is  the  vector  of  the  center  of 
mass  or  center  of  gravity  of  the  particles  (Ex.  5,  p.  168).  The  result  (55)  states,  on 
comparison  with  (51),  that  the  center  of  gravity  of  the  n  mas.ses  moves  as  if  all  the 
mass  M  were  concentrated  at  it  and  all  the  forces  applied  there. 

The  force  F;  acting  on  the  ith  mass  may  be  wholly  or  partly  due  to  attractions, 
repulsions,  pressures,  or  other  actions  exerted  on  that  mass  by  one  or  more  of  the 
other  masses  of  the  system  of  n  particles.   In  fact  let  F,-  be  written  as 

F.-  =  F.o  +  F.-i  +  Fi.2  +  •  •  •  +  F,„, 

where  Fy  is  the  force  exerted  on  nn  by  m,  and  F,o  is  the  force  due  to  some  agency 
external  to  the  n  masses  which  form  the  system.  Now  by  Newton's  Third  Law, 
when  one  particle  acts  upon  a  second,  the  second  reacts  upon  the  first  with  a 
force  which  is  equal  in  magnitude  and  opposite  in  direction.  Hence  to  F;,-  above 
there  will  correspond  a  force  Fy,-  =  —  Fy-  exerted  by  m,-  on  mj.  In  the  sum  2F,-  all 
these  equal  and  opposite  actions  and  reactions  will  drop  out  and  2F,-  may  be  re- 
placed by  SFio,  the  sum  of  the  external  forces.  Hence  the  important  theorem  that : 
The  motion  of  the  center  of  jnass  of  a  set  of  particles  is  as  if  all  the  mass  were  concen- 
trated there  and  all  the  external  forces  were  applied  there  (the  internal  forces,  that  is, 
the  forces  of  mutual  action  and  reaction  between  the  particles  being  entirely 
neglected). 

The  moment  of  a  force  about  a  given  point  is  defined  as  the  product  of  the  force 
by  the  pei-pendicular  distance  of  the  force  from  the  point.  If  r  is  the  vector  from 
the  point  as  origin  to  any  point  in  the  line  of  the  force,  the  moment  is  therefore 
rxF  when  considered  as  a  vector  quantity,  and  is  perpendicular  to  the  plane  of  the 
line  of  the  force  and  the  origin.  The  equations  of  n  moving  masses  may  now  be 
combined  in  a  different  way  and  reduced.  Multiply  the  equations  by  fj,  r„,  ■  ■  •,  r„ 
and  add.    Then 

?(i,r,x  -J  +  OT^r^x  -^  +  .  . .  +  »i„r„x  -^  =rixF,  +  r^xF.,  +  ■  •  •  +  r„xF„ 

d  d  d 

or     nij  -  ijxv,  +  ^2  -  r^xvj  +  ' ' '  +  "'-i  ^  r„xv„  =  r,xFi  +  r.,xF2  +  •  •  •  +  r„xF„ 

or  —  ("iiriXVi  +  m^t„xY^  +  ■  •  •  +  nj„r„xv„)  =  2rxF.  (.56) 

This  equation  shows  that  if  the  areal  velocities  of  the  different  ma.s.ses  are  multiplied 
by  those  masses,  and  all  added  together,  the  derivative  of  the  sum  obtained  is  equal 
to  the  moment  of  all  the  forces  about  the  origin,  the  moments  of  the  different  forces 
being  added  as  vector  quantities. 

This  result  may  be  simplified  and  put  in  a  different  form.    Consider  again  the 

resolution  of  F,-  into  the  sum  F;o  +  F,i  + h  F,„,  and  in  particular  consider  the 

action  F,j-  and  the  reaction  Fj,  =  —  F,-,-  between  two  particles.  Let  it  be  assumed 
that  the  action  and  reaction  are  not  only  equal  and  opposite,  but  lie  along  the  line 
connecting  the  two  particles.  Then  the  perpendicular  distances  from  the  origin  to 
the  action  and  reaction  are  equal  and  the  moments  of  the  action  and  reaction  are 
equal  and  opposite,  and  may  be  dropped  from  the  sum  2r,xF,,  which  then  reduces 
to  2r,xF,o.  On  the  other  hand  a  term  like  m,r,xTi  may  be  written  as  r,x(m,v,).  This 
product  is  formed  from  the  momentum  in  exactly  the  same  way  that  the  moment 
is  formed  from  the  force,  and  it  i.s  called  the  moment  of  momentum  Hence  the 
equation  (.56)  becomes 
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d 

—  (total  moment  of  momentum)  =  moment  of  external  forces. 

Hence  the  result  that,  as  vector  quantities :  The  rate  of  change  of  the  moment  of 
momentum  of  a  system  of  particles  is  equal  to  the  moment  of  the  external  forces  (the 
forces  between  the  masses  being  entirely  nejjlected  under  the  assumptiou  that  action 
and  reaction  lie  aloiii;  the  line  connecting  the  masses). 


EXERCISES 

1.  Apply  the  definition  of  differentiation  to  prove 

(a)  d(u.T)  =  u-dv  +  v.du,        (/3)  (Z[u.(vxw)]  =  (Zu.(vxW)  +  u.(dvxw)+  u.(vxdw). 

2.  Differentiate  under  the  assumption  that  vectors  denoted  by  early  letters  of 
the  alphabet  are  constant  and  those  designated  by  the  later  letters  are  variable  : 

(<t)- ux(vxw),         ((3)  acosi  +  bsint,        (7)  (u.u)u, 

'""■£•     '-'-(S-S)-    '»•<••"'■ 

^2|-       x" a' t's" 

3.  Apply  the  rules  for  change  of  variable  to^show  that  —  = '■ — ,  where 

accents  denote  differentiation  with  re.spect  to  x,.    In  case  r  =  ji  +  ?/j  show  that 
1/ VC»C  takes  the  usual  form  for  the  radius  of  curvature  of  a  plane  curve. 


4.  The  equation  of  the  helix  is  r  =  iacos«^  +  ja.sin0  +  k?>(^  with  s  =va-  +  b-<t>; 
show  that  the  radius  of  curvature  is  (a-*  +  h'^)/a. 

5.  Find  the  torsion  of  the  helix.    It  is  6/ (a-  +  i<'^). 

6.  Change  the  variable  from  s  to  some  other  variable  t  in  the  formula  for  torsion. 

7.  In  the  following  cases  find  the  gradient  either  by  applying  the  fornmla  which 
contains  the  partial  derivatives,  or  by  using  the  relation  di-VF  =  dF,  or  both  : 

(a)  r.r  =  !?■  +  i/^  +  z^,         (/3)  logr,         (7)  r  =  Vui, 
(3)  log(j:-^  +  !/■-)  =  log  [r.r  -  (k.r)^],        (e)  (rxa).(rxb). 

8.  Prove  these  laws  of  operation  with  the  symbol  V  : 

(a)  V(F  +  G)  =  Vi-'  +  VCr',         (/3)  G-^V(F/G)  =  GVF -  FVG. 

9.  If  r,  <f>  are  polar  coordinates  in  a  plane  and  r,  is  a  luiit  vector  along  the  radius 
vector,  show  that  dtj/di  =  ad<f,/dt  where  n  is  a  >uiit  vector  perpendicular  to  the 
radius.  Thus  differentiate  r  =  rlj  twice  and  separate  the  result  into  components 
along  the  radius  vector  and  pei-peudicular  to  it  so  that 

•' ■"  "  dt^  ~  *"  W  '        •^*~     (ii^  d«*      rdt\     dtj 

10.  Prove  conversely  to  the  text  that  if  the  vector  rate  of  description  of  area  is 
constant,  the  force  must  be  central,  that  is,  rxF  =  0. 

11.  Note  that  rxvi,  rxv),  rxvk  are  the  projections  of  the  areal  velocities  upon 
the  planes  j;  =  0,  y  =  0,  .-  =  0.   Hence  derive  (54')  of  the  text. 
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12.  Show  that  the  Cartesian  expressions  for  the  magnitude  of  the  velocity  and 
of  the  acceleration  and  for  the  rate  of  change  of  the  speed  dv/dt  are 

V  =  Vx'2  +  y'2  +  2-2^    /=  Vj-"-^  +  .v"2  +  ^"2^    ^,  ^x-s"  +  y'v"  +  z'z'-  ^ 

Vx'2  J^  y'-i  +  z'2 

where  accents  denote  differentiation  witli  respect  to  the  time. 

13.  Suppose  that  a  body  which  is  rigid  is  rotating  about  an  axis  with  the 
angular  velocity  u  =  d<p/dt.  Represent  the  angular  velocity  by  a  vector  a  drawn 
along  the  axis  and  of  magnitude  eijual  to  a.  Show  that  the  velocity  of  any  point 
in  space  is  v  =  axr,  where  r  is  the  vector  drawn  to  that  point  from  any  point  of 
the  axis  as  origin.  Show  that  the  acceleration  of  the  point  determined  by  r  is  in  a 
plane  through  the  point  and  perpendicular  to  the  axis,  and  that  the  components  are 

ax  (axr)  =  (a«r)a  —  oi'^r  toward  the  axis,      (da/dt)xi  perpendicular  to  the  axis, 

luider  the  assumption  that  the  axis  of  rotation  is  invariable. 

14.  Let  f  denote  the  center  of  gravity  of  a  system  of  particles  and  r-  denote  the 
vector  drawn  from  the  center  of  gravity  to  the  ith  particle  so  that  r,  =  f  +  i-  and 
V,  =  V  +  v/.   The  kinetic  energy  of  the  ith  particle  is  by  definition 

I  moif  =  \  miyi-Vi  =  \  m,-  (v  +  t/)'(v  +  v/). 

Sum  up  for  all  particles  and  simplify  by  using  the  fact  Zmir,'  =  0,  which  is  due  to 
the  assumption  that  the  origin  for  the  vectors  r,'  is  at  the  center  of  gravity.  Hence 
prove  the  important  theorem  :  The  total  kinetic  energy  of  a  system  is  equal  to  the 
kinetic  energy  which  the  total  mass  viould  have  if  moving  with  the  center  of  gravity 
plus  the  energy  computed  from  the  motion  relative  to  the  center  of  gravity  as  origin, 
that  is, 

T  =  i  Zmiof  =  iMv^+  i  I.m.-v'!'. 

15.  Consider  a  rigid  body  moving  in  a  plane,  which  may  be  taken  as  the  xy- 
plane.  Let  any  point  r„  of  the  body  be  marked  and  other  points  be  denoted  rela^ 
tive  to  it  by  r'.  The  motion  of  any  point  r'  is  compounded  from  the  motion  of  r„ 
and  from  the  angular  velocity  a  =  kw  of  the  body  about  the  point  r„.  In  fact  the 
velocity  V  of  any  point  is  v  =  t„  +  axr.  Show  that  the  velocity  of  the  point  denoted 
by  r'  =  kxV(|/w  is  zero.  This  point  is  known  as  the  instantaneous  center  of  rotation 
(S  3i)).  Show  that  the  coovdinates  of  the  instantaneous  center  referred  to  axes  at 
the  origin  of  the  vectors  r  are 

^  _  r.i  -  J-   -  i  !^'  ,/  -  r.i  -  ,/   J.  1  "^0 

16.  If  several  forces  F'j,  F^,  •  •  •,  F„  act  on  a  body,  the  sum  R  =  SF,  is  called 
the  resuUartt  and  the  sum  Sr.xF,-,  where  r,-  is  drawn  from  an  origin  0  to  a  point 
in  the  line  of  the  force  F,-,  is  called  the  resultant  moment  about  0.  Show  that  the 
resultant  moments  Mo  and  Mq/  about  two  points  are  connected  by  the  relation 
Mo'  =  Mo  +  Mo'(Ro),  where  Mo/(Ro)  means  the  moment  about  0'  of  the  resultant 
R  considered  as  applied  at  0.  Infer  that  moments  about  all  points  of  any  line 
parallel  to  the  resultant  arc  ecpial.  Show  that  in  any  plane  pei-pendicular  to  R 
there  is  a  point  fy  given  by  r  =  RxM^/R-R,  where  O  is  any  point  of  the  plane, 
such  that  My-  is  parallel  to  R. 


PART  II.    DIFFERENTIAL  EQUATIONS 

CHAPTER  VII 

GENERAL   INTRODUCTION   TO   DIFFERENTIAL   EQUATIONS 

81.  Some  geometric  problems.  Tlie  application  of  the  differential 
calculus  to  plane  curves  has  given  a  means  of  determining  some 
geometric  properties  of  the  curves.  For  instance,  the  length  of  the 
subnormal  of  a  cm\e  (§  7)  is  >/(h//(/.r,  which  in  the  case  of  the  parabola 
//  =  ipjt  is  '2jy,  that  is,  the  subnormal  is  constant.  Suppose  now  it 
"were  desired  conversely  to  find  all  curves  for  which  the  subnormal  is 
a  given  constant  iii.  The  statement  of  this  problem  is  evidently  con- 
tained in  the  equation 

'^^.V  (  7  7 

y  —  =  m      or      ?/?/  =  m      or     i/di/  =  VKl.r. 

Again,  the  radius  of  curvature  of  the  lemniscate  r  =  n^  cos  2  <^  is  found 
to  be  J!  =  (t^/3  >;  that  is,  the  radius  of  curvatm-e  varies  inversely  as  the 
i-adius.  If  conversely  it  were  desired  to  find  all  cui'ves  for  which  the 
radiu.s  of  cm-vature  varies  inversely  as  the  radius  of  the  curve,  the  state- 
ment of  the  problem  would  he  the  equation 

'•"-'■;^^  +  -U) 

where  k  is  a  constant  called  a  factor  of  proportionality.* 

Equations  like  these  are  unlike  ordinary  algebraic  equations  tecause, 
in  addition  to  the  variables  x,  y  or  /•,  <^  and  certain  consUuits  »)  or  /•, 
they  contain  also  derivatives,  as  dy/dr  or  di-/d<^  and  d-r/il^-,  of  one  of 
the  variables  with  respect  to  the  other.    An  equation  which  contains 

*  Many  problems  in  geometry,  mechanics,  and  physics  are  stated  in  terms  of  varia- 
tion. For  purposes  of  analysis  the  statement  i  varies  as  ;/,  or  a-  =c  y,  is  written  as  x  =ky, 
introducing  a  constant  k  called  a  factor  of  proportionality  to  convert  the  variation  mto 
an  equation.  In  like  manner  the  statement  x  varies  inversely  as  v.  or  i  x  \/\j,  becomes 
X  =  k/y,  and  x  varies  jointly  with  ii  and  z  becomes  x  =  kiiz. 
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derivatives  is  called  a  dlfferenfud  eqitntirm.  The  order  of  the  diiferential 
equation  is  the  order  of  the  highest  derivative  it  contains.  The  equa- 
tions above  are  resjiectively  of  the  first  and  second  orders.  A  differen- 
tial equation  of  the  tirst  order  may  l)e  symbolized  as  *(./■,  //,  .'/')  =  0, 
and  one  of  the  second  order  as  $(a",  ij,  i/',  if)  =  0.  A  function  ij  =/{■>■) 
given  explicitly  or  defined  implicitly  by  the  relation  F(x,  y)  =  0  is 
said  to  be  a  solution  of  a  given  differential  equation  if  the  equation  is 
true  for  all  values  of  the  independent  variable  .<■  when  the  expressions 
for  1/  and  its  derivatives  are  substituted  in  the  equation. 

Thus  to  .sliow  that  (hd  matter  what  tlie  vahie  of  a.  is)  the  relation 
iuy  —  x'  +  2  a''  log  j;  =  0 
gives  a  solution  of  the  differential  equation  of  the  .second  onlei- 


H- 


\dx/  \dxV 


it  is  merely  necessary  to  form  the  derivatives 

„    dv  a^  „    cPy      ,      a^ 

2o— =  1 ,         2a-^  =  l  +  — 

dx  X  dx"  X- 

and  substitute  them  in  the  given  equation  together  with  y  to  see  that 

is  clearly  satisfied  for  all  values  of  x.  It  appears  therefore  that  the  given  relation 
for  J/  is  a  solution  of  the  given  equation. 

To  integrate  or  solre  a  differential  equation  is  to  find  all  the  functions 
which  satisfy  the  equation.  Geometrically  speaking,  it  is  to  find  all  the 
curves  which  have  the  property  expressed  by  the  equation.  In  mechan- 
ics it  is  to  find  all  possible  motions  arising  from  the  given  forces.  The 
method  of  integrating  or  solving  a  differential  equation  depends  largely 
upon  the  ingenuity  of  the  solver.  In  many  cases,  however,  some  method 
is  immediately  obvious.  For  instance  if  it  be  possible  to  separate  the 
variables,  so  that  the  differential  dy  is  multiplied  by  a  function  of  // 
alone  and  dx  by  a  function  of  x  alone,  as  in  the  equation 

</>  {y)  <hl  =  "A  (»•)  'Ix,     then       J4,  (//)  dy  =  J4,  (x)  dx  +  C  (1 ) 

will  clearly  be  the  integral  or  solution  of  the  differential  equation: 

As  an  example,  let  the  curves  of  constant  subnormal  be  determined.    Here 

ydy  =  mdx    and    if  =  2mx  +  C. 

The  variables  are  already  separated  and  the  integration  is  immediate.   The  curves 
are  parabolas  witli  serai-latus  rectum  equal  to  the  constant  and  with  the  axis 


(iEMEllAL   INTRODUCTION  181 

coincident  with  the  axis  of  x.  If  in  particular  it  were  desired  to  determine  that 
curve  whose  subnormal  was  m  and  wliicli  passed  through  the  origin,  it  would 
merely  be  necessary  in  substitute  (0,  0)  in  tlie  equation  y^  =  •2mx  +  C  to  ascertain 
what  particular  value  must  be  assigned  to  ('  in  order  that  tliu  curve  pass  through 
(0,  0).    The  value  is  C  =  0. 

Another  example  might  be  to  duternune  the  curves  for  which  tliu  ^-intercept 
varies  as  the  abscissa  of  the  point  of  taugency.  As  the  expression  (§  7)  for  the 
s-intercept  is  i  —  ydx/dij,  the  statement  is 

dx      ,  ,-,      ,,  dx 

■t  —  !/ —  =  fcr     or     (1  —  k)x  =  y  — 

<ly  dy 

Hence  (1  —  k)  --  =  —    and     (1  —  h)  log  </  =  log  j;  +  C. 

y       x  -     ■ 

If  desired,  this  expression  may  be  changed  to  another  form  by  using  each  side  of 
the  equality  as  an  exponent  with  the  base  e.   Then 

f(i-i)iog!/  =  giogx  +  f    or     2/'-*  =  p'x  =  G'x. 

As  Cis  an  arbitrary  constant,  the  constant  C  =  e<-'is  also  arbitrary  and  the  solution 
may  simply  be  written  as  y^-^  =  Cx,  where  the  accent  has  been  omitted  from  the 
constant.  If  it  were  desired  to  pick  out  that  particular  curve  which  passed  through 
the  point  (1,  1),  it  would  merely  be  necessary  to  determine  C  from  the  equation 

11-*  =  V 1,     and  hence     C  =  1. 

As  a  third  example  let  the  curves  whose  tangent  is  constant  and  equal  to  o  be 
determined.   Tlie  length  of  the  tangent  is  yVl  +  y'V,'/'  and  hence  the  equation  is 


Vl  +  J/"-'                  „  1  +  y"^                ,      Va'^  -  y^  , 
y —2—  =  a    or    y^ ^^  =  a    or     1  =  ^  y  . 

y'  y"-  y 

The  variables  are  therefore  separable  and  the  results  are 


dx  = —  dy    and    i  +  O  =  v  o-  —  y' —  a  log 

y  y 

If  it  be  desired  that  the  tangent  at  the  origin  be  vertical  so  that  the  curve  passes 
through  (0,  a),  the  constant  C  is  0.  The  curve  is  the  tractrix  or  "  curve  of  pursuit " 
as  described  by  a  calf  dragged  at  the  end  of  a  rope  by  a  person  walking  along 
a  straight  line. 

82.  Problems  which  involve  the  radius  of  curvature  will  lead  to  differ- 
ential equations  of  the  second  order.  The  method  of  solving  such 
problems  is  to  reduce  the.  equation,  if  jMSsWle,  to  one  of  the  first  order. 
For  the  second  derivative  may  be  written  as 

and  R  = -^ -^^ I,  (-  ) 

dx  ■'   dj 
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is  the  expression  for  the  radius  of  curvature.  If  it  be  given  that  the 
radius  of  curvature  is  of  the  form  f{x)  </>  (y')  or  /(// )  <j>  (//'), 

a  +  y!)i^,,,,^(,,,  ,,  (l±^=fOj,^„j),      (3) 

the  variables  x  and  y'  or  y  and  y'  are  immediately  separable,  and  an 
integration  may  be  performed.  This  will  lead  to  an  equation  of  the 
first  order ;  and  if  the  variables  are  again  separable,  the  solution  may 
be  completed  by  the  methods  of  the  above  examples. 

In  the  first  place  consider  cnrve.s  whose  radins  of  curvature  is  constant.   Then 

(1  +  y'-^si  dy'  dx         ,  y-  x-C 

i—-I—!-  =  a    or -  =  —     and  = . 

dy^  (l  +  /2)l       o  Vl  +  y'-'  "■ 

dx 
where  the  constant  of  integration  has  been  written  as  —  C/a  for  future  conven- 
ience.  The  equation  may  now  be  solved  for  y'  and  the  variables  become  separated 
with  the  results 

y  =  —  or    dy  =  —^^^==^^1=  dx. 

Va2  -  (X  -  C)^  Va2  -  (X  -  C)2 


Hence        y-C'=-  Va^  -  (x  -  Cf    or     (x  -  C)^  +  (y  -  Cf  =  d\ 

The  curves,  as  should  be  anticipated,  are  circles  of  radius  a  and  with  any  arbi- 
trary point  (C,  C)  as  center.  It  should  be  noted  that,  as  the  solution  has  required 
two  successive  integrations,  there  are  two  arbitrary  constants  C  and  C  of  integra- 
tion in  the  result. 

As  a  second  example  consider  the  curves  whose  radius  of  curvature  is  double 
the  normal.   As  the  length  of  the  normal  is  y  Vl  -|-  y"^,  the  equation  becomes 

(i±i9i  =  2.VrTlr^    or    li^  =  ±2., 
dy  dy 

where  the  double  sign  has  been  introduced  when  the  radical  is  removed  by  cancel- 
lation. This  is  necessary ;  for  before  the  cancellation  the  signs  were  ambiguous 
and  there  is  no  reason  to  assume  that  the  ambiguity  disappears.  In  fact,  if  the 
curve  is  concave  up,  the  second  derivative  is  positive  and  the  radius  of  curvature 
is  reckoned  as  positive,  whereas  the  normal  is  positive  or  negative  according  as 
the  curve  is  above  or  below  the  axis  of  x  ;  similarly,  if  the  curve  is  concave  down. 
Let  the  negative  sign  be  chosen.  This  corresponds  to  a  curve  above  the  axis  and 
concave  down,  or  below  the  axis  and  concave  up,  that  is,  the  normal  and  the  radius 
of  curvature  have  the  as^nie  direction.   Then 

dy^_2j^     and     log2/  =  -log(l-(-2/'2)  +  log2C, 

where  the  constant  has  been  given  the  form  log  2  C  for  convenience.  This  expres- 
sion may  be  thrown  into  algebraic  form  by  exponentiation,  solved  for  y',  and  then 


GENERAL   INTRODUCTION  18E 

ydy 


y{l  +  ,r')  =  2C     or     y"^  =  'l£—K     or  ^^^  =  dr. 


Hence  x  —  t"  =  C  vers- 1  —  —  V2  Cy  —  y^. 

C 

The  curves  are  cycloids  of  which  the  generating  circle  has  an  arbitrary  radius  C 
and  of  which  the  cusps  are  >ipon  the  x-axis  at  the  points  C  ±'2  ktrC.  If  the  posi- 
tive sign  had  been  taken  in  the  equation,  the  curves  would  have  been  entirely 
different ;  see  Ex.  5  (a). 

The  number  of  arbitrary  constants  of  integration  which  enter  into 
the  solution  of  a  differential  equation  depends  on  the  number  of  inte- 
grations which  are  performed  and  is  ecjjial  to  the  order  of  the  equation. 
This  results  in  giving  a  family  of  chives,  dependent  on  one  or  more 
parameters,  as  the  solution  of  the  equation.  To  pick  out  any  particular 
member  of  the  family,  additional  conditions  must  be  given.  Thus,  if 
there  is  only  one  constant  of  integration,  the  curve  may  be  required 
to  pass  through  a  given  point ;  if  there  are  two  constants,  the  curve 
may  be  required  to  pass  through  a  given  point  and  have  a  given  slope 
at  that  point,  or  to  pass  through  two  given  points.  These  additional 
conditions  are  called  initial  conditions.  In  mechanics  the  initial  condi- 
tions are  very  important ;  for  the  point  reached  by  a  particle  describing 
a  curve  under  the  action  of  assigned  forces  depends  not  only  on  the 
forces,  but  on  the  point  at  which  the  particle  started  and  the  velocity 
with  which  it  started.  In  all  cases  the  distinction  between  the  constants 
of  integration  and  the  given  constants  of  the  problem,  (in  the  foregoing 
examples,  the  distinction  between  C,  C  and  m,  k,  a)  should  be  kept 
clearly  in  mind 

EXERCISES 

1.  Verify  the  solutions  of  the  differential  equations  : 

(a)  xy+lx^=C,  y  +  x  +  xy'  =  0,         (/3)  xV(3e==-h C)  =  l,  xy'+y+x*y*e'=Q, 
(7)  (l  +  x^)y''^=l,  2x=Ceii-C-^e-«,     (S)  y  +  xy'  =  x*y"',  xy=C^x+  C, 
(e)  y"  +  y'/x  =  0,  y=C\ogx+  C^,      (f)  y  =  Ce' +  G^e^^,_y"  +  2v  :=  3y', 

iv)  y'" -y  =  X-,  y  =  Ce'+e-i='(Ci cos ?-^  +  C^sin '^j -  x^. 

2.  Determine  the  curves  which  have  the  following  properties: 

(a)  The  subtangent  is  constant ;  j/"'  =  Ce".   If  through  (2,  2),  y"  -  2'»e«^-2. 

(/S)  The  right  triangle  formed  by  the  tangent,  subtangent,  and  ordinate  has  the 
constant  area  ft/2  ;  the  hyperbolas  xy  -(-  Cy  -1-  fc  =  0.  Show  that  if  the  curve  pa.s.se.s 
through  (1,  2)  and  (2,  1),  the  arbitrary  constant  C  is  0  and  the  given  t  is  -  2. 

(7)  The  normal  is  constant  in  length  ;  the  circles  (x.  —  C)''  -^  y"^  =  V^- 

{ 5 )  The  normal  varies  as  the  square  of  the  ordinate ;  catenaries  ky = cosh  k{x—C). 
If  in  particular  the  curve  is  perpendicular  to  the  2/-axis,  C  =  0. 

(e)  The  area  of  the  right  triangle  formed  by  the  tangent,  normal,  and  x-axis  is 
inversely  proportional  to  the  slope  ;  the  circles  (x  -  Cf  +  y^  =  k. 
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3.  Determine  the  curves  which  have  the  following  properties : 

(a)  The  angle  between  the  radius  vector  and  tangent  is  constant;  spirals 
r  =  Ce**. 

(/3)  The  angle  between  the  radius  vector  and  tangent  is  half  that  between  the 
radius  and  initial  line  ;  cardioids  r  =  C(l  —  cos  0). 

(y)  The  perpendicular  from  the  pole  to  a  Ungent  is  constant ;  r  cos  (0  —  C)  =  k. 

(8)  The  tangent  is  equally  inclined  to  the  radius  vector  and  to  the  initial  line  ; 
the  two  sets  of  parabolas  r  =  C/(l  ±  cos<t>). 

(e)  The  radius  is  equally  inclined  to  the  normal  and  to  the  initial  line  ;  circles 
r  —  C  cos  <t>  or  lines  r  cos  <p  =  C. 

4.  The  arc  s  of  a  curve  is  proportional  to  the  area  A,  where  in  rectangular 
coordinates  A  is  the  area  under  the  curve  and  in  polar  coordinates  it  is  the  area 
included  by  the  curve  and  the  radius  vectors.  From  the  equation  ds  =  dA  show 
that  the  curves  which  satisfy  the  condition  are  catenaries  for  rectangular  coordi- 
nates and  lines  for  polar  coordinates. 

5.  Determine  the  curves  for  which  the  radius  of  curvature 

(a)  is  twice  the  normal  and  oppositely  directed ;  parabolas  {x—  C)- =  C'(2y  —  C'). 
(/3)  is  equal  to  the  normal  and  in  same  direction  ;  circles  (i  —  C)'^  +  y''  =  C"^. 
(y)  is  equal  to  the  normal  and  in  opposite  direction  ;  catenaries. 

(5 )  varies  as  the  cube  of  the  normal  ;  conies  kCy^  —  C^{x  +  C)'^  =  *•. 

( e )  projected  on  the  x-axis  equals  the  abscissa  ;  catenaries. 

( f )  projected  on  the  i-axis  is  the  negative  of  the  abscissa  ;  circles. 
{ti)  projected  on  the  i-axis  is  twice  the  abscissa. 

(6)  is  proportional  to  the  slope  of  the  tangent  or  of  the  normal. 

83.  Problems  in  mechanics  and  physics.  In  many  physical  problems 
the  statement  involves  an  equation  between  the  rate  of  change  of  some 
quantity  and  the  value  of  that  quantity.  In  this  way  the  solution  of 
the  problem  is  made  to  depend  on  the  integration  of  a  differential  equa- 
tion of  the  first  order.  If  x  denotes  any  quantity,  the  rate  of  increase 
in  X  is  dx/dt  and  the  rate  of  decrease  in  a;  is  —  dx/dt ;  and  consequently 
when  the  rate  .of  change  of  x  is  a  function  of  x,  the  variables  are 
immediately  separated  and  the  integration  may  be  performed.  The 
constant  of  integration  has  to  be  determined  from  the  initial  conditions  ; 
the  constants  inherent  in  the  problem  may  be  given  in  advance  or  their 
values  may  be  determined  by  comparing  x  and  t  at  some  subsequent 
time.  The  exercises  offered  below  will  exemplify  the  treatment  of 
such  problems. 

In  other  physical  problems  the  statement  of  the  question  as  a  differ- 
ential equation  is  not  so  direct  and  is  carried  out  by  an  examination  of 
the  problem  with  a  view  to  stating  a  relation  between  the  increments 
or  differentials  of  the  dependent  and  independent  variables,  as  in  some 
geometric  relations  already  discussed  (§  40),  and  in  the  problem  of  the 
tension  in  a  rope  wrapped  around  a  cylindrical  post  discussed  below. 
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The  method  may  be  farther  illustrated  by  the  derivation  of  the  differ- 
ential equations  of  the  curve  of  equilibrium  of  a  flexible  string  or 
chain.  Let  p  be  the  density  of  the  chain  so  that  pAs  is  the  mass  of 
the  length  As;  let  A'  and  }'  be  the  components 
of  the  force  (estimated  per  unit  mass)  acting  on 
the  elements  of  the  chain.  Let  T  denote  the 
tension  in  the  chain,  and  t  the  inclination  of 
the  element  of  chain.  From  the  figure  it  then 
appears  that  the  components  of  all  the  forces 
acting  on  A.s  are 

(r  +  AT)  cos  (t  +  At)  —  r cos  t  +  A'pAs  =  0, 
(r  4-  AT)  sin  (t  +  At)  -  T  sin  t  +  l>As  =  0 ; 

for  these  must  be  zero  if  the  element  is  to  be  in  a  position  of  equi- 
librium.   The  equations  may  be  ■written  in  the  form 

A  (r  cos  t)  +  A'pAs  =  0,         A (T  sin  t)  +  TpAs  =  0 ; 

and  if  they  now  be  divided  by  As  and  if  As  te  allowed  to  approach 
zero,  the  result  is  the  two  equations  of  equilibrium 


rf)  +  ,.  =  o. 


ds\     ds  j  '  ds\      (Is/ 

where  cos  t  and  sin  t  are  replaced  by  their  values  dx/ds  and  dy/ds. 


(4) 


If  the  string  is  acted  on  only  by  forces  parallel  to  a  given  direction,  let  the 
j/-axis  be  taken  as  parallel  to  that  direction.  Then  the  component  X  will  be  zero 
and  the  first  equation  may  be  integrated.   The  result  is 


(^l)-' 


ds 


dx 


This  value  of  T  may  be  substituted  in  the  second  equation.  There  is  thus  obtained 
a  difEerential  equation  of  the  second  order 


ds\    dx/      '^ 


Vi  +  r' 


+  pY  =  0. 


(40 


r+AT 


If  this  equation  can  be  integrated,  the  form  of  the  curve 
of  equilibrium  may  be  found. 

Another  problem  of  a  different  nature  in  strings  Is  to 
consider  the  variation  of  the  tension  in  a  rope  wound  around 
a  cylinder  without  overlapping.  The  forces  acting  on  the 
element  As  of  the  rope  are  the  tensions  T  and  T+  AT,  the 
normal  pressure  or  reaction  B  of  the  cylinder,  and  the  force 
of  friction  which  is  proportional  to  the  pressure.  It  will 
be  assumed  that  the  normal  reaction  lies  in  the  angle  A0  and  that  the  coefficient 
of  friction  is  m  so  that  the  force  of  friction  is  fiR.  The  components  along  the  radius 
and  along  the  tangent  are 
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(T  +  AT)  sin  A0  -  K  cos  («A0)  -  iiR  sin  (SA.^)  =  0,  0  <  9  <  1, 
(T  +  AT)  cos  A0  +  i^  sin  (gA<t>)  -  ii.lt  cos  (SA.^)  -7  =  0. 
Now  discard  all  infinitesimals  except  those  of  the  first  order.  It  must  be  borne  in 
mind  that  the  pressure  R  is  the  reaction  on  the  infinitesimal  arc  As  and  hence  is 
itself  infinitesimal.  The  substitutions  are  therefore  Td<t>  for  (T  +  AT)  sin  A<t>,  R  for 
R  cos  eA0,  0  for  R  sin  OA-p,  and  T  +  dT f or  ( T  +  AT)  cos  A0.  The  equations  there- 
fore reduce  to  two  simple  equations 

Td<t>-  R  =  0,        dT~,iR  =  0, 
from  which  the  unknown  R  may  be  eliminated  with  the  result 
dT  =  tiTd<p    or     T  =  Cei^*    or     T  =  T„ei^, 

where  T,,  is  the  tension  when  4>  is  0.  The  tension  therefore  runs  up  exponentially 
and  affords  ample  explanation  of  why  a  man,  by  winding  a  rope  about  a  post,  can 
readily  hold  a  ship  or  other  object  exerting  a  great  force  at  the  other  end  of  the 
rope.  If  /n  is  1/3,  three  turns  about  the  post  will  hold  a  force  535  r„,  or  over  25 
tons,  if  the  man  exerts  a  force  of  a  hundredweight. 

84.  If  a  constant  mass  m  is  moving  along  a  line  under  the  influence 
of  a  force  F  acting  along  the  line,  Newton's  Second  Law  of  Motion  (p.  13) 
states  the  problem  of  the  motion  as  the  differential  equation 

(Px 
mf=F    or     m^  =  F  (5) 

of  the  second  order ;  and  it  therefore  appears  that  the  complete  solution 
of  a  problem  in  rectilinear  motion  requires  the  integration  of  this  equa- 
tion.   The  acceleration  may  be  written  as 

_  dv  _  dv  dx dv 

•'  ~  dt~  dx  dt  ~  ^  dx^ 

and  hence  the  equation  of  motion  takes  either  of  the  forms 

dv       „  dv       ^  _,^ 

m-—  =  F    or     mv  -r  =  F.  (5') 

dt  dx  ^    ■' 

It  now  appears  that  there  are  several  cases  in  which  the  first  integration 
may  be  performed.  For  if  the  force  is  a  function  of  the  velocity  or  of 
the  time  or  a  product  of  two  such  functions,  the  variables  are  separated 
in  the  first  form  of  the  equation ;  whereas  if  the  force  is  a  function  of 
the  velocity  or  of  the  coordinate  a;  or  a  product  of  two  such  functions, 
the  variables  are  separated  in  the  second  form  of  the  equation. 

When  the  first  integration  is  performed  according' to  either  of  these 
methods,  there  will  arise  an  equation  between  the  velocity  and  either 
the  time  t  or  the  coordinate  x.  In  this  equation  will  be  contained  a 
constant  of  integration  which  may  be  determined  by  the  initial  condi- 
tions, that  is,  by  the  knowledge  of  the  velocity  at  the  start,  whether  in 
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time  or  in  position.  Finally  it  will  be  possible  (at  least  theoretically) 
to  solve  the  equation  and  express  the  velocity  as  a  function  of  the  time 
t  or  of  the  position  x;  as  the  ease  may  be,  and  integrate  a  second  time. 
The  carrying  through  in  practice  of  this  sketch  of  the  work  will  be 
exemplified  in  the  following  two  examples. 

Suppose  a  particle  of  mass  m  is  projected  vertically  upward  with  the  velocity  V. 
Solve  the  problem  of  the  motion  under  the  assumption  that  the  resistance  of  the 
air  varies  as  the  velocity  of  the  particle.  Let  the  distance  be  measured  vertically 
upward.  The  forces  acting  on  the  particle  are  two,  —  the  force  of  gravity  which  is 
the  weight  W  =  mg,  and  the  resistance  of  the  air  which  is  kv.  Both  these  forces 
are  negative  because  they  are  directed  toward  diminishing  values  of  z.   Hence 

mf  =  —  mg  —  kv     or    m  —  =  —  mg  —  kv, 
dt 

where  the  first  form  of  the  equation  of  motion  has  been  chosen,  although  in  this 
case  the  second  form  would  be  equally  available.   Then  integrate. 


dv 


k 
g  +  -i> 
m 


(k    \           k 
g  +  —  v)  = 1+  C. 
ml          VI 


As  by  the  initial  conditions  v  =  V  when  t  =  0,  the  constant  C  is  found  from 

log  (j,  +  -  r\  =  -  -  0  +  C  ;    hence 
\        ml  m 


k 
*:  ,A  *:  „  .   „      ,^ m 

9  +  -V 
m 


is  the  relation  between  v  and  t  found  by  substituting  the  value  of  C.  The  solution 
for  V  gives 

dx      /m     ,   „\   -^'      m 
'=di=\-k'^n'  -k'- 

W/"*         .     tA     -|'         '"     .     .     f 

If  the  particle  starts  from  the  origin  x  =  0,  the  consUnt  C  is  found  to  be 

Hence  the  position  of  the  particle  is  expressed  in  terms  of  the  time  and  the  prob- 
lem is  solved.  If  it  be  desired  to  find  the  time  which  elapses  before  the  particle 
comes  to  rest  and  starts  to  drop  back,  it  is  merely  necessary  to  substitute  »  =  0  in 
the  relation  connecting  the  velocity  and  the  time,  and  solve  for  the  time  t=  T; 
and  if  this  value  of  t  be  substituted  in  the  expression  for  i,  the  total  distance  A' 
covered  in  the  ascent  will  be  found.   The  results  are 

^'X'-iA  -eyTi'--''-^-^'-)]- 

As  a  second  example  consider  the  motion  of  a  particle  vibrating  up  and  down 
at  the  end  of  an  elastic  string  held  in  the  field  of  gravity.    By  Hooke's  Law  for 


188  DIFFERENTIAL  EQUATIONS 

elastic  strings  the  force  exerted  by  the  string  is  proportional  to  the  extension  of 
the  string  over  its  natural  length,  that  is,  F  =  kM.  Let  I  be  the  length  of  the  string, 
Afli  the  extension  of  the  string  just  sufacient  to  hold  the  weight  W=mgM.  rest  so 
that  k\l  =  mg,  and  let  x  measured  downward  be  the  additional  extension  of  the 
string  at  any  instant  of  the  motion.  The  force  of  gravity  vm  is  positive  and  the 
force  of  elasticity  —  *  {\l  +  x)  is  negative.  The  second  form  of  the  equation  of 
motion  is  to  be  chosen^  Hence 

5  —  =  mg  —  k  (AJ  +  x)     or    mv  — 
dx  ax 

Then  mvdv  =  —  kxdx    or    rmfi  =  —  kx'^  +  C. 

Suppose  that  i  =  a  is  the  amplitude  of  the  motion,  so  that  when  x  =  a  the  velocity 
0  =  0  and  the  particle  stops  and  starts  back.   Then  C  =  ka^.    Hence 


mv—  =  mg  —  k  (A„Z  +  x)     or    mv—  =  —  kx,     since    mg  =  kAgl. 


and  sin-i  _  =  \  —  t+C    or    x  =  a  sin 


Now  let  the  time  be  measured  from  the  instant  when  the  particle  passes  through 
the  position  x  =  0.  Then  C  satisfies  the  equation  0  =  a  sin  C  and  may  be  taken  as 
zero.  The  motion  is  therefore  given  by  the  equation  x  =  asinVk/m,t  and  is 
periodic.  While  t  changes  by  2  tt  Vm/k  the  particle  completes  an  entire  oscilla- 
tion. The  time  T  =  2  ir  Vm/k  is  called  the  periodic  time.  The  motion  considered 
in  this  example  is  characterized  by  the  fact  that  the  total  force  —  fcc  is  propor- 
tional to  the  displacement  from  a  certain  origin  and  is  directed  toward  the  origin. 
Motion  of  this  sort  is  called  simple  harmonic  mation  (briefly  S.  H.  M.)  and  is  of 
great  importance  in  mechanics  and  physics. 

EXERCISES 

1.  The  sum  of  $100  is  put  at  interest  at  4  per  cent  per  annum  under  the  condition 
that  the  interest  shall  be  compounded  at  each  instant.  Show  that  the  sum  will 
amount  to  $200  in  17  yr.  4  mo.,  and  to  81000  in  57J  yr. 

2.  Given  that  the  rate  of  decomposition  of  an  amount  x  of  a  given  substance  is 
proportional  to  the  amount  of  the  substance  remaining  undecomposed.  Solve  the 
problem  of  the  decomposition  and  determine  the  constant  of  integration  and  the 
physical  constant  of  proportionality  if  x  =  5.11  when  t  =  0  and  x  =  1.48  when 
t  =  40  min.    Ans.  k  =  .0309. 

3.  A  substance  is  undergoing  transformation  into  another  at  a  rate  which  is 
assumed  to  be  proportional  to  the  amount  of  the  substance  still  remaining  untrans- 
formed.  If  that  amount  is  35.6  when  f  =  1  hr.  and  13.8  when  t  =  4  hr.,  determine 
the  amount  at  the  start  when  t  =  0  and  the  constant  of  proportionality  and  find 
how  many  hours  will  elapse  before  only  one-thousandth  of  the  original  amount 
will  remain. 

4.  If  the  activity  .4  of  a  radioactive  deposit  is  proportional  to  its  rate  of 
diminution  and  is  found  to  decrease  to  ^  its  initial  value  in  4  days,  show  that  A 
satisfies  the  equation  A/A^,  =  e-o.ira?. 
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5.  Suppose  that  amounts  a  and  6  respectively  of  two  substances  are  involved  in 
a  reaction  in-which  the  velocity  of  transformation  dx/dt  is  proportional  to  the  prod- 
uct (a  —  j)  (6  —  i)  of  the  amounts  remaining  untransformed.  Integrate  on  the 
supposition  that  a^b. 

t 


log  -^ — ^  =(a-b)kt;    and  if     393 
"<''-')  1265 


0.4866 
0.3879 


0.2342 
0.1364 


determine  the  product  k{a  —  b). 

6.  Integrate  the  equation  of  Ex.  6  if  a  =  6,  and  determine  a  and  k  it  x  =  9.87 
when  t  =  16  and  x  =  13.69  when  t  =  55. 

7.  If  the  velocity  of  a  chemical  reaction  in  which  three  substances  are  involved 
is  proportional  to  the  continued  product  of  the  amounts  of  the  substances  remaining, 
show  that  the  eijuation  between  x  and  the  time  is 

,,   .  =  —  w,     where     -i  , 

(a-b)(b-c){c-a)  \t  =  0. 

8.  Solve  Ex.  7  if  a  =  b  jt  c  ;  also  when  a  =  b  =  c.  Note  the  very  difierent 
forms  of  the  solution  in  the  three  cases. 

9.  The  rate  at  which  water  runs  out  of  a  tank  through  a  small  pipe  issuing 
horizontally  near  the  bottom  of  the  tank  is  proportional  to  the  square  root  of  the 
height  of  the  surface  of  the  water  above  the  pipe.  If  the  tank  is  cylindrical  and 
half  empties  in  30  min.,  show  that  it  will  completely  empty  in  about  100  min. 

10.  Discuss  Ex.  9  in  case  the  tank  were  a  right  cone  or  frustum  of  a  cone. 

11.  Consider  a  vertical  column  of  air  and  assume  that  the  pressure  at  any  level 
is  due  to  the  weight  of  the  air  above.  Show  thatp  =p„e-**  gives  the  pressure  at 
any  height  h,  if  Boyle's  Law  ttat  the  density  of  a  gas  varies  as  the  pressure  be  used. 

12.  Work  Ex.  11  under  the  assumption  that  the  adiabatic  law  pxp^*  repre- 
sents the  conditions  in  the  atmosphere.  Show  that  in  this  case  the  pressure  would 
become  zero  at  a  finite  height.  (If  the  proper  numerical  data  are  inserted,  the 
height  turns  out  to  be  about  20  miles.  The  adiabatic  law  seems  to  correspond 
better  to  the  facts  than  Boyle's  Law.) 

13.  Let  I  be  the  natural  length  of  an  elastic  string,  let  Ai  be  the  extension,  and 
assume  Hooke's  Law  that  the  force  is  proportional  to  the  extension  in  the  form 
A/  =  klF.  Let  the  string  be  held  in  a  vertical  position  so  as  to  elongate  under  its 
own  weight  W.   Show  that  the  elongation  is  JtlC;. 

14.  The  density  of  water  under  a  pressure  of  p  atmospheres  is  p  =  1  +  0.00004;). 
Show  that  the  surface  of  an  ocean  six  miles  deep  is  about  600  ft.  below  the  position 
it  would  have  if  water  were  incompressible. 

15.  Show  tliat  the  equations  of  the  curve  of  equilibrium  of  a  string  or  chain  are 

ii^>'-'-  IK*)--- 

in  polar  coordinates,  where  R  and  *  are  the  components  of  the  force  along  the 
radius  vector  and  perpendicular  to  it. 
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16.  Show  that  dT  +  pSds  =  0  and  T  +  pRN  =  0  are  the  equations  of  equilib- 
rium of  a  string  if  R  is  the  radius  of  curvature  and  S  and  N  are  the  tangential  and 
normal  components  of  the  forces. 

17.*  Show  that  when  a  uniform  chain  is  supported  at  two  points  and  hangs  down 
between  the  points  under  its  own  weight,  the  curve  of  equilibrium  is  the  catenary. 

18.  Suppose  the  mass  dm  of  the  element  ds  of  a  chain  is  proportional  to  the  pro- 
jection dx  oi  ds  on  the  z-axis,  and  that  the  chain  hangs  in  the  field  of  gravity. 
Show  that  the  curve  is  a  parabola.  (This  is  essentially  the  problem  of  the  shape 
of  the  cables  in  a  suspension  bridge  when  the  roadbed  is  of  uniform  linear  density  ; 
for  the  weight  of  the  cables  is  negligible  compared  to  that  of  the  roadbed.) 

19.  It  is  desired  to  string  upon  a  cord  a  great  many  uniform  heavy  rods  of 
varying  lengths  so  that  when  the  chord  is  hung  up  with  the  rods  dangling  from  it 
the  rods  will  be  equally  spaced  along  the  horizontal  and  have  their  lower  ends  on 
the  same  level.  Required  the  shape  the  chord  will  take.  (It  should  be  noted  that 
the  shape  must  be  known  before  the  rods  can  be  cut  in  the  proper  lengths  to  hang 
as  desired.)   The  weight  of  the  chord  may  be  neglected. 

20.  A  ma.sonry  arch  carries  a  horizontal  roadbed.  On  the  assumption  that  the 
material  between  the  arch  and  the  roadbed  is  of  uniform  density  and  that  each 
element  of  the  arch  supports  the  weight  of  the  material  above  it,  find  the  shape  of 
the  arch. 

21.  In  equations  (4')  the  integration  may  be  carried  through  in  terms  of  quadra^ 
tures  if  pY  is  a  function  of  if  alone  ;  and  similarly  in  Ex.  15  the  integration  may  be 
carried  through  if  *  =  0  and  pE  is  a  function  of  r  alone  so  that  the  field  is  central. 
Show  that  the  results  of  thus  carrying  through  the  integration  are  the  formulas 

Cdy  r  Cdr/r 


x+  C 


J    ^(fpYdyf-C^  J   ^(fpRdrf-C^ 


22.  A  particle  falls  from  rest  through  the  air,  which  is  assumed  to  offer  a  resist- 
ance proportional  to  the  velocity.  Solve  the  problem  with  the  initial  conditions 
V  =  0,  X  =  0,t  =  0.  Show  that  as  the  panicle  falls,  the  velocity  does  not  increase 
indefinitely,  but  approaches  a  definite  limit  V  =  mg/k. 

23.  Solve  Ex.  22  with  the  initial  conditions  v  =  v^,  x  =  0,  t  =  0,  where  Vg  is 
greater  than  the  limiting  velocity  V.  Show  that  the  particle  slows  down  as  it  falls. 

24.  A  particle  rises  through  the  air,  which  is  assumed  to  resist  proportionally  to 
the  square  of  the  velocity.   Solve  the  motion. 

25.  Solve  the  problem  analogous  to  Ex.  24  for  a  falling  particle.  Show  that 
there  is  a  limiting  velocity  T'  =  Vmg/k.  If  the  particle  were  projected  down  with 
an  initial  velocity  greater  than  V,  it  would  slow  down  as  in  Ex.  23. 

26.  A  particle  falls  towards  a  point  which  attracts  it  inversely  as  the  square  of  the 
distance  and  directly  as  its  mass.  Find  the  relation  between  x  and  t  and  determine 
the  total  time  T  taken  to  reach  the  center.    Initial  conditions  v  =  0,  x  =  a,  t  =  0. 

^l^,      a       _i2jr.-a        / ;  „         ,-h/a\i 

\ —  t  =  -  cos +  Vox  —  x^,         2'  =  irfc    -  i  -  I  . 

^  a         2  a  \2/ 

*  Exercises  17-20  should  be  worked  ab  initio  by  the  method  by  which  (4)  were  derived, 
not  by  applying  (4)  directly. 
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27.  A  particle  starts  from  the  origin  with  a  velocity  V  and  moves  in  a  medium 

which  resists  proportionally  to  the  velocity.    Find  the  relations  between  velocity 

and  distance,  velocity  and  time,  and  distance  and  time  ;  also  the  limiting  distance 

traversed. 

-£, 
v=V—lcx/m,         v=Vc   "'  ,         kx  =  mV(l-c    "■  ),         mV/k. 

28.  Solve  Ex.  27  under  the  assumption  that  the  resistance  varies  as  Vv. 

29.  A  particle  falls  toward  a  point  which  attracts  inversely  as  the  cube  of  the 
distance  and  directly  as  the  mas.s.  The  initial  conditions  are  i  =  a,  »  =  0,  t  =  0. 
Show  that  j^  =  (|2  —  kf/a^  and  the  total  time  of  descent  is  T  =  a^/y/k. 

30.  A  cylindrical  spar  buoy  stands  vertically  in  the  water.  The  buoy  is  pressed 
down  a  little  and  released.  Show  that,  if  the  resistance  of  the  water  and  air  be 
neglected,  the  motion  is  simple  harmonic.  Integrate  and  determine  the  constants 
from  the  initial  conditions  j  =  0,  m  =  F,  t  =  0,  where  x  measures  the  displacement 
from  the  position  of  equilibrium. 

31.  A  particle  slides  down  a  rough  inclined  plane.  Determine  the  motion.  Note 
that  of  the  force  of  gi-avity  only  the  component  mg  sin  i  acts  down  the  plane, 
whereas  the  component  mg  cos  i  acts  perpendicularly  to  the  plane  and  develops  the 
force  f/Ling  co.s  ;  of  friction.  Here  t  is  the  inclination  of  the  plane  and  /i  is  the 
coefficient  of  friction. 

32.  A  bead  is  free  to  move  upon  a  frictionless  wire  in  the  form  of  an  inverted 
cycloid  (vertex  down).  Show  that  the  component  of  the  weight  along  the  tangent 
to  the  cycloid  is  proportional  to  the  distance  of  the  particle  from  the  vertex.  Hence 
determine  the  motion  as  simple  harmonic  and  fix  the  constants  of  integration  by 
the  initial  conditions  that  the  particle  starts  from  rest  at  the  top  of  the  cycloid. 

33.  Two  equal  weights  are  hanging  at  the  end  of  an  elastic  string.  One  drops 
off.   Determine  completely  the  motion  of  the  particle  remaining. 

34.  One  end  of  an  elastic  spring  (such  as  is  used  in  a  spring  balance)  is  attached 
rigidly  to  a  point  on  a  horizontal  table.  To  the  other  end  a  particle  is  attached. 
If  the  particle  be  held  at  such  a  point  that  the  spring  is  elongated  by  the  amount 
a  and  then  released,  determine  the  motion  on  the  assumption  that  the  coefficient 
of  friction  between  the  particle  and  the  Uble  is  fi ;  and  discuss  the  possibility  of 
different  cases  according  as  the  force  of  friction  is  small  or  large  relative  to  the 
force  exerted  by  the  spring. 

85.  Lineal  element  and  differential  equation.  The  idea  of  a  curve 
as  made  up  of  the  points  upon  it  is  familiar.  Points,  however,  have  no 
extension  and  therefore  must  be  regarded  not  as  pieces  of  a  curve  but 
merely  as  positions  on  it.  Strictly  speaking,  the  pieces  of  a  curve  are 
the  elements  As  of  arc ;  but  for  many  purposes  it  is  convenient  to  re- 
place the  complicated  element  As  by  a  piece  of  the  tangent  to  the  curve 
at  some  point  of  the  arc  As,  and  from  this  point  of  view  a  curve  is  made 
up  of  an  infinite  number  of  infinitesimal  elements  tangent  to  it.  This 
is  analogous  to  the  point  of  view  by  which  a  curve  is  regarded  as  made 
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up  of  an  infinite  number  of  infinitesimal  chords  and  is  intimately  related 
to  the  conception  of  the  curve  as  the  envelope  of  its  tangents  (§  65). 
A  point  on  a  curve  taken  with  an  infinitesimal  portion  of  the  tangent 
to  the  curve  at  that  point  is  called  a  lineal  element  of  the  curve.  These 
concepts  and  definitions  are  clearly  equally  available  in  two  or  three 
dimensions.  For  the  present  the  curves  under  dis- 
cussion will  be  plane  curves  and  the  lineal  elements 


will  therefore  all  lie  in  a  plane.  Axyp) 

To  specify  any  particular  lineal  element  three 
coordinates  x,  y,  p  will  be  used,  of  which  the  two  (r,  ij)  determine  the 
point  through  which  the  element  passes  and  of  which  the  third  p  is 
the  slope  of  the  element.  If  a  curve  /(jr.,  y)  =  0  is  given,  the  slope  at 
any  point  may  be  found  by  differentiation, 

l>  =  ~r         '^     ~'  (6) 

<lx  0x1    oij  ^  ' 

and  hence  the  third  coordinate  jJ  of  the  lineal  elements  of  this  particular 
curve  is  expressed  in  terms  of  the  other  two.  If  in  place  of  one  curve 
fix,  y)  =  0  the  whole  family  of  curves  f(x,  y)  =  C,  where  C  is  an 
arbitrary  constant,  had  been  given,  the  slope  p  would  still  be  found 
from  (6),  and  it  therefore  appears  that  the  third  coordinate  of  the  lineal 
elements  of  such  a  family  of  curves  is  expressible  in  terms  of  x  and  y. 
In  the  more  general  case  where  the  family  of  curves  is  given  in  the 
unsolved  form  F{x,  y,  C)  =  0,  the  slope  ^j  is  found  by  the  same  formula 
but  it  now  depends  apparently  on  C  in  addition  to  on  x  and  y.  If,  how- 
ever, the  constant  C  be  eliminated  from  the  two  equations 

F(x,  2/,  C)  =  0     and     ~  +  ^p  =  0,  (7) 

ox        Oy  ^  ' 

there  will  arise  an  eqiiation  ^(x,  y,  2j)  =  0  which  connects  the  slojie^y 
of  any  curve  of  the  family  with  the  coordinates  (x,  y)  of  any  point 
through  which  a  curve  of  the  family  passes  and  at  which  the  slope  of 
that  curve  is  p.  Hence  it  appears  that  the  three  coordinates  (x,  y,p)  of 
the  lineal  elements  of  all  the  curves  of  a  family  are  connected  by  an  equa^ 
tion  4>(.r,  y,  p)  =  0,  just  as  the  coordinates  {x,  y,  z)  of  the  points  of  a 
surface  are  connected  by  an  equation  *(a;,  y,  z)  =  0.  As  the  equation 
<b{x,  y,  g)  =  0  is  called  the  equation  of  the  surface,  so  the  equation 
*(^)  y,P)=0  is  called  the  equation  of  the  family  of  curves  ;  it  is,  liow- 
ever,  not  the  finite  equation  F(x,  y,  C)  =  0  but  the  differential  equation 
of  the  family,  because  it  involves  the  derivative  p  =  dy/dx  of  y  by  x 
instead  of  the  parameter  C. 
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As  an  example  of  the  elimination  of  a  constant,  consider  the  case  of  the  parabolas 
j/2  =  Cx    or     2/Vx  =  C. 
The  differentiation  of  the  equation  in  tlie  second  form  gives  at  once 

-  y'^/x"^  +  2  yp/x  =  0     or     ;/  =  2  xp 
as  the  differential  equation  of  the  family.    In  the  unsolved  form  the  work  is 

•iyp  =C,  j/2  =  2ypx,  y  =  2xp. 
The  result  is,  of  course,  the  same  in  either  case.  For  the  family  here  treated  it 
makes  little  difference  vfhich  method  is  followed.  As  a  general  rule  it  is  perhaps 
best  to  solve  for  the  constant  if  the  solution  is  simple  and  leads  to  a  simple  form 
of  the  function  /(x,  y) ;  wliereas  if  the  solution  is  not  simple  or  the  form  of  the 
function  is  complicated,  it  is  best  to  differentiate  first  because  the  differentiated 
equation  may  be  simpler  to  solve  for  the  constant  than  the  original  equation,  or 
because  the  elimination  of  the  constant  between  the  two  equations  can  be  con- 
ducted advantageously. 

If  an  equation  *  {x,  y,p)  =  (i  connecting  the  three  coordinates  of  the 
lineal  element  be  given,  the  elements  which  satisfy  the  equation  may 
Iw  plotted  much  as  a  surface  is  plotted ;  that  is,  a  pair  of  values  (x,  y) 
may  be  assumed  and  substituted  in  the  equation,  the  equation  may  then 
be  solved  for  one  or  more  values  of  p,  and  lineal  elements  with  these 
values  of  ^)  may  be  drawn  through  the  point  {x,  ij).  In  this  manner  the 
elements  through  as  many  points  as  desired  may  be  found.  The  de- 
tached elements  are  of  interest  and  significance  chiefly  from  the  fact 
that  they  can  be  assembled  into  curves,  — in  fact,  into  the  curves  of  a 
family  F{x,  y,  C)  =  0  of  which  the  equation  *(«,  y,  p)  =  0  is  the  differ- 
ential equation.  This  is  the  converse  of  the  problem  treated  above  and 
requires  the  integration  of  the  differential  equation  *  (x,  y,p)=0  for  its 
solution.  In  some  simple  cases  the  assembling  may  be  accomplished 
intuitively  from  the  geometric  properties  implied  in  the  equation,  in 
other  cases  it  follows  from  the  integration  of  the  equation  by  analytic 
means,  in  other  cases  it  can  be  done  only  approximately  and  by  methods 
of  computation. 

As  an  example  of  intuitively  assembling  the  lineal  elements  into  curves,  take 


Vr'^- 
*  (-t,  I/,  P)  =  yV  +  y'^—  r-  =  (i    or    p=  ± 


The  quantity  Vr-  —  y'^  may  be  interpreted  as  one  leg  of  a  right  triangle  of  which 
y  is  the  other  leg  and  r  the  hypotenuse.  The  slope  of  the  hypotenuse  is  then 
±  y/  Vr'^  —  y'^  according  to  the  position  of  the  figure,  and  the  differential  equation 
*  (-f  1  Vi  P)  =  0  states  that  the  coordinate  p  of  the  lineal  element  which  satisfies  it 
is  the  negative  reciprocal  of  this  slope.  Hence  the  lineal  element  is  perpendicular 
to  the  hypotenuse.  It  therefore  appears  that  the  lineal  elements  are  tangent  to  cir- 
cles of  radius  r  described  about  points  of  the  x-axis.   The  equation  of  these  circles  is 
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(x  —  C)2  +  y2  =  r^,  and  this  is  therefore  the  integral  of  the  diSerential  equation. 
The  correctness  of  this  integral  may  be  checked  by  direct  integration.   For 


dy  V  r'  —  y^  ydy  .  /—; 5  „ 

p  =  -^=  ± ?-    or         "  "       =dx    or     Vr-  -y^  =  z-  C. 

dx  y  Vr2  —  y- 

86.  In  geometric  problems  which  relate  the  slope  of  the  tangent  of  a 
curve  to  other  lines  in  the  figure,  it  is  clear  that  not  the  tangent  but 
the  lineal  element  is  the  vital  thing.  Among  such  problems  that  of  the 
orthogonal  trajectories  (or  trajectories  under  any  angle)  of  a  given  family 
of  curves  is  of  especial  importance.  If  two  families  of  curves  are  so 
related  that  the  angle  at  which  any  curve  of  one  of  the  fajnilies  cuts 
anj-  curve  of  the  other  family  is  a  right  angle,  then  the  curves  of  either 
family  are  said  to  be  the  orthogonal  ti-ajectories  of  the  curves  of  the 
other  family.  Hence  at  any  point  (x,  y)  at  which  two  curves  belonging 
to  the  different  families  intersect,  there  are  two  lineal  elements,  one 
belonging  to  each  curve,  which  are  perpendicular.  As  the  slopes  of  two 
perpendicular  lines  are  the  negative  reciprocals  of  each  other,  it  follows 
that  if  the  coordinates  of  one  lineal  element  are  (x,  y,  p)  the  coordinates 
of  the  other  are  {x,  y,  —  1/p) ;  and  if  the  coordinates  of  the  lineal  ele- 
ment (x,  y,  p)  satisfy  the  equation  i>  (x,  y,  p)  =  0,  the  coordinates  of  the 
orthogonal  lineal  element  must  satisfy  *(a-,  y,  —  1/p)  =  0.  Therefore 
the  rule  for  finding  the  orihogonal  trajectories  of  the  curves  F(x,  y,  C)  =0 
is  to  find  first  the  differential  equation  $  (x,  y,p)  =  0  of  the  family,  then 
to  replace  p  by  —  1/p  to  find  the  differential  equation  of  the  orthogonal 
family,  and  finally  to  integrate  this  equation  to  find  the  fam,ily.  It  may 
be  noted  that  if  ^(2)  =  X  (x,  y)  +  iY{x,  y)  is  a  function  oiz  =  x-\-iy 
(§  73),  the  families  X(x,  y)=  C  and  Y{x,  y)  =  K  axe  orthogonal. 

As  a  problem  in  orthogonal  trajectories  find  the  trajectories  of  the  semicubical 
parabolas  (x  —  C)^  _  j^2    xhe  difEerential  equation  of  this  family  is  found  as 

3{x-C)^  =  2yp,        x-C  =  {iyp)i,         Qyp)^  =  y^    or    f  p  =  yi 

This  is  the  differential  equation  of  the  given  family.  Replace  p  hy  —  1/p  and 
integrate : 

-i-  =  V^    or     l  +  ^J>y^  =  0    or    dx  +  -yidy  =  0,     and    x  +  -yi  =  C. 
op  i  2  8 

Thus  the  differential  equation  and  finite  equation  of  the  orthogonal  family  are  found. 
The  curves  look  something  like  parabolas  with  axis  horizontal  and  vertex  toward 
the  right. 

Given  a  differential  equation  ^{x,  y,  p)=0  or,  in  solved  form, 
p  =  <t>  (x,  y) ;  the  lineal  element  affords  a  means  for  obtaining  graphically 
and  num-erically  an  approximutiun  to  the  solution  u-hirh  passes  through 
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ftn  nssigned  point  P^Q''^,  y„)-  For  the  value  p^  oi  p  at  this  point  may  be 
computed  from  the  equation  and  a  lineal  element  I\P^  may  be  drawn, 
the  length  being  taken  small.  As  the  lineal  element  is  tangent  to  the 
curve,  its  end  point  will  not  lie  upon  the  curve  but  will  depart  from  it 
by  an  infinitesimal  of  higher  order.  Next  the  slope  p^  of  the  lineal 
element  which  satisfies  the  equation  and  passes 
through  Pj  may  be  found  and  the  element  P^P^ 
may  be  drawn.  This  element  will  not  be  tangent 
to  the  desired  solution  but  to  a  solution  lying  near 
that  one.  Next  the  element  P^P^  may  be  drawn, 
and  so  on.  The  broken  line  P^P^PJ^^  •is  clearly 
an  approximation  to  the  solution  and  will  be  a  better  approximation 
the  shorter  the  elements  P,P,+i  are  taken.  If  the  radius  of  curvatm'e 
of  the  solution  at  P^  is  not  great,  the  curve  will  be  bending  rapidly  and 
the  elements  must  be  taken  fairly  short  in  order  to  get  a  fair  approx- 
imation ;  but  if  the  radius  of  curvature  is  great,  the  elements  need  not 
be  taken  so  small.  (This  method  of  approximate  graphical  solution 
indicates  a  method  which  is  of  value  in  proving  by  the  method  of 
limits  that  the  equation  p  =  <l>(x,  y)  actually  has  a  solution ;  but  that 
matter  will  not  be  treated  here.) 

Let  it  be  required  to  plot  approximately  that  solution  of  j/p  +  z  =  0  which 
passes  through  (0,  1)  and  thus  to  find  the  ordinate  for  i  =  0.5,  and  the  area  under 
the  curve  and  the  length  of  the  curve  to  this  point.  Instead  of  assuming  the  lengths 
of  the  successive  lineal  elements,  let  the 
lengths  of  successive  increments  Sx  of 
I  be  taken  as  Ji  =  0.1.  At  the  sUrt 
Xj  =  0,  yo  =  li  and  from  p  =  —  x/y  it 
follows  that  p„  =  0.  The  increment  Sy 
of  y  acquired  in  moving  along  the  tan- 
gent is  Sy  =  pSx  —  0.  Hence  the  new 
point  of  departure  (J,,  y^)  is  (0.1, 1)  and 
the  new  slope  is  p,  =  —  x,  /y.^  =  —  0.1. 
The  results  of  the  work,  as  it  is  contin- 
ued, may  be  grouped  in  the  table.  Hence  it  appears  that  the  final  ordinate  is 
y  =  0.90.  By  -adding  up  the  trapezoids  the  area  is  computed  as  0.48,  and  by  find- 
ing the  elements  Ss  =  Vsx"^  +  Sy^  the  length  is  found  as  0.51.  Now  the  particular 
equation  here  treated  can  be  integrated. 

yp  +  x  =  0,        ydy  +  xdx  =  0,        x^  +  y^  =  C,    and  hence    x"  +  y''  =  I 

is  the  solution  which  passes  through  (0,  1).  The  ordinate,  area,  and  length  found 
from  the  curve  are  therefore  0.87,  0.48,  0.52  respectively.  The  errors  in  the 
approximate  results  to  two  places  are  tlierefore  respectively  3,  0,  2  per  cent.  If  Sx 
had  been  chosen  as  0.01  and  four  places  had  been  kept  in  the  computations,  the 
errors  would  have  been  smaller. 


i 

Sx 

Sy 

Xi 

Vi 

Pi 

0 

0. 

1.00 

0. 

1 

0.1 

0. 

0.1 

1.00 

-0.1 

2 

0.1 

-0.01 

0.2 

0.99 

-0.2 

3 

0.1 

-0.02 

0.3 

0.97 

-0.31 

4 

0.1 

-0.03 

0.4 

0.94 

-0.43 

5 

0.1 

-0.04 

0.5 

0.90 

196  DIFFERENTIAL  EQUATIONS 

EXERCISES 

1.  In  the  following  cases  eliminate  the  constant  C  to  hnd  the  differential  equa- 
tion of  the  family  given  : 


(a)  x'  =  iCy+  C\  (/3)  v  =  Ux  +  Vl  -  C^ 

(7)  i2_2/2=Ci,  (5)  y  =  xtan(a;  +  C), 

^    '  a?-  C      li^-V  \dxl  xy  dx 

2.  Plot  the  lineal  elements  and  intuitively  a-ssenible  them  into  the  solution  : 

(a)  j/p  +  X  =  0,         {p)  xr-y  =  0,         (7)  r^  =  1. 

ur 

Check  the  results  by  direct  integration  of  the  differential  equations. 

3.  Lines  drawn  from  the  points  (±  c;,  0)  to  the  lineal  element  are  equally  in- 
clined to  it.  Show  that  the  differential  equation  is  that  of  Ex.  1  (t).  What  are  the 
curves  ? 

4.  The  trapezoidal  area  under  the  lineal  element  equals  the  sectorial  area  formed 
by  joining  the  origin  to  the  extremities  of  the  element  (disregarding  infinitesimals 
of  higher  order),  (a)  Find  the  differential  equation  and  integrate.  (j3)  Solve  the 
same  problem  where  the  areas  are  equal  in  magnitude  but  opposite  in  sign.  What 
are  the  curves  ? 

5.  Find  the  orthogonal  trajectories  of  the  following  families.   Sketch  the  curves. 

(a)  parabolas  2/^  =  2  Cx,  Ann.  ellipses  2x"  +  y-  =  C. 

(/3)  exponentials  y  =  Ce^-^,  Ans.  parabolas  Iky^  +  x  =  C. 

(y)  circles  (j;  —  C)^  +  y'  =  a^,  Ans.  tractrices. 

(5)  i2  -  2/2  =  c^,      (f)  cy^  =  x\      (f)  if  +  2/1  =  ci. 

6.  Show  from  the  answer  to  Ex.  1  (c)  that  the  family  is  self-orthogonal  and 
illustrate  with  a  sketch.  From  the  fact  that  the  lineal  element  of  a  parabola  makes 
equal  angles  with  the  axis  and  with  the  line  drawn  to  the  focus,  derive  the  differ- 
ential equation  of  all  coaxial  confocal  parabolas  and  show  that  the  family  is  self- 
orthogonal. 

7.  If  *  (x,  y,  p)  =  0  is  the  differential  equation  of  a  family,  show 

*(x,2/,ff^)  =  0    and    *(x,2,,f±^)  =  0 
\         1  +  mp/  \       '  1  -  mpj 

are  the  differential  equations  of  the  family  whose  curves  cut  those  of  the  given 
family  at  tan-i  m.   What  is  the  difference  between  these  two  cases  ? 

8.  Show  that  the  differential  equations 

*(J..,,)  =  0    and    *(_..g.,,)  =  o 

define  orthogonal  families  in  polar  coordinates,  and  write  the  equation  of  the  family 
which  cuts  the  first  of  these  at  the  constant  angle  tan-'  m. 

9.  Find  the  orthogonal  trajectories  of  the  following  families.   Sketch. 

(a)  r  =  eC*,         (j3)  r  =  C  (1  -  cos  4>),         (7)  r  =  C0,         (S)  r^  =  C^  cos  2  </>. 
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10.  Recompute  the  approximate  solution  ot  yp  +  x  =  0  under  the  conditions  of 
the  text  but  witli  Sj  =  0.05,  and  carry  the  work  to  tliree  decimals. 

11.  Plot  the  approximate  solution  oip  =  xy  between  (1,  1)  and  the  jz-axis.  Take 
6x  =  —  0.2.  Find  the  ordinate,  area,  and  length.  Check  by  integration  and 
comparison. 

12.  Plot  the  approximate  solution  of  p  =  —  x  through  (1, 1),  taking  Sx  =  0.1  and 
following  the  curve  to  its  intersection  with  the  x-axis.  Find  also  the  area  and  the 
length. 


13.  Plot  the  solution  of  p  =  y/x:'  +  y'^  from  the  point  (0,  1)  to  its  intersection 
with  the  X-axis.   Take  Sx  =  —  0.2  and  find  the  area  and  length. 

14.  Plot  the  solution  of  p  =  s  which  starts  from  the  origin  into  the  first  quad- 
rant (s  is  the  length  of  the  arc).  Take  8x  =  0.1  and  carry  the  work  for  five  steps 
to  find  the  final  ordinate,  the  area,  and  the  length.  Compare  with  the  true  integral. 

87.  The  higher  derivatives  ;  analytic  approximations.  Although  a 
differential  equation  *  (x,  y,  y')  —  0  does  not  determine  the  relation 
between  x  and  y  without  the  application  of  some  process  equivalent  to 
integration,  it  does  afford  a  means  of  computing  the  higher  derivatives 
simply  by  differentiation.    Thus 

(/<!>      d^      di>  d^ 

is  an  equation  which  may  be  solved  for  y"  as  a  function  of  x,  y,  y' ; 
and  y"  may  therefore  be  expressed  in  terms  of  x  and  y  by  means  of 
4>(a-,  y,  y')  =  O!    A  further  differentiation  gives  the  equation 


dx'  ~  ex'  +  ^  dxdy  y  ^"^  dxdy'  ^    ^  0,/^    ^^  dydy'  ^  ^ 


I, ,11 


which  may  be  solved  for  y'"  in  terms  of  x,  y,  y',  y";  and  hence,  by  the 
preceding  results,  y'"  is  expressible  as  a  function  of  x  and  y ;  and  so 
on  to  all  the  higher  derivatives.  In  this  way  any  property  of  the  inte- 
grals of  *(x,  y,y')=0  which,  like  the  radius  of  curvature,  is  expressi- 
ble in  terms  of  the  derivatives,  may  be  found  as  a  function  of  x  and  y. 
As  the  differential  equation  4>(a-,  y,  y')  =  0  defines  y'  and  all  the 
higher  derivatives  as  functions  of  x,  y,  it  is  clear  that  the  values  of  the 
derivatives  may  be.  found  as  y'^,  y'^,  y'o',  •  ■  ■  at  any  given  point  (a-„,  y„). 
Hence  it  is  possible  to  write  the  series 

y  =  2/„  +  y;(x  -  x„)  +  ^  y:(x  -  x„)-^  +  J  y':{x  -  x„)«  -h  •  ■  -  (8) 
If  this  power  series  in  a;  -  x„  converges,  it  defines  y  as  a  function  of 
X  for  values  of  x  near  x„;  it  is  indeed  the  Taylor  development  of  the 
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function  ])  (§  167).    The  convergence  is  assumed.    Then 

y'  =  yo-\-  3/0' (a;  -  --^o)  +  \  y7  i^  -  ■^„)'  +  ■  •  •• 

It  may  be  shown  that  the  function  y  dehned  by  the  series  actually 
satisfies  the  differential  equation  *(a;,  y,  y')  =  0,  that  is,  that 
Q(x)=<S>[x,y^  +  y,(x-x^)  +  \y^{7:-x;f  +  --,y,  +  yo{T-x^)  +  ---\  =  () 

for  all  values  of  x  near  x^.  To  prove  this  accurately,  however,  is  beyond 
the  scope  of  the  present  discussion ;  the  fact  may  be  taken  for  granted. 
Hence  an  analytic  expansion  for  the  integral  of  a  differential  equa- 
tion has  been  found. 

As  an  example  of  computation  with  higher  derivatives  let  it  be  required  to  deter- 
mine the  radius  of  curvature  of  that  solution  ofy'  =  tan  (y/x)  which  passes  through 
(1,  1).    Here  the  slope  j/^  1,  at  (1,  1)  is  Un  1  =  1.567.   The  second  derivative  is 

dx      dx        X  X      £'■ 

From  these  data  the  radius  of  curvature  is  found  to  be 

^^{l±^^^^l^_,        B„,,  =  secl ^ =  3.250. 

y"  X  xy"  —  y  '  tan  1  —  1 

The  equation  of  the  circle  of  curvature  may  also  be  found.  For  as  j^JJ  jj  is  positive, 
the  curve  is  concave  up.  Hence  (1  —  3.250  sin  1,1-1-  3.250  cos  1)  is  the  center  of 
curvature ;  and  the  circle  is 

(I  +  1.735)2  j^(y-  2.757)2  =  (3.250)2. 

As  a  second  example  let  four  terms  of  the  expansion  of  that  integral  of 
X  tan  y"  =  y  which  passes  through  (2,  1)  be  found.  The  differential  equation  may 
be  solved ;  then 

dy  _  t3^„_iM  ^^  _xy'  -y 


dx  W  (ir2      I2  +  J/2 

(Py  ^  (z2  +  y2)(z  -\)y"  +  (3  y2  -x^)y'-  2xyy"^  +  2iy 

dX«  ~  (X2  -I-  2^2)2 

Now  it  must  be  noted  that  the  problem  is  not  wholly  determinate  ;  for  y'  is  multi- 
ple valued  and  any  one  of  the  values  for  tan-'  J  may  be  taken  as  the  slope  of  a 
solution  through  (2, 1).  Suppose  that  the  angle  be  taken  in  the  first  quadrant ;  then 
tan-i  ^  =  0.462.  Substituting  this  in  y",  we  find  y'^^  n  =  ~  0.0152  ;  and  hence  may 
be  found  yjj'  i)  =  0.110.   The  series  for  y  to  four  terms  is  therefore 

y  =  l+  0.462  (I  -  2)  -  0.0076  {x  -  2)2  +  0.018  {x  -  3)3. 

It  may  be  noted  that  it  is  generally  simpler  not  to  express  the  higher  derivatives  in 
tenns  of  x  and  y,  but  to  compute  each  one  successively  from  the  preceding  ones. 

88.  Picard  has  given  a  method  for  the  integration  of  the  equation 
y'  =  <f>(x,  y)  JDy  siicerssim  ap]wo:rlm<itiiin^  which,  although  of  the  highest 
theoretic  value  and  importance,  is  not  particularly  suitable  to  analytic 
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uses  in  finding  an  approximate  solution.  The  method  is  this.  Let  the 
equation  i/'  =  <f>(.f,  //)  be  given  in  solved  form,  and  suppose  {x^,  y )  is 
the  point  through  which  the  solution  is  to  pass.  To  find  the  first 
approximation  let  //  he  held  constant  and  equal  to  i/^,  and  integrate  the 
equation  y'  =  <^(.c,  ,/^).    Thus 

(ly  =  4, (X,  y/„) da:;  y=y^+  C  ^ (j-,  y^) dx  =  /;(x),  (9) 

where  it  will  be  noticed  that  the  constant  of  integration  has  been  chosen 
so  that  the  curve  passes  through  (a-^,  y^.  For  the  second  approximation 
let  y  have  the  value  just  found,  substitute  this  in  <\,  (.z-,  y),  and  integrate 
again.    Then 

y  =  Vo+j    A^,y,+j    <i>{x,y,)dx\dx=flx).  (9') 

With  this  new  value  for  y  continue  as  before.  The  successive  deter- 
minations of  y  as  a  function  of  x  actually  converge  toward  a  limiting 
function  which  is  a  solution  of  the  equation  and  which  passes  through 
(.<■„,  ;/„).  It  may  be  noted  that  at  each  step  of  the  work  an  integration 
is  required.  The  difficulty  of  actually  performing  this  integration  in 
formal  pi-actice  limits  the  usefulness  of  the  method  in  such  cases.  It  is 
clear,  however,  that  with  an  integrating  machine  such  as  the  integraph 
the  method  could  be  applied  as  rapidly  as  the  cui'ves  <^  (x,  fi(x))  could 
l)e  plotted. 

To  see  how  the  method  works,  consider  the  intesration  oi  y'  =  x  +  y  \o  find  the 
integral  through  (1,  1).   For  tlie  first  approximation  y  —  \.   Then 

dj/  =  (i  +  l)da;,        y=\x^-{-x  +  C,        y  =  \x^  +  x  -  \=f^(x). 

From  tliis  value  of  y  the  next  approximation  may  be  found,  and  then  .still  another  : 

dy  =  [x  +  (li-^  +  x-\y\dx,         y  =  \x?  +  x^-\i  +  \=f.J{x), 
dy  =  [x  Jr  f,(x)]dx,  y  =  ^x*  +  ^i'  +  ^x^  +  ^j-  +  ^. 

In  this  case  there  are  no  difficulties  which  would  prevent  any  number  of  appli- 
cations of  the  method.  In  fact  it  is  evident  that  if  3/'  is  a  polynomial  in  x  and  y,  the 
result  of  any  number  of  applications  of  the  method  will  be  a  polynomial  in  i. 

The  method  of  vndetermined  coefficients  may  often  be  employed  to 
advantage  to  develop  the  solution  of  a  differential  equation  into  a 
series.  The  result  is  of  course  identical  with  that  obtained  by  the 
application  of  successive  differentiation  and  Taylor's  series  as  above ; 
the  work  is  sometimes  shorter.  Let  the  equation  be  in  the  form 
y'  =  <l>  (x,  y)  and  assume  an  integral  in  the  form 

.'/  =  y,  +  "i(-«  -  •'•o)  +  «.(^  -  *o)'  +  «»('-  =^0)'  +  •  •  ••       (10) 
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Then  <^  (t,  y)  may  also  be  expanded  into  a  series,  say, 

4,(1;  //)  =  -!„  +  A,(.r.  -  a„)  +  -l,(.r  -  r„)^  +  A^  U  -  .'„)'  +  •  ■  •■ 
But  by  differentiating  the  as.sumed  form  for  y  we  have 

y'  =  a^  +  2  a^{x  -  x„)  +  3  a^{x  -  x^f  +  4  a^{x  -  y^f  +■■■. 

Thus  there  arise  two  different  expressions  as  series  in  .r  —  x^  for  the 
function  y',  and  therefore  the  corresponding  coefficients  must  be  equal. 
The  resulting  set  of  equations 

«i  =  ^o>     ^%  =  '\^     3a3  =  ^2,     4a^  =  X3,     •■•  (11) 

may  be  solved  successively  for  the  undetermined  coefficients  a,,  a^,  a^, 
a^,  •  ■  ■  which  enter  into  the  assumed  expansion.  This  method  is  partic- 
ularly useful  when  the  form  of  the  differential  equation  is  such  that 
some  of  the  terms  may  be  omitted  from  the  assumed  expansion  (see 
Ex.  14). 

As  an  example  in  the  use  of  undetermined  coefficients  consider  that  solution  of 
the  equation  y'  =  Vi^  +  3 y^  which  passes  through  (1,  1).  The  expansion  will  pro- 
ceed according  to  powers  of  x  —  1,  and  for  convenience  the  variable  may  be  changed 
to  (  =  I  —  1  so  that 


^^=^/(t+lf  +  Syi,        y  =  l+  a^t  +  a^f'  +  a,t^  +  a^«*  +  •  •  • 

are  the  equation  and  the  assumed  expansion.   One  expression  for  y'  is 

y'  =  0^  +  2a^t  +  3 aj?  +  \a^^  ■\-  ■  ■  ■ . 

To  find  the  other  it  is  necessary  to  expand  into  a  series  in  t  the  expression 

y'  =  V(l  +  tf  +  3(l  +  a^t  +  a„f^  +  a^t')^. 

If  this  had  to  be  done  by  Maclaurin's  series,  nothing  would  be  gained  over  the 
method  of  §  87  ;  but  in  this  and  many  other  cases  algebraic  methods  and  known 
expansions  may  be  applied  (§  32).  First  square  y  and  retain  only  terms  up  to  the 
third  power.   Hence 

2/-  =  2  Vi  +  i(l  +  3ai)t  +  i(l  +  602  +  3af)<2+  Kaittj-l-  a3)t3. 

Now  let  the  quantity  under  the  radical  be  called  1  +  h  and  expand  so  that 


Finally  raise  h  to  the  indicated  powers  and  collect  in  powers  of  t.   Then 


y' =  2+1(1  + 3a,) 


«2 

+  i  (1-1-6  a, -1-3  of) 
-,>,(l  +  3a.)2 


+  I  (a,02  -I-  a,) 

-,'5(l-|-3a,)(l-l-6a„-|-3ai') 
+  ^j{l  +  3a,f 
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IIoiu-o  the  succeasive  equations  fdi-  deteniiiniii!;;  tlie  coefficients  are  a^  =  2  and 

•J(/,j  =  1(1  +  .S((,)  ova.,  =  I, 

8((,,  =  ^1  +  (i„., +  8,,,-)-  ,1^(1  +  :!„,)■- or  ,r,  =  ]^, 

•t"<  =='5  (",",  +  <',)-  ,'o(l  +  ;^ <',)(!  +  11", +  3 <(,-)  + ^(1  +  3u,)3or,(,  =  \J\. 
Tlierefore  (o  tivc  tcniis  tlio  expansion  desired  is 

!,  =  1  +  ■^Jr  -  ■[)  +  l(x  -  ly^  +  ii(x  -  ly  +  \ll(x  -  ly. 

Tlie  methods  nf  developing  a  solution  by  Taylor's  series  or  by  uii- 
deteriuined  ooefficieiits  ajjply  equally  well  to  e(Hiations  of  higher  order. 
For  example  oonsidev  an  equation  of  the  second  order  in  solved  form 
!/"  =  <f>{-'\  !/,  ,'/')  iiiul  its  derivatives 

cr       cij  cij'  •' 


ex-  cxctj  "^  ixcij' '         CIJ-  '  oidtj'  ■'  •' 


I, ,11 


cif-  cii  CIJ  "^ 

Evidently  the  higher  derivatives  of  j  may  be  obtained  in  terms  of  x, 
I/,  I/';  and-(/  itself  may  be  written  in  the  expanded  form 

,'/  =  .'/o + M-f  -  ■'•o>  +  5  .'/o\-'-  -  j-oV  + 1  //::'{■'■  -  •'■o)"  ..  ox 

+  5'T.'/;.v-*„y  +  ---.     ^  ^^ 

where  any  desired  values  may  be  attributed  to  the  ordinate  y^  at  which 
the  curve  cuts  the  line  .r  =  x^,  and  to  the  slope  /^  of  the  curve  at  that 
point.  Moreover  tl\e  coefficients  //^,',  (z^,",  •  •  ■  are  determined  in  such  a  way 
that  they  depend  on  the  assumed  values  of  //„  and  i/'a-  It  therefore  is 
seen  that  the  solution  (12)  of  the  differential  equation  of  the  second 
order  really  involves  two  arbitiury  constants,  and  the  justitieation  of 
writing  it  as  ]-\x,  ij,  <\,  ('„)  =  0  is  clear. 

In  following  out  the  method  of  undetermined  coefficients  a  solution 
of  the  equation  would  be  assumed  in  the  form 

y  =  ii,  +  .'/o(-'-  -  •'o^  +  "iO*-  -  -^oV'  +%{^-  -'-o)'  +  ".(•'•  -  -'-o)'  +  ■  •  • .  (13) 

from  which  //'  and  ij"  would  be  obtained  by  differentiation.  Then  if  the 
series  for  y  and  y'  be  substituted  in  y"  =  <i,(.r,  y,  //')  and  the  result 
ai'iunged  as  a  series,  a  second  expression  for  //"  is  obtained  and  tlie 
conipai'ison  of  the  coefficients  in  the  two  series  will  afford  a  set  of  equa- 
tions from  which  the  successive  coefficients  may  be  found  in  terms  of 
(/„  and  y'a  by  solution.  These  results  may  clearly  lie  generalized  to  the 
case  of  differential  equations  of  the  7ith  order,  whereof  the  solutions 
will  dejiend  on  n  arbitrary  constants,  namely,  the  values  assumed  for 
y  and  its  tii-st  h  —  1  derivatives  when  x  =  .r^. 
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EXERCISES 

1.  Find  the  radii  and  circles  of  curvature  of  the  solutions  of  the  following  equa- 
tions at  the  points  indicated  : 

(a)  y'  =  Vx2  +  y^  at  (0,  1),  (/3)  j/j/'  +  a;  =  0  at  (a;„,  y^). 

2.  Find  y'(l  „  =  (5  V2  -  2)/4  if  y'  =  V^TV'- 

3.  Given  the  equation  yY^  +  xyy'^  -yy'  +  x''  =  0  of  the  third  degree  in  y'  so 
that  there  will  be  three  solutions  with  different  slopes  through  any  ordinary  point 
(z,  y).   Find  the  radii  of  curvature  of  the  three  solutions  through  (0,  1). 

4.  Find  three  terms  in  the  expansion  of  the  solution  of  y'  =  e^'  about  (2,  }). 

5.  Find  four  terms  in  the  expansion  of  the  solution  of  y  =  \og  sin  xy  about  (^  tt,  1). 

6.  Expand  the  solution  of  y'  =  xy  about  (1,  y„)  to  five  tenns. 

7.  Expand  the  solution  of  y'  =  tan  (y/x)  about  (1,  0)  to  four  terms.  Note  that 
liere  x  should  be  expanded  in  terms  of  y,  not  y  in  terms  of  x. 

8.  Expand  two  of  the  solutions  of  y'-'y'^  +  xyy'^  —  yy'  +  x'^  =  0  about  (—  2,  1) 
to  four  terms. 

9.  Obtain  four  successive  approximations  to  the  integral  of  y'=xy  through  (1, 1). 

10.  Find  four  successive  approximations  to  the  integral  oi  y'  =  x  +  y  through 

(0,  1/o)- 

11.  Show  by  successive  approximations  that  the  integral  oty'  =  y  through  (0,  y^ 
is  the  well-known  y  =  j/^e^. 

12.  Carry  the  approximations  to  the  solution  oi  y'  =  —  x/y  through  (0,  1)  as 
far  as  you  can  integrate,  and  plot  each  approximation  on  the  same  figure  with  the 
exact  integral. 

13.  Find  by  the  method  of  undetermined  coefficients  the  number  of  terms  indi- 
cated in  the  expansions  of  the  solutions  of  these  differential  equations  about  the 
points  given  : 

(a)  y'  =  Vx  +  y,  five  terms,  (0,  1),       (/3)  y'  =  Vx  +  y,  four  terms,  (1,  3), 
(7)  y'  =  x  +  y,n  terms,  (0,  j/„),  (5)  y'  =  VxM^,  four  terms,  (|,  J). 

14.  If  the  solution  of  an  equation  is  to  be  expanded  about  (0,  y^)  and  if  the 
change  of  x  into  —  x  and  ?/  into  —  y'  does  not  alter  the  equation,  the  solution  is 
necessarily  symmetric  with  respect  to  the  y-axis  and  the  expansion  may  be  assumed 
to  contain  only  even  powers  of  x.  If  the  solution  is  to  be  expanded  about  (0,  0) 
and  a  change  of  i  into  —  x  and  y  into  —  y  does  not  alter  the  equation,  the  solution 
is  symmetric  with  respect  to  the  originaand  the  expansion  may  be  assumed  in  odd 
powers.  Obtain  the  expansions  to  four  terms  in  the  following  cases  and  compare 
the  labor  involved  in  the  method  of  undetermined  coefficients  with  that  which 
would  be  involved  in  performing  the  requisite  six  or  seven  differentiations  for  the 
application  of  Maclaurin's  series : 

X 

(a)  /  =  — — =z^  about  (0,  2),  (|3)  y'  =  sin  xy  about  (0,  1), 

Vx2  -I-  2/2 

(y)  y'  =  e^  about  (0,  0),  (5)  y'  =  x^y  +  xy^  about  (0,  0). 

15.  Expand  to  and  including  the  term  x*  : 

(a)  y"  =  y^  +  xy  about  x„  =  0,  Vo  =  "oi  v'o  =  "'i  (^7  ^°t'^  methods), 
(/3)  xy"  +  y'  +  1/  =  0  about  x„  =  0,  j/„  =  %,  y'^=  —a^ (by  und.  coeffs.). 


CHAPTER  VIII 

THE  COMMONER  ORDINARY  DIFFERENTIAL  EQUATIONS 

89.  Integration  by  separating  the  variables.  If  a  differential  equa- 
tion of  the  first  order  may  be  solved  for  y'  so  that 

y'  =  <i>  {x,  y)     or     M{x,  y)  dx  +  N(x,  y)dy  =  0  (1) 

(where  the  functions  <f>,  M,  N  are  single  valued  or  where  only  one  spe- 
cific branch  of  each  function  is  selected  in  case  the  solution  leads  to 
multiple  valued  functions),  the  differential  equation  involves  only  the 
first  power  of  the  derivative  and  is  said  to  be  of  the  first  degree.  If, 
furthermore,  it  so  happens  that  the  functions  <^,  M,  N  are  products  of 
functions  of  x  and  functions  of  y  so  that  the  equation  (1)  takes  the  form 

2/'=.^,(x)<^,(y)     or     M^{x)M^{y)dx  +  N^{x)NJ^y}dy  =  Q,        (2) 

it  is  clear  that  the  variables  may  be  separated  in  the  manner 

-^,-U-)d-     or     |M^,  +  ^,,  =  o,  (2-) 

<^2(y)  '  N^{x)  M^y)    ^         '  ^    '' 

and  the  integration  is  then  immediately  performed  by  integrating  each 
side  of  the  equation.  It  was  in  this  way  that  the  numerous  problems 
considered  in  Chap.  VII  were  solved. 

As  an  example  consider  the  equation  yy'  +  xy^  =  i.   Here 

ydy  +  x(y^—  l)dx  =  0    or      f  ^    +xdx  =  0, 
y^—\ 

and  \\og(y^-\)-\-\x^  =  C    or    {y"^  -  l)e^- =  C. 

The  second  form  of  the  solution  is  found  by  taking  the  exponential  of  both  sides 
of  the  first  form  after  multiplying  by  2. 

In  some  differential  equations  (1)  in  which  the  variables  ai-e  not' 
immediately  separable  as  above,  the  introduction  of  some  change  of 
variable,  whether  of  the  dependent  or  independent  variable  or  both, 
may  lead  to  a  differential  equation  in  which  the  new  variables  are  sepa- 
rated and  the  integration  may  be  accomplished.  The  selection  of  the 
proper  change  of  variable  is  in  general  a  matter  for  the  exercise  of 
ingenuity ;  succeeding  paragraphs,  however,  will  point  out  some  special 
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types  of  equations  for  wliicli  a  definite  type  of  substitution  is  known 
to  accomplisli  the  separation. 


As  an  example  consider  the  equation  xdy  —  ydx  =  x  Vxf+y^dx,  where  the  varia- 
bles  are  clearly  not  separable  without  substitution.  The  presence  of  Vi^  +  y^ 
suggests  a  change  to  polar  coordinates.   The  work  of  finding  the  solution  is  : 

I  =  r  cos  ^,     y  =  r  sin  0,    dx  =  cos  ffdr  —  r  sin  Md,     dy  =  sin  Odr  +  r  cos  9dB ; 

then  xdy- ydx  =  rMB,        x  VzM^  dx  =  T^  cos  dd  (r  cos  9) . 

Hence  the  differential  eijuation  may  be  written  in  the  form 

r'^dff  =  r2  cos  9d  (r  cos  9)     or    sec  9d9=zd(r  cos  9) , 

and  log  tan  {19  +  Jir)  =  r  cos  S  +  C    or    log —  =  x  +  C. 

cos  u 


Hence  i   +  y- +  y  _  ^^        ^^^  substitution  for  9). 

X 

Another  change  of  variable  which  works,  is  to  let  y  =  vx.   Then  the  work  is : 


X (vdx  +  xdv)  —  vxdx  =  i-Vl  +  v'^dx  or  dv  =  Vl  +  v'-dx. 

dv 
Then  ,  =  dx,        sinh-'v  =  x  +  C,        y  =  x  sinh  (x  +  C). 

vl  +  1)'^ 

This  solution  turns  out  to  be  shorter  and  the  answer  appears  in  neater  form  than 
before  obtained.  The  great  difference  of  form  that  may  arise  in  the  answer  when 
different  methods  of  integration  are  employed,  is  a  noteworthy  fact,  and  renders  a 
set  of  answers  practically  worthless  ;  two  solvers  may  frequently  waste  more  time 
in  trying  to  get  their  answers  reduced  to  a  common  form  than  each  would  spend  in 
solving  the  problem  in  two  ways. 

90.  If  in  the  equation  y'  =  <t>  (x,  y)  the  function  i^  turns  out  to  be 
<l>{y/x),  a  function  of  y/x  alone,  that  is,  if  the  functions  M  and  X  are 
homogeneous  functions  of  x,  y  and  of  the  same  order  (§  53),  the  differ- 
ential equation  is  said  to  be  liomogeneous  and  the  change  of  variable 
y  =  vx  or  X  =  ry  will  always  result  in  separating  the  variables.  The 
statement  may  be  tabulated  as  : 


if  -^=<^(^J,         substitute 


y  =  vx 

OT  X  =  vy.  ^  ' 


A  sort  of  corollary  case  is  given  in  Ex.  6  below. 

As  an  example  take  y[l  +  0i)dx  +  ei'{y  —  x)dy  —  O,  of  which  the  homogeneity 
is  perhaps  somewhat  disguised.    Here  it  is  better  to  choose  x  =  vy.    Then 

(1  +  £'■)  dx  +  €'•  (1  —  b)  dj/  =  0    and     dx  =  vdy  +  ydv. 

Hence  (v  +  e")  dy  +  y(l  +  e'')dv  =  0    or    -^  +  ii-^dv  =  0. 

y      V  +  e" 

X 

Hence  log y  +  log  (»  +  e")  =  C    or    x-\-  y0i  =  G. 
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If  the  difiEerential  equation  may  be  arranged  so  that 

^  +  A\(r)  y  =  A-,(t)  ,f     or     ^  +  \\{,ij)  x  =  Y^u)  ^■",  (4) 

where  the  second  form  differs  from  the  first  only  through  the  inter- 
change of  X  and  y  and  where  A'^  and  A^  are  functions  of  x  alone  and 
}'j  and  Y^  functions  of  y,  the  equation  is  called  a  Berrwulll  equation;  and 
in  particular  if  n.  =  0,  so  that  the  dependent  variable  does  not  occur  on 
the  right-hand  side,  the  equation  is  called  linear.  The  substitution 
which  separates  the  variables  in  the  respective  cases  is 

2/ =  ve-A'<^'''^     or     a;  =  re-/^'><">*.  (5) 

To  show  that  the  separation  is  really  accomplished  and  to  find  a  general 
formula  for  the  solution  of  any  Bernoulli  or  linear  equation,  the  sub- 
stitution may  be  carried  out  formally.    For 

ax      ax  ' 

The  substitution  of  this  value  in  the  equation  gives 

—  e-J-f'""  =  A'  I'-e-  "/^'"^     or     —  =  A>"-  ">/-f''"^  rfx. 
dx  '■'  r"  ^ 

Hence  v^-"=  (1  -  n)  jx^e^^-"'>f  ■'''""' dx,     when     n  ^  1,* 

or  y-  »  =  (1  -  n)  e<"  -"/-f.^F  fx/'-  »'/-^"'-  rfxl .  (6) 

There  is  an  analogous  form  for  the  second  form  of  the  equation. 

The  equation  {x'^y^  +  xy)  dy  =  dx  may  be  treated  by  this  method  by  writing  it  as 

—  -yx  =  y'x^    so  that     T,  =  -  y,  Y^  =  y',n  =  2. 
dy 

Then  let  z  =  ve"  /"  """  =  ve^  "' . 

dx  dv  W  ,        \!fl  \u'-      dv  it'' 

Then  _yx  =  — e^     +vye^     -  yve'     =  — e 

dy  dy  dy 

dv  iy'        ,  „   ,  dv       J,  iv^j 

and  —  e^     =y^v^ey'    or    —  =  y»e^    dy, 

dy  v^ 

and  _  1  =(2/2-2)6*"' -I- C    or    1  =  2  -  2/^ -(- Ce~  ^ "'. 

V  X 

This  result  could  have  been  obtained  by  direct  substitution  in  the  formula 
^i-  „  =  (1  _  „)  e^«  -')/  >■'""  [  J  Y/'-  "'/ ' ■•""  d-/] . 

but  actually  to  carry  the  method  through  is  far  more  instructive. 

•  If  (t=l',  the  variables  are  separated  in  the  original  equation. 
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EXERCISES 


1.  Solve  tlie  equations  (variables  immediately  separable) : 

(a)  (l  +  x)y  +  (l-  y)xy'  =  0,  Ans.  xy  =  C'e^-X 


(/3)  a(xdy  +  2ydx)  =  xydy,  (7)  \'l- x^dy +Vl- y^dx  =  0, 

(S)  (1  +  v^)dx-(y  +  Vl  +  y){l  +  x)i dy  =  0. 

2.  By  various  ingenious  clianges  of  variable,  solve  : 

(a)  (X  +  2/)V  =  a\  ^^-  X  +  !/  =  a  tan  (y/a  +  C). 

(|3)  (x  -  y^)  dx  +  2  xs/dv  =  0,  (7)  xdy  -  ydx  =  (x^  +  !/-)  dx, 

(5)  y'  =  X  -  y,  (e)  2/2^'  +  2/2  +  X  +  1  =  0. 

3.  Solve  these  homogeneous  equations  : 

(a)  (2  Vxy  -x)y'  +  y  =  0,  Ans.  Vx/j/  +  log  V  =  C 

•J 
(/S)  xe^  +  2/  —  x/  =  0,  ^ns.  2^  +  x  log  log  C/z  =  0. 

(7)  (x^  +  y^)dy  =  xydx,  (S)  xy'  -  y  =  Vx^  +  yK 

4.  Solve  these  Bernoulli  or  linear  ecjuations  : 

(or)  y'  +  y/x  =  y^,  Ans.  xy  log  Cx  +  1  =  0. 

(P)  y'  —  y  cscx  =  cosx—  1,  ^tis.  y  =  sin  x  +  Ctan  Jx. 

(7)  xy'  +  y  =  y^  log  x,  Ans.  ij-'^  =  log  1  +  1  +  Cx. 

(5)  (1 +  2/^)dx+ (tan-i2/-i)dj/,  (t)  j/dx  +  (axV  -  2  x)  dt/ =  0, 

(i)xy'-ay  =  x+l,  (r,)  yy'  +  I y^  =  cosx. 

5.  Show  that  the  substitution  y  =  vx  always  separates  the  variables  in  the 
homogeneous  equation  2/'  =  0  (y/x)  and  derive  the  general  formula  for  the  integral. 


6.  Let  a  differential  equation  be  reducible  to  the  form 

dv_     la^x  +  hjy  +  c,\  0,62  —  «2''i  7^  0, 

dx  ~     VjX  +  62!/  +  cj '  or    aj&2  -  a^b^  =  0. 

In  case  ajfoj  —  Ojft,  5^  0,  the  two  lines  OjX  +  6|S^  +  c,  =  0  and  a^  +  b^y  +  €^  =  0 
will  meet  in  a  point.  Show  that  a  transformation  to  this  point  as  origin  makes 
the  new  equation  homogeneous  and  hence  soluble.  In  case  a-fi^  —  aj>^  =  0,  the 
two  lines  are  parallel  and  the  substitution  z  =  ttjX  +  b^y  or  z  =  tt,x  +  b^y  will 
separate  the  variables. 

7.  By  the  method  of  Ex.  6  solve  the  etjuations  : 

(or)  (3y-7x  +  7)dx  +  (7(/-3x  +  3)di/  =  0,  An.t.  (?/ -  j  +  1)2(// +  z- 1)' =  C. 

(P)  (2x  +  32/-5)2/'  +  (3i  +  2i/-5)=0,         (7)  (4x  +  32/  +  l)dx+(x  +  j/  +  l)d2/=0, 

(«)  (2x  +  2/)  =  2/'(4x+2  2/-l),  (e)§^  =  (/''^~\y- 

dx      \2  X  —  2  2/  +  1/ 

8.  Show  that  if  the  equation  may  be  written  as  2</"(x2/)  dx  +  x^  (12/)  d2/ =  0, 
where  /  and  g  are  functions  of  the  product  xy,  the  substitution  v  =  xy  will  sepa- 
rate the  variables. 

9.  By  virtue  of  Ex.  8  integrate  the  eciuations  : 

hr)  iy  +  2x2/2-  iV)dj  +  2x^ydy  =  0,  Ans.  x  +  xh/  =  C(l  -  xy). 

(ti)  (2/  +  X2/2) dx  +  (X  -  xhi)  ay  =  0,  (7) '  (1  +  xy) xj/^dx  +  (xy  -  1)  xd;/  =  0. 
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10.  By  any  method  that  is  applicable  solve  the  following.  If  more  than  one 
method  is  applicable,  state  what  methods,  and  any  apparent  reasons  for  choos- 
ing one  : 

(a)  y'  +  ycosx  =  ynsin2x,  (/S)  (2x^y  +  3y^)dx  =  {x^  +  2xy^)dy, 

(7)  (ix  +  2y-l)y'  +  2x  +  y+  1  =  0,     (8)  yy'  +  xy'  =  x, 

(e)  y' sin'y  +  sin xcosy  =  sin x,  (f)  Va^  +  j^^i  -y')  =  x  +  y, 

(v)  {^y^  +  x-'y'^  ^xy+\)y  +  (x^y^  -  x^^  -  xy  +  \)xy\        (e)  y'  =  sin (x  -y), 

_« 
(i)  xydy-y2ctx  =  {x  +  y)^e  ^dx,  («)  (1  -  j/2)(ic  =  axs>(x  +  l)dj/. 

91.  Integrating  factors.  If  the  equation  il/rfcc  +  iVrfy  =  0  by  a  suita- 
ble rearrangement  of  the  terms  can  be  put  in  the  form  of  a  sum  of  total 
differentials  of  certain  functions  11,  t',  ■  •  • ,  say 

du  +  dv  +  ■  ■  ■  =  0,     then     u  +  v  +  ■■■  =  C  (7) 

is  surely  the  solution  of  the  equation.  In  this  case  the  equation  is  called 
an  exact  differential  eqnation.  It  frequently  happens  that  although  the 
equation  cannot  itself  be  so  arranged,  yet  the  equation  obtained  from 
it  by  multiplying  through  with  a  certain  factor  (i{x,  y)  may  be  so 
arranged.  The  factor  ft,  (x,  y)  is  then  called  an  integrating  factor  of  the 
given  equation.  Thus  in  the  case  of  variables  separable,  an  integrating 
factor  is  1/M^N^ ;  for 

^Wi,dx  +  N^N,dy^  =  'JM.a.^EMay  =  o-,      (8) 

and  the  integration  is  immediate.  Again,  the  linear  equation  may  be 
treated  by  an  integrating  factor.   Let 

dy  +  X^ydx  =  X^dx     and     fi  =  e/-^'''^ ;  (9) 

then  eS-^'^'''^dy  +  X^eS-'^''"^ydx  =  ef-^"'^X^dx         .  (10) 

<?[yeA'''^]  =  t'A''^-Y//a-,    and    yef^"'^=jef-^'''^X^dx.       (11) 


or 


In  the  case  of  variables  separable  the  use  of  an  integrating  factor  is 
therefore  implied  in  the  process  of  separating  the  variables.  In  the 
case  of  the  linear  equation  .the  use  of  the  integrating  factor  is  somewhat 
shorter  than  the  use  of  the  substitution  for  separating  the  variables. 
In  general  it  is  not  possible  to  hit  upon  an  integrating  factor  by  inspec- 
tion and  not  practicable  to  obtain  an  integrating  factor  by  analysis,  but 
the  integration  of  an  equation  is  so  simple  when  the  factor  is  known, 
and  the  equations  which  arise  in  practice  so  frequently  do  have  simple 
integrating  factors,  that  it  is  worth  while  to  examine  the  equation  to 
see  if  the  factor  cannot  be  determined  by  inspection  and  trial.  To  aid 
in  the  work,  the  differentials  of  the  simpler  functions  such  as 


208  DIFFERENTIAL  EQUATIONS 

dxy  =  xdy  +  ydx,  i  d  {x-  +  /)  =  xdx  +  ydy, 

^l^xjy-_ydx^  ^tan--^^A^LZ^^  (12) 

x  x'  y  X-+  1/ 

should  be  borne  in  mind. 

Consider  the  equation  (I'e^  —  2mxy^)dz  +  imxhidy  =  0.  Here  the  first  term 
x*e^dx  will  be  a  differential  of  a  function  of  i  no  matter  what  function  of  x  may  be 
assumed  as  a  trial  ^.    With  /j.  =  l/x*  the  equation  takes  the  form 

\  x^        x^  I  x^ 

The  integral  is  therefore  seen  to  be  e'  +  my^/x'^  =  G  without  more  ado.   It  may 
be  noticed  that  this  equation  is  of  the  Bernoulli  type  and  that  an  integration  by 
that  method  would  be  considerably  longer  and  more  tedious  than  this  use  of  an 
integrating  factor. 
Again,  consider  {x  ■\-  y)dx  —  (x  —  y)dy  =  Q  and  let  it  be  written  as 

xdx -^r  ydy  ^- ydx  —  xdy  =  0  ;    try    p.  =\/(x'^  +  y"^); 
then  5^±J^  +  !^^|r^  =  0    or    1  d  log  (x^  +  ,^)  +  d  tan- ?  =  0, 


and  the  integral  is  log  Vi^^T^  +  tan-i  (z/y)  =  C.  Here  the  terms  xdx  +  ydy 
strongly  suggested  x^  +  y"^  and  the  known  form  of  the  differential  of  tan-i  (x/y) 
corroborated  the  idea.  This  equation  comes  under  the  homogeneous  type,  but  the 
use  of  the  integrating  factor  considerably  shortens  the  work  of  integration. 

92.  The  attempt  has  been  to  write  Mdx  +  Ndy  or  /i  {Mdx  +  Ndy) 

as  the  sum  of  total  differentials  du  +  dv  -\ ,  that  is,  as  the  differential 

dF  of  the  function  u  +  v  -\ ,  so  that  the  solution  of  the  equation 

Mdx  +  Ndy  =  0  could  be  obtained  as  F  =  C.  When  the  expressions 
are  complicated,  the  attempt  may  fail  in  practice  even  where  it  theoreti- 
cally should  succeed.  It  is  therefore  of  importance  to  establish  condi- 
tions under  which  a  differential  expression  like  Pdx  +  Qdy  shall  be  the 
total  differential  dF  of  some  function,  and  to  find  a  means  of  obtaining 
F  when  the  conditions  are  satisfied.    This  will  now  be  done. 

dF       •   dF 
Suppose  Pdx  +  Qdy  =  dF  =  Ydx  +  Ydy;  (13) 

then  P  =  — ,         0  =  —  ,        ^P  _  gQ  _  ^F 

8x  dy  dy       dx      dxdy 

Hence  if  Pdx  +  Qdy  is  a  total  differential  dF,  it  follows  (as  in  §  52)  that 
the  relation  P'^  =  q;  must  hold.  Now  conversely  if  this  relation  does 
hold,  it  may  be  shown  that  Pdx  +  Qdy  is  the  total  differential  of  a 
function,  and  that  this  function  is 
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1  r  (14) 

or  F  =  j     <K-'',  !/)'!.'/+ J  !'(■'■,!/,)</..; 

where  the  fixed  value  .r^  or  y^  will  naturally  be  so  chosen  ;is  to  simplify 
the  integrations  as  much  as  possible. 

To  show  that  these  expressions  may  be  taken  as  F  it  is  merely  neces- 
sary to  compute  their  derivatives  for  identification  with  P  and  Q.   Now 

dF     d    c^  ,  d    r  d   r 

These  differentiations,  applied  to  the  first  form  of  F,  require  only  the 
fact  that  the  derivative  of  an  integral  is  the  integrand.  The  first  turns 
out  satisfactorily.  The  second  must  be  simplified  by  interchanging  the 
order  of  differentiation  by  y  and  integration  by  x  (Leibniz's  Rule, 
§  119)  and  by  use  of  the  fundamental  hypothesis  that  P'  =  (2i- 


^  ^    P<l.r  +  Q  (x„,  y)  =j^     J^'l^  +  Q  (-^o-  y) 


=i 


■^  dx  +  Q (x^,  y)  =  Q (x,  y)\   +Q (x^,  y)  =  Q (.r,  y). 


The  identity  of  /'  and  Q  with  the  derivatives  of  F  is  therefore  estal)- 
lished.   The  second  form  of  F  would  be  treated  similarty. 

Show  that  (i^  +  log  y)dx  +  x/ydy  =  0  is  an  exact  differential  equation  and  obtain 
the  solution.   Here  it  is  first  necessary  to  apply  the  test  P^  =  (^'j. .   Now 

—  (x-  +  log  y)  =  -    and    —  -  =  - . 
cy  y  dzy      y 

Hence  the  test  is  satisfied  and  the  integral  is  obtained  by  applying  the  formula : 

r  V  +  log2/)dx  +  r  -d?/  =  lx=  +  X  log?/  =  C 
Jo  J   y  o 

J'*<i  X  r  1 

-dy  +   I  (x-  +  log  l)iZx  =  X  log  2/  +  -x'  =  V. 
I    y  J  a 

It  should  be  noticed  that  the  choice  of  j„  =  0  simplifies  the  integration  in  the  first 
case  because  the  substitution  of  the  lower  limit  0  is  easy  and  because  the  second 
integral  vanishes.  The  choice  oiy^—l  introduces  corresponding  simplifications  in 
the  second  case. 
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Derive  the  partial  differential  equation  which  any  irdegrating  fa/itor  of  the  differ- 
mlial  equation  Mdx  +  Ndy  =  0  must  satisfy.   If  n  is  an  integrating  factor,  then 

dfiM  _  d/iN 
dy   ~  dx 
dM 


liMdx  +  iiNdy  =  dF    and    = . 


Hence 


dy  dx         \dx        dy  J 


(15) 


is  the  desired  equation.  To  determine  the  integrating  factor  by  solving  this  equa- 
tion would  in  general  be  as  difficult  as  solving  the  original  equation ;  in  some 
special  cases,  however,  this  equation  is  useful  in  determining  /i. 

93.  It  is  now  convenient  to  tabulate  a  list  of  different  types  of  dif- 
ferential equations  for  which  an  integrating  factor  of  a  standard  form 
can  be  given.  With  the  knowledge  of  the  factor,  the  equations  may 
then  be  integrated  by  (14)  or  by  inspection. 


Equation  Mdx  +  Ndy  =  0  : 
I.  Homogeneous  Mdx  +  Ndt/  =  0, 

II.  Bernoulli  dy  +  X^jdx  =  X.^dx, 
III.   M  =  yf(xy),  N  =  xg{xy), 

dM      dN 


Factor  /li : 

1 
Mx  +  Ny'. 


y 


7!)  fjTidl 


IV.  If 


V.  If 


% 

dx 

N 

dN 

dx 

dM 

M 


=  f{x), 


=/(y), 


VL  Type  oify^(mydx  +  nxdy)  =  0, 
VII.  3fy^(mydx  +  nxdy)  +  xii/ijpydx  +  qxdy)  =  0, 


Mx  —  Ny 
(x^ 


arbitrary. 

^  jJnn—l~a^Jm—l—$ 

lA-  determined. 


The  use  of  the  integrating  factor  often  is  simpler  than  the  substitu- 
tion y  =  vx  in  the  homogeneous  equation.  It  is  practically  identical 
with  the  substitution  in  the  Bernoulli  type.  In  the  third  type  it  is 
often  shorter  than  the  substitution.  The  remaining  types  have  had  no 
substitution  indicated  for  them.  The  proofs  that  the  assigned  forms 
of  the  factor  are  right  are  given  in  the  examples  below  or  are  left  as 
exercises. 

To  show  that  n  =  (Mx  +  Ny)-'^  is  an  integrating  factor  for  the  homogeneous 
case,  it  is  possible  simply  to  substitute  in  the  equation  (15),  which  71  must  satisfy, 
and  show  that  the  equation  actually  holds  by  virtue  of  the  fact  that  ^fand  2V  are 


COMMONER  ORDINARY   EQUATIONS  211 

homogeneous  of  the  same  degree,  —  this  fact  being  used  to  simplify  the  result  by 
Euler's  Formula  (30)  of  §  53.    But  it  is  easier  to  proceed  directly  to  show 

—        ^       =  -  (       ^       ]    or    —  (-     ^     \  =  ~(-     *    \      where        -  ^ 
dyMx+Ny      dx\Mx  +  Ny)    °'    cy\xl  +  <f,)'dz\yl  +  J'    ^  "^     *  '  Mx 

Owing  to  the  homogeneity,  <^  is  a  function  of  y/x  alone.   Differentiate. 

cy\xl  +  ,i>)~      x(l  +  4>y^x~  y(l  + <p)'     x'^   ^  dx\y  I  +  ,p)' 

As  this  is  an  evident  identity,  the  theorem  is  proved. 

To  find  the  condition  that  the  integrating  factor  may  be  a  function  of  x  only 
and  to  find  the  factor  when  the  condition  is  satisfied,  the  equation  (15)  which  ^ 
satisfies  may  be  put  in  the  more  compact  form  by  dividing  by  fi. 

Ml'-t-Nl'^='^-'-E    or    m'JSI>^-n'-^^  =  'J^-'^.      (15') 
IJidy  lidx       ex        dy  dy  dx  ?x        fy 

Now  if  /I  (and  hence  log  /x)  is  a  function  of  x  alone,  the  first  term  vanishes  and 


dx 


.  =  -S—-JE=f(x)    or    \ogt,  =  J/(x)dx. 


This  establishes  the  rule  of  type  IV  above  and  further  shows  that  in  no  other  case 
can  /i  be  a  function  of  x  alone.  The  treatment  of  type  V  is  clearly  analogous. 

Integrate  the  equation  x*y(Zydx  +  2xdy)  +  x^(iydx  +  Zxdy)  =  0.  This  is  of 
type  VII ;  an  integrating  factor  of  the  form  |i  =  xfy  will  be  assumed  and  the  ex- 
ponents p,  a  will  be  determined  so  as  to  satisfy  the  condition  that  the  equation  be 
an  exact  differential.   Here 

P  =  ^=:3zP  +  V  +  ^  +  4XP  +  V+'.        Q  =  M-^=2a^  +  V+i  +  3xP  +  V- 
Then  P'^  =  Z{<f  +  2)xf  +  V+>  +  4(<r  +  1)1"  +  ^ 

=  2(p  +  5)zP  +  V+^  +  3(/>  +  3)iP  +  V=  Q'x- 
Hence  if  3((r  +  2)  =  20o  +  5)     and    4(<r  +  1)  =  3(p  +  3), 

the  relation  P"^  =  Q'^  will  hold.   This  gives  <r  =  2,  p  =  l.   Hence  ^  =  xy', 

and  f''  {3x'-y*  +  4x'y'<)dx  +  J  Ody  =  \x^y*  +  x*y^  =  C 

is  the  solution.  The  work  might  be  shortened  a  trifle  by  dividing  through  in  the 
first  place  by  x^.  Moreover  the  integration  can  be  performed  at  sight  without  the 
use  of  (14). 

94.  Several  of  the  most  important  facts  relative  to  integrating  factors 
and  solutions  of  Mdx  +  Ndy  =  0  will  now  be  stated  as  theorems  and 
the  proofs  will  be  indicated  below. 

1.  If  an  integrating  factor  is  known,  the  corresponding  solution  may 
be  found ;  and  conversely  if  the  solution  is  known,  the  corresponding 
integrating  factor  may  be  found.  Hence  the  existence  of  either  implies 
the  existence  of  the  other. 

2.  If  F  =  C  and  G  =  C  are  two  solutions  of  the  equation,  either  must 
be  a  function  of  the  other,  as  (?  =  4>(F) ;  and  any  function  of  either  is 
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a  solution.  If  /i  and  v  are  two  integrating  factors  of  the  equation,  the 
ratio  /x/>/  is  either  constant  or  a  sohition  of  the  equation ;  and  tlie  prod- 
uct of  fJ,  by  any  function  of  a  solution,  as  /j.^{F),  is  au  integrating  fac- 
tor of  the  equation. 

3.  The  normal  derivative  dF/c/n  of  a  solution  obtained  from  the 
factor  fj,  is  the  product  fi.  VJP  +  X^  (see  §  48). 

It  has  already  been  seen  that  if  an  integrating  factor  /j,  i.s  known,  the  corre- 
sponding sohition  F  =  C  may  be  found  by  (14).  Now  if  tlie  sohition  is  linown,  the 
equation 

dF  =  F^dx  +  F^dy  =  ix  {Mdx  +  Ndy)    gives    F^  =  nM,  F^j  =  ^N; 

and  hence  ^i  may  be  found  from  either  of  these  equations  as  the  quotient  of  a 
derivative  of  F  by  a  coefficient  of  the  differential  equation.  The  statement  1  is 
therefore  proved.  It  may  be  remarked  that  the  discussion  of  approximate  solutions 
to  differential  equations  (§§  86-88),  combined  with  the  theory  of  limits  (beyond  the 
scope  of  this  text),  affords  a  demonstration  that  any  equation  Mdx  -\-  Ndy  =  0, 
where  M  and  N  satisfy  certain  restrictive  conditions,  has  a  solution  ;  and  hence  it 
may  be  inferred  that  such  an  equation  has  an  integrating  factor. 

If  11  be  eliminated  from  the  relations  F'j.  =  iiM,  F,J  =  p.N  found  above,  it  is  seen 
that 

MF'y  -  NF^  =  0,     and  similarly,     MG^j  -  NG^  =  0,  (16) 

are  the  conditions  that  F  and  G  should  be  solutions  of  the  differential  equation. 
Now  these  are  two  simultaneous  homogeneous  equations  of  the  first  degree  in  M 
and  N.   If  M  and  N  are  eliminated  from  them,  there  results  the  equation 


f^g^-kg;=o 


g:  g: 


:  J(F,  G)  =  0,  (16-) 


which  shows  (§  62)  that  F  and  G  are  functionally  related  as  required.  To  show 
that  any  function  *  (F)  is  a  solution,  consider  the  equation 

Jl/*;  -  iV4>;  =  (MF^  -NF^)  *'. 

AsF  is  a  solution,  the  expression  JlfFjJ—JVF^  vanishes  by  (16),  and  hence  Jtf*J—iV*^ 
also  vanishes,  and  *  is  a  solution  of  the  equation  as  is  desired.  The  first  half  of  2 
is  proved. 

Next,  if  fi  and  v  are  two  integrating  factors,  equation  (15')  gives 

5y  dx  dy  dx  dy  dx 

On  comparing  with  (16)  it  then  appears  that  log  (fi/v)  must  be  a  solution  of  the 
equation  and  hence  n/v  itself  must  be  a  solution.  The  inference,  however,  would 
not  hold  if  /i/v  reduced  to  a  constant.  Finally  if  fi  is  an  integrating  factor  leading 
to  the  solution  F  =  C,  then 

dF=n (Mdx  +  Ndy),    and  hence    yn* (F) (Mdx  +  Ndy)  =  d  f<P(F) dF. 

It  therefore  appears  that  the  factor  fi^(F)  makes  the  equation  an  exact  differen- 
tial and  must  be  an  integrating  factor.    Statement  2  is  therefore  wholly  proved. 
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The  third  proposition  is  proved  simply  by  differentiation  and  substitution.   For 

dF      dFdx      cFdi/        ,dx        „di/ 

—  = 1 '-  =  fiM 1-  nN  -i  . 

dn       c£  dn       cij  dn  dn  dn 

And  if  T  denotes  tlie  inclination  of  the  curve  F  =  C,  it  follows  that 

dy          M  .  dy  N  dx  M 

tan  T  =  — -  = ,        sin  t  =  -^  =  —  - ,         —  cos  t  =  —  =  ■ 


dx  N  dn      Vlf2  +  N^  <in      Vm  +  N'^ 

Hence  dF/dn  =  /j.  wM'^  +  N'^  and  the  proposition  is  proved. 

EXERCISES 

1.  Find  the  integrating  factor  by  inspection  and  integrate  : 

(a)  xdy-ydx  =  (x"  +  y^)  dx,  (jS)  {y^  -xy)dx  +  x^dy  =  0, 

(7)  ydx  —  xdy  +  logids  =  0,  (S)  y{2xy  +  e')dx—  e^dy  =  0, 

(e)  (1  +  xy)ydx  +  (1  -  xy)xdy  =  0,  (f)  (i  -  y^)dx  +  2xydy  =  0, 

(7;)  (xj/2  +  y)dx  —  xdy  =  0,     {$)  a  (xdy  +  2  ydx)  =  xydy, 

^  ( I )  (x2  +  3/2)  (xdx  +  ydy)  +  Vl  +  (x^  +  y^)  (ydx  -  xdy)  =  0, 
(k)  xh/dx  —  (x^  +  y^)dy  =  0,  (\)  xdy  —  ydx  =  xVx^  —  ij^dy. 

2.  Integrate  these  linear  equations  with  an  integrating  factor  : 

(a)  y'  +  ay  =  sin  bx,  (p)  y'  +  y  cot  x  =  sec  x, 

(7)    (X  +  l)y'  -  2s^  =  (X  +  1)*,  («)    (1  +X2)J/'  +  2/  =  etan-ix 

and  (/3),  («),  (f)  of  Ex.  4,  p.  206. 

3.  Show  that-the  expression  given  under  II,  p.  210,  is  an  integrating  factor  for 
the  Bernoulli  equation,  and  integrate  the  following  equations  by  that  method  : 

(a)  y'  —  yta,nx  =  y* sec x,  (/3)  3 yh/'  +  y^  =  x  —  l, 

(7)  2/'  +  2/  cos  z  =  2/"  sin  2  X,  (J)  dx  +  2  xydy  =  2  ax^y'dy, 

and  (a),  (7),  («),  (v)  of  Ex.  4,  p.  206. 

4.  Show  the  following  are  exact  differential  equations  and  integrate  : 

(a)  (3  x" + 6  xy'^)  dx  +  (6  x^;/  +  4  y'^)  dy = 0,      (/3)  sin  x  cos  ydx  +  cos  x  sin  ydy  =  0, 
{7)  (6x-2y+l)  +  (22/-2i-3)ds/  =  0,      (S)  (x^  +  3 xy^) dx  +  (y^  +  S x^) dy  =  0, 

2xy  +  l^_^y-x^y^^^  ^^^  (l  +  e^)  dx  +  e^  (l  - -\  d|/ =  0, 

y  y^  \       y/ 

(11)  e'(x^  +  y^  +  2x)dx+2y0^y  =  O,  (ff)  (ysinx  ~  l)dx  +  (y  -  cosx)dy  =  0. 

5.  Show  that  (Mx  —  Ny)-^  is  an  integrating  factor  for  type  III.  Determine 
the  integrating  factors  of  the  following  equations,  thus  render  them  exact,  and 
integrate : 

(a)  (y  +  x)dx  +  xdy  =  0,  (P)  (y^  -  xy)dx  +  xHy  -  0, 

(7)  (x2+_y2)dx-2xj/di/  =  0,  (S)  (xy  +  xy)2/dx+(xV-l)a:''2'  =  0, 

(0  (v'x3/-l)xdi/-(V^+l)ydx  =  0,      (f)  x3dx  + (3x2^  +  2 y')d2/  =  0, 

and  Exs.  3  and  9,  p.  206. 

6.  Show  that  the  factor  given  for  type  VI  is  right,  and  that  the  fomi  given  for 
type  VII  is  right  if  k  satisfies  k(qm  —  pn)  =  q(a  -  y)  -  pl^  -  S). 
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7.  Integrate  the  following  equations  of  types  IV- VII : 

(a)  (y*  +  2y)dx  +  {xy'>  +  2y*-ix)dij  =  0,        0)  (x^  + //^  +  1 ) f7x  - "2 ry*/ =  0. 
(7)  (3x^  +  (ixy3y^)dx  +  (ix-^  +  3xy)dy  =  0,      (S)  (2x'^y- +  y)- {x^y-3x)y'=0, 

(e)  (2x'^y-3y*)dx  +  (2x^  +  2xy')dy  =  0, 

(f)  (2  -  y')  sin{Sx-2y)  +  y'  sin  {x-2y)  =  0. 

8.  By  virtue  of  proposition  2  above,  it  follows  that  if  an  equation  is  exact  and 
homogeneous,  or  exact  and  has  the  variables  separable,  or  homogeneous  and  under 
types  IV-VII,  so  that  tvfo  different  integrating  factors  may  be  obtained,  the  solu- 
tion of  the  equation  may  be  obtained  without  integration.  Apply  this  to  finding 
the  solutions  of  Ex.  4  (/3),  («),  (7)  ;  Ex.  5  (or),  (7). 

9.  Discus.'!  the  apparent  exceptions  to  the  rules  for  types  I,  III,  VII,  that  is, 
when  Mx  +  Ny  =  0  or  Mx  —  Ny  :^  0  or  qm  —  pn  =  0. 

10.  Consider  this  rule  for  integrating  Mdx  +  Ndy  =  0  when  the  equation  is  known 
to  be  exact :  Integrate  Mdx  regarding  y  as  constant,  differentiate  the  result  regard- 
ing y  as  variable,  and  subtract  from  N ;  then  integrate  the  difierence  with  respect 
to  y.   In  symbols, 

C  =   C (Mdx  +  Ndy)  =  JMdx  +  f  [^ -  ^  j Mdx\dy. 

Apply  this  instead  of  (14)  to  Ex.  4.  Observe  that  in  no  case  should  either  this 
formula  or  (14)  be  applied  when  the  integral  is  obtainable  by  inspection. 

95.  Linear  equations  with  constant  coefficients.    The  type 

«oJ  +  -.^+--  +  «»-.^  +  «»2/  =  A'(?)  (17) 

of  differential  equation  of  the  mth  order  which  is  of  the  first  degree  in 
y  and  its  derivatives  is  called  a  linear  equation.  For  the  present  only 
the  case  where  the  coefficients  a„,  a^,  ••■,  a„_i,  a„  are  constant  will  be 
treated,  and  for  convenience  it  will  be  assiimed  that  the  equation  has 
been  divided  through  by  n^  so  that  the  coefficient  of  the  highest  deriva- 
tive is  1.  Then  if  differentiation  be  denoted  by  T),  the  equation  may  be 
written  nymholically  as 

(£•»  +  a^ir--' -\- ■  ■  ■  +  «„  -,r)  +  a„)  y  =  A',  (17') 

where  the  symbol  D  combined  with  constants  follows  many  of  the  laws 
of  ordinary  algebraic  quantities  (see  §  70). 

The  simplest  equation  would  be  of  the  first  order.    Here 

■^-a^y=X     and     y  =  e""'  j  e^-^^XcIx,  (18) 

as  may  be  seen  by  reference  to  (11)  or  (6).  Now  ii  D  —  a^  be  treated 
as  an  alf^ebraic  symbol,  the  solution  may  be  indicated  as 

{D-n;)y  =  X     and     V  = -^^^X,  (18') 
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where  the  operator  (7)  —  "i)"'  is  the  inverse  oi  D  —  a^ .  The  solution 
which  has  just  been  obtained  shows  that  the  interpretation  which  must 
be  assigned  to  the  inverse  operator  is 

77^  (*)  = '""■■J''- "■■'■(*) '/•'■>  (19) 

where  (*)  denotes  the  function  of  :i-  upon  which  it  operates.  That  the 
integrating  operator  is  the  inverse  of  D  —  a^  may  be  proved  by  direct 
differentiation  (see  Ex.  7,  p.  152). 

This  operational  method  may  at  once  be  extended  to  obtain  the  solu- 
tion of  equations  of  higher  order.    For  consider 

S  +  "'S  +  ''-^^  =  '^'     '''     (^  +  «i^  +  ^)2/  =  ^-  (20) 

Let  a.  and  a^  be  the  roots  of  the  equation  D^  +  (t^D  +  a^  =  0  so  that 
the  differential  equation  may  be  written  in  the  form 

llfi-{a^  +  a^)D+a^a^]y  =  X     or     {D  -  a^){r>  -  a^y  =  X.     (20') 

The  solution  may  now  be  evaluated  by  a  succession  of  steps  as 

(p-a^y  = A'  =  e"^''  (  e-^'^Xdx, 

or  y^e'*'  fe^'''-'''^''\  le-'^^XdAdx.  (20") 

The  solution  of  the  equation  is  thus  reduced  to  quadratures. 

The  extension  of  the  method  to  an  equation  of  any  order  is  immediate. 
The  first  step  in  the  solution  is  to  solve  the  equation 

D"  4-  a,Z)"-i  -\ h  «„_iD  +  rt„  =  0 

so  that  the  differential  equation  may  be  written  in  the  form 

{D  -  a;){D  -  a^  ..-{D  -  a„_,){D  -  a„)y  =  X;  (17") 

whereupon  the  solution  is  comprised  in  the  formula 

y  ^  ga^x    rg(a„-,-<r„)x    T  .  .  .     C g(a,-a,).    C e' "i^X  (dx)",  (17"') 

where  the  successive  integrations  are  to  be  performed  by  beginning 
upon  the  extreme  right  and  working  toward  the  left.  Moreover,  it 
appears  that  if  the  operators  D  -  a„,  D  -  <t„_„-  ■■ ,  D  -  a.,,  D  -  a^  were 
successively  applied  to  this  value  of  y,  tliey  would  undo  the  work  here 
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done  and  lead  back  to  the  original  equation.  As  n  integrations  are 
required,  there  will  occur  n  arbitrary  constants  of  integration  in  the 
answer  for  y. 

As  an  example  consider  the  equation  {D^  —  iD)y  =  x^.    Here  tlie  roots  of  the 
algebraic  equation  D*  —  4  X>  =  0  are  0,  2,  —  2,  and  the  solution  for  y  is 

"      DD-2D+2  J        J  J  ^     ' 

The  successive  integrations  are  very  simple  by  means  of  a  table.   Then 

fe-*^fe^^^(dxf  =   r(}z2e-2x_  jxe-2»:+  Je-2^+  Cie-i^)dz 
y  =   fei^fe-*^fe'^^^dxy  =  f(-  Jx^  -  i  +  0^6-^'^+  C„e^^)dx 

This  is  the  solution.  It  may  be  noted  that  in  integrating  a  term  like  C,e-*^  the 
result  may  be  written  as  C-^e-*'^,  for  the  reason  that  Cj  is  arbitrary  anyhow ;  and, 
moreover,  if  the  integration  had  introduced  any  terms  such  as  2  e-  ^^,  J  e^x^  5^  these 
could  be  combined  with  the  terms  C^e-^"^,  C^e^'^,  C^  to  simplify  the  form  of 
the  results. 

In  case  the  roots  are  imaginary  the  procedure  is  the  same.    Consider 

— ^  +  J/  =  sin  I     or     {IP  +  1)  y  =  sin  x    or     (D  +  i){D—  i)y  =  sin  x. 

11  r  r  I — 

Then  ^  =  7^ ^.7^ ^sinx  =  e*^  I  e-^u;  I  e«sinx(dx)2,  i  =  V— 1. 

The  formula  for   \  e<"  sin  6xdx,  as  given  in  the  tables,  is  not  applicable  when 

a-  +  b^  =  0,  as  is  the  case  here,  because  the  denominator  vanishes.  It  therefore  be- 
comes expedient  to  write  sin  x  in  terms  of  exponentials.   Then 


y  =  e^  Te-  2fa  fe"  ? ? —  {ixf  ;    for    sin  x  = 

J  J  2i 


e"  —  e- 


2i  2i 


Now    —,e"fe-^<^ne^"  —  l)(dx)^  =  —e<^fe-^"\—e'^"-x+  C^dx 

2i      12%        2i  4  ^  '^J 

xe^  +  e-"      „  ^    . 

=  -- ^ +C,e— +C,e". 

pix  4_  p—  ix  pix  .^  p~  ix 

Now  C^e-  to  +  c^e"  =  (C,  +  C,)  -^f-  +  (C,  -  C^)  i  ^— ^ 

Hence  this  expression  may  be  written  as  O,  cosx  +  CjSinx,  and  then 

2/  =  —  i  X  cosx  +  C;  cosx  +  Cj  sinx. 

The  solution  of  such  equations  as  these  gives  excellent  opportunity  to  cultivate  the 
art  of  manipulating  trigonometric  functions  through  exponentials  (§  74). 
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96.  The  general  method  of  solution  given  above  may  be  considerably 
simplified  in  case  the  function  A'  (.r)  has  certain  special  forms.  In  the 
first  place  suppose  .V  =  0,  and  let  the  equation  be  P(D)i/  =  0,  where 
P(D)  denotes  the  symbolic  polynomial  of  the  nth  degree  in  D.  Suppose 
the  roots  of  P(D)  =  0  are  a^,  a^,  ■  ■  ■ ,  a,^  and  their  respective  multiplicities 
are  m^,  vi,^-- ,  m^,  so  that 

(D  -  a,.)"*- . . .  (Z)  -  a.^'^{D  -  a^)'"',/  =  0 

is  the  form  of  the  differential  equation.    Now,  as  above,  if 

(D-aX'rj  =  0,     then     ,j  =  .^^-l---0  =  e'- J  ■  ■  ■  foidx^'. 

Hence  ij  =  e"-  (C,  +  C^  +  C^x-  +  ■■■+  C„,x'-'  -i) 

is  annihilated  by  the  application  of  the  operator  (D  —  a^Y^,  and  there- 
fore by  the  application  of  the  whole  operator  P(Z)),  and  must  be  a  solu- 
tion of  the  equation.  As  the  factors  in  P{D)  may  be  written  so  that 
any  one  of  them,  as  {D  —  ai)"".,  comes  last,  it  follows  that  to  eacli  factor 
{D  —  af)'"i  will  correspond  a  solution 

2/..  =  e'i^(C\,  +  C,p:  +  --.+  Cm.a^".-'),         P(n)  ,j.  =  0, 

of  the  equation.    Moreover  the  smn  of  all  these  solutions, 

i  =  * 

y  =  2^  e«.-(C,i  +  C,^  +  ...  +  r.m..3-".-i),  (21) 

1=1 

will  be  a  solution  of  the  eqiiation ;  for  in  applying  P{D')  to  ?/, 

P(D)y  =  P(D)y^  +  P(D)y^  +  ■.■  +  P{D)y,  =  0. 

Hence  the  general  rule  may  be  stated  that :  The  solution  of  the  dif- 
ferential equation  P{D)y  =  0  of  the  nth  order  rnay  be  found  by  midtiply- 
ing  each  e'"  by  a  polynomial  of(m  —  l)st  degree  in  x  {where  a  is  a  root  of 
the  equation  P  (D)  =  0  of  multiplicity  m  and  where  the  coefficients  of  the 
polynom,ial  are  arbitrary')  and  adding  the  results.  Two  observations 
may  be  made.  First,  the  solution  thus  found  contains  n  arbitrary  con- 
stants and  may  therefore  be  considered  as  the  general  solution ;  and 
second,  if  there  are  imaginary  roots  for  P  (D)  =  0,  the  exponentials  aris- 
ing from,  the  pure  imaginary  parts  of  the  roots  may  be  converted  info 
trigonometric  functions. 

As  an  example  take  (D*  -  2D»  -J-  Z)2)  j/  =  0.  The  roots  are  1,1,0,  0.  Hence  the 
solution  is  ^  ^  ^^^^  ^  C^)  ^  ^f.^  ^  p^^) 

Again  if  (i)*  +  4)2^  =  0,  the  roots  of  D<  -|-  4  =  0  are  ±  1  ±  i  and  the  solution  is 
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or  v  =  e==(Cie<^+  026-^)  +  e-^(Cge'^+  C^e-^) 

=  e=^(CiCosx+  CjSinx)  +  e-^(CjC0sx  +  C^sinx), 

where  the  new  C's  are  not  identical  with  the  old  Cs.   Another  form  is 

y  =  e^  A  cos  (x  +  7)  +  e-^  B  cos  (x  +  S), 

where  7  and  5,  A  and  B,  are  arbitrary  constants.   For 

[r*  o 

'     -cosx  +  ^      "^         sin 

and  if    7  =  tan  -  H ;?  | ,     then     C^  cos  x  +  C,  sin  i  =  V^T^JTcl  cos  (j;  +  7). 

Next  if  X  is  not  zero  but  if  any  one  snhi.tlnn  I  can  he  foiiml  so  tluit 
P(^D')  I  =  X,  then  a  sohifion  conUiining  n  arhitrarj/  ronstanfs  waij  he 
fotind  hy  adding  to  I  the  solution  of  P(jy)y  =  0.    For  if 

P(D)I=X     and     P(D)y  =  0,     then     P(D){I  +  y)  =  X. 

It  therefore  remains  to  devise  means  for  finding  one  solution  I.  This 
solution  I  may  be  found  by  the  long  method  of  (17'"),  where  the  inte- 
gration may  be  shortened  by  omitting  the  constants  of  integration  since 
only  one,  and  not  the  general,  value  of  the  solution  is  needed.  In  the 
most  important  cases  which  arise  in  practice  there  are,  however,  some 
very  short  cuts  to  the  solution  I.  The  solution  7  of  P{D)y  =  X  is 
called  the  particular  integral  of  the  equation  and  the  general  solu- 
tion of  P{D')  y  =  0  is  called  the  complementary  function  for  the  equa- 
tion F(P)  y  =  X. 

Suppose  that  X  is  a  polynomial  in  x.  Solve  symbolically,  arrange 
P(D)  in  ascending  powers  of  D,  and  divide  out  to  powers  of  D  equal  to 
the  order  of  the  polynomial  X.    Then 

P(D)I=X,         I  =  ^^X=[Q(n)+^^X,  (22) 

where  the  remainder  R  (D)  is  of  higher  order  in  D  than  X  in  x.    Then 

P(D)I  =  P(D)Q(D)X  +  R(D)X,  R(D)X  =  0. 

Hence  Q  (D)  x  may  be  taken  as  I,  since  P(D)Q  (D)  X  =  P  (D)  I  =  X.  By 
this  method  the  solution  /  may  be  found,  when  Z  is  a  polynomial,  as 
rapidly  as  P  (D)  can  be  divided  into  1 ;  the  solution  of  P  (D)  y  =  0  may 
be  written  down  by  (21) ;  and  the  sum  of  I  and  this  will  be  the  required 
solution  of  P  (U)  y  =  X  containing  n  constants. 

As  an  example  consider  {L^  +  ilfi  +  SI))y  =  x^.  The  work  is  as  follows : 
SD  +  iD^  +  D»  D3  +  iD  +  D^  dLs      9  27  P(Z))J 
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Hence  .=  Q(i,)x-^  =  1(1  -  ^i,  +  l?Z)^)x"- =  1.=  _  ^,.  ^  26,. 

For  2)'  +  4D2  +  3D  =  0the  roots  are  0,-1,-3  and  the  complementary  function 
or  solution  of  P(D)y  =  0  would  be  Cj  +  C^e-"  +  Cje-s^.  Hence  the  solution  of 
the  equation  P  (Z))  y  =  x^  is 

y=C^+  0^6-='+  036-8='+ Jx'-|a2  + If!. 
It  should  be  noted  that  in  this  example  Z»  is  a  factor  of  P(D)  and  has  been  taken  out 
before  dividing ;  this  shortens  the  work.    Furthermore  note  that,  in  interpreting 
l/D  as  integration,  the  constant  may  be  omitted  because  any  one  value  of  I  will  do. 

97.  Next  suppose  that  X  =  C^".   Now  De"^  =  ae,"'',  i>*e''^  =  o^e'^, 

and         P  (D)  e"^  =  P  (a)  e"^ ;     hence     P  (D)    — —  e<^    =  Ce"^. 

(J 
But  P(D)  I  =  Ce°^,     and  hence     /  =  -— -  e""^  C23") 

P(a)  ^     ' 

is  clearly  a  solution  of  the  equation,  provided  a  is  not  a  root  of  P  (D)  =  0. 
If  P  (a)  =  0,  the  division  by  P  (a)  is  impossible  and  the  quest  for  /  has 
to  be  directed  more  carefully.  Let  a  be  a  root  of  multiplicity  »m  so  that 
P  (D)  =  {D-  a)'"Pj(2)).    Then 

P^{D)  (D  -  a)-I  =  Ce-  (D  -  a^I  =  -^  «- 

and  I  =  -±-e'-      ■■■       (cla:^  =  ^ ,  ,      ,  •  (23') 

For  in  the  integration  the  constants  may  be  omitted.  It  follows  that 
when  X  =  Ce"^,  the  solution  /  may  be  found  6t/  direct  substitution. 

Now  if  X  broke  up  into  the  sum  of  terms  X  =  X^  +  X^-\ and  if 

solutions  /j,  /j,  •  •  •  were  determined  for  each  of  the  equations  P{D)I^=  X^, 
P{D)  /j  =  A'2,  •  ■  • ,  the  solution  I  corresponding  to  A'  would  be  the  sum 

/  +  /,  H .    Thus  it  is  seen  that  the  above  short  methods  apply  to 

equations  in  which  A  is  a  sum  of  terms  of  the  form  Cx"  or  Ce"". 

As  an  example  consider  {D* -iD"- ■^\)y  =  e^.  The  roots  are  1,  1,  -  1,  -  1, 
auda  =  l.   Hence  the  solution  for  I  is  written  as 

(Z)+l)2(i)-l)2Z  =  e»,        (p-\YI  =  \e^,        I  =  \e^x^. 

Then  y  =  6=^(0^  +  C^x)  +  e-'^^C^  +  C^x)  +  \  e^^. 

Again  consider  (i»2_5X»  +  6)y  =  x  +  e"^.    To  find  the  7,  corresponding  to  x, 

divide.  ,  /I       5  \         1  5 

To  find  the  I^  corresponding  to  e"^,  substitute.   There  are  three  cases, 

I,  =     ^      ]     ^^ «"".        h  =  ^'^        h^-  ^"'^^ 
-     m''  —  5  m  +  6 
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according  as  m  is  neither  2  nor  3,  or  is  3,  or  is  2.   Hence  for  the  complete  solution, 

0         do      m-'  —  6  m  +  D 
■when  m  is  neither  2  nor  3  ;  but  in  these  special  cases  the  results  are 
2/  =  C,e3^  +  C^e^^  +  J  2  +  75  -  ^e^^        v  =  C,e3^  +  C^e^^  +  1 1  +  ^s^  +  igs^. 

The  next  case  to  consider  is  where  A'  is  of  the  form  cos  fix  or  sin  fix. 
If  these  trigonometric  functions  be  expressed  in  terms  of  exponentials, 
the  solution  may  be  conducted  by  the  method  above ;  and  this  is  per- 
haps the  best  method  when  ±y8i  are  roots  of  the  equation  P(D)  =  0. 
It  may  be  noted  that  this  method  would  apply  also  to  the  case  where 
X  might  be  of  the  form  e"^  cos  /3x  or  e"^  sin  /Sx.  Instead  ^f  splitting  the 
trigonometric  functions  into  two  exponentials,  it  is  possible  to  combine 
two  trigonometric  functions  into  an  exponential.    Thus,  consider  the 

equations 

P  (D)  1/ =  e"^  cos  I3x,         P(D)ij=  e"  sin  fix, 

and  P(D)>j=  e""  (cos  fix  +  t  sin  |8a:)  =  e'"  +  ^'^.  (24) 

The  solution  I  of  this  last  equation  may  be  found  and  split  into  its 
real  and  imaginary  parts,  of  which  the  real  part  is  the  solution  of  the 
equation  involving  the  cosine,  and  the  imaginary  part  the  sine. 

When  X  has  the  form  cos  fix  or  sin  fix  and  ±  /Si  are  not  roots  of  the 
equation  P(D)  =  0,  there  is  a  very  short  method  of  finding  /.    For 

I^  cos  ySx  =  —  jff'  cos  /Sx     and     D^  sin  ^x  =  —  ^  sin  fix. 

Hence  if  P(D)  be  written  as  P,(/)^)  +  DP,^(rfi)  by  collecting  the  even 
terms  and  the  odd  terms  so  that  Pj  and  P^  are  both  even  in  D,  the 
solution  may  be  carried  out  symbolically  as 

■'  =  „  ,^^  cos  x  = 


P  (D)  P,(/)^)  +  DP^iPf)  P^(-  p^  +  DP^i-  ^  — ' 

P,(-  B')  —  DPS—  B') 

By  this  device  of  substitution  and  of  rationalization  as  if  Z)  were  a  surd, 
the  differentiation  is  transferred  to  the  numqf ator  and  can  be  performed. 
This  method  of  procedure  may  be  justified  directly,  or  it  may  be  made 
to  depend  upon  that  of  the  paragraph  above. 

Consider  the  example  (X>2  +  l)y  =  cosx.  Here  /Si  =  i  is  a  root  of  D^  +  1  =  0. 
As  an  operator  Ifi  is  equivalent  to  —  1,  and  the  rationalization  method  will  not 
work.    If  the  first  solution  be  followed,  the  method  of  solution  is 

J  1      e"^  ,       1      e-"=         1     gi^  1     e-i=-       1        .  1 

'  =  I^TT  ¥  +  ^TI  ^  =  1731  n  -  ^n  T7  =  17  ['*'^  -  ^^  "1  =  2"'"  ^- 

If  the  second  suggestion  be  followed,  the  solution  may  be  found  as  follows: 
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1                le*^ 
(D2  + l)/  =  cosx+ isiiii  =  c"^,        1= 6*1  = 

,         X    ,  .    .        ,         1        .  1  . 

Now  /  =  — (cosi  +  tsiii  j:)  =  -xsinx txcosi. 

2i^  '      2  2 

Heiico  7  =  i  X  sin  X         for    (Z»-  +  1)1  =  cos  x, 

ami  I=  — ^xcosx    for    (D^  +  1)7  =  sini. 

The  complete  solution  is  y  =  C,  cos  x+CjSinx  +  Jx  sin  x, 

and  for  (i)^  +  1)2/  =  sinx,  y  =  C,  cosx  +  C2sinx  —  Jxcosx. 

As  another  example  take  (If  —  3D  +  2)y  =  cosz.   The  roots  are  1,  2,  neither 
is  equal  to  ±  j3i  =  ±  i,  and  the  method  of  rationalization  is  practicable.   Then 

t  1  1  1  +  37)  1  ,  „  .      ^ 

/  = cosx  = cosx  = cosx  =  —  (cosx  —  asmi). 

7)2-37)+2  1-37)  10  10^  ' 

The  complete  solution  \s  y  =  C,e-^  +  Cjg-^^  +  yV(cosx  —  Ssini).   The  extreme 
simplicity  of  this  substitution-rationalization  method  is  noteworthy. 

EXERCISES 

1.  By  the  general  method  solve  the  equations : 

(<,)J|+4f^  +  3,  =  2a-  (^)J|_3f|  +  3f^-,  =  ^, 

dx'         dx  dx'        dbfi        dx 

(7)  {Be-4D  +  2)y  =  z,  (S)  (7)3  +  7)2  -  4  7)  +  4)1/ =  x, 

(0  (7)3  +  57)2 +  6 7)) 2/ =  x,  (f)  (7)2  +  7)+l)2/  =  xe^ 

(,,)  (7)2  +  7)+ 1)2/ =  sin  2 X,  {«)  (7)3  -  4) 2/ =  i  +  e2  ==, 

(i)  (7)2  + 37)  + 2)1/ =  x+ cosx,  (k)  (7)*  -  4  7)2)2/ =  1- sin  X, 

(X)  (7)2  +  1)2/  =  cosx,  (m)  (7)2  +  1)2/  =  .secx,  (>-)  (7)2  +  1)^  =  tanx. 

2.  By  the  rule  write  the  solutions  of  these  equations : 

(a)  (7)2  +  37)'+  2)2/  =  0,  (^)  (7)»  +  37)2  +  7)  -  5)2/  =  o, 

(7)  (7)-l)'2/  =  0,  (?)  (7)«  + 2  7)2 +  1)2/ =  0, 

(e)  (7)»-37)2  +  4)2/  =  0,  (f)  (7)«- T)"- 97)2- 11  7>- 4)2/ =  0, 

(,)  (7)3  -  6 7)2 +  9 7)) 2/ =  0,  (S)  (7)« -47)3 +  87)2 -87)  + 4)2/ =  0, 

(i)  (7)5-2  7)*  +  D3)v  =  0,  ((c)  (7)3 -7)2 +  7)) 2/  =  0, 

(X)  (7)«  -  1)22/  =  0,  (;x)  (7)6  -  137)3  ^.  267)2  +  827)  +  104)2/  =  0. 

3.  By  the  short  method  solve  (7),  («),  (e)  of  Ex.  1,  and  also : 

(a)  (D*-\)y  =  x\  (P)  (7)3-67)2+ 11  7)- 6)2/ =  I, 

(7)  (7)»  +  37)2+2  7))2/  =  x2,  («)  (7)3 -37)2 -67)  + 8)2/ =  x, 

(0  (7)3  +  8)2/  =  x*+2x  +  l,  (f)  (7)3-37)2-7)  +  3)2/  =  x2, 

(,)  (7)«-2  7)3  +  7)2)2/  =  x,  ((9)  (7)«  +  27)3  +  37)2  +  27)+l)2/  =  l  +  x  +  x2, 

(.)  (D»-l)2/  =  2=,  (0  (^-27)3 +  7)2)2/ =  x». 

4.  By  the  short  method  solve  (a),  (/3),  (9)  of  Ex.  1,  and  also  : 

(a)  (7)2-37)+2)2/  =  e',  (/3)  (7)«  -  7)3  -  3  7)2  +  5  7)- 2)2/ =  e3-, 

(7)  (7)2- 27)+ 1)2/ =  e^  («)  (7)3 -3  7)2+ 4)3/ =  e3-, 

(e)  (7)2  +  l)2/  =  2e-  +  r'-/.  (f)  (7)3  +  1)2/ =  3  +  c— +  5e2x, 

(,)  (7)»  +  2  7)2+l)2/  =  e^+4,  (*)  (7)3  +  37)2  +  3Z>  +  1)2/ =  2e-^ 

(0  (7)a-2  7))2/  =  e2x+l,  (")  (7)3  +  27)2  +  7))2/  =  e2x  +  x2  +  x, 

(X)  (7)2-a2)2/  =  e'^  +  e<«,  0*)  (7)»  -  2  a7)  +  a2)  2/ =  e- +  1. 
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5.  Solve  by  tlie  short  iiictliud  (r,),  (i).  (k)  of  Ex.  1,  and  also  : 

(a)  (Z)2-I>-2)2/=siiix,  '          0)  (D^  +  2D  +  1) !/ =  3 1-^-'- cos  j:, 

(y)  (D-^  + 4)2/  =  3-^  + cosi,  («)  (!>■■'  + D2--D- 1)1/  =  cos 2 x, 

(e)  (D2  +  1)2!/  =  oosx,  (f)  (D3-Z>2  +  -D-l)l/  =  cosj-, 

(t,)  (IP-6I)  +  6)y  =  cosx-e'"',        (6)  (I^ -2Ifi -ZD)y  =  Zi.'^  +  ^inx, 

(i)  (Ifi-\Yy  =  smx,  ((c)  (D2  +  3X>+ 2)^  =  e2^sinj-, 

(\)  (!>*- l)!/  =  e^cosi,  (m)  (I>3-3Z>2+4D-2)y  =  e-+cos2, 

(»)  (X»2-2D+ 4)y  =  e^siii3;,  (o)  (i>2  +  4)j/ =  sinSj:  +  e^  +  z^ 

5       xV3 
(jr)  {D«  +  1) !/  =  sin  I X  sin  ^  x,  (p)  (I^!  +  1)  i/  =  e^^  sin  x  +  e^  sm  — — , 

(<r)  (Z)2+4)2/  =  sin2x,  (t)  (X>*  +  32D  + 48)y  =  xc-2'+ e2ici)s22x. 

1  1      * 

6.  If  X  has  the  form  0"X. ,  show  that  I  =  -— r-  e"=-Jr,  =  e«==  — — A'  . 

P  (-D)  P  (I)  +  a) 

This  enables  the  solution  of  equations  wliere  X^  is  a  polynomial  to  be  obtained  by 
a  short  method  ;  it  also  gives  a  way  of  treating  equations  where  X  is  e"'  cos/3x  or 
e"^  sin  fix,  but  is  not  an  improvement  on  (24)  ;  finally,  combined  with  the  second 
suggestion  of  (24),  it  covers  the  case  where  X  is  the  product  of  a  sine  or  cosine  by 
a  polynomial.  Solve  by  this  method,  or  partly  by  this  method,  (f)  of  Ex.  1  ;  (/c),  (X), 
(>-),  (/)),  (t)  of  Ex.  5  ;  and  also 

(a)  (D2  -  2D  +  1)2/  =  x2e3^  (§)  (D^  +  3D2  +  3D  +  1))/  =  (2  -  x:^)er^, 

(y)  [iP  +  ri?-)y  =  x*e^,  (5)  (D*  -  2  D^  -  SD^  +  4D  +  4);/ =  x^gr^ 

(t)  (D3  -  7  D  -  6) )/  =  e2=^(l  +  I),  (f)  (D  -  \)hj  =  e^  +  cosi  +  x^e^ 

(7,)  (D  -  1)3]/ =  X  -  i^e^  (9)  (D2  +  2)j/  =  x2e3^+ e^cos2x, 

(i)  (D3-l)t/  =  ie=^+  cos^x,  (k)  (IJ^-\)y  =  x  sin  x  +  (l  +  x2)e'-, 

(X)   (D2  +  4)2/ =  isinx,  (m)   (D*  +  2D2  +  1);/ =  x^  cos  ax,_ 

( .-)  (D2  +  4)  2/  =  (X  sin  i)^,  (o )  (D2  _  2  Zl  +  4)2j/  =  xe^  cos  V3  x. 

7.  Show  that  the  substitution  x  =  e',  Ex.  fl,  p.  152,  changes  equations  of  the  type 

x"D»2/  +  aiX"-iD"-iy  +  ■  ■  ■  +  a„-ixDi/  +  a„y  =  X(x)  (20) 

into  equations  with  constant  coefficients  ;  also  that  ox  +  ft  =  e'  would  make  a  simi- 
lar simplification  for  equations  whose  coefficients  were  powers  of  ox  +  6.  Hence 
integrate : 

(a)  (x2D2  -  xD  +  2)  2/  =  I  log  x,  (^)  (x'D^  -  x^D!  +  2  xD  -  2)  2/  =  x^  +  3  x, 

(7)  [(2x-l)3D3-l-(2x-l)D-2]2/=0,      (S)  (x^D^  +  3xD  +  1)1/ =  (1  -  x)-^, 
(0  (x3D3  +  xD-l)2/  =  ilogx,  (f)  [(x  +  l)2D2-4(x-|-l)D-|-6]2/  =  x. 

(i))  (x2D+ 4iD-l-2)2/ =  e^  (^)  (x3D2-3x2D  +  i)2/=logxsinlogx-l-l, 

(0  (x*D*  +  6x3D3  +  4x2D2-2xD-4)2/  =  x2  +  2coslogi. 

8.  If  X  be  self-induction,  U  resistance,  C  capacity,  i  current,  q  charge  upon  the 
plates  of  a  condenser,  and  /(/)  the  electromotive  force,  then  the  diiferential  equa- 
tions for  the  circuit  are 

,   ,  (Z^,/      11  iV,        (,        ]    ^  il-l      lldi        i         1 

^"^  a^'-lat^j:r-l/''^-      <'^'  5^  + xS^  Zc  =  d^'(')- 

Solve  (or)  when/(i)  =  er- "'  sin  bt  and  (j3)  wlien/(()  =  sin  bt.  Heduce  the  trigonometric 
part  of  the  particular  solution  to  the  form  K  sin  {bt  +  y).  Show  that  if  E  is  small 
and  ft  is  nearly  equal  to  1/ VXC,  the  amplitude  K  is  large. 
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98.  Simultaneous  linear  equations  with  constant  coefficients.    If 

there  be  given  two  (or  in  general  n)  linear  equations  with  constant 
eoelKcients  in  two  (or  in  general  n)  dependent  variables  and  one  inde- 
pendent variable  f,  the  symbolic  method  of  solution  may  still  be  used 
to  advantage.    Let  the  equations  be 

{r^D"  +  rfi"  -1  +  .  .  .  +  ,■;)  .r  +  {d^I^  '+  ,/^D'-^  +  ...  +  ,Q  y  =  >}  (f),   ^^ '  ^ 

when  there  arg  two  variables  and  where  D  denotes  differentiation  by  t. 
The  equations  may  also  be  written  more  briefly  as 

1\(D)  a-  +  Q^(D)  ,j  =  R     and     P,(Z))  r  +  Q^D)  >/ =  S. 

The  ordinary  algebraic  process  of  solution  for  x  and  //  may  be  employed 
lieciiu.se  it  depends  only  on  such  laws  as  are  satisfied  equally  by  the 
symbols  /),  P^(D),  Q^{D),  and  so  on. 

Heni'e  the  solution  for  a-  and  i/  is  found  by  multiplying  by  the  ajj- 
propriate  coefficients  and  adding  the  equations. 


Then         IP^(D)  Q^(n)  -  P^(D)  (2,(7))]  .r  =  Q,^(D)  R  -  Q^(D)  S, 

[P^iD)  QiD)  -  P.^D)  (2,(7))]  y  =  P^(D)  S  -  P.^D)  R.  ^      ^ 

It  will  be  noticed  that  the  coefficients  by  which  the  equations  are  multi- 
plied (written  on  the  left)  are  so  chosen  as  to  make  the  coefficients  of 
X  and  //  in  the  solved  form  the  same  in  sign  as  in  other  respects.  It  may 
also  be  noted  that  the  order  of  P  and  Q  in  the  symbolic  products  is  im- 
material. By  expanding  the  operator  P^(D)  Q^(D)  —  P.lf>)  Qi{D)  a  certain 
polynomial  in  /)  is  obtained  and  by  applying  the  operators  to  R  and  .s' 
as  indicated  certain  functions  of  f  are  obtained.  Each  equation,  whether 
in  X  or  in  y,  is  quite  of  the  form  that  has  been  treated  in  §§  95-97. 

As  an  example  consider  the  solution  for  i  and  ij  in  the  case  of 

dV"       dt  '  dt         dl 

or  (2B^-i)x-J)!/  =  2t,  2Dx  +  {iD-S)y  =  0. 

Solve  4D-3|    -27;  {21fi  -  i)x-  D,j  =  2t 

I)         1 2  7)2  -  4  2  7)j-  -I-  (4  7)  -  .3)  7/  :=  0. 

Then  [{*J>-  3)  (2  /)'  -  4)  -t-  2  7)^]  x  =  (4  7)  -  .3)  2 1, 

[2  Jfi  -f-  (2  7)2  -  4)  (4 1)  -  3)]  (/  =  -  (2  7))  2  (, 
or        4(27>'-7>=- 4  7)-|- .3)/ =  8- (W.        4  (2  Z)'' -  7)=  -  4  7) -|- .3)  j/ =  -  4. 

The  roots  of  the  polynomial  in  I)  are  1,  1,  -  1 J  ;  and  the  particular  .solution  7^,  for 
J-  is  —  ^  t,  and  ly  iox  y\s,  —  \.    Hence  the  solutions  have  the  form 

,f  =  (C,  -H  CV)e'  -f  C^e-i'-  A  i,        y  =  {K,  +  K^t)e'  +  K^e'i' -  \. 
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The  arbitrary  constants  which  are  introduced  into  the  solutions  for  x 
and  y  are  not  independent  nor  are  they  identical.  The  solutions  must 
be  substituted  into  one  of  the  equations  to  establish  the  necessary  relations 
between  the  constants.  It  will  be  noticed  that  in  general  the  order  of  the 
equation  in  D  for  x  and  for  y  is  the  sum  of  the  orders  of  the  highest 
derivatives  which  occur  in  the  two  equations,  —  in  this  case,  3=2+1. 
The  order  may  be  diminished  by  cancellations  which  occur  in  the  formal 
algebraic  solutions  for  x  and  y.  In  fact  it  is  conceivable  that  the  coeffi- 
cient PjQj  ~^2^i  °^  *  ^"*i  y  ™  *^®  solved  equations  should  vanish  and 
the  solution  become  illusory.  This  case  is  of  so  little  consequence  in 
practice  that  it  may  be  dismissed  with  the  statement  that  the  solution 
is  then  either  impossible  or  indeterminate ;  that  is,  either  there  are  no 
functions  x  and  y  of  t  which  satisfy  the  two  given  differential  equations, 
or  there  are  an  infinite  number  in  each  of  which  other  things  than  the 
constants  of  integration  are  arbitrary. 

To  finish  the  example  above  and  determine  one  set  of  arbitraiy  constants  in 
tei-ms  of  the  other,  substitute  in  the  second  differential  equation.   Then 

2 (Cje'  +  C^e'  +  C^te*  -  |  C^e'  ^' -  i)  +  4 {K,e'  +  K^e'  +  K^e'  -  i  K^e- 1 ') 

-  3 (A'le'  +  K^te'  +  K^e'  l'-\)  =  (i, 
or  e'(2  6\  +  2  Cj  +  A',  +  A'j)  +  «e'(2  C^  +  -K'j)  -  3  e"  t  '(C3  -)-  3  K^)  =  0. 

As  the  terms  e',  ie',  e~  5 '  are  independent,  the  linear  relation  between  them  can 
hold  only  if  each  of  the  coefBcients  vanishes.    Hence 

C3  + 3^3  =  0,        2C2  +  A',  =  0,        2  C^  +  2  Cj  +  A-,  +  A-.,  =  0, 

and  C^  =  -ZK^,        2C^  =  -K^,        2  C,  =  -  A, . 

Hence  x  =  (C,  +  C^^e'- 3  A^e-i'- ^  «,        2/  =  -2(C,  +  G^t)e' +  K^t-'i' -  \ 

are  the  finished  solutions,  where  C^,  C^,  A,  are  .three  arbitrary  constants  of  inte- 
gration and  might  equally  well  be  denoted  by  C,,  C^,  Cg,  or  A'j,  A'j,  A3. 

99.  One  of  the  most  important  applications  of  the  theory  of  simultaneous  equa- 
tions with  constant  coefficients  is  to  the  theory  of  small  vibrations  about  a  slate  of 
equilibrium  in  a  conservalive*  dynamical  system.  If  q^,  q„,  ■  ■  ■ ,  q„  are  n  coordinates 
(see  Exs.  19-20,  p.  112)  which  specify  the  position  of  the  system  measured  relatively 

»  The  potential  energy  V  is  defined  sis  -dV=  dW=  Oirf^t  -f  Q^dq^  -\ h  Qndqn, 

where  -£..  _  y  ^  4-  V  ^  -u  7   "1  -u        j.  v  ^'^»  j.  v  ^?'»   .    ■y  ^Z" 

This  is  the  immediate  extension  of  0,  as  given  in  Ex.  19,  p.  112.  Here  dW  denotes  the 
differential  of  work  and  dlT  =  SF,-.rfr,  =  S  (XidXi  +  Ytdyt  +  ZidZi).  To  find  Q,  it  is 
generally  quickest  to  compute  d  W  from  this  relation  with  dZi ,  dyi ,  dzi  expressed  in  terms 
of  the  differentials  d?, ,  • .  • ,  dg„ .  The  generalized  forces  Qi  are  then  the  coefficients  of 
dqi .  If  there  is  to  be  a  potential  V,  the  differential  d  IT  must  be  exact.  It  is  frequently 
easy  to  find  V  directly  in  terms  of  9, ,  •  •  • ,  g„  rather  than  through  the  mediation  of 
Oi .  •  •  • ,  Qn ;  when  this  is  not  so,  it  is  usually  better  to  leave  the  equations  in  the  form 
d  dT  dT 
j-.T- R~~^'  '■**6''  '■''*''  to  introduce  Fand  L. 
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to  a  position  of  stable  equilibrium  in  which  all  the  q's  vanish,  the  development  of 
the  potential  energy  by  Maclaurin's  Formula  gives 

!'(?,,  92,  •  •  • ,  Qn)  =  r^  +  y,(9,,  3j,  •  •  • ,  9„)  +  V^(q^,  g^,  •  •  • ,  ?„)  +  ■  • . . 

where  the  first  term  is  constant,  the  second  is  linear,  and  the  third  is  quadratic,  and 
where  the  supposition  that  the  g's  take  on  only  small  values,  owing  to  the  restriction 
to  small  vibrations,  shows  that  each  term  is  infinitesimal  with  respect  to  the  preced- 
ing. Now  the  constant  term  may  be  neglected  in  any  expression  of  potential  energy. 
As  the  position  when  all  the  g's  are  0  is  assumed  to  be  one  of  equilibrium,  the  forces 

SQi  dQi  dq„ 

must  all  vanish  when  the  g's  are  0.  This  shows  that  the  coefficients,  {dV/dqi)o  =  0, 
of  the  linear  expression  are  all  zero.  Hence  the  first  term  in  the  expansion  is  the 
quadratic  term,  and  relative  to  it  the  higher  terms  may  be  disregarded.  As  the 
position  of  equilibrium  is  stable,  the  system  will  tend  to  return  to  the  position 
where  all  the  g's  are  0  when  it  is  slightly  displaced  from  that  position.  It  follows 
that  the  quadratic  expression  must  be  definitely  positive. 

The  kinetic  energy  is  always  a  quadratic  function  of  the  velocities  gi ,  gj ,  •  ■  ■ ,  g„ 
with  coefficients  which  may  be  functions  of  the  g's.  If  each  coefficient  be  expanded 
by  the  Maclaurin  Formula  and  only  the  first  or  constant  term  be  retained,  the 
kinetic  energy  becomes  a  quadratic  function  with  constant  coefficients.  Hence  the 
Lagrangian  function  (cf .  §  160) 

L=  T-V=  T(q^,q^,  . . . ,  y„)  _  r(q^,q^,  ■■,«»), 

when  substituted  in  the  formulas  for  the  motion  of  the  system,  gives 

d  cL      ^L  _  d  cL      ^L  _  d  cL      cL  _ 

dt  eg,      eg,  dt  cq.^      dq^  dt  8g„      8g„ 

a  set  of  equations  of  the  second  order  with  constant  coefficients.  The  equations 
moreover  involve  the  operator  D  only  through  its  square,  and  the  roots  of  the  equa- 
tion in  X)  must  be  either  real  or  pure  imaginary.  The  pure  imaginary  roots  intro- 
duce trigonometric  functions  in  the  solution  and  represent  vibrations.  If  there  were 
real  roots,  which  would  have  to  occur  in  pairs,  the  positive  root  would  represent 
a  term  of  exponential  form  which  would  Increase  indefinitely  with  the  time,  —  a 
result  which  is  at  variance  both  with  the  assumption  of  stable  equilibrium  and 
with  the  fact  that  the  energy  of  the  system  is  constant. 

When  there  is  friction  in  the  system,  the  forces  of  friction  are  .supposed  to  vary 
with  the  velocities  for  small  vibrations.  In  this  case  there  exists  a  dissipative  func- 
tion F(g,,  92'  ■  ■  ■ '  9»)  ^i'lch  is  quadratic  in  the  velocities  and  may  be  assumed  to 
have  constant  coefficients.   The  equations  of  motion  of  the  system  then  become 

d  dL  _dL      ^_Q  ^IL-EIl  +  SL  =  o 

dt  Sg,       dg,       ?g,         '  '     dt  cq„      cq„      cq„ 

which  are  .still  linear  with  constant  coefficients  but  involve  first  powers  of  the 
operator  D.  It  is  physically  obvious  that  the  roots  nf  the  equation  in  D  must  be 
negative  if  real,  and  must  have  their  real  parts  negative  if  tlie  roots  are  complex ; 
for  otherwise  the  energy  of  the  motion  would  increase  indefinitely  with  the  time, 
whereas  It  is  known  to  be  steadily  dissipating  its  initial  energy.  It  may  be  added 
that  if,  in  addition  to  the  internal  forces  arising  from  the  potential  V  and  the 
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frictioiial  forces  arising  from  the  dissipative  function  F,  tliere  are  other  forces 
impressed  on  tlie  system,  these  forces  would  remain  to  be  inserted  upon  the  right- 
hand  side  of  the  equations  of  motion  just  given. 

The  fact  that  the  equations  for  small  vibrations  lead  to  equations  vpith  constant 
coefficients  by  neglecting  the  higher  powers  of  the  variables  gives  the  important 
physical  theorem  of  the  superposition  of  small  vibrations.  The  theorem  is  :  If  with 
a  certain  set  of  initial  conditions,  a  system  executes  a  certain  motion  ;  and  if  with 
a  difierent  set  of  initial  conditions  taken  at  the  same  initial  time,  the  system 
executes  a  second  motion  ;  then  the  system  may  execute  the  motion  which  consists 
of  merely  adding  or  superposing  these  motions  at  each  instant  of  time  ;  and  in 
particular  this  combined  motion  will  be  that  which  the  system  would  execute  under 
initial  conditions  which  are  found  by  simply  adding  the  corresponding  values  in 
the  two  sets  of  initial  conditions.  This  theorem  is  of  course  a  mere  corollary  of  the 
linearity  of  the  equations. 

EXERCISES 

1.  Integrate  the  following  systems  of  equations  : 

(a)  JJz-  Ihj  +  x  =  cos  t,  IPx  -  l>y  +  3x-y  =  e^', 

(/3)  3 i»j:  +  3 X  +  2  i/  =  e',  ix  -  3Dy  +  3y  =  3t, 

{y)  Ifix-3x-iy  =  0,  L^y  +  x  +  y  =  0, 

(5)  —  =  :; — T-T'^'^'-^  (f)  -dt^  - 


y—'ix      2i  +  5y  3x  +  iy      2x  +  by 

{^)  tl>x  +  2(x-y)  =  l,  tDy  +  x  +  5y  =  t, 

iv)  Bx  =  ny  —  mz,  l>yz=lz  —  nx,  Dz=mx—ly, 

(6)  Ifix  -  Zx  -  iy  +  Z  =  0,  i)2j,  +  X  _  8j/  +  .5  =  0, 

(i)  D^x-iV'y  +  ilfix-x  =  (i,  D*y-ill»x+  im/-y  =  0. 

2.  A  particle  vibrates  without  friction  upon  the  inner  surface  of  an  ellipsoid. 
Discuss  the  motion.   Take  the  ellipsoid  as 

l2         „2         (2  _  (.\2 

~o  +  ir„  +  - — 5-^  =  1 ;    then    x  =  C'sin 


(^..C.),\  =  .'sin(f..4 


3.  Same  as  Ex.  2  when  friction  varies  with  the  velocity. 

4.  Two  heavy  particles  of  equal  mass  are  attached  to  a  light  string,  one  at  the 
middle,  one  at  one  end,  and  are  .suspended  by  attaching  the  other  end  of  the  string 
to  a  fixed  point.  If  the  particles  are  slightly  displaced  and  the  oscillations  take 
place  without  friction  in  a  vertical  plane  containing  the  fixed  point,  discuss  the 
motion. 

5.  If  there  be  given  two  electric  circuits  without  capacity,  the  equations  are 

where  i,,  i^  are  the  currents  in  the  circuits,  Ij ,  L.,  are  the  coefficients  of  self- 
induction,  Bj,  Kj  are  the  resistances,  and  M  is  the  coefficient  of  mutual  induction. 
(a)  Integrate  the  equations  when  the  iiiipres.sed  electromotive  forces  £, ,  E^  are 
zero  in  both  circuits.  (/3)  Also  when  £5  =  0  but  E^  =  ampt  is  a  periodic  force. 
(7)  Discuss  the  cases  of  loose  coupling,  that  is,  where  M^/L^L^  is  small ;  and  the 
case  of  close  coupling,  that  is,  where  M^/L^L^  is  nearly  unity.  What  values  for  p 
are  e.specially  noteworthy  when  the  damping  is  small  ? 
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6.  If  tlie  two  circuits  of  Ex.  5  have  capacities  C^,  C,  and  if  q^,  q„  are  the 
charges  on  the  condensers  so  that  i^  =  dq^/dt,  i.^  =  dq„/dl  are  the  currents,  the 
equations  are 

'  d«2  dt^  ^  dt       C^         "  "  dJ2  df^         ^  dt       C         ^ 

Integrate  when  the  resistances  are  negligible  and  ^1=  ^2=  0.  If  Tj  =  27r  VCjL, 
and  T„  =  '2,ir\'C„L^  are  the  periods  of  the  individual  separate  circuits  and 
e  =  2ir-.vVC\C2,  and  if  T^=  T.,,  show  that  V r^  +  6=  and  VT^  -  e^  are  the 
independent  periods  in  the  coupled  circuits. 

7.  A  uniform  beam  of  weight  6  lb.  and  length  2  ft.  is  placed  orthogonally 
across  a  rough  horizontal  cylinder  1  ft.  in  <liameter.  To  each  end  of  the  beam  is 
suspended  a  weight  of  1  lb.  upon  a  string  1  ft.  long.  Solve  the  motion  produced 
by  giving  one  of  the  weights  a  slight  horizontal  velocity.  Note  that  in  finding  the 
kinetic  energy  of  the  beam,  the  beam  may  be  considered  ius  rotating  aliciut  its 
middle  point  (§  39). 


CHAPTER  IX 
ADDITIONAL  TYPES  OF  ORDINARY  EQUATIONS 

100.  Equations  of  the  first  order  and  higher  degree.  The  degree  of 
a  differential  equation  is  defined  as  the  degree  of  the  derivative  of 
highest  order  which  enters  in  the  equation.  In  the  case  of  the  equation 
*  (a-,  2/,  y')  =  0  of  the  first  order,  the  degree  will  be  the  degree  of  the 
equation  in  y'.  From  the  idea  of  the  lineal  element  (§  85)  it  appears 
that  if  the  degree  of  *  in  y'  is  n,  there  will  be  n  lineal  elements  through 
each  point  (x,  y").  Hence  it  is  seen  that  there  are  w  curves,  which  are 
compounded  of  these  elements,  passing  through  each  point.  It  may  be 
pointed  out  that  equations  such  as  y'  =  a'Vl  +  tf,  which  are  apparently 
of  the  first  degree  in  y\  are  really  of  higher  degree  if  the  multiple  value 
of  the  functions,  such  as  Vl  +  ?/,  which  enter  in  the  equation,  is  taken 
into  consideration  ;  the  equation  above  is  replaceable  by  y''^  =  ar"  +  -xhf, 
which  is  of  the  second  degree  and  without  any  multiple  valued  function.* 

First  suppose  that  the  differential  equation 

*  (^,  y,  y')  =  [z/'  -  H^,  2/)]  X  [y'  -  U^,  ?/)]••■  =  o  (i) 

may  be  solved  for  y'.    It  then  becomes  equivalent  to  the  set 

y  -  i/r,(a^,  y)  =  0,  y  -  ^^(r,  y)  =  0,  •  ■  ■  (!') 

of  equations  each  of  the  first  order,  and  each  of  these  may  be  treated 
by  the  methods  of  Chap.  VIII.    Thus  a  set  of  integrals  t 

F,(x,  2/,  C)  =  0,  F,(a-,y,  C)  =  0,  •■■  (2) 

may  be  obtained,  and  the  product  of  these  separate  integrals 

F{x,  y,  C)  =  F^{x,  y,  C)  ■  F^x,  y,  C)  •  •  •  =  0  (2') 

is  the  complete  solution  of  the  original  equation.  Geometrically  speak- 
ing, each  integral  -F,(^>  Vj  C)  =  0  represents  a  family  of  curves  and  the 
product  represents  all  the  families  simtdtaneously. 

»  It  is  therefore  apparent  that  the  idea  of  degree  as  applied  in  practice  is  somewhat 
indefinite. 

t  The  same  constant  C  or  any  desired  function  of  C  may  be  used  in  tlie  different 
solutions  because  C  is  an  arbitrary  constant  and  no  specialization  is  introduced  by  its 
repeated  use  in  this  way. 

228 
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As  an  example  consider  y"^  +  'iy'ycotz  =  y^.   Solve. 

y'^  +  2y'ycotx  +  y^cot^x  =  y^l  +  cut^jr)  =  y'^csc^j, 

antl  (?/'  +  2/cotx  —  ycscx)(y'  +  ycotx  +  ycacx)  =  0. 

These  equations  both  come  under  the  type  of  variables  separable.   Integrate. 

dy      1  — cosx,  dcosx 

—  = dx  = ,        y(l  +  cosx)  =  C,   . 

y  sinx  1  +  cosx 

,  dy  1  +  cosx,  dcosx 

and  —  = dx  = ,        v(l  — cosx)=C. 

y  sin  X  1  —  cos  x 

Hence  [y  (1  +  cos x)+  C][y(l-  cos x)  +  C]  =  0 

is  the  solution.   It  may  be  put  in  a  diflerent  form  by  multiplying  out.  Then 

S/^sin^x  +  2  Cy  +  C  =  0. 

If  the  equation  cannot  be  solved  for  y'  or  if  the  equations  resulting 
from  the  solution  cannot  be  integrated,  this  first  method  fails.  In  that 
case  it  may  he  possible  to  solve  for  y  or  for  r  and  treat  the  equation  b}' 
differentiation.    Jjet  y'=2J.    Then  if 

The  equation  thus  found  by  differentiation  is  a  differential  equation  of 
the  first  order  in  dp/dx  and  it  may  be  solved  by  the  methods  of  Chap. 
VIII  to  find  F(p,  X,  C)  —  0.    The  two  equations 

y=f{^,P)     and     F(p,x,C)=0  (3') 

may  be  regarded  as  defining  x  and  y  parametrically  in  terms  of  p,  or  p 
may  be  eliminated  between  them  to  determine  the  solution  in  the  form 
a  (x,  y,  C)  =  0  if  this  is  more  convenient.  If  the  given  differential  equa- 
tion had  been  solved  for  x,  then 

■,     dx      1      df     df  dp  ... 

x=fiy,p)     and     _  =  -  =  ^  +  ^^.  (4) 

The  resulting  equation  on  the  right  is  an  equation  of  the  first  order  in 

dp/dy  and  may  be  treated  in  the  same  way. 

As  an  example  take  xp"  —  2  j/p  +  ax  =  0  and  solve  for  y.   Then 

ax  ^dy      ^  dp      ax  dp      a 

2j/  =  xp+— ,        2/  =  2i)=i)  +  x/-  — j^  +  -. 
p  dx  dx      p!^  dx     p 


j[-f]l-e-')=«' 


or    xdp  —  pdx  =  0. 


The  solution  of  this  equation  is  x  =  Cp.   The  solution  of  the  given  equation  is 

ax  „ 

22/  =  xp  +  — .  x=Cp 
P 

when  expressed  parametrically  in  terms  of  p.  Up  be  eliminated,  then 

x2 
2y  z= — \- aC  parabolas. 

C 


.dp 
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As  another  example  take  p'^y  +  2px  =  y  and  solve  for  J.   Then 

\p        I  dy      p      p  \      p-        h 

(ir  -  +  P  +  2/  (-i;  +  1 )  3^  =  0,     or     i/dp  +  P<iy  =  0. 

The  solution'  of  this  is  py  =  C  and  the  solution  of  the  given  equation  is 

2x  =  y(--p\,       py  =  C,     c.r    y^  =  'iCx+C^. 

Two  special  types  of  equation  maj'  be  mentioned  in  addition,  although 
their  method  of  solution  is  a  mere  corollary  of  the  metliods  already 
given  in  general.  They  are  the  equation  homogeneovs  in  (x,  y)  and 
Clab-uufs  equation.    The  general  form  of  the  homogeneous  equation  is 

*  {ih  yA)  =  0-    This  equation  may  be  solved  as 

■P  =  ^{^  or  as     l=f{p),         .'/  =  »•/(/>);  (5) 

and  in  the  first  case  is  treated  by  the  methods  of  C'haji.  YIII,  and  in 
the  second  by  the  methods  of  this  article.  \\'hich  method  is  chosen 
rests  with  the  solver.    The  Clairaut  type  of  equation  is 

y=px+f{p)  (6) 

and  comes  directly  under  the  methods  of  this  article.  It  is  especially 
noteworthy,  however,  that  on  differentiating  with  respect  to  x  the  result- 
ing equation  is  ,  , 

[x+/(i')]^  =  0     or    ^  =  0.  (6-) 

Hence  the  solution  for  ^  is  ^  =  C,  and  thus  y  =  Cx  +f(C)  is  the  solu- 
tion for  the  Clairaut  equation  and  represents  a  family  of  straight  lines. 
The  rule  is  merely  to  substitute  C  in  place  of  j^-  This  type  occurs  verj- 
frequently  in  geometric  applications  either  directly  or  in  a  disguised 
form  requiring  a  preliminary  change  of  variable. 

101.  To  this  point  the  only  solution  of  the  differential  equation 

*  (x,  y,  p)=  a  which  has  been  considered  is  the  general  solution 
F(x,  y,  C)  =  0  containing  an  arbitrary  constant.  If  a  special  value, 
say  2,  is  given  to  C,  the  solution  F(x,  y,  2)=  0  is  called  a  particular 
solution.  It  may  happen  that  the  arbitrary  constant  C  enters  into  the 
expression  F(x,  y,  C)  =  0  in  such  a  way  that  when  C  becomes  positively 
infinite  (or  negatively  infinite)  the  curve  F(x,  y,  C)  =  0  approaches  a 
definite  limiting  position  which  is  a  solution  of  the  differential  equation ; 
such  solutions  are  called  infinite  solutions.  In  addition  to  these  tyi)es 
of  solution  which  naturally  group  themselves  in  connection  with  the 
general  solution,  there  is  often  a  solution  of  a  different  kind  which  is 
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known  as  the  singular  solution.  There  are  several  different  definitions 
for  the  singular  solution.  That  which  wiU  be  adopted  here  is  :  A  singu- 
lar solution  is  the  enn-lope  of  the  family  of  curves  defined  hy  the 
general  solution. 

The  consideration  of  the  lineal  elements  (§  85)  will  show  how  it  is 
that  the  envelope  (§  65)  of  the  family  of  particular  solutions  which 
constitute  the  general  solution  is  itself  a  solution  of  the  equation.    For 
consider  the  figure,  which  represents  the  particular  solutions  broken  up 
into  their  lineal  elements.   Note  that  the  envelope  is  made  up  of  those 
lineal  elements,  one  taken  from  each  particular  so- 
lution, which  are  at  the  points  of  contact  of  the  envelope 
envelope  with  the  curves  of  the  famUy.    It  is  seen    ;<<     •^^^v^*^ 
that  the  envelope  is  a  curve  all  of  whose  lineal          ■^  •^"""  ^  \ 
elements  satisfy  the  equation  *  (x,  y,p)=  0  for  the 
■  reason  that  they  lie  upon  solutions  of  the  equation.   Now  any  curve 
whose  lineal  elements  satisfy  the  equation  is  by  definition  a  solution 
of  the  equation;  and  so  the  envelope  must  be  a  solution.    It  might 
conceivably  happen  that  the  family  F(x,  y,  C)=  0  was  so  constituted 
as  to  envelope  one  of  its  own  curves.    In  that  case  that  curve  would 
be  both  a  particular  and  a  singular  solution. 

If  the  general  solution  F{x,  y,  C)  =  0  of  a  given  differential  equation 
is  known,  the  singular  solution  may  be  found  according  to  the  rule  for 
finding  envelopes  (§  65)  by  eliminating  C  from 

F{x,  y,C)=0     and     ^  F(x,  y,  C)  =  0.  (7) 

It  should  be  borne  in  mind  that  in  the  eliminant  of  these  two  equations 
there  may  occur  some  factors  which  do  not  represent  envelopes  and 
which  miist  be  discarded  from  the  singular  solution.  If  only  the  singu- 
lar solution  is  desired  and  the  general  solution  is  not  known,  this 
method  is  inconvenient.  In  the  case  of  Clairaut's  equation,  however, 
where  the  solution  is  known,  it  gives  the  result  immediately  as  that 
obtained  by  eliminating  C  from  the  two  equations 

y=Cx+f{C)     and     O  =  a--h/'(0-  C^) 

It  may  be  noted  that  as  j9  =  C,  the  second  of  the  equations  is  merely 
the  factor  x  +f'(j>)  =  0  discarded  from  (6').  The  singular  solution  may 
therefore  be  found  by  eliminating  p  between  the  given  Clairaut  equar 
tion  and  the  discarded  factor  x  +f'(p)=  0. 

A  reexamination  of  the  figure  will  suggest  a  means  of  finding  the 
singular  solution  without  integrating  the  given  equation.  For  it  is  seen 
that  when  two  neighboring  curves  of  the  family  intersect  in  a  point  P 
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near  the  envelope,  then  through  this  point  there  are  two  lineal  elements 
which  satisfy  the  differential  equation.  These  two  lineal  elements  have 
nearly  the  same  direction,  and  indeed  the  nearer  the  two  neighboring 
curves  are  to  each  other  the  nearer  will  their  intersection  lie  to  the 
envelope  and  the  nearer  will  the  two  lineal  elements  approach  coinci- 
dence with  each  other  and  with  the  element  upon  the  envelope  at  the 
point  of  contact.  Hence  for  all  points  (a-,  ij)  on  the  envelope  the  equa- 
tion *  {x,  y,  p)  =  0  of  the  lineal  elements  must  have  (lonhle  mots  for  jk 
Now  if  an  equation  has  double  roots,  the  derivative  of  the  equation 
must  have  a  root.    Hence  the  requirement  that  the  two  equations 

"A  i^;  y,  P)  =  0     and     g-  ./.  (x,  ?/,  i>)  =  0  (9) 

have  a  common  solution  for  j)  will  insure  that  the  first  has  a  double 
root  for  p ;  and  the  points  (a-,  y)  which  satisfy  these  equations  simul- 
taneously must  surely  include  all  the  points  of  the  envelojje.  The  rule 
for  finding  the  singular  solution  is  therefore:  Eliminate  -p  from  the' 
given  differential  equation  and  its  derivatire  irlth  respect  to  p,  that  is, 
from  (9).    The  result  should  be  tested. 

If  the  equation  xp^  —  2yp  +  ax  =  0  treated  above  be  tried  for  a  singular  solution, 
the  elimination  of  p  is  required  between  the  two  equations 

xp'^  —  2yp  +  ax  =  0    and     xp  —  y  =  0. 

The  resvdt  is  y^  =  ax^,  which  gives  a  pair  of  lines  through  the  origin.  The  substi- 
tution of  2/  =  ±  Vox  and  p  =  ±  Vo  in  the  given  equation  .shows  at  once  that 
y^  =  cufi  satisfies  the  equation.  Tlius  y'^  =  ax-  is  a  singular  solution.  The  same 
result  is  found  by  finding  the  envelope  of  the  general  solution  given  above.  It  is 
clear  that  in  this  case  the  singular  solution  is  not  a  particular  solution,  as  the  par- 
ticular solutions  are  parabolas. 

If  the  elimination  had  been  carried  on  by  Sylvester's  method,  then 

0  X     —y 

X     —  2y         a  =  —  x(y-  —  ax')  =  0  ; 

X     —     y         0 

and  the  eliminant  is  the  product  of  two  factors  x  =  0  and  y^  —  ax^  =  0,  of  which 
the  second  is  that  just  found  and  the  first  is  the  |/-axis.  As  the  slope  of  the  j/-axis 
is  infinite,  the  substitution  in  the  equation  is  hardly  legitimate,  and  the  equation 
can  hardly  be  said  to  be  satisfied.  The  occurrence  of  these  extraneous  factors  in 
the  eliminant  is  the  real  reason  for  the  necessity  of  te.sting  the  result  to  see  if  it 
actually  represents  a  singular  solution.  These  extraneous  factors  may  represent 
a  great  variety  of  conditions.  Thus  in  the  case  of  the  equation  p'^  -\-  2yp  cot  x  =  y- 
previously  treated,  the  elimination  gives  y^  csc'^  z  =  0,  and  as  esc  x  cannot  vani.sh, 
the  resitlt  reduces  to  j/^  =  0,  or  the  x-axis.  As  the  slope  along  the  x-axis  is  0  and  y 
is  0,  the  equation  is  clearly  satisfied.  Yet  the  line  j/  =  0  is  not  the  envelope  of  the 
general  solution  ;  for  the  curves  of  the  family  touch  the  line  only  at  the  points  mr. 
It  is  a  particidar  solution  and  corresponds  to  C  =:  0.   There  is  no  singular  .solution. 
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Many  authors  use  a  great  deal  of  time  and  space  discussing  just  what  may  and 
wliat  may  not  occur  among  the  extraneous  loci  and  how  many  times  it  may  occur. 
The  result  is  a  considerable  number  of  statements  which  in  their  details  are  either 
grossly  incomplete  or  glaringly  false  or  both  (cf.  §§  65-67).  The  rules  liere  given 
for  finding  singular  solutions  should  not  be  regarded  in  any  other  light  than  as 
leading  to  some  expressions  which  are  to  be  examined,  the  best  way  one  can,  to 
find  out  whether  or  not  they  are  singular  solutions.  One  curve  which  may  appear  in 
the  elimination  of  p  and  which  deserves  a  note  is  the  tac-locus  or  locus  of  points  of 
tangency  of  the  particular  solutions  with  each  other.  Thus  in  the  system  of  circles 
(x  —  C)^  +y^  =  r^  there  may  be  found  two  which  are  tangent  to  each  other  at  any 
assigned  point  of  the  x-axis.  This  tangency  represents  two  coincident  lineal 
elements  and  hence  may  be  expected  to  occur  in  the  elimination  of  p  between  the 
differential  equation  of  the  family  and  its  derivative  with  respect  to  p  ;  but  not  in 
the  eliminant  from  (7). 

EXERCISES 

1.  Integrate  the  following  equations  by  solving  forp  =  y': 

(a)  p2-6p  +  5  =  0,  (/3)  p3_(2x+,/)p2  +  (a;2_3,2  +  2lJ,2)p-(x2-y2)y2  =  0, 

(7)  xp2-2j/p-x  =  0,       (8)  pUx  +  2y)  +  3p' (x  +  y)  +  p (y  +  2 x)  =  0, 
(e)3/2  +  p2  =  l,  (f)p2- 0x8  =  0,  (,)  p  =  (a-x)Vl+p2. 

2.  Integrate  the  following  equations  by  solving  for  y  or  x: 

(a)  4xp2  +  2xp-j^  =  0,  (p)  y  =  -  xp  +  x*p^,  (y)  p+ 2xy  -  x^  -  y^  =  0, 

(8)  2pi-v+ logp  =  0,  {c)x-yp  =  ap^,  (f)  y  =  x  +  atan-ip, 
(,)  x  =  2/  +  alogp,  (fl)  x  +  py(2p2  +  3)  =  0,  (t)  a'^yp" -2xp  +  y  =  0, 
(k)  p^-4xyp  +  Sy^  =  0,  (X)x=p  +  logp,  (,i)  p^x^  +  2ax)  =  a'. 

3.  Integrate  these  equations  [substitutions  suggested  in  (i)  and  (ic)]  : 

(a)  X3^  (p2  +  2)  =2pj^  +  x',  (|3)  (nx  +  pyf  =  (1  +  p^)  {y^  +  nx"), 

(7)  y^  +  xyp  -  x2p2  =  0,  (8)  y  =  yp^  +  2px, 

(e)  y=px+  sin-ip,  (f)  y=p{x-b)  +  a/p, 

(n)  y=px  +  p{l-  p2),  (6)  2/2  -  2pxy  -  1  =  p2  (1  -x^), 

(t)  4e2!'p!'  +  2ip-l  =0,   z=e^ii,  {k)  y  =  2px  +  yV,   3/"  =  z. 

(X)  4 e^yp^  +  2e2^p  -  e==  =  0,  M  x"  (y  -  px)  =  yp^. 

4.  Treat  these  equations  by  the  p  method  (9)  to  find  the  singular  solutions. 
Also  solve  and  treat  by  the  C  method  (7).  Sketch  the  family  of  solutions  and 
examine  the  significance  of  the  extraneous  factors  as  well  as  that  of  the  factor 
which  gives  the  singular  solution : 

(a)  p*i/+p(x-y)-x  =  0,        (/S)  pV  cosher- 2pivsin='a:+ y^  _  x^sin^a  =  0, 
(7)  4xp2  =  (3x  -  a)\  («)  yp^ix  -  a)  (X  -  6)  =  [3x^-  2x(a+b)  +  abf, 

(e)  p2  +  xp-3/  =  0,  (f)  8a(l  +  p)'  =  27(x  +  v)(l-i>)°, 

(i,)  xV  +  xh/p  +  a'  =  0,  (6)  1/(3-4  yfp^  =  4(1  -  y). 

5.  Examine  sundry  of  the  equations  of  Exs.  1,  2,  3,  for  singular  solutions. 

6.  Show  that  the  solution  of  y  =  x^(p)  +f(p)  is  given  parametrically  by  the 
given  equation  and  the  solution  of  the  linear  equation : 

^  +  a;_iM_  =  _^^M_.       Solve     {a)  y  =  mxp  +  n{l+p^)K 
dp        <t>{p)-P     P-0(P) 
ip)  .V  =  x(p  +  aVlT?X        {y)  x  =  yp  +  ap^,        (i)  y  =  (I  +  p)x  +  p\ 
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7.  As  any  straight  line  isy  =  mx  +  b,  any  family  of  lines  may  be  represented  as 
y  =  mx  +  f  (m)  OT  hj  the  Clairaut  equation  y=px+f{p).  Show  that  the  ortliog- 
(inal  trajectories  of  any  family  of  lines  leads  to  an  equation  of  the  type  of  Ex.  6. 
The  same  is  true  of  the  trajectories  at  any  constant  angle.  Express  the  equations 
of  the  following  systems  of  lines  in  the  Clairaut  form,  write  the  equations  of  the 
orthogonal  trajectories,  and  integrate  : 

(a)  tangents  to  x^  +  y^  =  1,  (fi)  tangents  toy"  =  2  ax, 

(y)  tangents  to  y"  =  x^,  (S)  normals  to  y"  =  2  ax, 

(e)  normals  to  y"  =  x^,  (f)  normals  to  /^J^  +  ah/'^  =  a^. 

8.  The  eeolute  of  <i  given  curve  is  the  locus  of  the  center  of  curvature  of  the 
curve,  or,  what  amounts  to  the  same  thing,  it  is  the  envelope  of  the  normals  i)f  tlie 
given  curve.  If  the  Clairaut  equation  of  the  normals  is  known,  the  evolule  may  be 
obtained  as  its  singular  solution.   Thus  find  the  evolutes  of 

(a)  j/2  =  4 or,  03)  2 xy  =  a",  (7)  xi  +  yl  =  al, 

a^      0-  Za  —  I 

9.  The  involutes  of  a  given  curve  are  the  curves  which  cut  the  tangents  of  the 
given  curve  orthogonally,  or,  what  amounts  to  the  same  thing,  they  are  the  curves 
which  have  the  given  curve  as  the  locus  of  their  centers  of  curvature.  Find  the 
involutes  of 

(a)  x"  +  y"  =:  a',  (p)  y-  =  2  mx,  (7)  y  =  a  cosh  (x/a). 

10.  As  any  curve  is  the  envelope  of  its  tangents,  it  follows  that  when  the  curve 
is  described  by  a  property  of  its  tangents  the  curve  may  be  regarded  as  the  singu- 
lar solution  of  the  Clairaut  equation  of  its  tangent  lines.  Determine  thus  what 
curves  have  these  properties  : 

(a)  length  of  the  tangent  intercepted  between  the  axes  is  I, 

(P)  sum  of  the  intercepts  of  the  tangent  on  the  axes  is  c, 

(7)  area  between  the  tangent  and  axes  is  the  constant  k", 

(J)  product  of  perpendiculars  from  two  fixed  points  to  tangent  is  Ifl, 

(e)  product  of  ordinates  from  two  points  of  i-axis  to  tangent  is  k". 

^f  . 

11.  From  the  relation  —-  =  ij.  VM"  +  N"  of  Proposition  3,  p.  212,  show  that  as 

an 

the  curve  F  =  C  is  moving  tangentially  to  itself  along  its  envelope,  the  singular 
solutioo  of  Mdx  +  Ndy  =  0  may  be  expected  to  be  found  in  the  equation  l/n  =  0  ; 
also  the  infinite  solutions.   Discuss  the  equation  1/^  =  0  in  the  following  cases  : 


(a)  Vl  —  y^dx  =  Vl  —  x^dy,        (fi)  xdx  +  ydy  =  V^'^i^y^^^dy. 

102.  Equations  of  higher  order.    In  the  treatment  of  special  prob- 
lems (§  82)  it  was  seen  that  the  substitutions 

rendered  the  differential  equations  integrable  by  reducing  them  to  in- 
tegrable  equations  of  the  first  order.  These  substitutions  or  others  like 
them  are  useful  in  treating  certain  cases  of  the  differential  equation 
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*(-^.  ?A  y',  U",  ■■■,  y'-"^)=0  of  the  nth  order,  namely,  when  one  of  the 
variables  and  ])erhaps  some  of  the  derivatives  of  lowest  order  do  not 
occur  in  the  equation. 

Incase  *^,,  J.   -_^,  . .  ,  _|j  =  o,  (11) 

y  and  the  first  t  —  1  derivatives  being  absent,  substitute 

g  =  ,     sothat     *(-.  .-|'-,£?.)  =  0.  (11') 

The  original  equation  is  therefore  replaced  by  one  of  lower  order.  If 
the  integral  of  this  be  F{x,  q)  =  0,  which  will  of  course  contain  n  —  i 
arbitrary  constants,  the  solution  for  q  gives 

q=f{x)     and    y=f-ff(x)(dxy.  (12) 

The  solution  has  therefore  been  accomplished.  If  it  were  more  con- 
venient to  solve  F(x,  q)  =  0  for  x  =  <l>(q),  the  integration  would  be 

and  this  equation  with  x  =  tf>  [q)  would  give  a  parametric  expression 
for  the  integral  of  the  diilerential  equation. 

x  being  absent,  substitute  p  and  regard  j9  as  a  function  of  y.    Then 
fly  _  (Py  _     dp  d^y  _      d  /    dp\ 


dx      P'  dx'      ^  dy'  dx'      ^  dyY  dyj 

and  ^^i^y,p,-,..-,^  =  0. 

In  this  way  the  order  of  the  efjuation  is  lowered  by  unity.  If  this  equa- 
tion can  be  integrated  aa  F(y,  p)  =  0,  the  last  step  in  the  solution  may 
be  obtained  either  directly  or  paranietrically  as 

It  is  no  particular  simplification  in  this  case  to  have  some  of  the  lower 
derivatives  of  y  absent  from  *  =  0,  because  in  general  the  lower  deriva^ 
tives  of  p  will  none  the  less  be  introduced  by  the  substitution  that 
is  made. 
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As  an  example  consider  ^x  —  -—j  =  \^—j  +  1, 
which  is  (x|-5y=(|)Vl    if    «: 


dry 
'  dx^' 


Then  g  =  x2±>J(2J+l    and    «  =  C,x±VcF  +  l; 

for  tl)e  equation  is  a  Clairaut  type.   Hence,  finally, 

y  =//[CiX  ±  V^Tl](dx)2  =  ^  C^x'  ±  Jx2  Vcf  +  1  +  Cjx  +  C3, 
As  another  example  consider  y"  —  y^  =  y'^  logv-   This  becomes 
p^-p''=ynogy    or    lM_2p=  =  2v^log2/. 
The  equation  is  linear  in  p^  and  has  the  integrating  factor  e-^!/. 

-pie-^v=fy2e^ii'\ogydy,        —  p  =  \e^!'fy''e-2'Jlosydy\   , 

and  r — r-  =  V2z. 


r ay . 


The  integration  is  therefore  reduced  to  quadratures  and  becomes  a  problem  in 
ordinary  integration. 

If  an  equation  is  homogeneous  with  respect  to  y  and  its  derivatives, 
that  is,  if  the  equation  is  multiplied  by  a  power  of  k  when  y  is  replaced 
by  ky,  the  order  of  the  equation  may  be  lowered  by  the  substitution 
y  =  e'  and  by  taking  z'  as  the  new  variable.  If  the  equation  is  homo- 
geneous with  respect  to  x  and  dx,  that  is,  if  the  equation  is  multiplied 
by  a  power  of  k  when  x  is  replaced  by  kx,  the  order  of  the  equation 
may  be  reduced  by  the  substitution  x  =  e'.  The  work  may  be  simplified 
(Ex.  9,  p.  152)  by  the  use  of 

D-y  =  e-'^D.iD,  -l).-.{D,-n  +  \)y.  (15) 

If  the  equation  is  homogeneous  with  respect  to  x  and  y  and  the  dif- 
ferentials dx,  dy,  (Py,  ■  ■  ■,  the  order  may  be  lowered  by  the  substitution 
X  =  e',  y  =  e'z,  where  it  may  be  recalled  that 

D^y  =  6-  "'A(A  -l)--{D,-n  +  l)y 

=  e-<»-i^'(A  +  1)2),  •  ■  ■  (D,  -  71  +  2)s.  ^      ' 

Finally,  if  the  equation  is  homogeneous  with  respect  to  x  considered  of 
dimensions  1,  rnul  y  considered  of  dimensions  in,  that  is,  if  the  equation 
is  multiplied  by  a  power  of  k  when  kx  replaces  x  and  A-""//  replaces  y, 
the  substitution  x  =  r',  y  =  e""^  will  lower  the  degree  of  the  equation. 
It  may  be  recalled  that 

Z)»y  =  e<"'-">'(D,  +  m) (D,  -\-  m-1}---  (£*,  +  m  —  n-\-l)z.      (15") 
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Consider  xyy"  —  xy'-'  =  yy'  +  hxy'-fy/d-  —  x-.  If  in  tliis  ciiuation  y  be  rcplacod 
by  ky  so  tliat  y'  and  y''  are  also  replaced  by  ky'  and  ky'\  it  appears  that  the 
equation  is  merely  nndtiplied  by  k^  and  is  therefore  homogeneous  of  the  first 
sort  mentioned.    Substitute 

y  =  e',         y'  =  e'z',         y"  =  c'(z"  +  z"^). 

Then  e^^  will  cancel  from  the  whole  equation,  leaving  merely 

xz    =  z  +  ojz  Vva^  —  z-     or    — — ^ dx  —  — ^=^^z^- 

~'        ^  Va-  —  /- 

The  equation  in  the  first  form  is  Bernoulli ;  in  the  second  form,  exact.    Then 

—  =  0  Va-  —  I-  +  C    and    dz  = 

«'  b  Vo^  -  X-  +  C 

The  variables  are  separated  for  the  last  integration  which  will  determine  z  =  logy 
as  a  function  of  x. 

Again  consider  x*-~  =  (x^  +  2xy)-^  —  iy^.    If  x  be  replaced  by  kx  and  y  by 

i;-^  so  that  y'  is  replaced  by  kY  and  ?/"  remains  unchanged,  the  ecjuation  is  nndti- 
plied by  Ar*  and  hence  comes  under  the  fourth  type  mentioned  above.    Substitute 

i  =  e',        y  =  e''z,         D^y  =  c'{Dt  +  2)z,         D>  =  (D,  +  2)  (A  +  l)z. 
Then  e*'  will  cancel  and  leave  z"  +  2  (1  —  z)  z'  =  0,  if  accents  denote  differentiation 
with  respect  to  t.   This  eciuation  lacks  the  independent  variable  t  and  is  reduced 
by  the  substitution  z"  =  z'dz'/dz.   Then 

— +2(l-z)  =  0,        z' =  -  =  (1  -  z)-^  +  C,        % =dt. 

dz         ^  '  dt       ^  '  (1  _  2^)  +  C 

There  remains  only  to  perform  the  quadrature  and  replace  z  and  t  by  x  and  y. 
103.  If  the  equation  may  be  obtained  by  differentiation,  as 

it  is  called  an  exnct  equation,  and  il{x,  y,  y',  •  ■  ■,  y'""''')  =  C  is  an  inte- 
gral of  *  =  0.  Thus  in  case  the  equation  is  exact,  the  order  may  be 
lowered  by  unity.  It  may  be  noted  that  unless  the  degree  of  the  nth 
derivative  is  1  the  equation  cannot  be  exact.    Consider 

where  the  coefticient  of  //<"'  is  collected  into  ^^.  Now  integrate  4>^,  par- 
tially regarding  only  y*"~''  as  variable  so  that 


/ 


dn. 

Then  ^  - —-^  =  <t>.. 

"  ilx  •' 


Tliat  is,  the  expression  *  —  O/  does  not  contain  y'^"'  and  may  contain 
no  derivative  of  order  higher  than  n  — A-,  and  may  be  collected  as 
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indicated.  Now  if  *  was  an  exact  derivative,  so  must  *  —  U'l  be.  Hence 
if  m  ^  1,  the  conclusion  is  that  *  was  not  exact.  If  w  =  1,  the  process 
of  integration  may  be  continued  to  obtain  fl^  by  integrating  partially 
with  respect  to  y<"~*~'\  And  so  on  until  it  is  shown  that  *  is  not  exact 
or  until  *  is  seen  to  be  the  derivative  of  an  expression  12^  +  O^  +  •  ■  •  =  C. 

As  an  example  consider  -ir  =  x'h)'"  +  xy"  +  (2  xy  —  1)  y'  ■\-y^  =  0.   Then 

Oi  =  {xHy"  =  X V,  *  -  n;  =  -  xy"  +  {2xy-l)y'  +  y% 

fij  =[-  xdy'=-xy',        *  -  o;  -  fi^  =  2x2^5^'  +  y^  =  (xy^)'. 

As  the  expression  of  the  first  order  is  an  exact  derivative,  the  result  is 

*-ni'-O2-{xy2)'  =  0;     and     *,  =  i V  -  xj^' +  xy^  _  d  =  0 

is  the  new  equation.   The  method  may  be  tried  again. 

ai=  fxHy'  =  x'y',        -f^- Q{  =  -Zxy' +  xy^  -  Gj^. 

This  is  not  an  exact  derivative  and  the  equation  SE'j  =  0  is  not  exact.  Moreover 
the  equation  *j  =  0  contains  both  x  and  y  and  is  not  homogeneous  of  any  type 
except  when  Cj  =  0.  It  therefore  appears  as  though  the  further  integration  of  the 
equation  *  =  0  were  impossible. 

The  method  is  applied  with  especial  ease  to  the  case  of 

^o^  +  A,^  +  ...  +  X„_,^  +  X„^-iJ(.)=0,         (17) 

where  the  coefficients  are  functions  of  x  aloue.  This  is  known  as  the 
linear  equation,  the  integration  of  which  has  been  treated  only  when 
the  order  is  1  or  when  the  coefficients  are  constants.  The  application 
of  successive  integration  by  parts  gives 

n,  =  T„2,<-»,     ^=  (A-^  _  .YJ)y<"-^>,     n^  =  (.Y,  -  A-;  +  .Yo")y<"-'',  •  •  • ; 
and  after  n  such  integrations  there  is  left  merely 

{X„-XU  +  . . .+(_!)" -LY,  +(_l)"A-„)y  -  R, 
which  is  a  derivative  only  when  it  is  a  function  of  a-.    Hence 

^.-A-;-i  +  ---+(-l)"-'A-^+(-l)».Y,  =  0  (18)    . 

is  the  condition  that  the  linear  equation  shall  be  exact,  and 

A'y»-')+(Z,  -  ArOy<»-^>  +  (X,-;fi'  +Zo")y<"-»>+  ...  =  CrcLx  (19) 
is  the  first  solution  in  case  it  is  exact. 

As  an  example  take  y'"  +  2^'  cos  x  -  2  y'  sin  x  -  y  cos  x  =  sin  2  x .   The  test 
-^8  —  ^i  +  X,"  —  X'^"  =  —  cosx  +  2  cosi  —  cosx  =  0 
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is  satisfied.  The  integral  is  therefore  y"  +  y'cosx  — ysinx  =—  icos2x  +  C  . 
This  equation  still  satisfies  the  test  for  exactness.  Hence  it  may  be  integrated 
again  with  the  result  y'  +  y  cosx  =  -  iBm2x  +  C^z  +  C^.  This  belongs  to  the 
linear  type.   The  final  result  is  therefore 

y  =  e-ai.,x Jerinx(Cja;  +  Cy  dx  +  CgC-""^  +  i  (1  -  sinz). 

EXERCISES 

1.  Integrate  these  equations  or  at  least  reduce  them  to  quadratures: 
(a)  2xy"'i/'  =  y"''  -  a\  (/3)  (1  +  x^)  y"  +  i  +  ,^'2  =  o, 

(7)  y"  +  aV  =0,  (5)  2/'  -  m^v"'  =  e^,         (e)  x:^y'y  +  a'^"  =  0, 

(f)  aVV  =  1,  (7,)  xy"  +  2/1=  0,  (9)  y"'y-  =  4, 

( ' )  C^-x')  y"  -  XV'  =  2,  («)  i/i'  =  Vi/'",  (\)  2,"  =/(y), 

(m)  2  (2  a  -  2/)  2/"  =  1  +  2/'2,  (x)  yy"  -  y"^  -  yh/'  =  0, 

(0)  yy"  +  y'2  -f  1  =  0,  (ff)  22/"  =  6!-,  (p)  2/Y'  =  a. 

2.  Carry  the  integration  as  far  as  jwssible  in  these  cases: 
(a)  iV'  =  (mx'^  +  n2/2)J,  (/3)  wij:32/"  =  (2/  -  i2/')2, 

(7)  x*y-'  =  (2/  -  ary')',  (S)  i*2^"  -  x^y'  -  xY''  +  42/2=0, 

(e)  X- V  +  x-i;/  =  i2/",  (f)  aw"  +  ^i/'^  =  yy'(c^  +  x2)-i 

3.  Carry  the  integration  as  far  as  possible  in  these  cases : 

(a)  (2/2  +  X)  2/'"  +  6  yy'y"  +  2/"  +  2  2/'^  =  0,         (/3)  s/'j,"  -  2/x V  =  X2/2, 
(7)  x32«/"'  +  Zx^y'y"  +  9i2j/y"  +  OiV"  +  18 12/2/'  +  32/^  =  0, 
(5)  y  +  3x2/'  +  22/s/'3  +  (j.2  +  22/V)2/"  =  0, 
(c)  (2xV  +  x2j^)2/"  +  4xV2  +  2x2/y'  =  0. 

4.  Treat  these  linear  equations : 

(a)  xy"  +  22/  =  2i,  (p)  {xi  -  \)y"  +  4x2/'  +  22/  =  2z, 

(7)  2/"  — 2/'cotx  +  2/osc2j  =  cosx,  (5)  (x^  —  i)y"  +  (3x  —  2)2/' +  2/ =  0, 

(e)  (x  -  x^)y"'  +  (1  -  5  j2)2^"  -  2X2/'  +  2  2/  =  6x, 

(J-)  (x3  +  i2  _  3x  +  1)2,'"  +  (9i2  +  6x-  9)2/"  +  (18x  +  6)2/'  +  63/  =  z', 

(1,)  (X  +  2)22/'"  +  (X  +  2)2/"  +  2/'  =  1,       (9)  xh,"  +  3x2/'  +  !/  =  x, 

(0  (zS-x)2/"'  +  (8z2_3)y"+  14iy'  +  42/  =  0. 

5.  Note  that  Ex.  4  (S)  comes  under  the  third  homogeneous  type,  and  tliat  Ex.  4 
{ri)  may  be  brought  under  that  type  by  multiplying  by  (x  +  2).  Test  sundry  of  Exs. 
1,  2,  3  for  exactness.  Show  that  any  linear  equation  in  which  the  coefficients  are 
polynomials  of  degree  le.ss  than  the  order  of  the  derivatives  of  which  they  are  the 
coefficients,  is  surely  exact. 

6.  Sometimes,  when  the  condition  that  an  eciuation  be  exact  is  not  satisfied,  it 
is  possible  to  find  an  integrating  factor  for  the  equation  so  that  after  multiplication 
by  the  factor  the  equation  becomes  exact.   For  linear  eqjiations  try  x".   Integrate 

(a)  xV  +  (2x<  -  x)2/'  -  (2x3  -  \)y  =  0,        (/8)  (x2  -  x*)y"  -x^-2y  =  0. 

7.  Show  that  the  equation  y"  +  Fy'  +  Qy'^  =  0  may  be  reduced  to  quadratures 
1°  when  P  and  Q  are  both  functions  of  y,  or  2°  when  both  are  functions  of  x,  or  3° 
when  P  is  a  function  of  x  and  Q  is  a  function  of  y  (integrating  factor  1/2/0-  I" 
each  case  find  the  general  expression  for  y  in  terms  of  quadratures.  Integrate 
j/"  +  2s/'coti  +  25/'2tan2/  =  0. 
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8.  Find  and  discuss  the  curves  for  which  the  radius  of  curvature  is  proi)ortional 
to  the  radius  r  of  the  curve. 

9.  If  the  radius  of  curvature  It  is  expressed  as  a  function  R  =  R(s)  of  the  arc  « 
measured  from  some  point,  the  equation  It  =  li  (s)  or  s  =  s  {R)  is  called  the  inirirDiK 
equation  of  the  curve.  To  find  the  relation  between  x  and  y  the  second  equation 
may  be  differentiated  as  ds  =  s'(K)  dR,  and  this  equation  of  the  third  order  may  be 
solved.  Show  that  if  the  origin  be  taken  on  the  curve  at  the  point  s  =  0  and  if  the 
i-axis  be  tangent  to  the  curve,  the  equations 

x=   I    cos     I    ^^    ds,        V  =   I    sin     /    —   ds 
Jo         IJo    bJ     '  Jo         Uo    RJ 

express  the  curve  parametrically.   Find  the  curves  whose  intrinsic  equations  are 

(a)  R  =  a,         (/3)  aR:=s^  +  a^,         (y)  R'' +  s^  =  16  a^. 

10.  Given   F  =  yM  +  X,^("-i)  +  X„y<"--»  +  ■  •  •  +  X„ _]!/'  +  X„y  =  0.    Show 
that  if  /u,  a  function  of  x  alone,  is  an  integrating  factor  of  the  equation,  then 
*  =  ^('0  -  (A-i;i.)(n-i)  +  (X^^Ly-V +  (_  1)'.-i(A-„_im)'  +  (-  1)"X„,.  =  0 

is  the  equation  satisfied  by  fi.  Collect  the  coefficient  of  jn  to  show  that  the  condition 
that  the  given  equation  be  exact  is  the  condition  that  this  coefficient  vanish.  The 
equation  *  =  0  is  called  the  adjoint  of  the  given  equation  F  =  0.  Any  integral  ju 
of  the  adjoint  equation  is  an  integrating  factor  of  the  original  equation.  Moreover 
note  that 

I'^Fdx  =  /ii2/(»-i)  +  (^X^  _  /)  j/(»-2)  +  . . .  ^.  (_  lYfy^dx, 

or  d[ij.F-  (-  1)"!/*]  =  d[^(/(«-i)  +  (^A'j  -  ii')y("-»  +■■■]=  dfi. 

Hence  if  liF  is  an  exact  differential,  .so  is  yi>.  In  other  words,  any  solution  y  of  the 
original  equation  is  an  integrating  factor  for  the  adjoint  equation. 

104.  Linear  differential  equations.    The  equations 

X^Dy  +  X^D"  -'1/  +  ---  +  A-„  _,D,,  +  A-„,y  =  R  (.r), 

^D-'y  +  X/r  -ly  +  . . .  +  A-„  _,Z)y  +  A„y  =  0  ^'  ^ 

are  linear  differential  equations  of  the  nth.  order ;  the  first  is  called  the 

complete  equation  and  the  second  the  reduced  equation.    If  »/i',  2/2'  2/3'  ' ' ' 

are  any  solutions  of  the  reduced  equation,  and  C^,  C\,  C^,  ■■■  are  any 

constants,  then  y  =  C^//,  +  C^y^  +  C^^  -\ is  also  a  solution  of  the 

reduced  equation.  This  follows  at  once  from  the  linearity  of  the  reduced 
equation  and  is  proved  by  direct  substitution.  Furthermore  if  /  is  any 
solution  of  the  complete  equation,  then  y  +  /  is  also  a  solution  of  the 
complete  equation  (cf.  §  96). 

As  the  equations  (20)  are  of  the  rath  order,  they  will  determine  y'"' 
and,  by  differentiation,  all  higher  derivatives  in  terms  of  the  values  of 
■'^^  >/> .'/',  ■  ••,.'/'"""■  Hence  if  the  values  of  the  n  quantities  y„,  ?/„,  ■  •  ■,  y<"  -"' 
whifih  correspond  to  the  value  ./■  =  ,r^  be  given,  all  the  higher  derivatives 
are  determined  (§§  87-88).  Hence  there  are  n  and  no  more  than  n  arbi- 
trary conditions  that  may  be  im2)osed  as  initial  conditions.    A  solution 
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of  the  equations  (20)  which  contains  n  distinct  arbitrary  constants  is 
called  the  general  solution.    By  distinct  is  meant  that  the  constants 
can  actually  be  determined  to  suit  the  n  initial  conditions. 
If  ^i)  y2>  ■  •  •  >  y-  are  n  solutions  of  the  reduced  equation,  and 

l/'  =  Cii/i       +C^'^        +---  +  CJ,,  ^21) 

yc-i)  =  Cij^(»-i)  +  c.^("-o  +  . . .  +  c„y<'—>, 

then  y  is  a  solution  and  y\---,  ?/<"-')  are  its  first  n  —  1  derivatives.  If 
x^  be  substituted  on  the  right  and  the  assumed  corresponding  initial 
values  !/o,  l/'o,  ■■■,  2/o"~'*  be  substituted  on  the  left,  the  above  n  equations 
become  linear  equations  in  the  n  unknowns  C^,  C^,  •  ■  ■ ,  C„ ;  and  if  they 
are  to  be  soluble  for  the  C's,  the  condition 


^(yv'A>  •••.yn)  = 


y,       2/2 

•   y» 

v'l        y'l 

•    y'n 

y(»-.)    ^(»-i)   . 

■   z/,'."-" 

+  0  (22) 


must  hold  for  every  value  of  ar  =  a;,,.  Conversely  if  the  condition  does 
hold,  the  equations  will  be  soluble  for  the  C's. 

The  determinant  W(t/^,  1/^,  ■■■ ,  y^)  is  called  the  Wronskian  of  the  n 
functions  y^,  y^,  ■■■,  y„.  The  result  may  be  stated  as :  If  n  functions 
2/1;  2/2)  •  •  ■  >  Z/n  which  are  solutions  of  the  reduced  equation,  and  of  which 
the  Wronskian  does  not  vanish,  can  be  found,  the  general  solution  of  the 
reduced  equation  can  be  written  down.  In  general  no  solution  of  the 
equation  can  be  found,  whether  by  a  definite  process  or  by  inspection ; 
but  in  the  rare  instances  in  which  the  n  solutions  can  be  seen  by  inspec- 
tion the  problem  of  the  solution  of  the  reduced  equation  is  completed. 
Frequently  one  solution  may  be  found  by  inspection,  and  it  is  therefore 
important  to  see  how  much  this  contributes  toward  effecting  the  solution. 

If  ?/j  is  a  solution  of  the  reduced  equation,  make  the  substitution 
y  =  y^z.  The  derivatives  of  y  may  be  obtained  by  Leibniz's  Theorem 
(§  8).  As  the  formula  is  linear  in  the  derivatives  of  z,  it  follows  that 
the  result  of  the  substitjition  will  leave  the  equation  linear  in  the  new 
variable  z.  Moreover,  to  collect  the  coefficient  of  z  itself,  it  is  necessary 
to  take  only  the  first  term  ///>.?  in  the  expansions  for  the  derivative  (/<*'. 

"^"^"^  (AV/!"'  +  -V,y<"  -»+...  +  A-,,  _,y[  +  -V,,//,)  z  =  0 

is  the  coefficient  of  ?:  and  vanishes  by  the  assumption  that  //j  is  a  solu- 
tion of  the  reduced  equation.    Then  the  equation  for  s  is 

P/")  -f-  P,;?<''-"  +  ■■  ■  4- 1\->^"  +  Pn-i^'  =  0 ;  (23) 
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and  if  z'  be  taken  as  the  variable,  the  equation  is  of  the  order  n  —  1. 
It  therefore  appears  that  the  knowledge  of  a  snlution  y^  reduces  the  order 
of  the  equation  by  one. 

Now  '\t  y^,  y.,  ■'■  ■ ,  yp  were  other  solutions,  the  derived  ratios 

=  /^V  ^'    ,^(y£\  (23') 


•■-©■• 


''-\yj'      •■'      ^'-^"  VA 


would  be  solutions  of  the  equation  in  z' ;  for  by  substitution, 

y  =  y^^x  =  y2^      y  =  yi^i  =  u^,      ■■■,      2/ =  2/1^^-1  =  %. 

are  all  solutions  of  the  equation  in  y.    jMoreover,  if  there  were  a  linear 

relation  C -^z'^  +  C ^z'., -\ h  C'p_i2p_i  =  0  connecting  the  solutions  sij, 

an  integration  would  give  a  linear  relation 

^1^2  +  c^8  +  •  •  •  +  Cp-i2/» + Cpyi  =  0 

connecting  the  p  solutions  y^.  Hence  if  there  is  no  linear  relation  (of 
which  the  coefficients  are  not  all  zero)  connecting  the  p  solutions  y,-  of 
the  original  equation,  there  can  be  none  connecting  the  p  —  1  solutions 
z\  of  the  transformed  equation.  Hence  a  knoirledge  of  p  solutions  of 
the  original  reduced  equation  gives  a  neic  reduced  equati-on  of  which 
p  —  1  solutions  are  known.  And  the  process  of  substitution  may  be 
continued  to  reduce  the  order  further  until  the  order  n.  —  ^  is  reached. 

As  an  example  consider  the  equation  of  the  third  order 

(1  -  x)y"'  +  (i2  _  V,y"-x'^  +  X2/  =  0. 
Here  a  simple  trial  shows  that  x  and  e^  are  two  solutions.   Substitute 

y  =  e^z,        /  =  e'^iz  +  z'),        y"  =  6=^(2  z'  +  z"),        y"'  =  e^(3  z"  +  z'")- 
Then  (1  -  x)z"'  +  (x^  -  3x  +  2)z"  +  (i"  -  3i  +  1)2'  =  0 

is  of  the  second  order  in  z'.   A  known  solution  is  the  derived  ratio  (i/e^)'. 

z'  —  (ie-=^)'  =  e-»(l  —  x).    Let  z'  =  e--'(l  —  x)w. 
From  this,  z"  and  z'"  may  be  found  and  the  equation  takes  the  form 

(l-j-)«)"  +  (l  + j-)(i-2)io'  =  0     or    -"'-  =  j-(tc ?— dx- 

!'/  X  —  1 

This  is  a  linear  equation  of  the  first  order  and  may  be  solved. 

logio'  =  Ji2-21og(x-l)  +  C    or    !«'  =  Ciei'^'(x-l)-2. 

Hence  w  =  C,  fe^  "^(j;  -  Vf-^Ax,  +  Cj , 

y  =  e'2  =  r,eij/-)  Jei^(x  -  l)-2(rZj-)2  +  Cj-  +  r„e'. 
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The  value  for  y  is  thus  obtained  in  terms  of  quadratures.  It  may  be  shown  that  in 
case  the  equation  is  of  the  nth  degree  with  p  known  solutions,  the  final  result  will 
call  for  p{n  —  p)  quadratures. 

105.  If  the  general  solution  y=(^  \!/^  +  <-  '.^y.,  -| h  C„)/„  of  the  reduced 

equation  has  been  found  (called  the  cnrnplementanj  function  for  the 
complete  equation),  the  general  solution  of  the  complete  equation  may 
always  be  obtained  in  terms  of  quadratures  by  the  important  and  far- 
reaching  mefhiid  of  the  varidtinn  of  constants  due  to  Lagrange.  The 
question  is  :  Cannot  functions  of  ,r  be  found  so  that  the  expression 

.'/  =  C,(.r) ;/,  +  ( •,(./■)  //,  +  ■  ■  •  +  r„(x)  ^„  (24) 

shall  be  the  solution  of  the  complete  equation  '■'  As  there  are  n  of  tliese 
functions  to  be  determined,  it  should  Im?  possible  to  impose  »i  —  1  condi- 
tions upon  them  and  still  find  the  functions. 

Differentiate  y  on  the  supposition  that  the  C's  are  variable. 

y'  =  <^\y\  +  c.^2  +  ■  •  •  +  c^;.  +  y^('i  +  y-,<-"i+--  +  yS',. 

As  one  of  the  conditions  on  the  C's  suppose  that 

y.Ci  +  y^c'^  +  •  ■  •  +  VnC:  =  o. 

Differentiate  again  and  impose  the  new  condition 

y'in  +  yi'^2  +  ---  +  yn^:  =  (^, 

so  that  y"  =  C,y'{  +  C^y^  +■■■  +  Cj; . 

The  differentiation  may  be  continued  to  the  {n  —  l)st  condition 

y(«-2)e;  +  y'-^'c-  +  . .  ■  +  //<"--"c;  =  0, 

and  y("  -»  =  r,y<"  -»>  +  C^-i"  -»+•■•  +  O/,'."  "'l 

Then  ?/<■"  =  C,y{»)  +  C^y^")  +  •  ■  •  +  C„2/f»^ 

+  yt-''c\  +  2/.i"-'>c^  +  •  ■  •  +  2/,'."->'c;. 

Now  if  the  expressions  thus  found  for  y,  y\  y",  ••■,  y'"-",  y^"^  be 
substituted  in  the  complete  equation,  and  it  be  remembered  that  y^, 
>/.,■■■ ,  i/n  are  solutions  of  the  reduced  equation  and  hence  give  0  when 
substituted  in  the  left-hand  side  of  the  equation,  the  result  is 

yi"-"c;  +  yi'-'^c;  +  ■■■  +  y<"-'>r;  =  R. 
Hence,  in  aU,  there  are  n  linear  equations 

yiC[      +y,c:,      +--+y„r:      =0, 
tAC\       +yiC'„      +--  +  y'S'n       =0, 

(25) 
?/$»--'r;  +  yir^'c'^  +  ■■■+  y^r-'c'n  =  o, 
y(-i)c;  -f  y<»-'>c.l  +  ■  •  •  +  /„"-"';  =  n. 
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connecting  the  derivatives  of  the  <"'s  ;  and  these  may  actually  be  solved 
for  those  derivatives  which  will  then  be  expressed  in  terms  of  r.  The 
r"s  may  then  be  found  by  quadrature. 

As  an  pxaliiple  consider  the  equation  with  constant  coeilicieiits 

(Jjs  +  D)  2/ =  sec  I    with     y  =  C\  +  C^coa  x  +  C^smx 

as  the  solution  of  the  reduced  equation.   Here  the  solutions  2/1,2/21  Vi  ™^y  ^^  taken 

as  1,  cos  X,  sin  x  respectively.   The  conditions  on  the  derivatives  of  the  C's  become 

by  direct  substitution  in  (25) 

C'i  +  cosiCj +siniC3  =0,   —  siniCj  +  cosxCj  =0,   —  cosxCj  —  sinxCg  =secz. 

Hence  C[  =  see  i,         Cj  =  —  1,         C3  =  —  tan  x 

and     C,  =logtan(^x  + J5r)  +  c,,         0^  =  -x  +  c^,         C3  =  log  cosx  +  Cg. 

Hence       ?/  =  Ci  +  log  tan  (J  x  +  }  t)  +  (c^  -  x)  cos  x  +  (c,  +  log  cos  x)  sin  x 

is  the  general  solution  of  the  complete  equation.  This  result  could  not  be  obtained 
by  any  of  the  real  short  methods  of  §§  96-97.  It  could  be  obtained  by  the  general 
method  of  §  95,  but  with  little  if  any  advantage  over  the  method  of  variation  of 
constants  here  given.  The  present  method  is  equally  available  for  equations  with 
variable  coefficients. 

106.  Linear  equations  of  the  second  order  are  especially  frequent  in 
practical  problems.  In  a  number  of  cases  the  solution  may  be  found. 
Thus  1°  when  the  coefficients  are  constant  or  may  be  made  constant  by 
a  change  of  variable  as  in  Ex.  7,  p.  222,  the  general  solution  of  the 
reduced  equation  may  be  written  down  at  once.  The  solution  of  the 
complete  equation  may  then  be  found  by  obtaining  a  particular  integral 
/  by  the  methods  of  §§  95-97  or  by  the  application  of  the  method  of 
variation  of  constants.  And  2°  when  the  equation  is  exact,  the  solution 
may  be  had  by  integrating  the  linear  equation  (19)  of  §  103  of  the  first 
order  by  the  ordinary  methods.  And  3°  when  one  solution  of  the  re- 
duced equation  is  known  (§  104),  the  reduced  equation  may  be  com- 
pletely solved  and  the  complete  equation  may  then  be  solved  by  the 
method  of  variation  of  constants,  or  the  complete  equation  may  be 
solved  directly  by  Ex.  6  below. 

Otherwise,  write  the  differential  equation  in  the  form 

The  substitution  y  =  vs  gives  the  new  equation 

If  71.  be  determined  so  that  the  coefficient  of  ,-'  vanishes,  then 


»  =  .-i/™^     and     p,+(Q-l'^-lpA,^  =  iiAfp^^_ 
dx-      \         Z  dx       4      y 


(27) 
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Now  4°  if  Q  -  J  p'  —  ^  p2  is  constant,  tlu-  new  reduced  equation  in 
(27)  may  he  integrated  ;  and  5°  if  it  is  /.•/./-,  the  e(|uation  may  also  he 
integrated  hy  the  method  of  Ex.  7,  p.  222.  The  integral  of  the  com- 
plete equation  may  then  Ije  found.  (In  other  cases  this  method  may 
be  useful  in  that  the  equation  is  reduced  to  a  simpler  form  where  solu- 
tions of  the  reduced  equation  are  more  evident.) 

Again,  suppose  that  the  independent  variable  is  changed  to  ,~.    Then 
dhj  ,   z"  +  rz'<hi  ,    Q  R 

Now  6°  if  z''=±Q  will  make  z"  +  P~.'  =  kr.'\  so  that  the  coefficient 
of  dy/dz  becomes  a  constant  Ic,  the  equation  is  integrable.  (Trying  if 
g'2  =  -t  Qz^  will  make  z"  +  Pz'  =  kz''^/z  is  needless  because  nothing  in 
addition  to  6°  is  tliereby  obtained.  It  may  happen  that  if  ,-  be  deter- 
mined so  as  to  make  s"  +  Pz'  =  0,  the  equation  will  be  so  far  simpli- 
fied that  a  solution  of  the  reduced  equation  becomes  evident.) 

Consider  the  example  -—  + -.J^  + —y  =  o.    Here  no  solution   is  apparent. 

U«C  Jo  LLJC  JC 

Hence  compute  Q  —  J  P'  -  i  P^.  This  is  cfi/x*  and  i.s  neither  constant  nor  propor- 
tional to  t/x^.  Hence  the  methods  4°  and  5°  will  not  work.  From  z'^  =  y  =  a'^/z* 
or  z'  =  a/x^,  it  appears  that  z"  +  Pz'  =  0,  and  6°  works  ;  the  new  equation  is 

f|  +  j/  =  0    with    z  =  -^-. 
dz^  X 

The  solution  is  therefore  seen  immediately  to  be 

2/ =  C,  cosz— C2Sinz    or    2/ =  C,  cos(a/i) -|- C^  sin  (a/i). 
If  there  liad  been  a  right-hand  member  in  the  original  equation,  the  solution  could 
have  been  found  by  tlie  method  of  variation  of  constants,  or  by  some  of  the  short 
methods  for  finding  a  particular  solution  if  R  had  been  of  tlie  proper  form. 

EXERCISES 

1.  If  a  relation  C,j/,  +  C^y^  +  •  ■  ■  +  C„y„  =  0,  with  constant  coefficients  not  all  0, 
exists  between  n  functions  y^,  y^,  ■  •  •,  Vn  oi  x  for  all  values  of  i,  the  functions  are 
by  definition  said  to  be  linearly  dependent;  if  no  such  relation  exists,  they  are  said 
to  be  linearly  independent.  Show  that  tlie  nonvanishing  of  tlie  Wronskian  is  a 
criterion  for  linear  independence. 

2.  If  the  general  solution  y  =  C^y^  +  C^y^  +  •  ■  •  -1-  C„?/„  is  the  same  for 
Xoy(")-|- jri2/(»-i)+---  +  -T„j/  =  0     and     P„!/f«)  +  P,2/("-i) -f- •  •  •  +  r„2^  =  0, 

two  linear  equations  of  the  nth  order,  show  that  y  .satisfies  the  equation 

(XiP„-  A-„P,)  >/<«-»  -h  . .  ■  -I-  (A-„P,  -  A'„P„)2,  =  0 
of  the  (n  —  l)st  order;  and  hence  infer,  from  the  fact  that  y  contains  n  arbitrary 
constants  corresponding  to  n  arbitrary  initial  conditions,  the  important  theorem : 
If  two  linear  equations  of  the  nth  order  have  the  same  general  solution,  the  corre- 
sponding coefficients  are  proportional. 
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3.  If  ?/j ,  V2 1  ■  ■  • '  2/»  ^'■^  "  independent  solutions  of  an  equation  of  the  nth  order, 
show  that  the  equation  may  be  Uken  in  the  form  H^(j/i,  J/j,  •  •  ,  ^n,  2/)  =  0. 

4.  Show  that  if,  in  any  reduced  equation,  X„^i  +  xX,  =  0  identically,  then  x 
is  a  solution.  Find  the  condition  that  x"'  be  a  solution  ;  also  that  e""^  be  a  solution. 

5.  Find  by  inspection  one  or  more  independent  solutions  and  integrate  : 
(a)  (l  +  x^)y"-2xy'  +  2y  =  0,  (^)  xy'' +  {I- x)y' -  y  =  0, 

(7)  (ax-bx^)y''  -  ay'  +  2by  =  0,  (J)  iy"  +  xy"  -  (i  +  2)y  =  0, 

(f)  y'''-xy"'+xy'-y  =  0,  (1,)  (ix'^-x +  l)y"'+Sxh/"-ixy'-Sy  =  0. 

6.  If  2/,  is  a  known  solution  of  the  equation  y"  +  Py'  +  Qy  =  R  of  tlie  second 
order,  show  tliat  tlie  genei-al  solution  may  be  written  as 

y  =  C,y,  +  C,y,  Ce-i'^^  +  yCLe-i-'^Cy^J'-'^Rm'^. 

•'  y\       ''  Vi 

7.  Integrate: 

(a)  xy"-(2xJt-\)y-+(x  +  V)y  =  x'^-x-\, 

(P)  y"  -  zV  +  xy  =  x,  (y)  xy"  +  {l-i)y'-y  =  e=^, 

(5)  y"  —  xy' +  {i  —  l)y  =  R,  (e)  i/"sin2j  +  i/'sinicosx  —  y  =  i  —  sinx. 

8.  After  writing  down  the  integral  of  the  reduced  equation  by  inspection,  apply 
the  method  of  the  variation  of  constants  to  these  equations  : 

(a)  (1)2  +  1) 2/  =  tan i,         (fi)  (iy'  +  l)y  =  sec^ x,        (7)  (D  -  l)h/  =  e^(l  -  i)" 2, 
(S)  (l-x)y"  +  xy'-y  =  (l-x)^,    (e)  (l-2x +  x^)(y'"-l)- x^y"+2n/-y  =  1. 

9.  Integrate  the  following  equations  of  the  second  order : 

(a)  4iV  +  4sV  +  (x^  +  1)^  =  0,  (fi)  y"-2y'ta.nx-(a^  +  l)y  =  0, 

(7)  xy"  +  2y'  —  xy  =  2e^,  (5)  j^"sina;  +  2y'eosx  +  Sj/sinz  =  e", 

(f)  v"  +  y'tani  +  ycos2x  =  0,  (f)  (l-x^)^"- x?^  +  4y  =  0, 

(,)  s^'  +  (2e^-l)2/'  +  e2=^  =  e<^  (S)  iV' +  3iV  +  2/ =  J-*- 

10.  Show  that  if  ■X(^"  +  X.^y'  +  X^  =  JB  may  be  written  in  factors  as 

(X^  +  X^B  +  X^)y  =  (PiD  +  gi)  (p^-D  +  ?,) 2/  =  B, 
where  the  factors  are  not  commutative  inasmuch  as  the  diSerentiation  in  one 
factor  is  applied  to  the  variable  coefficients  of  the  succeeding  factor  as  well  as 
to  -D,  then  the  solution  is  obtainable  in  terms  of  quadratures.   Show  that 

9iP2  +  i'ii'2  +  P\<l2  =  ^1     a.nd     q^q^  +  p^q'^  =  X^ . 
In  this  manner  integrate  the  following  equations,  choosing  Pj  and  p^  as  factors  of 
Xq  and  determining  q^  and  q^  by  inspection  or  by  assuming  them  in  some  form  and 
applying  the  method  of  undetermined  coefficients : 

(or)  xy"  +  {l-x)y'-y  =  e',  (jS)  3xh/' +  {2  -  6x^)y' -  4  =  0, 

(y)  3i^y"+{2  +  6x-6x^)y'-iy  =  0,    (J)  (x^-l)^"- (3x +l)y'-x  (i-l)y  =  0, 
(O  axy"  +  {3a  +  bx)y'  +  Sby  =  0,  (f)  x/' -  2x(l  +  x)^/' +  2(1  + x)!/ =  x^. 

11.  Integrate  these  equations  in  any  manner  : 

Vx  ■ix  z         \         zV 


ADDITIONAL  OEDINARY  TYPES  247 

(7)  y"  +  y'ta.nx  +  yco&'z  =  0,  (S)  y"-2(n--\y'+  (ri'-2—\y  =  e", 

(e)  (l-x^)y"-xv'-c^y  =  0,  (f)  {a' -  x^)y"  -  Sxy' -  12y  =  0, 

(i)  y"  +  2x-Y-n^y  =  0,  (k)  y"  -  ixy'  +  (4 a^  -  3) y  =  e=^, 

(\)  y"  +  2  jij/  cot  nj  +  (m^  -  n^)  2^  =  0,         (/i)  y"  +  2  (x-i  +  Bx-^)  y'  +  4x-*y  =  0. 

12.  If  yj  and  y^  are  solutions  of  !/"  +  Py'  +  K  =  0,  show  by  eliminating  Q  and 
integrating  ttiat  ^ 

What  if  C  =  0  ?  If  C  5^  0,  note  that  y^  and  j/j  cannot  vanish  together ;  and  if 
!/,(a)  =  y^(b)  =  0,  use  the  relation  (VjVi)"  •  (ViyDb  =  *:>0  to  show  that  as  y[„  and 
Vjj  have  opposite  signs,  y-^a  and  y^t,  have  opposite  signs  and  hence  j^j({)  =  0  where 
a<(<b.  Hence  the  theorem  :  Between  any  two  roots  of  a  solution  of  an  equation 
of  the  second  order  there  is  one  root  of  every  solution  independent  of  the  given 
solution.    What  conditions  of  continuity  for  y  and  y'  are  tacitly  assumed  here  ? 

107.  The  cylinder  functions.  Suppose  that  C„(x)  is  a  function  of  x 
which  is  different  for  different  values  of  n  and  which  satisfies  the  two 
equations 

(•,U^)-c„,.(^)  =  2£c„(x),     C„_,(x)  +  r„^,(.)  =  ^C„(x).      (29) 

Such  a  function  is  called  a  cylinder  function  and  the  index  n  is  called 
the  order  of  the  function  and  may  have  auy  real  value.  The  two  equar 
tions  are  supposed  to  hold  for  all  values  of  n  and  for  all  values  of  x. 
They  do  not  completely  determine  the  functions  but  from  them  follow 
the  chief  rules  of  operation  with  the  functions.  For  instance,  by  addi- 
tion and  subtraction, 

C'„{^)  =  C^_,(x)  -  I  C„{x)  =  I  C„(x)  -  C„ ^,ix).  (30) 

Other  relations  which  are  easily  deduced  are 

D,[x'C„(ax)^  =  ax'^C„_,{ax),  i),[a--»C„(ax)]  =  -  ax-»C„+i(x),   (31) 

Dlx^cXV^y]  =  i  V^x^C„_,{V^),  (32) 

C'^(x)=.-C\{x),         C_„(a;)  =  (-l)»C„(x),         w  integral,      (33) 

C,Xx)K(x)  -  C'„ix)K„ix)  =  C^^,{x)K\{x)  -  C„(x)K„^,(x)  =  '^,  (34) 
where  C  and  K  denote  any  two  cylinder  functions. 

The  proof  of  these  relations  is  simple,  but  will  be  given  to  show  the  use  of  (29). 
In  the  first  case  differentiate  directly  and  substitute  from  (29). 

Dx[x»C„(ax)]  =a?'  aX)„xC„(ax)  +  ^  Cn(ccx) 

=  x»raC„_i(ax)  -  a—  C„{ax)  +  ;  C„(ax)  . 
ax  -t  J 
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The  second  of  (31)  is  proved  similarly.   For  (32),  differentiate. 
i>,[j!"^C„(V«)]  =  -»«2     C„(V^)+  i2  -  ^j^D^^O„(Vaj) 

=  1  V^x^l^  C„(V^)  +  C„_:(V^) ^  C„(v^)l. 

2  LVorz  VaJ  -I 

Next  (33)  is  obtained  1°  by  substituting  0  for  n  in  both  equations  (29). 

C_i(x)-Ci(i)  =  2Co(x),     C_i(x)  +  C,(x)  =  0,     hence     C^(x)  =  -  C^(x)  ; 

and  2°  by  substituting  successive  values  for  n  in  the  second  of  (29)  written  in  tlie 
form  x6'„_i  +  zC„+]  =  2nC'„.   Then 

xC_i  +  xCi  =  0,        iC_2  +  iC(,  =  -  2  C_i ,        tcCo  +  xC.-,  =  2  6\ , 
a;C_3  +  xC_i  = -4C_2,  iC, +  xC3  =  4C„, 

zC_4  +  iC_2  = -CCj,  xC2  +  xC^  =  6Cs, 

and  so  on.  The  first  gives  C_i=  —  Cj.  Subtract  the  next  two  and  use  C_i  +  C,  =  0. 
Then  C'_2  —  C2  =  0  or  C_2  =  (—  1)^C^.  Add  the  next  two  and  use  the  relations 
already  found.  Then  C_8  +  C3  =  0  or  C_8  =  (—  1)^03.  Subtract  the  next  two, 
and  so  on.  For  the  last  of  the  relations,  a  very  important  one,  note  first  that  the 
two  expressions  become  equivalent  by  virtue  of  (29)  ;  for 

C,iK  —  C  K„  =  -  0„K„  —  C„K„  +1 C„K„  +  C„  +iir„  . 

X  X 

Now  ~  \x  (C„  +,A-„  -  0,;A'„  +,)]  =  C«  +aA'.  -  C„K,  +,  +  xK„  ^C„  -  '^^-^  C„  +,\ 

+  xCn-t-ii- K„  —  K„^i\  —  xK„^il-  C„  —  C'„+il 

Hence  x  {C„+iK„  —  C„X"„  +1)  =  const.  =  A,  and  the  relation  is  proved. 

The  cylinder  functions  of  a  given  order  n  satisfy  a  linear  differential 
equation  of  the  second  order.  This  may  be  obtained  by  differentiating 
the  first  of  (29)  and  combining  with  (30). 

2  c:  =  c;_,  _  c;,,  =  ^  c„_,  _  2  c„  +  ^  c,^, 

=  ^(c„-i4-c„,o-^(c„_,-c„^0-2c„. 

<P]/      1  f/y      /        n.' 


This  equation  is  known  as  BesseVs  equation;  the  functions  C„{x),  which 
have  been  called  cylinder  functions,  are  often  called  BesseFs  functions. 
From  the  equation  it  follows  that  any  three  functions  of  the  same  order 
n  are  connected  by  a  linear  relation  and  there  are  only  two  independent 
functions  of  any  given  order. 
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By  a  change  of  the  independent  variable,  the  Bessel  equation  may 
take  on  several  other  forms.  The  easiest  way  to  find  them  is  to  operate 
directly  with  the  relations  (31),  (32).    Thus 

^->x[-'-"C„(-'-)]=  -  •'-"t'„+i=  -  -•  -'-"-'^■„+i, 


=  —  z' 


■n-l 


t\+i  +  2(n  +  l)x-"-^C„^,-z- 


(P^j  ,   (1  +  2  7i)  dy 
^^""'^         di^         ,        rf^+y  =  Q'         .'/  =  »-"'',/•')•  (36) 

,      .  iPu  ,   (1  -  2  »i)  <li/  , 

Again  7^  +  - ] ^-r+2/=0,         y  =  .r"r„(.r).  (37) 

Also  y//"  +  (1  +  ?i)  //'  +  .'/  =  0,         y  =  r~  V'„(2  V^).  (38) 

n 

And  a-y"  +  (1  -  w)  y '  +  2/  =  0,         y  =  a;^  r„(2  Vr ).  (39) 

In  all  these  differential  equations  it  is  well  to  restrict  x  to  positive  values 

R  n 

inasmuch  as,  if  n  is  not  specialized,  the  powers  of  x,  as  x",  x~  ",  x^,  x  ^,  are 
not  always  real. 

108.  The  fact  that  n  occurs  only  squared  in  (35)  shows  that  both 
r„(a-)  and  C_„(x)  are  solutions,  so  that  if  these  functions  are  inde- 
pendent, the  complete  solution  is  y  =  «C'„  +  ^C_„.  In  like  manner  the 
equations  (36),  (37)  form  a  pair  which  differ  only  in  the  sign  of  n. 
Hence  if  H,,  and  H_„  denote  particular  integrals  of  the  first  and  second 
respectively,  the  complete  integrals  are  respectively 

y  =  ai/„  +  6//_„a;-^»     and     y  =  aH_„  +  hny" ; 
and  similarly  the  respective  integrals  of  (38),  (39)  are 

y  =  a/„  +  bl_  „x-  "     and     y  =  a/_  „  +  bl„x", 
where  /„  and  /_„  denote  particular  integrals  of  these  two  equations.    It 
should  be  noted  that  these  forms  are  the  complete  solutions  only  when 
the  two  integrals  are  independent.    Note  that 

7„(x)  =  x-i-Cp  ^),  C^x)  =  (i  xyi„H  x^.  (40) 

As  it  has  been  seen  that  C„  =  (-  1)"C_„  when  n  is  integral,  it  follows 
that  in  this  case  the  above  forms  do  not  give  the  complete  solution. 

A  particular  solution  of  (38)  may  readily  be  obtained  in  series  by  the 
method  of  undetermined  coefficients  (§  88).    It  is 

(_  !)'■ 
In(^)  =  X  "i^'>         «.■  =  ii(n  +  l)(n+2)--.(n  +  i)  '  ^^^^ 

as  is  derived  below.    It  should  be  noted  that  /_„  formed  by  changing 
the  "sign  of  n  is  meaningless  when  n  is  an  integer,  for  the  reason  that 
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from  a  certain  point  on,  the  coefficients  a,  have  zeros  in  the  denominator. 
The  determination  of  a  series  for  the  second  independent  solution  when 
n  is  integral  will  be  omitted.  The  solutions  of  (35),  (36)  corresponding 
to  I„{x)  are,  by  (40)  and  (41), 

'^(-)=g|:2^!n(!^+or2S!^(^-')'         (^^) 

a^-V„(x)  =  2;i^/„(ix^,  (42') 

where  the  factor  n !  has  lieen  introduced  in  the  denominator  merely  to 
conform  to  usage.*  The  chief  cylinder  function  ('„(./■)  is  J„{x')  and  it 
always  carries  the  name  of  Bessel. 

To  derive  tlie  series  for  7„(a;)  write 


1 
(1  +  n) 

X 


i;  =  a^  +  2a^+       Sa,x^  +  ...  +  (*;_  l)at-ii'-2  +  . . . , 

/;;=  2a^    +3-2a^   +  . . .  +  (fc  _  1)  (fc  _  2)at_iz'-3  4.  . . .  ^ 

0  =  [«„  +  a,(n  +  1)]  +  X  [a,  +  a^2  (n  +  2)]  +  x^  [a„  +  038  (n  +  3)] 
+  •  ■ .  +  it-i[at_i  +atk{n  +  k)]  +  ---. 

Hence     a„  +  a^{n  +  1)  =  0,     uj  +  0^2 (n  +  2)  =  0,  ■  •  ■ ,     aj._i  +  atk(n  +  k)  =  0, 

a„  —  a,  a„ 


n  +  1 '  -      2  (n  +  2)      2  !  (n  +  1)  (n  +  2) ' 

(-  1)X 


«t  = 


fc  !  (n  +  1)  ■  -  ■  (n  +  fc) 


If  now  the  choice  a^  =  1  is  made,  the  series  for  I„(j)  is  as  given  in  (41). 
The  famous  differentia!  equation  of  the  first  order 

xt/  -  ay  +  })y^  =  ex',  (43) 

known  as  Riccaits  equation,  may  be  integrated  in  terms  of  cylinder  functions. 
Note  that  if  n  =  0  or  c  =  0,  the  variables  are  separable  ;  and  if  6  =  0,  the  equation 
is  linear.  As  these  cases  are  immediately  integrable,  assume  6cn  ^0.  By  a  suitable 
change  of  variable,  the  equation  takes  the  form 


d^       \        n/  di  n^  bdit) 

A  comparison  of  this  with  (39)  shows  that  the  solution  is 

,,  =  AI_^(-  6c|)  +  Blai-  6c|)  •  (-  6c|)», 

n  n 

which  in  terms  of  Bessel  functions  J  becomes,  by  (40), 


(43-) 


„  =  fi"  lAJJ2^/-  iKi)  +  BJ-_„(2  V^tei)]. 

n  n 

*  If  n  is  not  integral,  Ijoth  n !  and  (n  +  i)\  must  be  replaced  (§  147)  by  r  (n  +  1)  and 

r(n  +  i  +  l). 
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The  value  of  y  may  be  found  by  substitution  and  use  of  (29). 

n       n 

, „  /„_  (2i2V-  bc/n)-  AJ  _„(2a;2  V-6c/n) 

y  =  yi-l''-^^ '^^. —        (44) 

/a(2x2  V-6c/n)  +  ^J_a(2a;2Vir6c/„) 

n  n 

where  A  denotes  the  one  arbitrai-y  constant  of  integration. 

It  is  noteworthy  that  the  cylinder  functions  are  sometimes  expressible,  in  terms 
of  trigonometric  functions.   For  when  n  =  \  the  equation  (35)  has  the  integrals 

2/ =^sinj- +  Bcosi     and     y  =  zi{ACi(x)  +  BC_\(x)]. 

Hence  it  is  permissible  to  write  the  relations 

1 2  Cj  (z)  =  sin  X,        12  C'_  1  (x)  =  cos  z,  (45) 

where  C  is  a  suitably  chosen  cylinder  function  of  order  i^.  From  these  equations 
by  application  of  (29)  the  cylinder  functions  of  order  p  +  J,  where  p  is  any  integer, 
may  be  found. 

Now  if  Riccati's  equation  is  such  that  6  and  c  have  opposite  signs  and  a/n  i.s 
of  the  form  p  +  i,  the  integral  (44)  can  be  expressed  in  terms  of  trigonometric 
functions  by  using  the  values  of  the  functions  Cp_,.  i  just  found  in  place  of  the  /'s. 
Moreover  if  h  and  c  have  the  same  sign,  the  trigonometric  solution  will  still  hold 
formally  and  may  be  converted  into  exponential  or  hyperbolic  form.  Thus  Riccati's 
equation  is  integrable  in  terms  of  the  elementary  functions  when  a/n  =  p  +  ^  no 
matter  what  the  sign  of  6c  is. 

EXERCISES 

1.  Prove  the  following  relations: 

(a)  4C;'  =  C„_2-2C„+  C„  +  2,        (?)  xC„  =  2(»i+  1)  C„+i  -  xC„  +  2, 

(y)  23  C7  =  C„  _  3  -  3  C„  _i  +  3  C„  +1  -  C„  +  3 ,        generalize, 

(S)  zC„  =  2 (n  +  1)  C„ +1 -2(n  + 3)  C„ +  3 +  2(n+ 5)  C„  +  6-xC„  +  6. 

2.  Study  the  functions  defined  by  the  pair  of  relations 

Fn -1  (X)  +  F„  +1  (I)  =  2 1-  F„(x),        F„ _i  (X)  -  F„  +i  (x)  =  -  F„(x) 
ox  X 

especially  to  find  results  analogous  to  (30)-(35). 

3.  Use  Ex.  12,  p.  247,  to  obtain  (34)  and  the  corresponding  relation  in  Ex.  2. 

4.  Show  that  the  solution  of  (38)  is  ?/  =  AI„  I -—  +  -B/„. 

J  x»+'i„ 

5.  Write  out  five  terms  in  the  expansions  oi  I^,  I^,  I_j.i  J^,  Ji- 

/2  1   . 

6.  Show  from  the  expansion  (42)  that  J  ! .»/  -  J^  (x)  =  -  sin  x. 

7.  From  (45),  (29)  obtain  the  following : 

J. J CWx)  =  !l!!i  _  cos X,  xic, (X)  =  (4  -  l)  s'" -r  -  -  c"« ^, 

i  X  i  \x-  /  X 

x4c_  j(x)  =  -  sinx  -  ^,         xic_  ,(x)  =  ^sinx  +  (|  -  l)  ^osx 
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8.  Prove  by  integration  by  parts:   f-^dx  =  -5  +  6-|  +  6-8|  -^. 

9.  Suppose  C„(z)  and.A'„(a;)  so  chosen  that  ^  =  1  in  (34).   Show  that 

y  =  ^C,(x)  +  BK„(x)  +  L^K,(x)f^dx-Cn{x)f^dx^ 

is  the  integral  of  the  difierential  equation  x^y"  +  xy'  +  {pfi  —  n'^)y  =  Lx-^. 

10.  N»te  that  the  solution  of  Kiccati's  equation  has  the  form 

f(x)  +  Ag(x)       and  show  that    ^  +  P  (x)  2/ +  Q  (a;)  J'^  = -R  (x) 
"      F{x)^AG(x)  dx         '  '  '  ' 

will  be  the  form  of  the  equation  which  has  such  an  expression  for  its  integral. 

11.  Integrate  these  equations  in  terms  of  cylinder  functions  and  reduce  the 
results  whenever  possible. by  means  of  Ex.  7  : 

(a)  xy'  -  5!/  +  y=  +  x2  =  0,         (j3)  xy'  -Zy  +  y^  =  i^, 

(7)  y"  +  ye^^  =  0,  (S)  xV  +  rixy'  +  (b  +  cx^'-)y  =  0. 

12.  Identify  the  functions  of  Ex.  2  with  the  cylinder  functions  of  ix. 

13.  Let  (x2  -  1)  P;  =  (n  +  1)  (P„+i  -  xP„),        K+i  =  ^K  +  (n  +  1)  P„       (46) 

be  taken  as  defining  the  Legendre  functions  F„(i)  of  order  n.    Prove 

(a)  (i2-l)P'„  =  n(iP„-P„_i),        (/3)  (2n+l)xP„  =  (n  +  l)P„+i  +  nP„_i, 
(7)  (2n  +  l)Pn  =  K+i-K-i,         (S)  (l-x2)P;'_2xP;  +  n(n  +  l)P„  =  0. 

14.  Show  that  P„q;-P;q„  =  - — -     and    P„Q„+i  -  P„+iQ„  =  ■ 


i^  —  1  n  +  1 

where  P  and  Q  are  any  two  Legendre  functions.    Express  the  general  solution  of 
the  difierential  equation  of  Ex.  13  (S)  analogously  to  Ex.  4. 

15.  Let  u  =  x^  —  1  and  let  D  denote  differentiation  by  x.   Show 

I>n+iu»+i  =I>'+i(uu»)  =  u7>'+iu"  +  2(ii  +  l)iD"u»  +  n(n  +  1)2)" -^u", 
I>i+iu"+i  =  i>'I>u»+i  =  2(n  +  l)D»{xu")  =  2(n  +  l)xD"u''  +  2n{n  +  l)X»»-iu«. 

Hence  show  that  the  derivative  of  the  second  equation  and  the  eliniinant  of  J^-iu" 
between  the  two  equations  give  two  equations  which  reduce  to  (46)  if 

_  ,  .  1       (?"  ,  „      ,,  CWhen  n  is  integral  these  are 

P„(i)  = (x2  —  1)".         ^  ^         ^    ,  ° 

2"  •  n !  dx"  iLegendres  polynomials. 

16.  Determine  the  solutions  of  Ex.  13  (5)  in  series  for  the  initial  conditions 

(a)P„(0)  =  l,    J^„(0)=0,  (0)P„(O)  =  O,    P'„(0)  =  1. 

17.  Take  Pq  =  1  and  P,  =  x.  Show  that  these  are  solutions  of  (46)  and  compute 
P^y  P3,  Pf  from  Ex.  13  (/3).   If  i  =  cos^,  show 

P2  =  Jcos2S  +  J,        P3  =  |cos3e  + f  cosS,         P4  =  ||cos4tf +  |Jcos2S  +  ^;f. 

18.  Write  Ex.  13  («)  as  -^  [(1  -  x2)V]  +  >i(n  +  1)  P„  =  0  and  show 

ox 

[».(^.fl)-n(n+l)]/"pAdx  =  /"|P„^l^g>^-p/^^-/>^-1^. 
•'-I  "^-i   L  dx  dx         J 
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Integrate  by  parts,  assume  the  functions  and  their  derivatives  are  finite,  and  shoyf 
J       PnPmdx  =  0,     if     Jl  5^  m. 

19.  By  successive  integration  by  parts  and  by  reduction  formulas  show 

r+'  o  2 

and  I      Pr.fix  = .  n  integral. 

J_i      "  2  n  +  1  " 

20.  Show  /      j;'»P„(ii=   /      i«'^i^:^ ^=0,         if  m<n. 

J-\  J-\  dx" 

Determine  the  value  of  the  integral  when  m  =  n.   Cannot  the  results  of  Exs.  18,  19 
for  TO  and  n  integral  be  obtained  simply  from  these  results  ? 

21.  Consider  (38)  and  its  solution  7„  =  1  —  x  H 1 ...  when 

2  !2      3  [2  ^  4  12 

n  —  0.   Assume  a  solution  of  the  form  y  =  I^v  +  w  so  that 

#111  ,  dw  ,        ,  .-     dl„  dv      „      .,       dH      dv 

X  — -  H 1- 1«  +  2  -c  — 2  —  =0,     if     X 1 =  0, 

dz'      dx  dx  dx  dx^      dx 

is  the  equation  for  w  it  v  satisfies  the  equation  xv"  +  v'  =  0.   Show 

2!2!3!3!4! 
By  assuming  w  =  a^x  +  OjX^  +  •  •  ■ ,  determine  the  a's  and  hence  obtain 

L         2!2V2/3!'2\23/       4!2\234/  J' 

and  (A  +  Blogi)!^  +  w  is  then  the  complete  solution  containing  two  constants. 
As  Alf,  is  one  solution,  Blogx  •  7(,  +  «"  is  another.   From  this  second  solution  for  ' 
n  =  0,  the  second  solution  for  any  integral  value  of  n  may  be  obtained  by  difEer- 
entiatiou  ;  the  work,  however,  is  long  and  the  result  is  somewhat  complicated. 


CHAPTER  X 

DIFFERENTIAL  EQUATIONS  IN  MORE  THAN  TWO  VARIABLES 

109.  Total  differential  equations.   An  equation  of  the  form 

P  (x,  y,  &■)  (/,'■  +  Q  (x,  y,  z)dy  +  R  (x,  y,  z)  dz  =  0,  (1) 

involving  the  differentials  of  three  variables  is  called  a  total  differen- 
tial equation.  A  similar  equation  in  any  number  of  variables  would 
also  be  called  total ;  but  the  discussion  here  will  be  restricted  to  the 
case  of  three.  If  definite  values  be  assigned  to  x,  y,  z,  say  a,  b,  c,  the 
equation  becomes 

Adx  4-  Bdy  +  Cdz  =  A(x  —  a)  +  B{y  —  i)  +  C(a  —  c)  =  0,      (2) 

where  x,  y,  z  are  supposed  to  be  restricted  to  values  near  a,  b,  c,  and 
represents  a  small  portion  of  a  plane  passing  through  (a,  b,  c).  From 
the  analogy  to  the  lineal  element  (§  85),  such  a  portion  of  a  plane  may 
be  called  a  planar  element.  The  differential  equation  therefore  repre- 
sents an  infinite  number  of  planar  elements,  one  passing  through  each 
point  of  space. 

Now  any  family  of  surfaces  F(x,  y,  z)  =  C  also  represents  an  infinity 
of  planar  elements,  namely,  the  portions  of  the  tangent  planes  at  every 
point  of  all  the  surfaces  in  the  neighborhood  of  their  respective  points 
of  tangency.    In  fact 

dF  =  F'Jx  +  F'^dy  +  F'^dz  =  0  (3) 

is  an  equation  similar  to  (1).  If  the  planar  elements  represented  by 
(1)  and  (3)  are  to  be  the  same,  the  equations  cannot  differ  by  more 
than  a  factor  ^(x,  y,  z).   Hence 

F'^  =  /iP,       p;  =  iLQ,       p;  =  ilr. 

If  a  function  P(x,  y,  z)  =  C  can  be  found  which  satisfies  these  condi- 
tions, it  is  said  to  be  the  integral  of  (1),  and  the  factor  fi  {x,  y,  z)  by 
which  the  equations  (1)  and  (3)  differ  is  called  an  inti-grnting  factor 
of  (1).    Compare  §  91. 

It  may  happen  that  /a  =  1  and  that  (1)  is  thus  an  exact  differential. 
In  this  case  the  conditions 

p',.  =  Q'.,     q:  =  k,     k  =  i':,  (4) 

2.54 
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which  arise  from  i^;;  =  f;;,  f;;  =  f;;,  F^;  =  F^;,  must  be  satisfied. 
Moreover  if  these  conditions  are  satisfied,  the  equation  (1)  will  be 
an  exact  equation  and  the  integral  is  given  by 

P(x,  y,  z)dx+  i     Q(x^,  y,  z)di/+  j  R(x^,  y^,  z)da  =  C, 

where  x^,  y^,  s^  may  be  chosen  so  as  to  render  the  integration  as  simple 
as  possible.  The  proof  of  this  is  so  similar  to  that  given  in  the  case  of 
two  variables  (§  92)  as  to  be  omitted.  In  many  cases  which  arise  in 
practice  the  equation,  though  not  exact,  may  be  made  so  by  an  obvious 
integrating  factor. 

As  an  example  take  zxdy  —  yzdx  +  xHz  =  0.    Here  the  conditions  (4)  are  not 
fulfilled  but  the  integrating  factor  1/xH  is  suggested.   Then 


xdy  —  ydx      dz 


:d(^+10gz) 


is  at  once  perceived  to  be  an  exact  differential  and  the  integral  is  y/£  +  log  z  =  C. 
It  appears  therefore  that  in  this  simple  case  neither  the  renewed  application  of  the 
conditions  (4)  nor  the  general  formula  for  the  integral  was  necessary.  It  often 
happens  that  both  the  integrating  factor  and  the  integral  can  be  recognized  at  once 
as  above. 

If  the  equation  does  not  suggest  an  integrating  factor,  the  question 

arises.  Is  there  any  integrating  factor  ?    In  the  case  of  two  variables 

(§  94)  there  always  was  an  integrating  factor.    In  the  case  of  three 

variables  there  may  be  none.    For 

?,,  Tin 

R, 

P, 

Q. 

If  these  equations  be  multiplied  by  R,  P,  Q  and  added  and  if  the  result 
be  simplified,  the  condition 

<l-M)-Ki-l?)-KI-i)-«     <=> 

is  found  to  be  imposed  on  P,  Q,  R  if  there  is  to  be  an  integrating  fac- 
tor. This  is  called  the  condif'wn  nf  IntegrahUltij.  For  it  may  be  shown 
conversely  that  if  the  condition  (5)  is  satisfied,  the  equation  may  be 
integrated. 

Suppose  an  attempt  to  integrate  (1)  be  made  as  follows :  First  assume 
that  one  of  the  variables  is  constant  (naturally,  that  one  which  will 


K 

^y 

dp 

-K. 

ox 

^   da 

K 

cz 

8Q 

K 

^      dR 
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ox 

dR 
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dp 
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make  the  resiilting  equation  simplest  to  integrate),  say  z.  Then 
Pdx  +  Qdy  =  0.  Now  integrate  this  simplified  equation  with  an  inte- 
grating factor  or  otherwise,  and  let  F{x,  y,  z)  =  ^(z)  be  the  integral, 
where  the  constant  C  is  taken  as  a  function  <^  of  z.  Next  try  to  deter- 
mine <^  so  that  the  integral  F{x,  y,  z)  =  <i>{z)  will  satisfy  (1).  To  do 
this,  differentiate ; 

F'Jlx  +  F',jdy  -t-  F'^dz  =  d^. 

Compare  this  equation  with  (1).    Then  the  equations* 

F'^  =  XP,  F^  =  XQ,  (F;  -  XR)  dz  =  d<f> 

must  hold.  The  third  equation  (FJ  —  XR)  dz  =  d<l>  may  he  integrated 
provided  the  coefficient  S  =  F^  —  XR  of  dz  is  a  function  of  z  and  <^, 
that  is,  of  z  and  F  alone.  This  is  so  in  case  the  condition  (5)  holds.  It 
therefore  appears  that  the  integration  of  the  equation  (1)  for  which  (5) 
holds  reduces  to  the  succession  of  two  integrations  of  the  type  discussed 
in  Chap.  VIII. 

As  an  example  take  (2x'^  +  2xy  +  2xz''  +  l)dx  +  dy  +  2zdz  =  0.  The  condition 

(2i3  +  222/  4-  2iz2  +  1)0  +  1  (-  4iz)  -1-  2z(2z)  =  0 

of  integrability  is  satisfied.  The  greatest  simplification  will  be  had  by  making  x 
constant.   Then  dy  +  2zdz  =  0  and  y  +  z'^  =  <f>{x).   Compare 

dy  -\-2zdz  =  d^    and     (2x'^ -ir  2xy  +  2xz^  ■\-\)dx ->,- dy  +  2zdz  =  0. 
Then  \  =  1,         -  (2  x^  +  2  xy  +  2  xz'^ -ir  I)  dz  =  d<t> ; 

or  -(2x'^ +  \  +  2x(p)dx  =  d(t>    or    d<t> -\- 2x(pdx  =- (2x^  +  l)dx. 

This  is  the  linear  type  with  the  integrating  factor  e^.  Then 

e=^'(d0  4-  2 x<pdx)  =  -  e=^(2 x^  +  l)dx     or     e'^4,=-  C e=^(2 x^  +  l)dx+C. 
Hence  y  +  z2-(-e-^Je^(2x2+l)dx=Ce-^  or  e'^iy  +  z^)  +  fe'^(2x^  Jtl)dx=  C 

is  the  solution.  It  may  be  noted  that  e^  is  the  integrating  factor  for  the  original 
equation : 

e^[(2x2  +  2xy  +  2iz2  +  \)dx  -tr  dy  +  2zdz]  =  d\e^(y  +  z^)  +   ^6^(2x2  +  l)dx]. 

To  complete  the  proof  that  the  equation  (1)  is  integrable  if  (5)  is  satisfied,  it  is 
necessary  to  show  that  when  the  condition  is  satisfied  the  coefficient  S  =  F'  —  \R 
is  a  function  of  z  and  F  alone.  Let  it  be  regarded  as  a  function  of  z,  F,  z  instead 
of  X,  y,  z.  It  is  necessary  to  prove  that  the  derivative  of  S  by  s  when  F  and  z  are 
constant  is  zero.   By  the  formulas  for  change  of  variable 


y^K.z      \cx/f.z      \SfI  cx'  W/x,z      W/x 

»  Here  the  factor  X  is  not  an  integrating  factor  of  (1),  but  only  of  the  reduced  equation 
Pdx  +  Qdy  =  0. 


/x,z  Sy 


MORE  THAN  TWO  VARIABLES  257 

But        F>  \P  and  f;  =  X Q,  and  hence  q(—)     -P (^     =  q(-)      ■ 

\Sxly,z         \irylx,z        \aa;/jr,j 

Now  n    =A/!^_xfi\  =  :?^_?^  =  £^. 

\ex/y,  z     ii-Xi^  I      Szdz        dx         dz 

Hence  (^)     ^x/^-^+P^-ij! 

\dx/y,z        \dz       dxj         dz  i 


avR 

"to"' 

dx' 


and  /a     =x(^-!?UQ^-ie^. 

\Wa:,2        \dz       dyl  dz         dy 

\ai/y,=       \ej//x,=      L   \oz     ex/       Vaj/     ez/J       L   ai       5?yJ 

\8x/jr,^       L     \dz       dx/         \dy      dz]         \dx      dy/] 

_^raxQ_exPi 

L  Sx         61/ J 

where  a  tenn  has  been  added  in  the  first  bracket  and  subtracted  in  the  second. 
Now  as  X  is  an  integrating  factor  for  Pdx  +  Qdy,  it  follows  that  (XQ)^  =  {\P)'„  ;  and 
only  the  first  bracket  remains.  By  the  condition  of  integrability  this,  too,  vanishes 
and  hence  S  as  a  function  of  i,  F,  z  does  not  contain  x  but  is  a  function  of  F  and 
z  alone,  as  was  to  be  proved. 

110.  It  has  been  seen  that  if  the  equation  (1)  is  integrable,  there  is 
an  integrating  factor  and  the  condition  (5)  is  satisfied ;  also  that  con- 
versely if  the  condition  is  satisfied  the  equation  may  be  integrated. 
Geometrically  this  means  that  the  infinity  of  planar  elements  defined 
by  the  equation  can  be  grouped  upon  a  family  of  surfaces  F{x,  y,z)  =  C 
to  which  they  are  tangent.  If  the  condition  of  integrability  is  not  satis- 
fied, the  planar  elements  cannot  be  thus  grouped  into  surfaces.  Never- 
theless if  a  surface  G  (x,  y,  s)  =  0  be  given,  the  planar  element  of  (1) 
which  passes  through  any  point  (x^,  y^,  z^  of  the  surface  will  cut  the 
surface  G  =  0  in  a  certain  lineal  element  of  the  surface.  Thus  upon  the 
surface  G  (x,  >/,  z)=  0  there  will  be  an  infinity  of  lineal  elements,  one 
through  each  point,  which  satisfy  the  given  equation  (1).  And  these 
elements  may  be  grouped  into  curves  lying  upon  the  surface.  If  the 
equation  (1)  is  integrable,  these  curves  will  of  course  be  the  intersections 
of  the  given  surface  G  =  0  with  the  surfaces  F  =  C  defined  by  the 
integral  of  (1). 

The  method  of  obtaining  the  curves  upon  G  (x,  y,  s)  =  0  which  are 
the  integrals  of  (1),  in  case  (5)  does  not  possess  an  integral  of  the  form 
F(x,  y,  z)  =  C,  is  as  follows.    Consider  the  two  equations 

Pdx  +  Qdy  +  Rdz  =  0,  G'Jx  +  G',,dy  -f-  G'Jz  =  0, 

of  which  the  first  is  the  given  differential  equation  and  the  second  is 
the  differential  equation  of  the  given  surface.    From  these  equations 
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one  of  the  differentials,  say  dz,  may  be  eliminated,  and  the  correspond- 
ing variable  s  may  also  be  eliminated  by  substituting  its  value  obtained 
by  solving  G  (.x,  y,  z)  =  0.  Thus  there  is  obtained  a  differential  equa- 
tion Mdx  -\-  Ndij  =  0  connecting  the  other  two  variables  x  and  y.  The 
integral  of  this,  F{x,  y)  =  C,  consists  of  a  family  of  cylinders  which  cut 
the  given  surface  6'  =  0  in  the  curves  which  satisfy  (1). 

Consider  the  equation  ydx  -f-  xdy  —  (x -\- y  +  z)dz  =  ().  This  does  not  satisfy  the 
condition  (5)  and  hence  is  not  completely  integrable  ;  but  a  set  of  integral  curves 
may  be  found  on  any  assigned  surface.   If  the  surface  be  the  plane  z  =  x  +  j/,  then 

ydx  +  xdy  —  (x  +  y  ■>(■  z)dz  =  0    and    dz  =  dx  +  dy 

give  (x  +  z)dx  +  (y  +  z)dy  =  0    or     (2x -\- y)dx -\- (2y -\- x)dy  =  0 

by  eliminating  dz  and  z.   The  resulting  equation  is  exact.    Hence 

x'^  +  xy  ■\-  y^  =  C    and    z  =  i  +  y 

give  the  curves  which  satisfy  the  equation  and  lie  in  the  plane. 

If  the  equation  (1)  were  integrable,  the  integral  curves  may  be  used  to  obtain 
the  integral  surfaces  and  thus  to  accomplish  the  complete  integration  of  the  equa- 
tion by  Mayer's  method.  For  suppose  that  F(x,  y,  z)  =  C  were  the  integral  surfaces 
and  that  F(x,  y,  z)  =  ^(0,  0,  z^)  were  that  particular  surface  cutting  the  z-axis  at  z„. 
The  family  of  planes  y  =  'Sx  through  the  z-axis  would  cut  the  surface  in  a  series 
of  curves  which  would  be  integral  curves,  and  the  surface  could  be  regarded  as 
generated  by  these  curves  as  the  plane  turned  about  the  axis.  To  reverse  these 
considerations  let  y  =  Xx  and  dy  =  Xdx  ;  by  these  relations  eliminate  dy  and  y  from 
(1)  and  thus  obtain  the  differential  equation  Mdx  +  Ndz  =  0  of  the  intersections 
of  the  planes  with  the  solutions  of  (1).  Integrate  the  equation  as/(x,  z,'K)  =  C  and 
determine  the  constant  so  that/(x,  z,  X)  =/(0,  z^,  X).  For  any  value  of  X  this  gives 
the  intersection  of  F(x,  y,  z)  =  F(0,  0,  z„)  with  y  =  '\x.  Now  if  X  be  eliminated  by 
the  relation  X  =  y/x,  the  result  will  be  the  surface 

f(x,z,'^=f(o,Za,fj,     equivalent  to     F{x,  y,  z)  =  F(0,  0,  z„), 

which  is  the  integral  of  (1)  and  passes  through  (0,  0,  z„).  As  z,,  is  arbitrary,  the 
solution  contains  an  arbitrary  constant  and  is  the  general  solution. 

It  is  clear  that  instead  of  using  planes  through  the  z-axis,  planes  through  either 
of  the  other  axes  might  have  been  used,  or  indeed  planes  or  cylinders  through  any 
line  parallel  to  any  of  the  axes.  Such  modifications  are  frequently  necessary  owing 
to  the  fact  that  the  substitution  /(O,  z„,  X)  introduces  a  division  by  0  or  a  log  0  or 
some  other  impossibility.   For  instance  consider 

y^'dx  +  zdy--ydz  =  0,        y  =  Xx,        dy  =  Xdx,        X^x^di  -|-  Xzdx  —  Xxdz  =  0. 

Then  Xdx  +  '^  ~  ^''^  =  0,     and     Xx  -  -  =/(x,  ^,  X). 

i^  x 

But  here  /(O,  z„.  X)  is  impossible  and  the  solution  is  illusory.  If  the  planes  (</  —  1 )  =  Xx 
passing  through  a  line  parallel  to  the  z-axis  and  containing  the  point  (0,  1,  0)  had 
been  used,  the  result  would  be 

dy  =  Xdx,        (1  -I-  Xxy^dx  +  Xzdx  -{1+  Xx)dz  -  0, 
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J     .  Xzdx  —  (1  +  \j:)ti2      „  ,  z  . 

is  the  solution.  Tlie  same  result  could  have  been  obtained  with  i  =  Xz  or  ?/  =  X  (i  —  a). 
In  the  latter  case,  however,  care  should  be  taken  to  use/(i,  z,  X)  =/(a,  z„,  X). 

EXERCISES 

1.  Test  these  equations  for  exactness  ;  if  exact,  integrate  ;  if  not  exact,  find  an 
integrating  factor  by  inspection  and  integrate : 

(a)  (2/  +  z) (ic  +  (2  +  x)dy  +  (x  +  2^) dz  =  0,       (/3)  y'^di.  +  zdy  -  ydz  =  0, 

(7)  xdx  +  ydy  -  Va'  -  x^  -  yHz  =  0,  (S)  2z{iU  -  dy)  +  (i  -  y)dz  =  0, 

(e )  (2  j:  +  )/2  +  2  Jz) if  +  2  xydy  +  JtHz  =  0,      (f )  zydjt.  =  zxdy  +  j/^ir, 

(tj)  x(v  -  1)  (2  -  l)(ix  +  j/(z  -  1)  (X  -  \)dy  +  z{z -\)(y -\)dz  =  0. 

2.  Apply  the  test  of  integrability  and  integrate  these : 

(a)  (x^  —  y^  —  z^)dx  +  2 xydy  +  2 xzdz  =  0, 
(j3)  (X  +  j/2  +  22  +  l)dx  +  2ydy  +  2zdz  =  0, 

(7)  (y  +  «)''<to  +  2(^2/  =  (1/  +  a)dz, 

(5)  {l-x^-2y^z)dz^2xzdx  +  2yz^dy, 

( e )  x2dx2  +  2,2^,^2  _  z2dz2  ^  2  xj^didv  =  0, 

( f )  2  (xdx  +  2/dv  +  zdz)^  =  (z^  -x"-  y")  (xdx  +  ydy  +  zd2)  dz. 

3.  If  the  equation  is  homogeneous,  the  substitution  x  =  uz,  y  =  dz,  frequently 
shortens  the  work.  Show  that  if  the  given  equation  satisfies  the  condition  of  inte- 
grability, the  new  equation  will  satisfy  the  corresponding  condition  in  the  new 
variables  and  may  be  rendered  exact  by  an  obvious  integrating  factor.  Integrate  : 

(a)  (y^  +  yz)dx  +  (xz  +  2=)  dy  +  (y^  -  xy)  dz  =  0, 

(/3)  (xh/  -y^-  y^z)  dx  +  (xy^  -  x^z  -  x^)  dy  +  {xy^  +  x^y)  dz  =  0, 

(7)  (y^  +  yz  +  z^)dx  +  (x2  +  xz  +  z^)dy  +  (x^  +  xy  +  y^)dz  =  0. 

4.  Show  that  (5)  does  not  hold  ;  integrate  subject  to  the  relation  imposed : 
(a)  ydx  +  xdy  —  (x  -f  y  -\-  z)dz  =  0,        x  +  ?/  +  z  =  fc    or    y  =  kx, 

((3)  c  [xdy  +  ydy)  +  Vl  -  a^x^  -  V^Hz  =  0,        a^x^  +  hhj^  +  c  V  =  1, 
(y)  dz  =  aydx-^bdy,        y  =  kx    or    x^  +  y^  +  z^  =  l    or    y=f(z). 

5.  Show  that  if  an  equation  is  integrable,  it  remains  integrable  after  any  change 
of  variables  from  x,  y,  z  to  u,  u,  w. 

6.  Apply  Mayer's  method  to  sundry  of  Exs.  2  and  3. 

7.  Find  the  conditions  of  exactness  for  an  equation  in  four  variables  and  write 
the  formula  for  the  integration.  Integrate  with  or  without  a  factor  : 

(a)  (2i  +  y^  +  2xz)dx  +  2xydy  +  xHz  +  du  =  0, 

{^)  yzudx  +  xzudy  -(.  xyvdz  +  xj/zdu  =0, 

(7)  (y  +  2  +  u)di  +  (x  +  z  +  u)dj^  +  (x  +  2/  +  u)d2  +  {x  +  y  +  z)du  =  0, 

\s)  u(y  +  2)dx  +  u(2/  +  2  +  l)dy  -(-  udz  -  (2/  +  z)du  =  0. 

8.  If  an  equation  in  four  variables  is  integrable,  it  must  be  so  when  any  one  of 
the  variables  is  held  constant.  Hence  the  four  conditions  of  integrability  obtained 
by  writing  (5)  for  each  set  of  three  coefBcients  must  hold.  Show  that  the  conditions 
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are  satisfied  in  the  following  cases.  Find  the  integrals  by  a  generalization  of  the 
method  in  the  text  by  letting  one  variable  be  constant  and  integrating 'the  three 
remaining  terms  and  determining  the  constant  of  integration  as  a  function  of  the 
fourth  in  such  a  way  as  to  satisfy  the  equations. 

(a)  z(y  +  z)dx  +  z{u  —  x)dy  +  y (x  —  u)dz  +  y{y  +  z)du  =  0, 

(/3)  uyzdx  +  uzx  log  xdy  +  uxy  log  xdz  —  xdu  =  0. 

9.  Try  to  extend  the  method  of  Mayer  to  such  as  the  above  in  Ex.  8. 

10.  If  G(x,  y,  z)  =  a  and  JS{x,  y,  z)  =  b  are  two  families  of  surfaces  defining  a 
family  of  curves  as  their  intersections,  show  that  the  equation 

(g;h:  -  g:m;)  dx  +  (G;h;  -  G-JS^)  dy  +  (G^  -  G;h:)  dz  =  0 

is  the  equation  of  the  planar  elements  perpendicular  to  the  curves  at  every  point 
of  the  curves.  Find  the  conditions  on  G  and  H  tliat  there  shall  be  a  family  of  sur- 
faces which  cut  all  these  curves  orthogonally.  Determine  whether  the  curves  below 
have  orthogonal  trajectories  (surfaces)  ;  and  if  they  have,  find  the  surfaces : 

(a)  y  =  X  +  a,  z  =  X  +  b,  (p)  y  =  ax  +  1,  z  =  bx, 

(y)  x^  +  y^  =  o",  z  =  6,  (S)  xy  =  a,  iz  =  b, 

(c)  x'^  +  y''  +  z^  =  a2,  xy  =  6,  (f)  x^  +  2y^  +  Sz^  =  a,  xy  +  z  =  b, 

(t))  \ogxy  =  az,  x  +  y  +  z  =  b,  (ff.)  y  =  2ax  +  a^,  z  =  2bx  +  t^. 

11.  Extend  the  work  of  proposition  3,  §  94,  and  Ex.  11,  p.  234,  to  find  the  normal 
derivative  of  the  solution  of  equation  (1)  and  to  show  that  the  singular  solution  may 
be  looked  for  among  the  factors  of  /i-i  =  0. 

12.  If  F  =  Pi  +  Qj  +  Ek  be  formed,  show  that  (1)  becomes  F.dr  =  0.  Show 
that  the  condition  of  exactness  is  VxF  =  0  by  expanding  VxF  as  the  formal  vector 
product  of  the  operator  V  and  the  vector  F  (see  §  78).  Show  further  that  the  condi- 
tion of  integrability  is  F.(VxF)  =  0  by  similar  formal  expansion. 

13.  In  Ex.  10  consider  VG  and  VS.  Show  these  vectors  are  normal  to  the  sur- 
faces G  =  a,  H  =  b,  and  hence  infer  that  (VG)x(VH)  is  the  direction  of  the  inter- 
section. Finally  explain  why  dr.(VGxVH)  =  0  is  the  differential  equation  of  the 
orthogonal  family  if  there  be  such  a  family.  Show  that  this  vector  form  of  the  family 
reduces  to  the  form  above  given. 

111.  Systems  of  simultaneous  equations.   The  two  equations 

^  =  f(x,  y,  z),         -£  =  g  (x,  y,_  z)  (6) 

in  the  two  dependent  variables  y  and  z  and  the  independent  variable  x 
constitute  a  set  of  simultaneous  equations  of  the  first  order.  It  is  more 
customary  to  write  these  equations  in  the  form 

dx         dy  dz 

X{x,y,z)~  Y(x,y,z)^  Z(x,y,z)'  ^^^ 

which  is  symmetric  in  the  differentials  and  where  X:Y:Z  =  l:f:g. 
At  any  assigned  point  a-^,  y„,  «„  of  space  the  ratios  dx-.dy.dz  of  the 
differentials  are  determined  by  substitution  in  (7).  Hence  the  equations 
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fix  a  definite  direction  at  each  point  of  space,  that  is,  they  determine  a 
lineal  element  through  each  point.  The  problem  of  integration  is  to 
combine  these  lineal  elements  into  a  family  of  curves  F{x,  //,  ,t)  =  C^, 
6'(.r,  //,  z)  =  C^,  depending  on  two  parameters  C,  and  C^,  one  curve  pass- 
ing through  each  point  of  space  and  having  at  that  point  the  direction 
determined  by  the  equations. 

For  the  formal  integration  there  are  several  allied  methods  of  pro- 
cedure.   In  the  first  place  it  may  happen  that  two  of 
dx  _dy  dy  _  dz  dx  _  d.t 

are  of  such  a  form  as  to  contain  only  the  variables  whose  differentials 
enter.  In  this  case  these  two  may  he  integrated  and  the  two  solutions 
taken  together  give  the  family  of  curves.  Or  it  may  happen  that  one 
and  only  one  of  these  equations  can  be  integrated.  Let  it  be  the  first 
and  suppose  that  F(x,  y)  =  C^  is  the  integral.  By  means  of  this  inte- 
gral the  variable  x  may  be  eliminated  from  the  second  of  the  equations 
or  the  variable  //  from  the  third.  In  the  respective  cases  there  arises 
an  equation  which  may  be  integrated  in  the  form  G  (y,  z,  C^)  =  C^  or 
G(a-,  z,  F)  =  Cj,  and  this  result  taken  with  F(x,  y)  =  C,  will  determine 
the  family  of  curves. 

Consider  the  example  —  =  —  =  —  •  Here  the  two  equations 
yz        xz       y 

xdx      ydy         ,    xdx      . 
—  =  ^— ^    and    —  =  dz 
y         X  z 

are  integrable  with  the  results  i«  -  y»  =  C,,  x^  -  2;^  =  Cj,  and  these  two  integrals 

constitute  the  solution.    The  solution  might,  of  course,  appear  in  very  different 

form  ;  for  there  are  an  indefinite  number  of  pairs  of  equations  F(i,  y,  z,  C\)  =  0, 

G  (x,  y,  2,  C„)  =  0  which  will  intersect  in  the  curves  of  intersection  of  i»  —  j^*  =  C, , 

and  I-  -  z^=  Cj.    In  fact  (y^  +  C,)^  =  (z^  -(-  C,)^  is  clearly  a  solution  and  could 

replace  either  of  those  found  above. 

dx               dy        dz      „ 
Consider  the  example  — =  - —  = Here 

i3  _  j/2  _  z2      2  xy      2  xz 

Jl  =  —,     with  the  integral    y  =  C^z, 
y       z 
is  the  only  equation  the  integral  of  which  can  be  obtained  directly.  If  y  he  elimi- 
nated by  means  of  this  first  integral,  there  results  the  equation 


dx  dz 


—     or    '2xzdx  +  [(C^+l)z^-x^}dz  =  0. 


x2_(Ci^+l)z2      2X2 
This  is  homogeneous  apd  may  be  integrated  with  a  factor  to  give 
j2  +  (Cf  +  l)z2  =  Cj2    or    x^  +  y' +  z^  =  C„z. 
Hence  y  =  C,z,        i^  +  y^  +  z'  =  C.,2 

is  the  solution,  and  represents  a  certain  family  of  circles. 
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Another  method  of  attack  is  to  use  composition  and  division. 

dx       ill  I  _<lz  _  \dx  4-  l^-di/  +  vdr: 

Y^T~Y~  KX  +  IJ.Y  +  VZ  ^  ^ 

Here  X,  /i,  v  may  be  chosen  as  any  functions  of  (x,  y,  z).  It  may  be 
possible  so  to  choose  them  that  the  last  expression,  taken  with  one  of 
the  first  three,  gives  an  equation  which  may  be  integrated.  With  this 
first  integral  a  second  may  be  obtained  as  before.  Or  it  may  be  that 
two  different  choices  of  \,  fj,,  v  can  be  made  so  as  to  give  the  two  desired 
integrals.  Or  it  may  be  possible  so  to  select  two  sets  of  multipliers  that 
the  equation  obtained  by  setting  the  two  expressions  equal  may  be 
solved  for  a  first  integral.  Or  it  may  be  possible  to  choose  X,  /u,,  v  so 
that  the  denominator  XX -\- ft.Y -\- vZ  =  0,  and  so  that  the  numerator 
(which  must  vanish  if  the  denominator  does)  shall  give  an  equation 

Xdx  +  iidy  +  vdz  =  0  (9) 

which  satisfies  the  condition  (5)  of  integrability  and  may  be  integrated 
by  the  methods  of  §  109. 

Consider  the  equations  — =  — ^ = Here  take  X,  a,  , 

x^  +  y^  +  yz      x'^  +  y^-xz      (x  +  y)z 

as  1,  —  1,  —  1  i  then  XX  +  /lY  +  i>Z  =  0  and  dx  —  dy  —  dz  =  0  is  integrable  as 

X  —  y  —  z  =  C^.  This  may  be  used  to  obtain  another  integral.   But  another  choice 

of  X,  /I,  ><  as  I,  y,  0,  combined  with  the  last  expression,  gives 

xdx  +  ydz  dz  ,        „        „ 

{x^  +  y^)(x  +  y)       (x  +  y)z  °'  ^ 

Hence  i  —  j/  —  z  =  Cj     and    x^  +  y''  =  C^z^ 

will  serve  as  solutions.   This  is  shorter  than  the  method  of  elimination. 

It  will  be  noted  that  these  equations  just  solved  are  homogeneous.   The  substi- 
tution X  =  uz,  y  =  vz  might  be  tried.   Then 

udz  +  zdu  _   vdz  +  zdv   _    dz     _        zdu        _^         zdv 

U^  +  Vf^  +  V        u^  +  v^  —  U~U+V~  J)2  —  U!)  .J.  D  ~  ,(2  —  UV  —  U  ' 

du  dv  dz 


X^—UV  +  X}       u^  —  uv  —  u 


z 


Now  the  first  equations  do  not  contain  z  and  may  be  solved.   This  always  happens 
in  the  homogeneous  case  and  may  be  employed  if  no  shorter  method  suggests  itself. 

It  need  hardly  be  mentioned  that  all  these  methods  apply  equally  to 
the  case  where  there  are  more  than  three  equations.  The  geometric 
picture,  however,  fails,  although  the  geometric  language  may  be  contin- 
ued if  one  wishes  to  deal  with  higher  dimensions  than  three.  In  some 
cases  the  introduction  of  a  fourth  variable,  as 

(10) 


dx       di/       dz       dt 

dt 

or 

X        Y        Z        1 

t 
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is  useful  in  solving  a  set  of  equations  which  originally  contained  only 
three  variables.  This  is  particularly  true  when  A',  Y,  Z  are  linear  with 
constant  coefficients,  in  which  case  the  methods  of  §  98  may  be  applied 
with  f  as  independent  variable. 

112.   Simultaneous  differential  equations  of  higher  order,  as 

/■'.r  _      /  dx  dy\  (Py  _      I  dx  dy 


df       ^  V '  y'  dt  dt)'  de~  ^y"'  ^'  dt  dt 

especially  those  of  the  second  order  like  these,  are  of  constant  occur- 
rence in  mechanics ;  for  the  acceleration  requires  second  derivatives 
with  respect  to  the  time  for  its  expression,  and  the  forces  are  expressed 
in  terms  of  the  coordinates  and  velocities.  The  complete  integration  of 
such  equations  requires  the  expression  of  the  dependent  variables  as 
functions  of  the  independent  variable,  generally  the  time,  with  a  num- 
ber of  constants  of  integration  equal  to  the  sum  of  the  orders  of  the 
equations.  Frequently  even  when  the  complete  integrals  cannot  be 
found,  it  is  possible  to  carry  out  some  integrations  and  replace  the 
given  system  of  equations  by  fewer  equations  or  equations  of  lower 
order  containing  some  constants  of  integration. 

No  special  or  general  rules  will  be  laid  down  for  the  integration  of 
systems  of  higher  order.  In  each  case  some  particular  combinations  of 
the  equations  may  suggest  themselves  which  will  enable  an  integration 
to  be  performed.*  In  problems  in  mechanics  the  principles  of  energy, 
momentum,  and  moment  of  momentum  frequently  suggest  combinations 
leading  to  integrations.    Thus  if 

x"  =  X,         y"  =  Y,         g"  =  Z, 

where  accents  denote  differentiation  with  respect  to  the  time,  be  multi- 
plied by  dx,  dy,  dz  and  added,  the  result 

x"dx  +  i/"dy  +  z"dz  =  Xdx  +  Ydy  +  Zdz  (11) 

contains  an  exact  differential  on  the  left ;  then  if  the  expression  on  the 
right  is  an  exact  differential,  the  integration 

h  {.'■'-  +  .'/'"'  +  -")  =  f^d^  +  Ydy  +  Zdz  +  C  {IV) 

*  It  is  possible  to  differentiate  the  given  equations  repeatedly  and  eliminate  all  the 
dependent  variables  e.xcept  one.  The  resulting  differential  equation,  say  in  x  and  t,  may 
then  be  treated  by  the  methods  of  previous  chapters ;  but  this  is  rarely  successful  except 
when  the  equation  is  linear. 
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ran  lie  performed.    This  is  the  princij)li'  of  energy  in  its  simplest  form 
If  two  of  tlie  e(iuations  are  multiplied  by  tlie  chief  vaiialde  of  tin-  othci- 
and  subtracted,  the  result  is 

,jx"  ~  xy"  =  ijX  -  j-Y  (11') 

and  the  expression  on  the  left  is  again  an  exact  differential ;  if  the 
right-hand  side  reduces  to  a  constant  or  a  function  of  t,  then 

yx'-xy'={f{t)  +  C  (12-; 


is  an  integral  of  the  equations.  This  is  the  iwvnciple  of  -momeni  of 
momeTU'um.    If  the  equations  can  be  multiplied  by  constants  as 

Ix"  +  viy"  +  nz"  =  IX  +  w  Y  +  nZ,  (13) 

so  that  the  expression  on  the  right  reduces  to  a  function  of  t,  an  inte- 
gration may  be  performed.  This  is  the  principle  of  momentum.  These 
three  are  the  most  commonly  usable  devices. 

As  an  example :  Let  a  particle  move  in  a  plane  subject  to  forces  attracting  it 
toward  the  axes  by  an  amount  proportional  to  tlie  mass  and  to  the  distance  from 
tlie  axes  ;  discuss  the  motion.    Here  the  equations  of  motion  are  merely 


m  — -  =  —  kmx,        m  — ^  =  —  kmy    or    — -  =  —  fcc, 
dt^                             dl-                            dt^ 

"S-.g =-'<--.*.  -  (i)^(ir= 

-  {X-  +  y-)  +  c. 

»i-'S-  -  'i-'S=- 

Then 

Also 

In  this  case  the  two  principles  of  energy  and  moment  of  momentum  give  two 
integrals  and  the  equations  are  reduced  to  two  of  tlie  first  order.  But  as  it  liappeu.s, 
the  original  equations  could  be  integrated  directly  as 

^^dx=-kxdx,         (^)'  =  -kx^  +  C^  ,    '^         =.U 


dt^ 


dy=-  kydy,         (§)'=-  ky"^  +  i^^  ,    ^^  =  dt. 


The  constants  C^  and  K^  of  integration  have  been  written  as  squares  because  they 
are  necessarily  positive.   The  complete  integi-ation  gives 

Vkx  =  C  sin  (Vkt  +  C^),       Vky  =  E  sin  {Vld  +  E. 2). 

As  another  example :  A  particle,  attracted  toward  a  point  by  a  force  equal  to 
r/m^  +  h^/r^  per  unit  mass,  where  m  is  the  mass  and  k  is  the  double  area]  velocity 
and  r  is  the  distance  from  the  point,  is  projected  perpendicularly  to  the  radius  vec- 
tor at  the  distance  Vmh ;  discuss  the  motion.  In  polar  coordinates  the  ecjuations 
of  motion  are 

Idt^         \dt/  J  mi        r^  r  dt\     dtl 
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The  second  integrates  directly  as  rH<j>/dt  =  h  where  the  constant  of  integration  h 
is  twice  the  areal  velocity.   Now  substitute  In  the  tirst  to  eliminate  <p. 


CPr      h-  r        h-  d-r  r  /(tr\2  ;2 

or    -—  = ;     or      ~     = 1-  C. 

't-  m-  \di/  m2 


dt^      r3  ni2      jJ  d«2 


Now  as  the  particle  is  projected  perpendicularly  to  the  radius,  dr/dt  =  0  at  the 
start  when  r  =Vm^.    Hence  the  constant  C  is  V™-   Then 

dr  ,,  ,     tHi))       ,.      .  Vmhdr 

:  =  at    and    — -  =  dt    give    — ^^^  =  d(p. 


1-  — 

hm 

Hence  ^^,^1^11  =  ^  +  0    or    l-±=^±±£l. 

\r'^      h  r^      hm,  mh 

Now  if  it  be  assumed  that  0  =  0  at  the  start  when  r  =  VmA,  we  find  C  =  0. 

Hence  r'  = is  the  orbit. 

1  +  02 

To  find  the  relation  between  <j>  and  the  time, 

r^d<b  =  kdt    or    =  dt    or    t  =  m  tan-irf>, 

1  +  02 

if  the  time  be  taken  as  i  =  0  when  0  =  0.  Thus  the  orbit  is  found,  the  expression 
of  0  as  a  function  of  the  time  is  found,  and  the  expression  of  r  as  a  function  of  the 
time  is  obtainable.  The  problem  is  completely  solved.  It  will  be  noted  that  the 
constants  of  integration  have  been  determined  after  each  integration  by  the  initial 
conditions.  This  simplifies  the  subsequent  integrations  which  might  in  fact  be 
impossible  in  terms  of  elementary  functions  without  this  simplification. 

EXERCISES 

1.  Integrate  these  equations : 

,   .  dx      dy      dz  dx      dy        dz 


yz      xz      xy  y^       x^      z^^z^ 

,  ,  dx  dy      dz  ,,,  dx      dy        dz 

\y)  —  =  —  =  —'  (^1  7Z  —  ~-' 


xz      yz      xy  yz      xz      x  +  y 

,   ^       dx      dy         dz  ,^,    dx  dy  dz 


y        X       l  +  z2  -1      3y  +  4z      2y  +  bz 

dx  dy  dz 


2.  Integrate  the  equations :  (a) 


bz—  cy      ex  —  az      ay  —  bx 


x^  +  y'     2xy     xz  +  yz'  y  +  z     x  +  z     x  +  y 

dx        _        dy        _         dz  dx       _      dy       _       dz      ^ 

^'y<'x-2x*~2y*-x^y~yz(i'-y'^)'  x(y-z)      y(z-x)      z(x-y)' 

dx        _        dy       _        dz  dx       _      -  dy     _        dz 
*^^  x(y* -  z^)  ~y(z^-  x2)  "  z{x^  -  y^) '       ^"^  x(y^-z^)~  y(z^ +  x^)      z{x^  +  y^y 

,g^J±_  =  Jy_  =  J^^dt  d^^       dy       ^_dz__^^ 

^'y-z      x  +  y      x  +  z         '  y-z      J^  +  y  + 1      x  +  z  +  t 
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3.  Show  that  the  differential  equations  of  the  orthogonal  trajectories  (curves 
of  the  family  of  surfaces  F(x,  y,z)  =  C  are  dx:dy:dz  =  F^-.F^-.  F'. .  Find  the  curves 
which  cut  the  following  families  of  surfaces  orthogonally  : 

(a)  a^x^  +  l^y^  +  cH'^  =  C,        (/3)  xyz  =  C,  (y)  y'^  =  Cxz, 

(J)  y  =  X  tan  (2  +  C),  (f )  y  =  3;  tan  Cz,         (f)  z  =  Cxy. 

4.  Show  that  the  solution  of  dx.dy  -.dz  =  X  :  Y :  Z,  where  A',  1',  Z  are  linear 
expressions  in  x,  y,  z,  can  always  be  found  provided  a  certain  cubic  equation  can 
be  solved. 

5.  Show  that  the  solutions  of  the  two  equations 

^+T{ax  +  by)  =  T„        ^  +  T(a'x +  b'y)=  T^, 
at  cH 

where  T,  Tj,  T^  are  functions  of  t,  may  be  obtained  by  adding  the  equation  as 

^  (X  +  ly)  +  \T{x  +  ly)  =  T^  +  IT„ 
at 

after  multiplying  one  by  (,  and  by  determining  X  as  a  root  of 

.\2  _  (q!  +  6')x  +  ab'  -  a'h  =  0. 

6.  Solve:  (a)  i^  +  2(i-2/)  =  t,        t'^4-x+by  =  fi, 

at  dt 

(fi)  tdx  =  {t-2x)dt,  tdy  =  (tx  +  ty  +  2x-t)dt, 

Idx        _      mdy      _       ndz       _  dt 
mn  (y  —  z)      nl  (z  —  x)      Im  (x  —  y)       t 

7.  A  particle  moves  in  vacuo  in  a  vertical  plane  under  the  force  of  gravity  alone. 
Integrate.  Determine  the  constants  if  the  particle  starts  from  the  origin  with  a 
velocity  V  and  at  an  angle  of  a  degrees  with  the  horizontal  and  at  the  time  t  =  0. 

8.  Same  problem  as  in  Ex.  7  except  that  the  particle  moves  in  a  medium  which 
resists  proportionately  to  the  velocity  of  the  particle. 

9.  A  particle  moves  in  a  plane  about  a  center  of  force  which  attracts  proportion- 
ally to  the  distance  from  the  center  and  to  the  mass  of  the  particle. 

10.  Same  as  Ex.  9  but  with  a  repulsive  force  instead  of  an  attracting  force. 

11.  A  particle  is  projected  parallel  to  a  line  toward  which  it  is  attracted  with 
a  force  proportional  to  the  distance  from  the  line. 

12.  Same  as  Ex.  11  except  that  the  force  is  inversely  proportional  to  the  square 
of  the  distance  and  only  the  path  of  the  particle  is  wanted. 

13.  A  particle  is  attracted  toward  a  center  by  a  force  proportional  to  the  square 
of  the  distance.   Find  the  orbit. 

14.  A  particle  is  placed  at  a  point  which  repels  with  a  constant  force  under 
which  the  particle  moves  away  to  a  distance  a  where  it  strikes  a  peg  and  is 
deflected  off  at  a  right  angle  with  undiminished  velocity.  Find  the  orbit  of  the 
subsequent  motion. 

15.  Show  that  equations  (7)  may  be  written  in  the  form  drxF  =  0.  Find  the 
condition  on  F  or  on  X,  Y,  Z  that  the  integral  curves  have  orthogonal  surfaces. 
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•  113.  Introduction  to  partial  differential  equations.  An  equation 
which  contains  a  dependent  variable,  two  or  more  independent  varia- 
bles, and  one  or  more  partial  derivatives  of  the  dependent  variable 
with  respect  to  the  independent  variables  is  called  a  partial  differential 
equation.    The  equation 

is  clearly  a  linear  partial  differential  equation  of  the  first  order  in  one 
dependent  and  two  independent  variables.  The  discussion  of  this  equar 
tion  preliminary  to  its  integration  may  be  carried  on  by  means  of  the 
concept  of  planar  elements,  and  the  discussion  will  immediately  suggest 
the  method  of  integration. 

When  any  point  (x^,  y^,  «„)  of  space  is  given,  the  coefficients  P,  Q,  R 
in  the  equation  take  on  definite  values  and  the  derivatives  p  and  q 
are  connected  by  a  linear  relation.  Now  any  planar  element  through 
(Xj,  2/„,  2(|)  may  be  considered  as  specified  by  the  two  slopes  p  and  q  ;-for 
it  is  an  infinitesimal  portion  of  the  plane  z—  z^=  p{x  —  x^  +  q{y  —  y^ 
in  the  neighborhood  of  the  point.  This  plane  contains  the  line  or  lineal 
element  whose  direction  is 

dx:dy:dz=P:Q,:R,  (15) 

because  the  substitution  of  P,  Q,  R  for  dx  =  x  —  x^,  dy  =  y  —  y^, 
dz  =  z  —  z^  in  the  plane  gives  the  original  equation  Pp  -\-  Qq  =  R. 
Hence  it  appears  that  the  planar  elements  defined  by  (14),  of  which 
there  are  an  infinity  through  each  point  of  space,  are  so  related  that  all 
which  pass  through  a  given  point  of  space  pass  through  a  certain  line 
through  that  point,  namely  the  line  (15). 

Now  the  problem  of  integrating  the  equation  (14)  is  that  of  grouping 
the  planar  elements  which  satisfy  it  into  surfaces.  As  at  each  point 
they  are  already  grouped  in  a  certain  way  by  the  lineal  elements  through 
which  they  pass,  it  is  first  advisable  to  group  these  lineal  elements  into 
curves  by  integrating  the  simultaneous  equations  (16).  The  integrals 
of  these  equations  are  the  curves  defined  by  two  families  of  surfaces 
F{x,  y,  z)  =  Cj  and  G  (x,  y,  z)  =  C.^.  These  curves  are  called  the  charac- 
teristic curves  or  merely  the  characteristics  of  the  equation  (14).  Through 
each  lineal  element  of  these  curves  there  pass  an  infinity  of  the  planar  ele- 
ments which  satisfy  (14).  It  is  therefore  clear  that  if  these  curves  be  in 
any  wise  grouped  into  surfaces,  the  planar  elements  of  the  surfaces  must 
satisfy  (14)  ;  for  through  each  point  of  the  surfaces  will  pass  one  of  the 
curves,  and  the  planar  element  of  the  surface  at  that  point  must  there- 
fore pass  through  the  lineal  element  of  the  curve  and  hence  satisfy  (14). 
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To  group  the  curves  F{x,  y,  z)  =  C\,  G(x,  y,  2.)  =  C^  which  depend 
on  two  parameters  C^,  C^  into  a  surface,  it  is  merely  necessary  to  intro- 
duce some  functional  relation  C^=f(CJ  between  the  parameters  so 
that  when  one  of  them,  as  Cj,  is  given,  the  other  is  determined,  and 
thus  a  particular  curve  of  the  family  is  fixed  by  one  parameter  alone 
and  will  sweep  out  a  surface  as  the  parameter  varies.  Hence  to  integrate 
(1^),  first  integrate  (15)  and  then  write 

G{x,y,z)  =  <i>\_F{x,y,z)-]     or     <lf{F,G)  =  (i,  (16) 

where  4>  denotes  any  arbitrary  function.  This  will  be  the  integral  of 
(14)  and  will  contain  an  arbitrary  function  $. 

As  an  example,  integrate  (y—z)p-\-(z  —  x)q  =  x  —  y.    Here  the  equations 

J^  =  -^  =  -^    give    lii  +  1/2  +  22  =  C„     x  +  2/  +  z  =  C, 
y  —  z      z  —  X      x  —  y 

as  the  two  integrals.    Hence  the  solution  of  the  given  equation  is 

I+J/  +  Z=*(z2+2/2  +  z2)      or      *(Z2  +  j/2  +  22,  i  +  y +  2)  =  0, 

where  *  denotes  an  arbitrary  function.  The  arbitrary  function  allows  a  solution 
to  be  determined  which  shall  pass  through  any  desired  curve ;  for  if  the  curve  be 
/(i,  y^  2)  =  0,  3  (i,  y,  2)  =  0,  the  elimination  of  z,  y,  2  from  the  four  simultaneous 
equations 

F{x,y,z)=C^,         G(x,y,z)={c^,        f(x,y,z)  =  0,        g(x,y,z)  =  0 

will  express  the  condition  that  the  four  surfaces  meet  in  a  point,  that  is,  that  the 
curve  given  by  the  first  two  will  cut  that  given  by  the  second  two  ;  and  this  elimi- 
nation will  determine  a  relation  between  the  two  parameters  C,  and  Cj  which  will 
be  precisely  the  relation  to  express  the  fact  that  the  integral  curves  cut  the  given 
curve  and  that  consequently  the  surface  of  integral  curves  passes  through  the  given 
curve.  Thus  in  the  particular  case  here  considered,  suppose  the  solution  were  to 
pass  through  the  curve  y  =  x^,  z  =  x ;  then 

i2  -I-  2/2  +  z2  =  Ci,        x  +  y  +  z  =  C^,        y  =  x^,        z  =  x 
give  2x2  +  z4=Ci,        x^  +  2x  =  C^, 

whence  {C|  +  2C^-  C^)^  +  8  C^  -  24  Cj  -  16  C^C^  =  0. 

The  substitution  of  C^  =  x^  +  y^  +  z^  and  C^^  x  +  y  +  z  in  this  equation  will 
give  the  solution  of  {y  —  z)p+  {z  —  x)g  =  x  —  y  which  passes  through  the  parabola 
y  =  x^,  z  =  X. 

114.  It  will  be  recalled  that  the  integral  of  an  ordinary  differ- 
ential equation  f(x,  y,y',--,  y'"')  =  0  of  the  n.th  order  contains  n  con- 
stants, and  that  conversely  if  a  system  of  curves  in  the  plane,  say 
F(x,  y,  Cj,  ■  ■  • ,  C„)  =  0,  contains  n  constants,  the  constants  may  be 
eliminated  from  the  equation  and  its  first  n  derivatives  with  respect 
to  X.  It  has  now  been  seen  that  the  integral  of  a  certain  partial 
differential  equation  contains  an  arbitrary  function,  and  it  might  be 
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inferred  that  the  elimination  of  an  arbitrary  function  would  give 
rise  to  a  partial  differential  equation  of  the  iirst  order.  To  show 
this,  suppose  F{x,  y,  z)  =  ^\_G{x,  ij,  s)].    Then 

K  +  Kp  =  *'  •  (G^  +  G:p),         f;  +  F'^q  =  *' .  (g;  +  G'^q) 
follow  from  partial  differentiation  with  respect  to  a-  and  y ;  and 

{Ko'y  -  f'/j':)p+{f'/j:  -  F:G:)q = f.g^  -  f;g; 

is  a  partial  differential  equation  arising  from  the  elimination  of  *'. 
More  generally,  the  elimination  of  n  arbitrary  functions  will  give  rise 
to  an  equation  of  the  reth  order;  conversely  it  may  be  believed  that 
the  integration  of  such  an  equation  would  introduce  n  arbitrary  func- 
tions in  the  general  solution. 

As  an  example,  eliminate  from  z  =  *  (xy)  +  *  (a;  +  2/)  the  two  arbitrary  func- 
tions *  and  *.   The  first  differentiation  gives 

p  =  *'-j/  +  4'',         5  =  *'-i  +  4'',        p  —  q  =  {y  —  x)*'. 

d^z  d^z  d^z 

Now  differentiate  again  and  let  r  —  — ,  s  — ,  i  = Then 

Si2  dxdy  dy^ 

r  —  s  =  —  ^'  +  {y  —  x)*"  ■  y,        s  —  t  =  ^'  +  (y  —  x)i"  ■  x. 

These  two  equations  with  p  —  q  =  (y  —  x)i'  make  three  from  which 

x  +  y.         .  a%      ,     ,        322    ,     a^z      x  +  y/Sz 

-.  2.^n_M    nr    z (X  +  y) \- y =  — —^l 

ax2  "^'dxdy        dy^      x-y\dx 

may  be  obtained  as  a  partial  differential  equation  of  the  second  order  free  from 
*  and  *.   The  general  integral  of  this  equation  would  be  2  =  *  (xy)  +  'ir{x  +  y). 

A  partial  differential  equation  may  represent  a  certain  definite  type 
of  surface.  For  instance  by  definition  a  conoidal  surface  is  a  surface 
generated  by  a  line  which  moves  parallel  to  a  given  plane,  the  director 
plane,  and  cuts  a  given  line,  the  directrix.  If  the  director  plane  be  taken 
as  s  =  0  and  the  directrix  be  the  2-axis,  the  equations  of  any  line  of 
the  surface  are 

z  =  C^,         y  =  C.f,  with     C\  =  *(Q 

as  the  relation  which  picks  out  a  definite  family  of  the  lines  to  form  a 
particular  conoidal  surface.  Hence  s  =  <t(j//x)  may  be  regarded  as  the 
general  equation  of  a  conoidal  surface  of  which  «  =  0  is  the  director 
plane  and  the«-axis  tlie  directrix.  The  elimination  of  4>  gives  ^^j: -|- yy  =  0 
as  the  differential  equation  of  any  such  conoidal  surface. 

Partial  differcntintion  ]iiay  l)e.  used  not  only  to  eliminate  arbitrary  func- 
tions, hut  to  eliminate  constants.  For  if  an  equation /(x,  y,  x,  (\,  C^  =  0 
contained  two  constants,  the  e(|uatioii  and  its  first  derivatives  with  respect 
to  X  and  y  would  yield  three  equations  from  which  the  constants  could 
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be  eliminated,  leaving  a  partial  differential  equation  F(x,  y,  z,  p,  q)  =  0 
of  the  first  order.  If  there  had  been  five  constants,  the  equation  with 
its  two  first  derivatives  and  its  three  second  derivatives  with  respect 
to  X  and  y  would  give  a  set  of  six  equations  from  which  the  constants 
could  be  eliminated,  leaving  a  differential  equation  of  the  second  order. 
And  so  on.  As  the  differential  equation  is  obtained  by  eliminating  the 
constants,  the  original  equation  will  be  a  solution  of  the  resulting  dif- 
ferential equation. 

For  example,  eliminate  from  z  =  Ax^  +  2  Bxy  +  Cy^  +  Dx  +  Ey  the  five  con- 
stants.  The  two  first  and  three  second  derivatives  are 

p  =  2Ax  +  2By  +  D,      g  =  2Bx  +  2Cy  +  E,      r  =  2A,      s  =  2B,      t  =  2C. 

Hence  z  =—  ^  rx^  —  ^ty^  —  sxy  +  px  +  qy 

is  the  differential  equation  of  the  family  of  surfaces.  The  family  of  surfaces  do 
not  constitute  the  general  solution  of  the  equation,  for  that  would  contain  two 
arbitrary  functions,  but  they  give  what  is  called  a  complete  solution.  If  there  had 
been  only  three  or  four  constants,  the  elimination  would  have  led  to  a  differential 
equation  of  the  second  order  which  need  have  contained  only  one  or  two  of  the 
second  derivatives  instead  of  all  three  ;  it  would  also  have  been  possible  to  find  three 
or  two  simultaneous  partial  differential  equations  by  differentiating  in  different  ways. 

115.    If    f(x,  y,  z,  Cj,  C^)  =  0     and     F(x,  y,  z,  p,  q)  =  0  (17) 

are  two  equations  of  which  the  second  is  obtained  by  the  elimination  of 
the  two  constants  from  the  first,  the  first  is  said  to  be  the  complete  solu- 
tion of  the  second.  That  is,  any  equation  which  contains  two  distinct 
arbitrary  constants  and  which  satisfies  a  partial  differential  equation  of 
the  first  order  is  said  to  be  a  complete  solution  of  the  differential  equa- 
tion. A  complete  solution  has  an  interesting  geometric  interpretation. 
The  differential  equation  F=0  defines  a  series  of  planar  elements 
through  each  point  of  space.  So  does  f{x,  y,  z,  Cj,  C^)  =  0.  For  the 
tangent  plane  is  given  by 

^f    ,  clf\  df 

^itl»  /K.  2/o.  «o'  C-i.  Cd  =  0 

as  the  condition  that  C,  and  C^  shall  be  so  related  that  the  surface 
passes  through  {t^,  y^,  s^).  As  there  is  only  this  one  relation  between 
the  two  arbitrary  constants,  there  is  a  whole  sei'ies  of  planar  elements 
through  the  point.  As  f(x,  y, ,-,  C„  Q  =  0  satisfies  the  differential  equa- 
tion, the  ])laiiar  elements  defined  by  it  are  those  defined  by  the  differen- 
tial equation.  Thus  a  complete  solution  establishes  an  arrangement  of 
the  planar  elements  defined  by  the  differential  equation  upon  a  family 
of  surfaces  dependent  upon  two  arbitrary  constants  of  integration. 


MORE  THAN  TWO  VARIABLES  271 

From  the  idea  of  a  solution  of  a  partial  differential  equation  of  the 
first  order  as  a  surface  jiieced  together  from  planar  elements  which 
satisfy  the  equation,  it  appears  that  the  envelope  (p.  140)  of  any  family 
of  solutions  will  itself  be  a  solution ;  for  each  point  of  the  envelope  is 
a  point  of  tangency  with  some  one  of  the  solutions  of  the  family,  and 
the  planar  element  of  the  envelope  at  that  point  is  identical  with  the 
planar  element  of  the  solution  and  hence  satisfies  the  differential  equa- 
tion. This  observation  allows  the  general  solution  to  be  determined  from 
any  complete  solution.  For  if  in  f(x,  y,  &,  C^,  C^  =  0  any  relation 
C  =  *(Cj)  is  introduced  between  the  two  arbitrary  constants,  there 
arises  a  family  depending  on  one  parameter,  and  the  envelope  of  the 
family  is  found  by  eliminating  C\  from  the  three  equations 

c.-Hc;),      ^  +  ^^^  =  o>      /=o.  (18) 

As  the  relation  C^  =  $(Cj)  contains  an  arbitrary  function  $,  the  result 
of  the  elimination  may  be  considered  as  containing  an  arbitrary  func- 
tion even  though  it  is  generally  impossible  to  carry  out  the  elimination 
except  in  the  case  where  $  has  been  assigned  and  is  therefore  no  longer 
arbitrary. 

A  family  of  surfaces  f(x,  y,  z,  C^,  C^  =  0  depending  on  two  param- 
eters may  also  have  an  envelope  (p.  139).  This  is  found  by  eliminat- 
ing Cj  and  Cj  from  the  three  equations 

fix,  y,  z,  C^,  eg  =  0,         ^  =  0,         ^  =  0. 

This  surface  is  tangent  to  all  the  surfaces  in  the  complete  solution. 
This  envelope  is  called  the  singular  solution  of  the  partial  differential 
equation.  As  iu  the  case  of  ordinary  differential  equations  (§  101),  the 
singular  solution  may  be  obtained  directly  from  the  equation ;  *  it  is 
merely  necessary  to  eliminate  p  and  q  from  the  three  equations 

SF      ^  ^F      ^ 

F(x,y,z,p,r/)  =  0,         ^=0,         ^  =  0. 

The  last  two  equations  express  the  fact  that  F(p,  ?)  =  0  regarded  as 

a  function  of  j»  and  </  should  have  a  double  point  (§  57).    A  reference 

to  §  67  will  bring  out  another  point,  namely,  that  not  only  are  all  the 

sui'faces  represented  by  the  complete  solution  tangent  to  the  singular 

solution,  but  so  is  any  surface  whitih  is  represented  by  the  general 

solution. 

»  It  is  hardly  necessary  to  point  out  the  fact  that,  as  in  the  case  of  ordinary  equations, 
extraneous  factors  may  arise  in  the  elimination,  whether  of  Ci,  t'2  or  of  p,  q. 
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EXERCISES 

1.  Integrate  these  linear  ecjuatioiiK: 

(a)  xzp  +  yzq  =  xy,  {p)  a(p  +  q)  =  z,  (7)  x^p  +  y\  =  z-, 

{S)  -yp  +  xq  +  l  +  z^  =  0,  {€)  yp  -  xg  =  x"  -  y^         (f)  (i  +  z)p  =  y, 
(v)  x^p-xyq  +  y^  =  0,  (9)  {a  -  x)p  +  (b- y)q  =  c- z, 

(i)  p  tani  +  gtan^  =  taiiz,  (k)  {y^  +  z^  —  x^)p  —  2xyq  +  2xz  =  0. 

2.  Determine  the  integrals  of  the  preceding  equations  to  pass  through  the  curves : 

for     (a)  x^  +  y''  =  l,z  =  Q,  for     (/3)  y  =  0,  x  =  z, 

for     (7)  2/  =  2a;,  z  =  1,  for     (c)  x  =  z,y  =  z. 

3.  Show  analytically  that  if  F(x,  y,  z)  =  Cj  is  a  solution  of  (15),  it  is  a  solution 
of  (14).  State  precisely  what  is  meant  by  a  solution  of  a  partial  differential  equa- 
tion, that  is,  by  the  statement  that  F(x,  y,  z)  =  C,  satisfies  the  equation.  Show  that 
the  equations 

p!£+Q^  =  fi    and    p'Z+q'Z+E^Z^o 

dx  dy  £x  dy  dz 

are  equivalent  and  state  what  this  means.  Show  that  if  F=  C-^  and  6  =  0^  are 
two  solutions,  then  F  =  *  (G)  is  a  solution,  and  show  conversely  that  a  functional 
relation  must  exist  between  any  two  solutions  (see  §  62). 

4.  Generalize  the  work  in  the  text  along  the  analytic  lines  of  Ex.  3  to  estab- 
lish the  rules  for  integrating  a  linear  equation  in  one  dependent  and  four  or  n 
independent  variables.   In  particular  show  that  the  integral  of 

T,    ez    ,          ,    E>    8z       _          J         J            di,                 dx„        dz 
P■^ \-  ■  ■  ■  +  "n  —  =  "n  +1     depends  on    — -  —  ■  ■  ■  —  — "  — 


toi  dx„  '  ^  P,  P„      P„ 


+1 


and  that  if  F,  =  Cj,  •  •  •,  F„  =  C„  are  n  integrals  of  the  simultaneous  system,  the 
integral  of  the  partial  differential  equation  is  *(Pi,  ■  ■  •,  F„)  =  0. 

c    T  »        ^      ,   .      8«         cu        du 

a.  Integrate :  (a)  x \-  y \-  z—  =  xyz, 

dx         by         dz 

{P)  (y  +  z  +  u)^+{z  +  u  +  x)^+(u  +  x  +  y)?^  =  x  +  y  +  z. 
ex  dy  dz 

6.  Interpret  the  general  equation  of  the  first  order  F(x,  y,  z,  p,  g)  =  0  as  deter- 
mining at  each  point  (x,^,  y„,  z„)  of  space  a  series  of  planar  elements  tangent  to  a 
certain  cone,  namely,  the  cone  found  by  eliminating  p  and  q  from  the  three  simul- 
taneous equations 

^(«o'  Vo^  zo.  P.  1)  =  0-      (X-  Xo)P  +  (y-yo)g  =  z-Zo, 

(^  -^o)^-(>/-  !/o)  ^  =  0- 
dq  rp 

7.  Eliminate  the  arbitraiy  functions : 

(a)  x  +  y  +  z  =  <t>(x-  +  y^  -|-  z^),  (fi)  4. (x-  +  yK  z  -  xy)  =  0, 

(7)  z  =  *  (J- -I- I/)  +  *  (.£  -  )/),  (5)  z  =  .""<l>(j--^), 

(0  z=j/2-i-2*(j'.-i-i-iogi/),         (f)  */-,  y..  -)  =0. 

\y    z    x! 
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8.  Fiiul  the  iliffureiitial  uiiuations  of  these  types  (if  surfaces : 

(a)  cyliiidei-s  with  generatore  parallel  to  tlie  lino  x  =  az,y  =  te, 

(/3)  conical  surfaces  with  vertex  at  (a,  6,  c), 

(7)  surfaces  of  revolution  about  the  line  x:y:z  =  a:b:c. 

9.  Eliminate  the  constants  from  these  equations : 

(a)  i  =  (X  +  a)  (y  +  b),  (/S)  a  {j:^  +  y")  +  bz^  =  l, 

(7)  (X  -  a)2  +  (y-  6)2  +  (z  _  c)2  =  1,       (S)   (X  -  a)2  +  {y  -  bf  +  (z  -  c)2  =  d^, 

(e  )    4x2  +  Uzj/  +  C2/2  +  Dxz  +  ^2/z  =  22- 

10.  Show  geometrically  and  analytically  that  F(x,  y,  z)  +  aG{z,  y,z)  =  b  is  a, 
complete  solution  of  the  linear  equation. 

11.  How  many  constants  occur  in  the  complete  solution  of  the  equation  of  the 
third,  fourth,  or  nth  order  ? 

12.  Discuss  the  complete,  general,  and  singular  solutions  of  an  equation  of  the 
first  order  F{x.,  y,  z,  a,  u^,  m^,  ji^)  =  0  with  three  independent  variables. 

13.  Show  that  the  planes  z  =  ax  +  by  +  C,  where  a  and  b  are  connected  by  the 
relation  F{a,  b)  =  0,  are  complete  solutions  of  the  equation  F{p,  q)  =  0.   Integrate ; 

(a)pq  =  l,         (fi)q=P^  +  l,  (7)  p' +  9=  =  m^, 

{S)pq  =  k,        {€)  k\ogq+p  =  0,         ((:)  Sp^  -  2q^  =  ipq, 
and  determine  also  the  singular  solutions. 

14.  Note  that  a  simple  change  of  variable  will  often  reduce  an  equation  to  the 
type  of  Ex.  13.   Thus  the  equations 

with  z  =  e'',  I  =  e^,        z  =  e'',  x  =  c',  y  =  e"', 

take  a  simpler  form.    Integrate  and  determine  the  singular  solutions: 

(a)  q  =  z+  px,         (/3)  x2j)2  +  y^q^  =  z\  (7)  z  =  pq, 

(«)  q  =  2yp^,  (.)  {p  -  y)^  +  (9  -  x)2  =  1,        (f)  z  =p'»9». 

15.  What  is  the  obvious  complete  solution  of  the  extended  Clairaut  equation 
z  =  xp  +  yq  +f{p,  q)  ?  Discuss  the  singular  solution.   Integrate  the  equations  : 

(a)  z  =  xp  +  yq  +  Vp'  +  q^  +  1,         (/3)  z  =xp  +  yq  +  {p  +  q)^, 
(7)  z  =xp  +  yq  +  pq,  (S)  z  =  xp  +  yq  ~  2  Vpq. 

116.  Types  of  partial  differential  equations.  In  addition  to  the 
linear  equation  and  the  types  of  Exs.  13-15  above,  there  are  several 
types  which  should  be  mentioned.  Of  these  the  first  is  the  general 
equation  of  the  Jirst  order.  If  F(x,  y^  z,  p,  q)=  0  is  the  given  equation 
and  if  a  second  equation  $  (.r,  y,  z,  p,  q,  a)  =  0,  which  holds  simultane- 
ously with  the  first  and  contains  an  arbitrary  ("onstant  can  be  found, 
the  two  equations  may  l)e  solved  togetlier  for  the  values  of  ^;  and  q,  and 
the  results  may  be  substituted  in  the  relation  </z  =2)(lx  +  qdy  to  give  a 
total  differential  equation  of  which  the  integral  will  contain  the  con- 
stant a  and  a  second  constant  of  integration  b.    This  integral  will  then 
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be  a  complete  integral  of  the  given  equation ;  the  general  integral  may 
then  be  obtained  by  (18)  of  §  115.    This  is  known  as  Charpifs  method. 
To  find  a  relation  *  =  0  differentiate  the  two  equations 
F{x,  y,  z,  p,  q)=0,  *  (x,  y,  z,  p,  q,a)=0 

with  respect  to  x  and  y  and  use  the  relation  that  dz  be  exact. 


(19) 


,dp  ,dq 

&   4-  d)  «  4-  *   ^i-  +  *  — 2-  =  0, 


'dx 


F'  +  F'fj  +  F''^^^  +  F'  —  — 
"^    '^^    "dy         "dy 


=  0, 


,  dp 


dy       dx 
Multiply  by  the  quantities  on  the  right  and  add.    Then 

Now  this  is  a  linear  equation  for  $  and  is  equivalent  to 

dp  dq  dx  dy  dz  d^        .„... 

>^  +pf:  =  /■;  +  jf;  =  ^  =  r:^  =  -  (j>f;  +  qF',)  =  T '   ^    -• 

Any  integral  of  this  system  containing  p  or  q  and  a  will  do  for  4>,  and 
the  simplest  integral  will  naturally  be  chosen. 

As  an  example  take   2p(i  +  j/) +  p(g  — p)  —  z^  =  0.     Then   Charpit's  equa- 
tions are 

dp  _  dq  _  dx 

—  zp+p^(x-\-y)      zp  —  2zq  +  pq{x  +  y)      2p  —  q  —  z{x  +  y) 


dy 
-P 


dz 


2p^—  2pq  —pz(x  +  y) 


How  to  combine  these  so  as  to  get  a  solution  is  not  very  clear.    Suppose  the  sub- 
stitution z  =  e"',  p  =  e^'p',  q  =  e''q'  be  made  in  the  equation.   Then 

p'  (X  +  y)  +  p'  (q'  -  p')  -1=  0 

is  the  new  equation.   For  this  Charpit's  simultaneous  system  is 

dp'  _dq'  _  dx  _   '^y    _  "^z 

p'        p'       2p'  —  q'-{x  +  y)       —p'      2p'^-2pq-p'{x  +  y) 

The  first  two  equations  give  at  once  the  solution  dp'  =  dq'  or  q'  =  p'  +  a.    Solving 

p'(x  +  y)+p'(q'  —  p')-l  =  0    and     q' =  p'  +  a, 


P 


a  +  x  +  y 


1  .  j^       clx  +  dy 

q'  = 1-  a,         dz"  — "    -I-  ady. 

a  +  x  +  y  a  +  x  +  y 
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Then      e  =  log(o  +  i  +  j^)  +  ai/ +  6    or    \ogz  =  \og(a  +  x  + y)  +  ay +  b 

is  a  complete  solution  of  the  given  equation.  This  will  determine  the  general 
integral  by  eliminating  o  between  the  three  equations 

z^e^o  +  ^a  +  x  +  y),        b=f{a),        0  =  {y +r{a)){a  +  x  +  y)  +  1, 

where  f(a)  denotes  an  arbitrary  function.  The  rules  for  determining  the  singular 
solution  give  z'=  0;  but  it  is  clear  that  the  surfaces  in  the  complete  solution  can- 
not be  tangent  to  the  plane  z  =  0  and  hence  the  result  z  =  0  must  be  not  a  singular 
solution  but  an  extraneous  factor.   There  is  no  singular  solution. 

The  method  of  solving  a  partial  differential  equation  of  higher  order 
than  the  first  is  to  reduce  it  first  to  an  equation  of  the  first  order  and 
then  to  complete  the  integration.  Frequently  the  form  of  the  equation 
will  suggest  some  method  easily  applied.  For  instance,  if  the  deriva- 
tives of  lower  order  corresponding  to  one  of  the  independent  variables 
are  absent,  an  integration  may  be  performed  as  if  the  equation  were 
an  ordinary  equation  with  that  variable  constant,  and  the  constant  of 
integration  may  be  taken  as  a  function  of  that  variable.  Sometimes  a 
change  of  variable  or  an  interchange  of  one  of  the  independent  variables 
with  the  dependent  variable  will  simplify  the  equation.  In  general  the 
solver  is  left  mainly  to  his  own  devices.  Two  special  methods  will  be 
mentioned  below. 

117.  If  the  equation  is  linear  ivith  constant  coefficients  and  all  the 
derivatives  are  of  the  same  order,  the  equation  is 

(a„-Dx  +  o^D; -'D^  +  . . .  +  «„ _,I),D; -'  +  a,D-) z  =  R{x,y).     (22) 

Methods  like  those  of  §  95  may  be  applied.    Factor  the  equation. 

%{I^^  -  «A)  (^x  -  «A)  •  ■  ■  (^x  -  o^nDy)  z  =  R(x,  y).  (22-) 

Then  the  equation  is  reduced  to  a  succession  of  equations 

D^  -  aD^  =  R  {x,  y), 

each  of  which  is  linear  of  the  first  order  (and  with  constant  coefficients). 
Short  cuts  analogous  to  those  previously  given  may  be  developed,  but 
will  not  be  given.  If  the  derivatives  are  not  all  of  the  same  order  but 
the  polynomial  can  be  factored  into  linear  factors,  the  same  method  will 
apply.  For  those  interested,  the  several  exercises  given  below  will  serve 
as  a  synopsis  for  dealing  with  these  types  of  equation. 
There  is  one  equation  of  the  second  order,*  namely 

1  d^u  _d'u      Shi      dhc 

•  This  is  one  of  the  important  differential  equations  of  physics ;  other  important  equa- 
tions and  methods  of  treating  them  are  discussed  in  Chap.  XX. 
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which  occurs  constantly  in  the  discussion  of  waves  and  which  has  there- 
fore the  name  of  the  wave  c/ nation.  The  solution  may  be  written  down 
by  inspection.    Fur  try  the  form 

«  (.<■,  y,  .-.•,  f)  =  F{ax  +  l>i/  +  ex  -  Vt)  +  G  (ax  +  hi/ +  cz  +  17).    (24) 

Substitution  in  tlie  equation  shows  that  this  is  a  solution  if  the  relation 
„2  ^-  J2  -f  c'^  =  1  holds,  no  matter  what  functions  F  and  G  may  be.  Note 
that  the  equation 

ax  +  by  -\-cz-  TV  =  0,  «'  +  i''  +  c"  =  1, 
is  the  equation  of  a  plane  at  a  perpendicular  distance  Vt  from  the  origin 
along  the  direction  whose  cosines  are  ft,  h,  c.  If  t  denotes  the  time  and 
if  the  plane  moves  away  from  the  origin  with  a  velocity  V,  the  function 
F(ax  -irby  -\-  cz—  Vt)  =  F(0)  remains  constant ;  and  if  ff  =  0,  the  value 
of  u  will  remain  constant.  Thus  u  =  F  represents  a  phenomenon  which 
is  constant  over  a  plane  and  retreats  with  a  velocity  V,  that  is,  a  plane 
wave.  In  a  similar  manner  u  =  G  represents  a  plane  wave  approaching 
the  origin.  The  general  solution  of  (23)  therefore  represents  the  super- 
position of  an  advancing  and  a  retreating  plane  wave. 

To  Monge  is  due  a  method  sometimes  useful  in  treating  differential  equations 
of  the  second  order  linear  in  the  derivatives  r,  s,  t ;  it  is  known  as  Mange's  method. 

Let  nr-\-Ss+Tt  =  V  (25) 

be  the  equation,  where  R,  S,  T,  V  are  functions  of  the  variables  and  the  derivatives 
p  and  q.   From  the  given  equation  and 

dp  =  rdx  +  sdy,        dq  =  sdx  +  idy, 

the  elimination  of  r  and  t  gives  the  equation 

s  (Rdy-  -  Sdxdy  +  Tdx^)  -  {Rdydp  +  Tdxdq  -  Vdxdy)  =  0, 

and  this  will  .surely  be  satisfied  if  the  two  equations 

Bdy-  -  Sdxdy  +  Tdx^  =  0,        Rdydp  +  Tdxdq  -  Vdxdy  =  0  (25') 

can  be  satisfied  simultaneously.   The  first  may  be  factored  as 

dy-fi(x,y,z,p,q)dx  =  0,        dy -f.,(x,  y,  z,  p,  q)dx  =  0.  (20) 

The  problem  then  is  reduced  to  integrating  the  system  consisting  of  one  of  these  fac- 
tors with  (25')  and  dz  =pdx  +  qdy,  that  is,  a  system  of  three  total  differential  equations. 
If  two  independent  solutions  of  this  system  can  be  found,  as 

"i  (X,  y,  z,  p,  q)  =  Cj,        1*2  (x,  y,  z,  p,  q)  =  Cj, 

then  u^  =  *  (Uj)  is  a  first  or  intermediary  integral  of  the  given  equation,  the  genei-al 
integral  of  which  may  be  found  by  integrating  this  equation  of  the  first  order.  If 
the  two  factors  are  distinct,  it  may  happen  that  the  two  systems  which  arise  may 
both  be  integrated.  Then  two  first  integrals  Uj  =  *  (u^)  and  Dj  =  *  (v^)  will  be  found, 
and  instead  of  integrating  one  of  these  equations  it  may  be  better  to  solve  both  for 
p  and  q  and  to  substitute  in  the  expression  dz  =  pdx  +  qdy  and  integrate.  When, 
however,  it  is  not  possible  to  find  even  one  first  integral,  Monge's  method  fails. 
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As  an  example  take  {x  +  y){r-  l)=-  ip.    The  equations  are 

(X  +  y)d!/--(jo+ i/)dx- -0     i,r     <(// -  dx  =  0,         dy  +  cix  =  0 

iiiiil  (•'■  +  y)  di/dp  -  (j  +  ij) dxdq  +  ipdxdij  =  0.  (A) 

Xuw  the  equation  dy  —  dx  =  0  may  l)e  integrated  at  once  to  give  y  =  x  +  t\.   The 
second  equation  (A)  tlien  takes  tlie  form 

2  xdp  +  ipdz  -2xdq  +  C^  {dp  -dq)  =  0; 
but  as  dz  =pdx  +  qdy  =  (p  +  g)dx  in  tliis  case,  we  have  by  combination 

2(xdp+pdx)-2(xdq  +  qdx) -^  Ci(dp  -  dq)  +  2dz  =  0 
or  (2x+C^){p-q)  +  2z  =  C„     or     {x  +  y)(p  -  q)  +  2z  =  C^. 

Hence  (x +  y)(p  -  q)  +  2z  =  ^(y  -  x)  (27) 

is  a  first  integral.   This  is  linear  and  may  be  integrated  by 

cb:  dy  dz  ,.  dx  dz 


x  +  y         x  +  y      i(y-x)-2z  '         K^      *(A', -2i)-2z 

This  equation  is  an  ordinary  linear  equation  in  z  and  x.   The  integration  gives 

2.T  />    2a: 

A',zeA'i  =   I  e'fi*(iiri  -  2x)dx  +  K„. 


1  =    i  e^i' 


2x  "/-»    2x 

Hence       (x  +  y)ze'  +  y—   I  e*'i'i>(Br,  —  2x)di  =  A'^  =  *(A',)  =  4'(x  +  y) 

is  the  general  integral  of  the  given  equation  when  K^  has  been  replaced  by  x  +  2/ 
after  integration,  —  an  integration  which  cannot  be  performed  until  *  is  given. 

The  other  method  of  solution  would  be  to  use  also  the  second  system  containing 
dy  -\-  dx  =  (i  instead  oi  dy  —  dx  =  Q.  Thus  in  addition  to  the  first  integral  (27)  a 
second  intermediary  integral  might  be  sought.  The  substitution  of  dy  +  dx  =  0, 
2/  +  X  =  Cj  in  (A)  gives  Cj  (dp  +  dq)  +  4j3dx  =  0.  This  equation  is  not  integrable, 
because  dp  +  dg  is  a  perfect  differential  and  pdx  is  not.  The  combination  with 
dz  =  pdx  +  qdy  =  {p  —  q)dx  does  not  improve  matters.  Hence  it  is  impossible  to 
determine  a  second  intermediary  integral,  and  the  method  of  completing  the 
solution  by  integrating  (27)  is  the  only  available  method. 

Take  the  equation ps—  qr  =  0.    Here  S  =p,  E  =—  q,  T=V  =  0.   Then 

—  qdy^  —  pdxdy  =  0    or    dy  =  0,    pdx  +  qdy  =  0    and     —  qdydp  =  0 

are  the  equations  to  work  with.  The  system  dy  =  0,  qdydp  =  0,  dz  =  pdx  +  qdy, 
and  the  system  pdx  +  qdy  =  0,  qdydp  =  0,  dz  =  pdx  +  qdy  are  not  very  satisfactory 
for  obtaining  an  intermediary  integral  Uj  =  i'iu^),  although  p  =  *(z)  is  an  obvious 
.solution  of  the  first  set.  It  is  better  to  use  a  method  adapted  to  this  special 
equation.   Note  that 

S_(q\ps-qr^    ^„j     -  f^W  0   gives    «  = /(y). 
cx  \p/  p^  ex  \pl  p 

By  (11),  p.  124,  -=-(?);    then    g  =-/(?/) 

P         \dyh  dy 

and  X  =  -  Cf(v)  dy  +  *  (z)  =  *  (?y )  +  *  («). 
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EXERCISES 

1.  Integrate  these  equations  and  discuss  tlie  sin<rular  solution  : 

(a)  pi  +  qi  =  2x,  (/3)  {p^  +  q^)x=  pz,  (y)  (p  +  'l){pj-  +  UV)  =  1, 

(5)  P7=px  +  f/i/,  (^)  p^  +  q^  =  X  +  y,  (i)  xp-^  - 'J. zp  +  xy  =  0, 

(n)  q^  =  z^p  -  q),  (6)  q(pH  +  q'^)  =  \,  .  (<)  P  (1  +  '/^)  =  7  (z  -  f), 

(k)  xp(\-\rq)  =  qz,  (X)  1/^ (p^  -  1)  =  xV,         (^)  z" (P'  +  '/=  +  !)  =  c^ 

(^)p  =  (2  +  2/9)2,  (o)pz  =  l  +  q^,       (n)z-pq  =  0,       (p)  q  =  xp  +  p^. 

2.  Show  that  the  rule  for  the  type  of  Ex.  13,  p.  273,  can  be  deduced  by  Charpit's 
method.    How  about  the  generalized  Clairaut  form  of  Ex.  15  ? 

3.  (a)  For  the  solution  of  the  type/i(x,  p)  =f43l,  q),  the  rule  is  :  Set 

/i(z,P)=/2(!/.  «)  =  «. 
and  solve  for  p  and  g  as  p  =  firi(x,  a),  q  =  g^(y,  a) ;  the  complete  solution  is 

<=  /siC^.  a)dx  +  j  g,!,(y,  a)dy  +  6. 

(j3)  For  the  type  F{z,  p,q)  =  0  the  rule  is :  Set  X  =  z  +  ay,  solve 

F(z,—,a—)      f  or    -%  =  0  (z,  a),    and  let     f-^  =  /(z,  a) ; 

the  complete  solution  is  j  +  a?/  +  6  =f(z,  a).  Discuss 'these  rules  in  the  light  of 
Charpit's  method.  Establish  a  rule  for  the  type  F(x  +  y,  p,  q)  =  0.  Is  there  any 
advantage  in  using  the  rules  over  the  use  of  the  general  method  ?  Assort  the  exam- 
ples of  Ex.  1  according  to  these  rules  as  far  as  possible. 

4.  What  is  obtainable  for  partial  differential  equations  out  of  any  characteristics 
of  homogeneity  that  may  be  present  ? 

5.  By  differentiating  p  =f(x,  y,  z,  q)  successively  with  respect  to  x  and  y  show 
that  the  expansion  of  the  solution  by  Taylor's  Formula  about  the  point  (x^,  j/q,  z^) 
may  be  found  if  the  successive  derivatives  with  respect  to  y  alone, 

dz^         ^  ^  &^ 

dy'         dy^'         dy^'  '         Sy' 

are  assigned  arbitrary  values  at  that  point.  Note  that  this  arbitrariness  allows  the 
solution  to  be  passed  through  any  curve  through  (i,,,  y^,  z„)  in  the  plane  x  =  Xg. 

6.  Show  that  F{x,  y,  z,  p,  q)  =  0  satisfies  Charpit's  equations 

d„  =  J^=J?L  = ^ ^        dp        ^        dq       ^  ^2g^ 

-F;       -F;       -(pF;  +  qF'^)       F'.JrpF',      F'^JrqF', 

where  u,  is  an  auxiliary  variable  introduced  for  symmetry.  Show  that  the  first 
three  equations  are  the  differential  equations  of  the  lineal  elements  of  the  cones  of 
Ex.  6,  p.  272.  The  integrals  of  (28)  therefore  define  a  system  of  curves  which  have 
a  planar  element  of  the  equation  F  =  0  passing  through  each  of  their  lineal  tan- 
gential elements.  If  the  equations  be  integrated  and  the  results  be  solved  for  the 
variables,  and  if  the  constants  be  so  determined  as  to  specify  one  particular  curve 
with  the  initial  conditions  i^ ,  y^,  z,, ,  p,, ,  ?„ ,  then 

x  =  i(u,  !„,  j/o,2o,Po.9o)>     V  =  V(---)' 2  =  z(---)i    P=P(---),     «  =  «(■••)• 
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Note  that,  along  tlie  curve,  q  =f(p)  and  that  consequently  the  planar  elements 
just  mentioned  must  lie  upon  a  developable  surface  containing  the  curve  (§  67).  The 
curve  and  the  planar  elements  along  it  are  called  a  characteristic  and  a  cfiaractcristic 
strip  of  the  given  differential  equation.  In  the  case  of  the  linear  equatimi  the 
characteristic  curves  afforded  the  integration  and  any  planar  element  through 
their  lineal  tangential  elements  satisiied  the  equation  ;  but  here  it  is  only  those 
planar  elements  which  constitute  the  characteristic  strip  that  satisfy  the  equation. 
What  the  complete  integral  does  is  to  piece  the  characteristic  strips  into  a  family 
of  surfaces  dependent  on  two  parameters. 

7.  By  simple  devices  integrate  the  equations.   Check  the  answers: 

dx^  dy"  dxdy      y 

(S)  s  +  pf{i)  =  g{y),         {()  ar  =  xy,  (f)  ir  =  (n- l)p. 

8.  Integrate  these  equations  by  the  method  of  factoring: 

(a)  (D|  -a^Dl)z  =  Q,        (^)  (D,  -  D,)' z  =  0,         (7)  (Dx^J  -  i)J) z  =  0, 
(«)  (iyi  +  SDJ)„+-2IJf^)z  =  x  +  y,        (0  (I^-7),D„-6D?,)z  =  ij,, 
(f)  (i^-I^-3Dx  +  3i),)2  =  0,  („)  (i^-i^  +  2J)x+l)z  =  e— . 

9.  Prove  the  operational  equations  : 

(a)  e«^y0 {y)  =  (1  +  aiD,,  +  },  o-^i^j^  +  ■  ■  ■)<P{y)  =  <P{y  +  ca), 

(P)  -^ — ^—^  0  =  e-^^y  —  0  =  e-'^-D.v  4,(y)  =  4>(y  +  ax), 
Dx  —  aDy  Di 

(7)  ^— --B(J-.  S^)  =  e"^.v  f^e-^f^ffRd,  y)(«=  rB.(i,y-irax-ai)^. 

Dj:  —  aDy  J  '' 

10.  Prove  that  if  [(Dx -  ai-Dj)"!  ■■■(Dx-  at-Dj,)"*] z  =  0,  then 

z  =  *^j(7/  +  ff,j)  +  1*12(2/  +  a^x)  +  •  •  •  +  I"" -'*i  »■,(!/  +  a,i)  +  ■  •  ■ 

+  *k\(y  +  at^)  +  1**2(2/  +  atx)  +  •  •  •  +  x™t-i*j™j^(y  +  atx), 
where  the  *'s  are  all  arbitrary  functions.  This  gives  the  solution  of  the  reduced  equa^ 
tion  in  the  simplest  case.  What  terms  would  correspond  to  (Dx  —  aD,  —  /3)'»z  =  0  ? 

11.  Write  the  solutions  of  the  equations  (or  equations  reduced)  of  Ex.  8. 

12.  State  the  rule  of  Ex.  9  (7)  as :  Integrate  R(i,y  —  ax)  with  respect  to  x  and 
in  the  result  change  y  to  i/  +  ox.  Apply  this  to  obtaining  particular  solutions  of 
Ex.  8  (S),  (e),  (ti)  with  the  aid  of  any  short  cuts  that  are  analogous  to  those  of 
Chap.  VIII. 

13.  Integrate  the  following  equations : 

(a)  (I^-I^+i)s,-l)z=cos(x  +  2v)  +  e»,        (|9)  x V  +  2 xys  +  y^'t'' =  x^  +  j/^, 
(7)  (D2  +  D^+Dj-l)z  =  sin(x  +  23,),  («)  r- «  -  3p  +  3?  =  e-  +  2^ 

(O  (Dj-2J)xDj  +  -D^)z  =  x---',  (f)  r-<  +  p  +  3g-2z  =  e— "-J^i/, 

(,)  (i^_2)^y_2X^  +  2Dx+2D,)z  =  e2^  +  »''+sin(2j+v)  +  i3/. 

14.  Try  Monge's  method  on  these  equations  of  the  second  order  • 

(ff)  gV  -  2i)?s  +  p««  =  0,  (/3)r-a2J  =  0,  (7)'-  +  s=-p, 

(J)  g(l  +  ?)r-(p  +  9  +  2pg)s  +  p(l  +  p)f  =  0,  (0  x^r  +  2xys  +  yH  =  Q, 

(i)  (6  +  cg)«r-2(6  +  cg)(a  +  cp)s+(a  +  cp)2t  =  0,       (7,)  r  +  ka.H=z2as. 
If  any  simpler  method  is  available,  state  what  it  is  and  apply  it  also. 
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15.  Show  that  an  equation  of  the  form  Rr  +  Ss  +  Tl  +  V (rl  —  s^)  =  V  neces- 
sarily arises  from  the  elimination  of  the  arbitrary  functiun  from 

"l(^,   V,  Z:  P,  ll)=fb'-z(-<^:  U,  -',  P,  (/)]. 

Note  tliat  only  such  an  equation  can  have  an  intermediary  integral. 

16.  Treat  the  more  general  equation  of  Ex.  15  by  the  methods  of  the  text  and 
thus  show  that  an  intermediai-y  integral  may  be  sought  by  solving  one  of  the  systems 

Udy  -(-  X,  Tdx  +  \  Udp  =  0,  Udx  +  \Edy  +  \  Ud(j  =  0, 

Udx  +  \Rdy  +  \ Udq  =  0,  Udy  ■k-\Tdx  +  \ Udp  =  0, 

dz  =  pdx  +  gdy,  dz  =  pdx  +  qdy, 

where  \  and  \  are  roots  of  the  equation  \'(IiT+  UV)  +  \US  +  U^  =  0. 

17.  Solve  the  equations  :         (a)  s"^  —  rt  =  0,         (/3)  s"^  —  rt  =  a^, 

(y)  ar  +  bs  +  ct  +  e(rt—  s")  =  h,        (5)  xqr  +  ypt  +  xy (s^  —  rt)=pq. 
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CHAPTER  XI 


ON   SIMPLE  INTEGRALS 


118.  Integrals  containing  a  parameter.   Consider 


(1) 


a  definite  integral  which  contains  in  the  integrand  a  parameter  a.    If 
the  indefinite  integral  is  known,  as  in  the  case 


/ 


cos  axdx  =  -  sin  ax, 
a 


cos  axdx  =  -  sin  ax 
a 


1 

■  —  J 
a 


it  is  seen  that  the  indefinite  integral  is  a  function  of  x  and  a,  and  that 
the  definite  integral  is  a  function  of  a  alone  because  the  variable  x 
disappears  on  the  substitution  of  the  limits.  If  the  limits  themselves 
depend  on  a,  as  in  the  case 


£ 


cos  axdx  =  -  sin  acx 
a 


1 

a 


=  -  (sin  a^  —  sin  1), 
Z 


the  integral  is  still  a  function  of  a. 

In  many  instances  the  indefinite  integral 
in  (1)  cannot  be  found  explicitly  and  it  then 
becomes  necessary  to  discuss  the  conti- 
nuity, differentiation,  and  integration  of  the 
function  <^  («)  defined  by  the  integi-al  with- 
out having  recoui-se  to  the  actual  evaluation 
of  the  integral;  in  fact  these  discussions 
may  be  required  in  order  to  effect  that 
evaluation.  Let  the  limits  «„  and  a-j  be  taken 
as  constants  independent  of  a.  Consider  the  range  of  values  x^^x^x^ 
for  X,  and  let  «„  ^  a  ^  «>  be  the  range  of  values  over  which  the  func- 
tion 4>{a)  is  to  be  discussed.  The  function /(j,  a)  may  be  plotted  as 
the  surface  z  =f(x,  a)  over  the  rectangle  of  values  for  {x,  a).   The 
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value  tf>  (a,)  of  the  function  when  a  =  a;  is  then  the  area  of  the  section 
of  this  surface  made  by  the  plane  a  =  a,.  If  the  surface  f(x,  a)  is  con- 
tinuous, it  is  tolerably  clear  that  the  area  <^  («)  will  be  continuous  in  a. 
The  function  <j>(a)  is  continuous  iff{x,  it)  is  continuous  in  the  two  varia- 
bles (x,  a). 

To  discuss  the  continuity  of  (/>  (a)  form  the  difierence 

4,(a  +  iLa)-4,(a)=  ['''[/{x,  a  +  Aa)  -f(x,  a)]dx.  (2) 

Now  if) {a)  win  be  continuous  if  the  diflerence<^ (a  +  Aa)  —  <f>{a)  can  be  made  as 
small  as  desired  by  taking  Aa  sufficiently  small.  If /(x,  y)  is  a  continuous  func- 
tion of  (x,  y),  it  is  possible  to  take  Ax  and  Ay  so  small  that  the  difierence 

\f(x  +  Ax,y  +  Ay)-f(x,y)\<(,        |Ax|<S,        |Ay|<5 

for  aU  points  (i,  y)  of  the  region  over  which  /(x,  y)  is  continuous  (Ex.  3,  p.  92). 
Hence  in  particular  if  f{x,  a)  be  continuous  in  (x,  a)  over  the  rectangle,  it  is  pos- 
sible to  take  Aa  so  small  that 

|/(I,  ar+ Aar)-/(i,  a)|<e,         |Aar|<S 
for  all  values  of  x  and  a.    Hence,  by  (65),  p.  2.5, 

\<)>(a  +  Aa)-<t,(a)\  =  \  f'lfix,  a  +  Aa)-f{x,  a)]di  <  f'^'cdx  =  «(x,  -  x„). 

It  is  therefore  proved  that  the  function  <p(o:)  is  continuous  provided /(x,  a)  is  con- 
tinuous in  the  two  variables  (i,  a) ;  for  e  (Xj  —  Xq)  may  be  made  as  small  as  desired 
if  e  may  be  made  as  small  as  desired. 

As  an  illustration  of  a  case  where  the  condition  for  continuity  is  violated,  take 


,   ^       /•!    adx         ^       ,  X 
Jo  a^  +  x^  a 


=  cot-^a     if     a  5^  0,     and     </>  (0)  =  0. 

0 


Here  the  integrand  fails  to  be  continuous  for  (0,  0) ;  it  becomes  infinite  when 
(x,  a)  =  (0,  0)  along  any  curve  that  is  not  tangent  to  or  =  0.  The  function  <p  (a)  is 
defined  for  all  values  of  a  s  0,  is  equal  to  cot-^a  when  a  ^  0,  and  should  there- 
fore be  equal  to  ^tt  when  a  =  0  if  it  is  to  be  continuous,  whereas  it  is  equal  to  0. 
The  Importance  of  the  imposition  of  the  condition  that  /(x,  a)  be  continuous  is 
clear.  It  should  not  be  inferred,  however,  that  the  function  <t>{a)  will  necessarily 
be  discontinuous  when/(x,  a)  fails  of  continuity.   For  instance 

•^0  Va  +  x      2  2 

This  function  is  continuous  in  a  for  all  values  a  s  0 ;  yet  the  integrand  is  dis- 
continuous and  indeed  becomes  infinite  at  (0,  0).  The  condition  of  continuity 
imposed  on  /(x,  a)  in  the  theorem  is  sufficient  to  insure  the  continuity  of  ^(a) 
but  by  no  means  necessary ;  when  the  condition  is  not  satisfied  some  closer  exami- 
nation of  the  problem  will  sometimes  disclose  the  fact  that  ^  (a)  is  still  continuous. 

In  case  the  limits  of  the  integral  are  functions  of  a,  as 

I  f(x,  a) dx,         a^Sa^a^,  (3) 

x„=i;o(<») 
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the  function  <l>  (a)  will  surely  be  continuous  if  f(x,  a)  is  continuous 
over  the  region  bounded  by  the  lines  a  =  a^,  a  =  a^  and  the  curves 
*o  —  9o("))  ^1  =  9i(")>  and  if  the  functions  g^(a)  and  g^^^a)  are  continuous. 

For  in  this  case 
<t>(a+  Aa)-<f,{a)=  f{x,  a  +  Aa)dx 

/{x,  a)dx=  f(x,  a  +  Aa)dx 

'»,(«  + An) 


/(x,  a  +  Aa)di 
[/(x,  a  +  Aa)-/(x,  a)]dx. 


The  absolute  values  may  be  taken  and  the  inte- 
grals reduced  by  (65),  (66'),  p.  26. 

|0(a  +  Aay-  0(a)|<.lff,(a)  -  3„(a)|  +  |/(£„  a  +  A«-)||A3,|  +  |/(£„,  a  +  Aa)||Affo|, 

where  {„  and  (j  are  values  of  x  between  (;„  and  gg  +  Ag^,  and  3,  and  gr,  +  Ag^.  By 
taking  Aa  small  enough,  g^{a  +  Aa)  —  g^(a)  and  g„{a  +  Aa)  —  g„{a)  may  be  made 
as  small  as  desired,  and  hence  A^  may  be  made  as  small  as  desired. 

119.   To  lind  t/ic  derivntire  of  a  function  <i>{a)  defined  by  an  integral 
containing  a  pani meter,  form  the  quotient 

A0  _  ^{n+  Aft)—  «^(g) 


Aa 


Aa 


A<^ 

Aa 


—      I  fix,  a  +  \a)dx  —  |        f(x,  a)dx  , 

r°.'°'/(.>-.>t  +  Aa)-/(x,«)^   ^    r'o     /(x,a  +  Aa)^ 

The  transformation  is  made  by  (63),  p.  25.  A  further  reduction  may 
be  made  in  the  last  two  integrals  by  (66'),  p.  25,  which  is  the  Theorem 
of  the  Mean  for  integi-als,  and  the  integrand  of  the  first  integral  may  be 
modified  by  the  Theorem  of  the  Mean  for  derivatives  (p.  7,  and  Ex.  14, 
p.  10).   Then 

^  =  r''"/;(r,  «  +  0Aa)  dx  -f(i„  >t  +  A.)  ^5  +f(i„  «  +  Aa)  ^ 


and 


|'^'-/(^o,«)S+/(..«)S- 


(4) 


A  critical  examination  of.  this  work  shows  that  the  derivative  «^'(a) 
exists  and  may  be  obtained  by  (4)  in  case  /;  exists  and  is  continuous 


il<t>  _d_ 
da       da 
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in  (x,  a)  and  ff„{a),  g^{a)  are  differentiable.  In  the  particular  case  that 
the  limits  g^  and  g^  are  constants,  (4)  reduces  to  Leibniz's  Rule 

■rf(x,a)dx=r'£dx,  (4') 

wliiuh  states  that  the  derivative  of  a  functiim  defined  hij  an  integrnJ 
with  fixed  limits  mat/  be  obtained  bij  differentiating  under  the  sign  of 
integration.  The  additional  two  terms  in  (4),  when  the  limits  are  varia- 
ble, may  be  considered  as  arising  from  (66),  p.  27,  and  Ex.  11,  p.  30. 

This  process  of  differentiating  under  the  sign  of  integration  is-  nf 
frequent  use  in  evaluating  the  function  <l>(a)  in  cases  where  the  indefi- 
nite integral  of  f(x,  a)  cannot  Jje  found,  but  the  indefinite  integral  of 
/^  can  be  found.    For  if 


•)• 


<f>{a)=  f  \f{x,  a)dx,     then     ^  =  f  \f'a'^->'  =  ^{«. 

Now  an  integration  with  respect  to  a  will  give  <^  as  a  function  of  a 
with  a  constant  of  ii  ';egration  which  may  be  determined  by  the  usual 
method  of  giving  a  some  special  value.    Thus 

Jo      ^ogx  da      J„       loga;  J„ 

<^(a)=log(a  +  l)  +  C. 


Hence  -r-  = 


da      a  +  1' 


a  +  1 


But  <l>(0)=  i  Odx  =  0     and     <^ (0)  =  log  1  +  C. 

Jo 


"^^^^^  dx  =  log  (a  +  1). 


log  a; 


In  the  way  of  comment  upon  this  evaluation  it  may  be  remarked  that  the  func- 
tions (x"  —  l)/logi  and  x"  are  continuous  functions  of  (a,  a)  for  all  values  of  x  in 
the  interval  0  ^  i  ^  i  of  integration  and  all  positive  values  of  ct  less  than  any 
,  assigned  value,  that  is,  0^  a^  K.  The  conditions  which  permit  the  differen- 
tiation under  the  sign  of  integration  are  therefore  satisfied.  This  is  not  true  for 
negative  values  of  a.  When  a  <  0  the  derivative  x"  becomes  infinite  at  (0,  0).  The 
method  of  evaluation  cannot  therefore  be  applied  without  further  examination. 
As  a  matter  of  fact  <t>{a)  =  log(Q:  +  1)  is  defined  for  ar>  —  1,  and  it  would  be 
natural  to  think  that  some  method  could  be  found  to  justify  the  above  formal 
evaluation  of  the  integral  when  —l<a^K  (see  Chap.  XIII). 

To  illustrate  the  application  of  the  rule  for  differentiation  when  the  limits  are 
functions  of  a,  let  it  be  recjuired  to  differentiate 

r^'xo  —  1,  dip       r'"    J        a2a_i  a»_l 

Ja      log  X  da     J  a  log  a  log  a 
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d<p      ao  +  if      _,,      ,1  1     r    ,  ,1 

da      a  + 1\_  J      log  tr  L  J 

This  formal  result  is  only  good  subject  to  the  conditions  of  continuity.  Clearly  n 
must  be  greater  than  zero.  This,  however,  is  the  only  restriction.  It  might  seem  at 
lirst  as  though  the  value  x  =  1  with  log  2  =  0  in  the  denominator  of  (i"  —  l)/log  i 
would  cause  difficulty ;  but  when  i  =  0,  this  fraction  is  of  the  form  0/0  and  has  a 
finite  value  which  pieces  on  continuously  with  the  neighboring  values. 

120.  The  next  problem  would  be  to  find  the  integral  of  a  function 
(lejined  hi/  iin  integml  containing  a  parameter.  The  attention  will  Ihj 
restricted  to  the  case  where  the  limits  x^  and  x^  are  constants.  Consider 
the  integrals 

I     <^  (<i)  da  =  j     ■  \     fix,  a)  dx  ■  da, 

wliere  <c  may  be  any  point  of  the  interval  «„  ^  «  s  a^  of  values  over 
which  <^(«)  is  treated.    Let 

$(«)=!'    r  fix,  n)da-il.v. 

Then     *'(a)=  f     —  f  .A'>  a)da-dx  =  f    'f(.i;  a)dx  =  <f>(a) 

by  (4'),  and  by  (66),  p.  27;  and  the  differentiation  is  legitimate  if /(«,  a) 
be  assumed  continuous  in  (x,  a).  Now  integrate  with  respect  to  a.    Then 

rV(«)  =  *(«)-*K)=  f  <^(«)«^«- 
But  4>(afu)=  0.    Hence,  on  substitution, 
$(«)=  I     '.  C  fix,a)da-dx  =  j     </.(«)(/«=/        /     f(x,a)dx-da.  (5) 

Hence  appears  the  rule  for  integration,  namely,  integrate  under  tlie 
sign  of  integration.  The  rule  has  here  been  obtained  by  a  trick  from 
the  previous  rule  of  differentiation;  it  could  be  proved  directly  by 
considering  the  integral  as  the  limit  of  a  sum. 

It  is  interesting  to  note  the  interpretation  of  this  integration  on  the 
figure,  p.  281.  As  <^(a)  is  the  area  of  a  section  of  the  surface,  the 
product  ,l)(a)da  is  the  infinitesimal  volume  under  the  surface  and 
included  lietween  two  neighboring  planes.  Tlie  integral  of  <^(«)  is 
therefore  the  volume*  under  the  surface  and  boxed  in  by  the  four 

•  For  the  "  volume  of  a  solid  with  parallel  bases  and  variable  cross  section  '•  see 
Ex.  10,  p.  10,  and  §  35  with  Exs.  20,  23  thereunder. 
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planes  n  =  n^,  a  =  n,  x  =  .r„,  x  =  x^.  The  geometric  significance  of 
the  reversal  of  the  order  of  integrations,  £is 

I        /     f{x,  a)da-dx  =  j         I     f(x,a)dx-da, 

is  in  this  case  merely  that  the  volume  may  be  regarded  as  generated' 
by  a  cross  section  moving  parallel  to  the  sa-plane,  or  by  one  moving 
parallel  to  the  sec-plane,  and  that  the  evaluation  of  the  volume  may 
1)6  made  by  either  method.  If  the  limits  x^  and  x^  depend  on  a,  the 
integral  of  <l>(a)  cannot  be.  found  by  the  simple  rule  of  integration 
under  the  sign  of  integration.  It  should  be  remarked  that  integration 
under  the  sign  may  serve  to  evaluate  functions  defined  by  integrals. 

As  an  illustration  of  integration  under  the  sign  in  a  case  where  the  method  leads 
to  a  function  which  may  be  considered  as  evaluated  by  the  method,  consider 


r^  1  r^  c^  da 

<p(a)=       x''dx  =  ~——,  /    ,p{a)da=       — — -  = 

Jo  a  +  1  Ja  Ja   a  +  \ 


log 


fe  +  l 

o  +  l' 


it>{a)da=  I        I   z''da-dx=  ( dx  =  ( dx. 

a  Jo        Ja  Jo   logJ'|a  =  ,i  Jo       log  X 

^  1  jh  —  ja  &  +  1 

Hence  |     dx  =  log =  ^  (a,  6),         a  ^  0,        6  ^  0. 

./  0     log  X  a  +  1 

In  this  case  the  integrand  contains  two  parameters  a,  b,  and  the  function  defined 
is  a  function  of  the  two.  If  a  =  0,  the  function  reduces  to  one  previously  found. 
It  would  be  possible  to  repeat  the  integration.   Thus 

f  ',  ~    dx  =  log(g  +  l),  f  log(a  +  l)da  =  (a  +  l)log(a  + 1)- a. 

Jo     logx  Jo 

(        I dadx=i     ^:x_(ix  =  (a  +  ])log  (t  +  1)- a. 

Jo      Jo      logx  Jo  (logx)2  \      -r     )      ^\      -r     I 

This  is  a  new  form.    If  here  a  be  set  equal  to  any  number,  say  1,  then 

•  1  X  —  1  —  log  X 


Jo 


-di  =  21og2  —  1. 


(logx)2 

In  this  way  there  has  been  evaluated  a  definite  integral  which  depends  on  no 
parameter  and  which  might  have  been  difficult  to  evaluate  directly.  The  introduc- 
tion of  a  parameter  and  its  subsequent  equation  to  a  particular  value  is  of  frequent  use 
in  evaluaiing  definite  integrals. 

EXERCISES 

1.  Evaluate  directly  and  discuss  for  continuity,  0  s  a  ^  1: 

xdx 


^0    a'  +  x^  Jo    -J rfl  -I-  t2  Jo    - 


2.  If  /(i,  or,  /3)  is  a  function  containing  two  parameters  and  is  continuous  in 
the  three  variables  (x,  or,  fi)  when  x„  s  x  s  j^,  «„  ^  or  s  n-,.  /3„  S  /3  ^  /3,,  show 

/(x,  <r,  /3)dx  =  0(<r.  0)  is  continuous  in  (a,  ^). 

.  .1 
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3.  Differentiate  and  hence  evaluate  and  state  the  valid  range  for  a  : 

((r)    I     log  (1  +  a  cos  i)  da;  =  IT  log  — ■ , 

»^o  2 

(/3)    I     log(l -2acosx+ a:2)dx=.J         ':  ^V      — 

4.  Find  the  derivatives  without  previously  integrating  : 

-tanofidx,        (/S)    /     tan-i  — di,        (7)    I      e  «=    dx. 

5.  Extend  the  assumptions  and  the  work  of  Ex.  2  to  find  the  partial  deriva- 
tives 0^  and  0^  and  the  total  differential  d<f>  if  x„  and  x,  are  constants. 

6.  Prove  the  rule  for  integrating  under  the  sign  of  integration  by  the  direct 
method  of  treating  the  integral  as  the  limit  of  a  sum. 

7.  From  Ex.  6  derive  the  rule  for  differentiating  under  the  sign.   Can  the  com- 
plete rule  including  the  case  of  variable  limits  be  obtained  this  way  ? 

8.  Note  that  the  integral  |  /(x,  a)  dx  will  be  a  function  of  (x,  a).   Derive 
formulas  for  the  partial  derivatives  with  respect  to  x  and  a. 

^      nax  d     r  \f^ 

9.  Differentiate  -.(a)  —  /      sin  (x  -I-  a)  dx,     (/S)  —  /       i^dx. 

da  Jo  dx  Jo 

10.  Integrate  under  the  sign  and  hence  evaluate  by  subsequent  differentiation : 

IT 

(a)    I    x'logxdx,        (^)    I  ^xsinaxdx,        (7)    (    xsec^axdx. 

Jo  Jo  Jo 

11.  Integrate  or  differentiate  both  sides  of  these  equations  : 

Jr.1                          I                                         /•!                                                                     n  ' 
x'dx  = to  show      /    x'  (log  x)»dx  =  (-  1)» , 
0                 a -I-  1                       Jo                  '            ^       '    (a+  !)"  +  ! 

,    ,     /•"      dx  T        ^      ,  f  dx  IT  1 -S- 5- •  •  (2n— 1) 

(B)    I      = =     to  show      /      = ^ '-,, 

^'^'  Jo     x'^  +  a      2Va  J"     (x^  +  a)»+i       2  2  ■  4- 6- ■ -2  n- a"  +  * 

(y)    I     e- "^ cos mxdx  = -— to  show    I      dx  =  -log(— -1, 

^    '  Jq  it^ -(- m^  •'0        isecmx  2        \a'-\-m-l 

iS)    I    e- "-^  snuMxdx  = to  show   /      ax  =  tan-' tan-i-, 

^   '  Jo  a^  +  rn^  Jo        xcscmx  m  m 

• 

te)    i     =  to  find    I     -,    (    log , 

'  Jo     a  — cosx      Va^  — 1  ''"    (<:r— cosx)^     ./o         a  — cosx 

/•"X^-idi  ir  „    ,    r"  x<'-'^\o<rxdx       /•«  x*->  -  x«-i 

( f  \    /      z — to  find    I I     I      ; dx. 

^    '  .'0      H-x        sinira  Jo  1 -|- x  Jo     (l  +  x)logi 

Note  that  in  (|8)-(«)  the  integrals  extend  to  infinity  and  that,  as  the  rules  of 
the  text  have  been  proved  on  the  hypothesis  that  the  interval  of  integration  is 
finite,  a  further  justification  for  applying  the  rules  is  necessary  ;  this  will  be 
treated  in  Chap.  XIII,  but  at  this  point  the  rules  may  be  applied  formally 
without  justification. 
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12 ,  Evaluate  by  any  means  these  integrals : 

(a)    r"Va2_  x2  cos-i-tii;  =  rt'^l  — + -), 
Jo  a  \\(>      4/ 

IB)     I  -  —^ — -dx  =  ~{ a^], 

^'^'  Jo  cosi  2\4  / 

(7)    I  "  log  ((C-cos^i  +  ^^shi-x)dx  =  Trlog — - — . 
Jo  2 

/1 35  (f-  —  Q' 

(S)    I     J■€-'"^  coii pzdx  =  — ' ^-—, 

^  '  Jo  (a2  +  /32)2 

(e)  loE—^ =  7rsin-i-,       h<a, 

Jo  a  —  ftsini  sin x  a 

<f)   fo 


log(l  +  fccosa;) 


dx  =  irsin-ifc. 


(^)  ■r'log/(a  +  i)(ir  =   f"*\ogf(x)dx=    f " log -^^^^ da  +  f   log/(i)dx. 
121.  Curvilinear  or  line  integrals.    It  is  familiar  that 

ydx  =    I     f(x)dx 

a  %Ja 

is  the  area  between  the  curve  y  =/(.)•),  the  .r-axis,  and  the  ordinates 
X  =  «,  X  =  b.  The  formula'  may  be  used  to  evaluate  more  complicated 
areas.  For  instance,  the  area  between  the  parabola  if=x  and  the  semi- 
cubical  parabola  y^  =  x'  is 

.4=1     x'dx  —  I    x^dx  =     j     )/dx  —     j     j/dx, 
Jo  Jo  pJa  sJo 

where  in  the  second  expression  the  subscripts  P  and  .S  denote  that  the 
integrals  are  evaluated  for  the  parabola  and  semicubical  parabola.    As 
a  change  in  the  order  of  the  limits  changes  the  sign  of 
the  integral,  the  area  may  be  written  I 

'    i/dx  +     I    ydx  =  —     I    i/dx  —     |    ydx,  /     /4  \ 

0  'sJl  pJl  sJo  '  ^       : 

and  is  the  area  bounded  by  the  closed  curve  formed 
of  the  portions  of  the  parabola  and  semicubical  parabola  from  0  to  1. 
In  considering  the  area  bounded  by  a  closed  curve  it  is  convenient  to 
arrange  the  limits  of  the  diiferent  integrals  so  that  they  follow  the  curve 
in  a  definite  order.  Thus  if  one  advances  along  P  from  0  to  1  and  re- 
turns along  .S'  from  1  to  0,  the  entire  closed  curve  has  teen  described 
in  a  uniform  direction  and  the  inclosed  area  has  been  constantly  on  the 
right-hand  side ;   whereas  if  one  advanced  along  6'  from  0  to  1  and 
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returned  from  1  to  0  along  7',  the  curve  would  have  been  dchciihed 
in  the  opposite  direction  and  the  area  would  have  been  constantly 
on  the  left-hand  side.  Similar  (considerations  apply  to  more  general 
closed  curves  and  lead  to  the  definition  :  If  a  closed  curve  which 
nowhere  crosses  itself  is  described  in  such  a  direction  as  to  keep  the 
inclosed  area  always  upon  the  left,  the  area  is  considered  as  positive ; 
whereas  if  the  description  were  such  as  to  leave  the  area  on  the  right, 
it  would  be  taken  as  negative.  It  is  clear  that  to  a  person  standing  in  the 
inclosure  and  watching  the  description  of  the  boundary,  the  descrip- 
tion would  appear  counterclockwise  or  positive  in  the  first  case  (§  76). 
In  the  case  above,  the  area  when  positive  is 

-1  =  -  [      Cl/d^^  +     rydar]  =-  f  !/>/..;  (6) 

LnJo  rJi  J  Jo 

where  in  the  last   integral  the  symbol  O  denotes  that  the  integral  is  to 

be  evaluated  around  the  closed  curve  by  describing  the 

curve  in  the  positive  direction.    That  the  formula  holds 

for  the  ordinary  case  of  area  under  a  curve   may  be 

verified  at  once.    Here  the  circuit  consists  of  the  con-        ^ 

tour  ABB' A' A.    Then  ^1  A         BX 

Jf^  pb  f>B'  pA>  /^A 

ydx  =  I     xjdx  -}-  I      ydx  ■\-  \      ijdx  -\-  I     ydx. 
O  J  A  Jd  J  It'      '  Ja' 

The  first  integral  vanishes  because  y  =  0,  the  second  and  fourth  vanish 
because  x  is  constant  and  dx  =  0.    Hence 

'  ijdx  =  -  I      yd,:  =  I      ydx. 

It  is  readily  seen  that  the  two  new  formulas 

.4=1  xdy     and     A  =  ^  i  {.rdy  —  ydx)  (7) 

Jo  Jo 

also  give  the  area  of  the  closed  curve.  The  first  is  proved  as  (6)  was 
proved  and  the  second  arises  from  the  addition  of  the  two.  Any  one 
of  the  three  may  be  used  to  compute  the  area  of  the  closed  curve ;  the 
last  has  the  advantage  of  symmetry  and  is  particularly  useful  in  finding 
the  area  of  a  sector,  because  along  the  lines  issuing  from  the  origin 
y:x  =  dy  :  dx  and  xily  —  ydx  =  0 ;  the  i)revious  form  with  the  integrand 
xdy  is  advantageous  when  part  of  the  contour  consists  of  lint's  parallel 
to  the  X-axis  so  that  dy  =  0;  the  first  form  has  similar  advantages 
when  parts  of  the  contour  are  parallel  to  the  y-axis. 
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The  connection  of  the  third  formula  with  the  vector  expression  for 
the  area  is  noteworthy.   For  (p.  175) 

dk  =  i  rxdr,        k  =  \  \  rxrfr, 
Jo 
and  if  r  =  xi  +  yj,      dt  =  idx  +  jdy, 

then  A=  I  rxrfr  =  i k  /  (xdy  -  ydx). 

Jo  Jo 

The  unit  vector  k  merely  calls  attention  to  the  fact  that  the  area  lies 
in  the  xy-plane  perpendicular  to  the  s-axis  and  is  described  so  as  to 
appear  positive. 

These  formulas  for  the  area  as  a  curvilinear  integral  taken  around 
the  boundary  have  been  derived  from  a  simple  figure  whose  contour 
was  cut  in  only  two  points  by  a  line  parallel  to  the  axes.  The  exten- 
sion to  more  complicated  contours  is  easy.  In  the  first  place  note  that 
if  two  closed  areas  are  contiguous  over  a  part  of  their  contours,  the  inte- 
gral around  the  total  area  following  both  contours,  but  omitting  the  part 
in  common,  is  equal  to  the  sum  of  the  integrals.    For  „ 

/   +/   =/+/^/^/=/    • 

J  PRSP      JPQRP      J  PR      JrSP      JpQR      J  RP      J    QRSP 

since  the  first  and  last  integrals  of  the  four  are  in  oppo- 
site directions  along  the  same  line  and  must  cancel.  But 
the  total  area  is  also  the  sum  of  the  individual  areas  and  hence  the 
integral  around  the  contour  PQRSP  must  be  the  total  area.  The  for- 
mulas for  determining  the  area  of  a  closed  curve  are  therefore  applicable 
to  such  areas  as  may  be  composed  of  a  finite  number  of  areas  each 
bounded  by  an  oval  curve. 

If  the  contour  bounding  an  area  be  expressed  in  parametric  form  as  x  =f(t), 
y  =  (t>  ((),  the  area  may  be  evaluated  as 

jf(tW{t)  6i  =  -  f<p(i)f'(t)  dt  =  if  [f(t)4>'{t)  -  4,  (t)f'(t)]  dt,  (7') 

where  the  limits  for  t  are  the  value  of  t  corresponding  to  any  point  of  the  contour 
and  the  value  of  t  corresponding  to  the  same  point  after  the  curve  has  been 
described  once  in  the  positive  direction.   Thus  in  the  case  of  the  strophoid 

y2  —  3;2 ^       tJ,g  ling      y  z=  tX 

a  +  X 

cuts  the  curve  in  the  double  point  at  the  origin  and  in  only  one  other  point ;  the 
coordinates  of  a  point  on  the  curve  may  be  expressed  as  rational  functions 

x  =  a{l-t^)/{l  +  fi),        y  =  (U{l-f)/{l  +  fi) 

of  t  by  solving  the  strophoid  with  the  line  ;  and  when  t  varies  from  —  1  to  -|-  1  the 
point  (z,  y)  describes  the  loop  of  the  strophoid  and  the  limits  for  t  are  —  1  and  +  X, 
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122.  Consider  next  the  meaning  and  the  evaluation  of 

f      [P(r,i/)<h:  +  Q(.r,>/)Ji/-},     where     .'/=/{.■■). 


(8) 


This  is  called  a  curuilinear  or  line  integral  alitnij  tha  ciirre  C  or  i/  ^y(j) 
from  the  point  (<i,  h)  to  {x,  y).  It  is  possible  to  eliminate  y  by  the  rela- 
tion y  =  f{x)  and  write 


£ 


\_P(x,f{x))  +  (i{x,f{x))f{x)-]dx. 


(9) 


The  integral  then  becomes  an  ordinary  integral  in  x  alone.  If  the  curve 
had  been  given  in  the  form  x  =f(ij),  it  would  have  teen  better  to  con- 
vert the  line  integral  into  an  integral  in  y  alone.  The  method  of  evaluat- 
ing the  integral  is  therefore  defined.  The  differential  of  the  integral 
may  be  written  as 


(Pdx  +  Qdy)  =  Pdx  +  Qdy, 


(10) 


where  either  x  and  dx  or  y  and  dy  may  be  eliminated  by  means  of  the 
equation  of  the  curve  C.   For  further  particulars  see  §  123. 

To  get  at  the  meaning  of  the  line  integral,  it  is  necessary  to  con- 
sider it  as  the  limit  of  a  sum  (compare  §  16).  Suppose  that  the  curve 
C  between  (a,  h)  and  {x,  y)  be  divided  into  n  parts,  that  Aa-,  and  A;/,. 
are  the  increments  corresponding  to  the  I'th  part,  and  that  (|,,  ij,)  is 
any  point  in  that  part.    Form  the  sum 

If,  when  n  becomes  infinite  so  that  A.x  and  Ay  each  • 
approaches  0  as  a  limit,  the  sum  <r  approaches  a 
definite  limit  independent  of  how  the  individual 
increments  Ax^  and  Ay^  approach  0,  and  of  how  the 
point  (f,,  rii)  is  chosen  in  its  segment  of  the  curve, 
then  this  limit  is  defined  as  the  line  integral 

r  \p  (x,  y)dx  +  Q  (X,  y)  dy-].  (12) 

vja,b 

It  should  be  noted  that,  as  in  the  case  of  the  line  integral  which  gives 
the  area,  any  line  integral  which  is  to  be  evaluated  along  two  curves 
which  have  in  common  a  portion  described  in  opposite  directions  may 
be  replaced  by  the  integral  along  so  much  of  the  curves  as  not  repeated ; 
for  the  elements  of  o-  corresponding  to  the  common  portion  are  equal 
and  opposite. 


limi 
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That,  ffdoes  approach  a  limit  provided  P  and  Q  are  coiitimimis  functions  of  (i,  y) 
and  provided  tlio  curve  ('  is  nionotonic,  that  is,  that  neither  Ac  imr  Ay  thanges  its 
sign,  is  easy  to  prove.    Fur  the  expression  for  a  may  be  written 

"='%  [P (Im /(?.)) Ax,-  +  q (/- 1  (Vi).  Vi) Ai/.] 
by  using  the  equation  y  =f(x)  or  x  =/-i  {y)  of  C.   Now  as 

r'r(x,/(x))(tc     and      f"Q(f-Hy).y)dy 

J, I  Jb 

are  both  existent  ordinary  definite  integrals  in  view  of  the  assumptions  as  to  con- 
tiimity,  the  sum  a  must  approach  their  sum  as  a  limit.  It  may  be  noted  that  this 
proof  does  not  require  the  continuity  or  existence  of  /'(x)  as  does  the  formula  (9). 
In  practice  the  added  generality  is  of  little  use.  The  restriction  to  a  nionotonic 
curve  may  be  replaced  by  the  assumption  of  a  curve  C  which  can  be  regarded  as 
made  up  of  a  finite  number  of  nionotonic  parts  including  perhaps  some  portions  of 
lines  parallel  to  the  axes.  More  general  varieties  of  C  are  admissible,  but  are  not 
very  useful  in  practice  (§  127). 

Further  to  examine  the  line  integral  and  appreciate  its  utility  for 
mathematics  and  physics  consider  some  examples.    Let 

^■\x,  y)  =  A'(t,  y)  +  lY{x,  y) 

be  a  complex  function  (§  73).    Then 


r       F{x,  y) dx  =     f    \x  {X,  y)  +  lY{x,  y)]  [c/,r  +  wZy] 

\        {Xdx  —  Ydy)  +i     \        ( I  Vo-  +  Xdy) 

a,  b  cJn,  h 


(13) 


It  is  apparent  that  the  integral  of  the  complex  function  is  the  sum  of  two 
line  integrak  in  the  comijlex  plane.  The  value  of  the  integral  can  be 
computed  only  by  the  assumption  of  some  definite  path  C  of  integra- 
tion and  will  differ  for  different  paths  (but  see  §  124). 

By  definition  the  vork  done  by  a  constant  force  F  acting  on  a  particle, 
whii^h  moves  a  distance  s  along  a  straight  line  inclined  at  an  angle  6  to 
the  force,  is  W  =  Fs  cos  6.  If  the  path  were  curvilinear  and  the  force 
were  variable,  the  differential  of  work  would  be  taken 
as  dW  =  Fc.os  dd.i,  where  ds  is  the  infinitesimal  arc 
and  0  is  the  angle  between  the  arc  and  the  force. 
Hient^e 


dW=  \      Feoseds=  j   F.rfr, 


where  the  path  must  he  known  to  evaluate  the  integral  and  where 
the  last  expression  is  merely  the  equivalent  of  the  others  when  the 
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notations  of  veotors  are  used  (p.  164).  These  expressions  may  Ije  con- 
verted into  the  ordinary  forni  of  the  line  intei^ral.    For 

F  =  A'i  +  rj,         ,lr  =  i,lx  +  yh/,        F.^/r  =  AV/.r  +  jw.y, 
and  W  =    (      Fcos(9(/a=   I       {Xdx  +  Yd,,), 

where  A'  and  Y  are  the  components  of  the  force  along  tlie  axes.  It  is 
readilj-  seen  that  any  line  integral  may  he  given  this  same  inter- 
pretation.   If 

Pile  +  Qch/,     form     F  =  Pi  +  Qj. 

n.h 

I       PiIx  +  Q,/,/=   j       F  cos  Bds. 

a.  b  J II,  h 

To  the  principles  of  momentum  and  moment  of  momentum  (§  80)  may  now  be 
added  the  principle  of  work  and  energy  for  mechanics.    Consider 

m  — -  =  F    and    m  — -.  dr  =  F-fir  =  d  \V. 
dV  dt^ 

Then  -  (-  —  .-\  -I  —  .—  a.I'^  '^'^^  -  '^'^^  '^^ 

dt\2  dt'  dl)  "  '2  dl^'  dt      2Jt"dF^~dF^"di' 

or  d  ( - 1)2 )  =  -—  •  dr     and     d  |  -  mvA  =  d  W. 

1  1       „        />r 

Hence  -  mv^ mvi  =   (    F.dr  =  W. 

2  2       °       Jr„ 

In  words :  The  change  of  the  kinetic  energy  ^  mvi^  of  a  particle  moving  under  the 
action  of  the  resultant  force  F  is  equal  to  the  work  done  by  the  force,  that  is,  to  tlie  line 
integral  of  the  force  along  the  path.  If  there  were  several  mutually  interacting 
particles  in  motion,  the  results  for  the  energy  and  work  would  merely  be  added  as 
S  I  mifi  —  S  J  mx)l  =  2  W,  and  the  total  change  in  kinetic  energy  is  the'total  work 
done  by  all  the  forces.  The  result  gains  its  significance  chiefly  by  the  consideration 
of  what  forces  may  be  disregarded  in  evaluating  the  work.  As  dW  =  F.dr,  the 
work  done  will  be  zero  if  dr  is  zero  or  if  F  and  dr  are  perpendicular.  Hence  in 
evaluating  W,  forces  whose  point  of  application  does  not  move  may  be  omitted 
(for  example,  forces  of  support  at  pivots),  and  so  may  forces  whose  point  of  appli- 
cation moves  normal  to  the  force  (for  example,  the  normal  reactions  of  smooth  curves 
or  surfaces).  When  more  than  one  particle  is  concerned,  the  work  done  by  the 
mutual  actions  and  reactions  may  be  evaluated  as  follows.  Let  tj ,  r,  be  the  vectors 
to  the  particles  and  r^  —  i„  the  vector  joining  them'.  The  forces  of  action  and  re- 
action may  be  written  as  ±  c  (r,  —  r.,),  iis  they  are  equal  and  opposite  and  in  the  line 
joining  the  particles.   Hence 

dW=d Wi  +  d H'j  =  c (r,  -  r^) .dr,  -  c (r,  -  r2).dr2 

=  c  (r,  -  r,).d  (r,  -  r„)  =  J  rd  [(r,  -  r,).(rj  -  r.,)]  =  '  rdrl,, 

where  r,.,  is  the  distance  between  the  particles.  Now  dll'  vanishes  when  and  only 
when  drj„  vanishes,  that  is,  when  and  only  when  the  distance  between  the  particles 
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remains  constant.    Hence  when  a  system  of  particles  is  in  motion  the  cliange  in  the 

total  kinetic  energy  in  passing  from,  one  position  to  another  is  equal  to  the  wJyrk  done  by 

the  forces,  where,  in  evaluating  the  work,  forces  acting  at  fixed  points  or  normal  to  the 

line  of  motion  of  their  points  of  application,  and  forces  due  to  actions  and  reactions  of 

particles  rigidly  connected,  may  be  disregarded. 

Another  important  application  is  in  the  tlieory  of  thennodynaiiilcs.   If  C,  p,  r> 

are  the  energy,  pressure,  volume  of  a  gas  inclosed  in  any  receptacle,  and  if  dU  and 

do  are  the  increments  of  energy  and  volume  when  the  amount  dH  of  heat  is  added 

to  the  gas,  then  „ 

dM  =  dU  +  pdv,    and  hence    E=  IdU  +  pdv 

is  the  total  amount  of  heat  added.   By  taking  p  and  v  as  the  independent  variables, 

11=  f  \^dp  +(^  +  pj  do]  =fif{p,  v)dp  +  g(p,  v)dvl 

The  amount  of  heat  absorbed  by  the  system  will  therefore  not  depend  merely  on 
the  initial  and  final  values  of  {p,  v)  but  on  the  sequence  of  these  values  between 
those  two  points,  that  is,  upon  the  path  of  integration  in  the  p»-plane. 

123.  Let  there  be  given  a  simply  connected  region  (p.  89)  bounded  by 
a  closed  curve  of  the  type  allowed  for  line  integrals,  and  let  P  (x,  y)  and 
Q  {x,  y)  be  continuous  functions  of  (x,  y)  over  this  region.  Then  if  the 
line  integrals  from  (a,  V)  to  (x,  y)  along  two  paths 


Pdx  +  Qdy=     I       Pds  +  Qdy 

0,6  rUa,b 


are  equal,  the  line  integral  taken  around  the  combined  path 


+      I        =   I  Pdx  +  Qdy  =  0 

a,  b  tJx,  y  Jo 


vanishes.  This  is  a  coroUary  of  the  fact  that  if  the  order  of  description 
of  a  curve  is  reversed,  the  signs  oi,  Ax^  and  Ay,-  and  hence  of  the  line 
integral  are  also  reversed.  Also,  conversely,  if  the  in- 
tegral around  the  closed  circuit  is  zero,  the  integrals  f  f5*^ 
from  any  point  (a,  b)  of  the  circuit  to  any  other  point  /  /^  J 
(x,  y)  are  equal  when  evaluated  along  the  two  different  \\^^^^ 
parts  of  the  circuit  leading  from  (a,  b)  to  (x,  y).  " 

The  chief  value  of  these  observations  arises  in  their  application  to 
the  case  where  P  and  Q  happen  to  be  such  functions  that  the  line  inte- 
gral around  any  and  every  closed  path  lying  in  the  region  is  zero.  In 
this  case  if  (a,  J)  be  a  fixed  point  and  (x,  y)  be  any  point  of  the  region, 
the  line  integral  from  (a,  b)  to  (x,  y)  along  any  two  paths  lying  within 
the  region  will  be  the  same ;  for  the  two  paths  may  be  considered  as 
forming  one  closed  path,  and  the  integral  around  that  is  zero  by  hy- 
pothesis.   The  value  of  the  integral  will  therefore  not  depend  at  all  on 
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the  path  of  integration  but  only  on  the  final  point  (a-,  y)  to  which  the 
integration  is  extended.    Hence  the  integral 


Ja.b 


[P {x,  y)dx  +  Q (x,  //) rfy]  =  F{x,  y),  (14) 


extended  from  a  fixed  lower  limit  (a,  h)  to  a  variable  upper  limit  (x,  y), 
must  be  a  function  of  (x,  y). 

This  result  may  be  stated  as  the  theorem :   The  necessary  and  suffi- 
r'tent  condition  that  the  line  integral 


r 

Uu.b 


\_P{x,y)dx  +  Q{x,y)dy^ 


define  a  single  valued  function  of  (x,  y)  over  a  sitnply  connected  region 
is  that  the  circuit  integral  taken  around  any  and  enery  closed  curve  in 
the  region  shall  be  zero.  This  theorem,  and  in  fact  all  the  theorems  on 
line  integrals,  may  be  immediately  extended  to  the  case  of  line  integrals 
in  space, 

^  X,  I/,  z 

[P  (x,  y,  z)dx  +  Q  (x,  y,  z)dy  +  R  (x,  y,  z)  dz^  (15) 


Jnx,y, 
a,  6,  c 


If  the  integral  about  every  closed  path  is  zero  so  that  the  integral  from 
a  fixed  lower  limit  to  a  variable  tipper  limit 

Jfx<y 
P(x,y)dx  +  Q(x,y)dy 
a.b 

defines  a  function  F(x,  y),  that  function  has  continuous  first  partial 
derivatives  and  hence  a  total  differential,  namely, 

^-£=P,         |f=Q,         dF=Pdx  +  Qdy.  (16) 

To  prove  this  statement  apply  the  definition  of  a  derivative. 


J/^x  +  ax,  y                                        px,y 
'             Pdx  +  ddy  -  I        Pdx  +  Qdy 
a,  b  %J  a,h 


dF       ,.      AF       ,. 

-z-  =  lim  —  =  lim  . 

ox  Alio  Ax  Ajr  =  0  '*^ 

Now  as  the  integral  is  independent  of  the  path,  the  integral  to 
(x  +  Ax,  y)  may  follow  the  same  path  as  that  to  (x,  y),  except  for 
the  passage  from  (x,  y)  to  (x  +  Ax,  y)  which  may  be  taken  along  the 
straight  line  joining  them.   Then  Ay  =  0  and 

^p  1        /-x+Ax,!, 


Ax 


Jx,y 
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by  the  Theorem  of  the  jSIean  of  (Go'),  y.  25.  Xow  when  A.r  =  0,  the 
value  i  iutennediate  between  j-  and  x  +  ^.r  will  approach  x  and  P(e,  ij) 
will  approach  tlie  limit  P(x,  i/)  by  virtue  of  its  continuity.  Hence 
Ai^/Ax  approaches  a  limit  and  that  limit  is  P{3;  y)  =  dF/cx.  The  other 
derivative  is  treated  in  the  same  way. 

If  the  integrand  Pdx  +  Qdij  of  a  line  Inter/ml  Is  the  total  differential 
dP  of  a  single  valued  function  F(x,  ij),  then  the  integral  about  any  clused 
circuit  is  zero  and 

f  ' "pdx  +  Qd,j.  =  f  ' 'dF  =  F{x,  y)  -  F{a,  h).  (17) 

If  equation  (17)  holds,  it  is  clear  that  the  integral  around  a  closed  path 
will  be  zero  provided  F{x,  y)  is  single  valued;  for  F{x,  y)  must  come 
back  to  the  value  F(a,  h)  when  (x,  y)  returns  to  (a,  b).    If  the  function 
were  not  single  valued,  the  conclusion  might  not  hold. 
To  prove  the  relation  (17),  note  that  by  definition 

jdF  =  jPdi  +  Qdy  =  lim^[P(f,,  t,,) Aj-,-  +  Q(f,-,  7;,)A!/,] 

and  AFi  =  P (?,-,  t,,)  Ai;  +  Q (|;,  •>,,•)  Ay,-  +  e,Ax,  +  e.,A!/,-, 

where  Cj  and  e^  are  quantitie.s  wliich  by  tlie  assumptions  of  continnity  for  P  and  Q 
may  be  made  uniformly  (§  25)  less  than  c  for  all  points  of  the  curve  provided  Aj;,- 
and  Ay;  are  taken  small  enough.   Then 

I  2)  (P,Ar,-  +  Q,Ay.)  -]^  AF.|  <  e]^(|Aj-,|  +  |  Ay,]); 

and  since  SAF;  =  F{x,  y)  —  F{a,  b),  the  sum  ZPiAii  +  QAVi  approaches  a  limit, 
and  that  limit  is 

limV  [P.-Ai;  +  QAVi]  =  ['"Pdz  +  Qdy  =  F(x,  y)  -  F{a,  h). 

EXERCISES 

1.  Find  the  area  of  the  loop  of  the  strophoid  as  indicated  above. 

2.  Find,  from  (6),  (7),  the  three  expressions  for  the  integrand  of  the  line  inte- 
grals which  give  the  area  of  a  closed  curve  in  polar  coordinates. 

3.  Given  the  equation  of  the  ellipse  x  =  a  cos  t,y  =  b  sin  t.  Find  the  total  area, 
the  area  of  a  segment  from  the  end  of  the  major  axis  to  a  line  parallel  to  the  minor 
axis  and  cutting  the  ellipse  at  a  point  whose  parameter  is  f,  also  the  area  of  a  sector. 

4.  Find  the  area  of  a  segment  and  of  a  sector  for  the  hyperbola  in  its  parametric 
form  X  =  a  cosh  t,  y  =  b  sinh  t. 

5.  Express  the  folium  x^  +  y^  =  Saxy  in  parametric  form  and  find  the  area  of 
the  loop. 

6.  What  area  is  given  by  the  curvilinear  integral  around  the  perimeter  of  the 
closed  curve  r  =  asin'j0?  What  in  the  case  of  the  lemniscate  r'  =  a^  cos2(p 
described  as  in  making  the  figure  8  or  the  sign  oo  ? 
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7.  Write  for  y  the  analogous  form  to  (0)  for  x.    Show  tliat   in  purvilinear 
cooi'iUiialos  X  =  i^(((,  (•),  y  =  \f/(ii,  u)  the  area  is 

'^J    U<t>„     i'„\  10,     ■/-,!      J 

8.  Compute  these  line  inteu'rals  along  the  paths  assigned  : 

/.1. 1 

(a)    \      x-ydx  +  yMy,         y-  =  x     or    y  =  x     or    y^  =  x'-, 
Jo,o 

(^)    I       (j:-+,2/)(ii:  +  (x  + j/=)dj/,         y-  =  x     or     ?/ =  j     or     2/^  _  j-j 
•/o,  0 

J-ie,  1  y 
-dx  +  dy,         y  =  log  i     or    y  =  0     and    x  =  e, 
i,u   j: 

(5)     I       isinz/dx  +  !/cosxdj/,         y  =  mx     or    x=0     and     y  =  y, 
•/o,o 

XI  +  i 
(x  —  iy)dz,     y  =  x     or    i  =  0     and     !/ =  1     or    y  =  0    and     x  =  1, 

(f)    I         (X-  —  (1  +  i)x!/  +  2/-)t'z,         quadrant  or  straight  line. 

9.  Show  that  {  Pdx  +  Qdy  =  CVR-  +  Q^  cosOds  by  working  directly  with  the 
figure  and  without  the  use  of  vectors. 

10.  Show  that  if  any  circuit  is  divided  into  a  number  of  circuits  by  drawing 
lines  within  it,  as  in  a  figure  on  p.  91,  the  line  integral  around  the  original  circuit  is 
equal  to  the  sum  of  the  integrals  around  the  subcircuits  taken  in  the  proper  oi'der. 

11.  Explain  the  method  of  evaluating  a  line  integral  in  space  and  evaluate  : 

J"  1,1.1 
xdx  +  2  ydy  +  zdz,        v"  =  x,,        z-  =  x     or    y  =  z  =  x, 
0,0,0 

J-*  ^.  ?/,  =  X 

y  logidx  +  yHy  -\-  -dz,      y  =  x  —  1,      t  =  i=  or  j/  =  logx,      z  =  x. 
1, 0, 1  2: 

12.  Show  that  CPdx  +  Qdy  +  lidz  =  C\  T-  +  (f  +  fi^  cosffdn. 

13.  A  bead  of  mass  m  strung  on  a  frictionless  wire  of  any  shape  falls  from  one 
point  (x„,  ?/„,  Zq)  to  the  point  (ij,  y.^,  Zj)  on  the  wire  under  the  influence  of  gravity. 
Show  that  TJi^  (Zj  —  z,)  is  the  work  done  by  all  the  forces,  namely,  gravity  and 
the  normal  reaction  of  the  wire. 

14.  If  X  =f{t),  y  =  git),  and /'(<),  g'(t)  be  assumed  continuous,  show 

/;;p(x,.)dx+Q(x,.)..=xjp|+Q2)d., 

where  /(i„)  =  a  and  g  (f„)  =  6.  Note  that  this  proves  the  statement  made  on  page  290 
in  regard  to  the  possibility  of  substituting  in  a  line  integral.  The  theorem  is  also 
needed  for  Exs.  1-8. 

15.  Extend  to  line  integrals  (15)  in  space  the  results  of  §  123. 

16.  Angle  as  a  line  integral.  Show  geometrically  for  a  plane  curve  that 
dip  =  cos  (r,  n)  ds/r,  where  r  is  the  radius  vector  of  a  curve  and  ds  the  element  of 
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arc  and  (r,  n)  the  angle  between  the  radius  produced  and  the  normal  to  the  curve, 
is  the  angle  subtended  at  r  =  0  by  the  element  ds.   Hence  show  that 

'COs(r,  n)^___  fldr^___  fdlogr^^ 


/cos(r,  n)  ,        rl  ar  ,        re 


dn 


where  the  integrals  are  line  integrals  along  the  curve  and  dr/dn  is  the  normal 
derivative  of  r,  is  the  angle  <p  subtended  by  the  curve  at  r  =  0.    Hence  infer  that 

/"dlogr^       „  .  rdlogr  ,       „  rdlogr 

I  2_  ds  =  2w    or    I  2-  ds  =  0     or    (  ^^  ds  =  0 

Jo    dn  Jo    dn  Jo    dn 

according  as  the  point  r  =  0  is  within  the  curve  or  outside  the  curve  or  upon 
the  curve  at  a  point  where  the  tangents  in  the  twt)  directions  are  inclined  at  the 
angle  8  (usually  ir).  Note  that  the  formula  may  be  applied  at  any  point  (f,  ij)  if 
r-  =  (J  — 1)2  +  (v  —  y)'^  where  (z,  y)  is  a  point  of  the  curve.  What  would  the  inte- 
gral give  if  applied  to  a  space  curve  ? 

17.  Are  the  line  integrals  of  Ex.  16  of  the  same  type  |  P(x,  y)dx  +  Q{x,  y)dy 
;is  those  in  the  text,  or  are  they  more  intimately  associated  with  the  curve  ?  Cf .  §  155. 

/•  0.  1  />  0,  1 

18.  Compute  (a)  j       (z  —  y)  ds,  (/3)  j       xyds  along  a  right  line,  along  a  quad- 

^1.0  J— 1,0 

r;int,  along  the  axes. 

124.  Independency  of  the  path.  It  has  been  seen  that  in  ease  the 
integral  around  every  closed  path  is  zero  or  in  case  the  integrand 
Pdx  +  Qdy  is  a  total  differential,  the  integral  is  independent  of  the 
path,  and  conversely.    Hence  if 

tt.b 

and  ir-^  = 

oxoy 

provided  the  partial  derivatives  PJ  and  Q^  are  continuous  functions.* 
It  remains  to  prove  the  converse,  namely,  that:  If  the  two  partial 
derivatives  P'^  and  Q'^  are  continuous  and  equal,  the  integral 

'       Pdx  +  Qdy    with     p;  =  Q^  (18) 

11,6 

is  independent  of  the  path,  is  zero  around  a  closed  path,  and  the  quantity 
Pdx  4-  Qdy  is  a  total  differential. 

To  show  that  the  integral  of  Pdx  +  Qdy  around  a  closed  path  is  zero 
if  P^  =  Qx,  consider  first  a  region  R  such  that  any  point  (x,  y)  of  it  may 

*  See  §  52.  In  particular  observe  the  comments  there  made  relative  to  differentials 
which  are  or  which  are  not  exact.  This  difference  corresponds  to  integrals  which  are 
and  which  are  not  independent  of  the  path. 


P(l.r 

+  Q.dy, 

then 

3£ 

ex 

=  P, 

dF 
oy 

=  Q, 

CQ 

d'F 

dp 

dp 

cQ 

C.r 

dyox 

~h' 

oy 

ox 

J 
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o(,6) 


ra 


be  reached  from  (a,  h)  by  following  the  lines  y  =  b  and  x  =  x.    Then 
define  the  function  F(x,  y)  as 

T 
F{x,y)=  f  P (x,  b)dx+  f  "q (x,  y) dy       (19) 

Ja  Jb 

for  all  points  of  that  region  R.   Now 

dF  dF  8     r" 

But  -j^    (^(.,y)c/z/=j     ^rfy=j    -dy  =  P(x,y) 

This  results  from  Leibniz's  rule  (4')  of  §  119,  which  may  be  applied 
since  Q^  is  by  hypothesis  continuous,  and  from  the  assumption  Q'^  =  P'^. 


=  P{x,  h)  +  P{x,  y)  -  P{x,  h)  =  P{x,  y). 


Then  g^ 

dx 

Hence  it  follows  that,  within  the  region  specified,  Pdx  +  Qdy  is  the 
total  differential  of  the  function  F{x,  y)  defined  by  (19).  Hence  along 
any  closed  circuit  within  that  region  R  the  integral  of  Pdx  +  Qdy  is 
the  integral  of  dF  and  vanishes. 

It  remains  to  remove  the  restriction  on  the  type  of  region  within  which  the 
integral  around  a  closed  path  vanishes.  Consider  any  closed  path  C  which  lies 
within  the  region  over  which  P^J  and  Q^  are  equal  continuous  functions  of  (i,  y). 
As  the  path  lies  wholly  within  R  it  is  possible  to  rule  R  so  finely  that  any  little 
rectangle  which  contains  a  portion  of  tlie  path  shall  lie  wholly  within  R.  The 
reader  may  construct  his  own  figure,  possibly  with  reference  to  that  of  §  128,  where 
a  finer  ruling  would  be  needed.  The  path  C  may  thus  be  surrounded  by  a  zigzag 
line  which  lies  within  R.  Each  of  the  small  rectangles  within  the  zigzag  line  is  a 
region  of  the  type  above  considered  and,  by  the  proof  above  given,  the  integral 
around  any  closed  curve  within  the  small  rectangle  must  be  zero.  Now  the  circuit 
C  may  be  replaced  by  the  totality  of  small  circuits  consisting  either  of  the  perim- 
etere  of  small  rectangles  lying  wholly  within  C  or  of  portions  of  the  curve  C  and 
portions  of  the  perimeters  of  such  rectangles  as  contain  parts  of  C;  And  if  C  be  so 
I'eplaced,  the  integral  around  C  is  re.solved  into  the  sum  of  a  large  number  of  inte- 
grals about  these  small  circuits ;  for  the  integrals  along  such  parts  of  the  small 
circuits  as  are  portions  of  the  perimeters  of  the  rectangles  occur  in  pairs  with  oppo- 
site signs.*  Hence  the  integral  around  C  is  zero,  where  C  is  any  circuit  within  R. 
Hence  the  integral  of  Pdx  +  Qdy  from  (a,  6)  to  (i,  y)  is  independent  of  the  path 
and  defines  a  function  F(i,  y)  of  which  Pdx  -\-  Qdy  is  the  total  differential.  As 
this  function  is  continuous,  its  value  for  points  on  the  boundary  of  R  may  be  defined  ■ 
as  the  limit  of  F{x,  y)  as  (x,  y)  approaches  a  point  of  the  boundary,  and  it  may  thereby 
be  seen  that  the  line  integral  of  (18)  around  the  boundary  is  also  0  without  any  fur- 
ther restriction  than  that  P^  and  Q^  be  equal  and  continuous  within  the  boundary. 

*  See  Ex.  10  above.   It  is  well,  in  connection  with  §§  123-125,  to  read  carefully  the 
work  of  §§  44-^  dealing  with  varieties  of  regions,  reducibility  of  circuits,  etc. 
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It.  shoilld  be  noticed  that  the  line  integral 

j       Pdx  +  Udu  =  j     P(x,  h)dx  +  I     Q.{j;  ii)d,i,  (19) 

when  Pdx  +  Qdij  is  an  exact  differential,  that  is,  "vvheii  P'^  =  Q'„  may  he 
evaluated  hy  the  rule  given  for  integrating  an  exact  differential  (p.  209), 
provided  the  path  along  y  =  h  and  x  =  x  does  not  go  outside  the  region. 
If  that  path  should  cut  out  of  R,  some  other  method  of  evaluation  would 
be  required.  It  should,  however,  be  borne  in  mind  that  Pdx  +  Qdy 
is  best  integrated  by  inspection  whenever  the  function  F,  of  which 
Pdx  +  Qdy  is  the  differential,  can  be  recognized  ;  if  F  is  multiple  valued, 
the  consideration  of  the  path  may  be  required  to  pick  out  the  par- 
ticular value  which  is  needed.  It  may  be  added  that  the  work  may  be 
extended  to  line  integrals  in  sjjace  without  any  material  modifications. 
It  was  seen  (§  73)  that  the  conditions  that  the  complex  function 

F{x,  y)  =  A' (a-,  y)  +  iY{x,  y),  z  =  x  +  iy, 

be  a  function  of  the  complex  variable  «  are 

A,;  =  -y;  and  A-^=r;.  (20) 

If  these  conditions  be  applied  to  the  expression  (13), 

^"i^,  y)  =  I       A't/cc  —  Ydy  +  i  j        Ydx  +  Xdy, 

for  the  line  integral  of  such  a  function,  it  is  seen  that  they  are  pre- 
(;isely  the  conditions  (18)  that  each  of  the  line  integrals  entering  into 
the  complex  line  integral  shall  be  independent  of  the  path.  Hence 
the  integral  of  a  function  of  a  comjtlex  variable  is  independent  of  the 
path  of  integration  in  the  enmplex  pilane,  and  the  integral  around  a 
closed  path  vanishes.  This  applies  of  course  only  to  simply  connected 
regions  of  the  plane  throughout  which  the  derivatives  in  (20)  are  equal 
and  continuous. 

If  the  notations  of  vectors  in  three  dimensions  be  adopted, 

jxd.r  +  Ydy  +  Zdr,  =.-  fF.di, 

wliere  F  =  Ai  +  Tj  +  Z%  dr  =  idr  +  y/y  +  kdz. 

In  the  ])art.icular  case  where  the  integrand  is  an  exact  differential  and 
till'  integral  around  a  closed  ])ath  is  zero, 

Xdx  +  Ydy  +  Zdz  =  F.</r  =  dC  =  dr-VU, 
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where  I'  is  the  function  defined  by  the  integral  (for  V(/  see  p.  172). 
When  F  is  interpreted  as  a  force,  the  function  1'  =  —  (J  such  that 

.,,  dV  dV  dV 

dx  01/  or: 

is  called  the  potential  function  of  the  force  F.  TJie  negative  nf  the 
sltijje  of  the  iiotentliil  function  is  the  force  F  and  t)ie  negatives  of  the 
partial  dcrlvatlres  are  the  component  forces  along  the  axes. 

If  the  forces  are  such  that  they  are  thus  derivable  from  a  potential  function, 
they  are  said  to  be  conseroative.   In  fact  if 

m 't^.z^F=-V V,        m  —  .dr  =  -  dr.V T  =  - dV, 
dl-  df- 


and 


(i^r   ,        mdi  di 

I  —  -di  = •  — 

df-  2  dt    dt 


'■— r\ 


m,    .,  „.        ^^         T'  "'    ■'    ,    T-         '"■2,1- 

or  -  (fj-  -»„-)  =  T  0  -  T  1     or     -v{  +  ^  i  =  -v^  +  Vo. 

Thus  the  sum  of  the  kinetic  energy  i  mv'^  and  the  potential  energy  V  is  the  same 
at  all  times  or  positions.  This  is  the  principle  of  the  conservation  of  energy  for  the 
simple  case  of  the  motion  of  a  particle  when  the  force  is  conservative.  In  case  the 
force  is  not  conservative  the  integration  may  still  be  performed  as 


2 


where  W  stands  for  the  w^ork  done  by  the  force  F  during  the  motion.  The  result  is 
that  the  change  in  kinetic  energy  is  equal  to  the  work  done  by  the  force ;  hMt  dW 
is  then  not  an  exact  differential  and  the  work  must  not  be  regarded  as  a  function 
of  (x,  y,z),  —  it  depends  on  the  path.  The  generalization  to  any  number  of  particles 
as  in  §  123  is  immediate. 

125.  The  conditions  that  P,;  and  Q',  be  continuous  and  equal,  which 
insures  independence  of  the  path  for  the  line  integral  of  Pdx  +  Qdy, 
need  to  be  examined  more  closely.    Consider  two  ex;iniples : 

First  f  Pdx  +  Qdj/  =  fj.^-'-  ^  dx  +  --;-^^,  dy , 

where 

It  appears  formally  that  P^J  =  Q'^.  If  the  integral  be  calculated  around  a  square  of 
side  2  a  surrounding  the  origin,  the  result  is 

idy  I '  ~  ndx        r~"  —  '"Ml  _  .,  T  '*' "    "^ 


cP 

y- 

—  X- 

+  y-y- 

X- 

ex 

'  x^  +  y- 
_  y'-x-^ 

cy 

(X'  +  y-'Y' 

r  +  B  +  udx         r+"    <idy  r-"~ndx        f  ~ " SZl"'JL  =  2  f 

J-,i  x^  +  ((■-     .'-.r  <i'^  +  y^     -Ji-"  .r- +  ((^     J+'r  n- +  y'       J- 


j:^'  +  d^ 
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The  integral  fails  to  vanish  around  the  closed  jath.  The  reason  is  not  far  to  seek, 
the  derivatives  P^'  and  Q^  are  not  defined  for  (0,  0),  and  cannot  be  so"  defined  as 
to  be  continuous  functions  of  (x,  y)  near  the  origin.   As  a  matter  of  fact 

Ja,b     x2+y2         X^  +  y'^         Ja,b  I  X\a,b 

and  tan-i  {y/x)  is  not  a  single  valued  function  ;  it  takes  on  the  increment  2  ir  vphen 
one  traces  a  path  surrounding  the  origin  (§  45). 
Another  illustration  may  be  found  in  the  integral 


•dz  _    r  dx  +  idy  _    r  xdx  +  ydy      .  r  —  ydx  +  xdy 
T~  J     x  +  iy    "  J     x^  +  y:'         V        x^  +  y'^ 


taken  along  ■■•■  path  in  the  complex  plane.  At  the  origin  z  =  0  the  integrand  1/z 
becomes  infinite  and  so  do  the  partial  derivatives  of  its  real  and  imaginary  parts. 
If  the  integral  be  evaluated  around  a  path  passing  once  about  the  origin,  the 
result  is 

r  ^  =  r-log(i2  +  j/2)  +  itan-i?^l'''''  =  2iri.  (21) 

Jo   Z  t2  ,  X_ia,b 

In  this  case,  as  in  the  previous,  the  integral  vpould  necessarily  be  zero  about  any 
closed  path  which  did  not  include  the  origin  ;  for  then  the  con- 
ditions for  absolute  independence  of  the  path  would  be  satisfied. 
Moreover  the  integrals  around  two  different  paths  each  encircling 
the  origin  once  would  be  equal ;  for  the  paths  may  be  considered 
as  one  single  closed  circuit  by  joining  them  with  a  line  as  in  the 
device  (§  44)  for  making  a  multiply  connected  region  simply  con- 
nected, the  integral  around  the  complete  circuit  is  zero,  the  parts 
due  to  the  description  of  the  line  in  the  two  directions  cancel, 
and  the  integrals  around  the  two  given  circuits  taken  in  opposite  directions  are 
therefore  equal  and  opposite.  (Compare  this  work  with  the  multiple  valued  nature 
of  log  z,  p.  161.) 

Suppose  in  general  that  P  (x,  y)  and  Q  (x,  y)  are  single  valued  func- 
tions which  have  the  first  partial  derivatives  P'y  and  Q^  continuous 
and  equal  over  a  region  R  except  at  certain  points  A,  B,  ■■■.  Surround 
these  points  with  small  circuits.  The  remaining  portion  of  if  is  such 
that  P'ji  and  Q^  are  everywhere  equal  and  continuous ;  but  the  region 
is  not  simply  connected,  that  is,  it  is  possible  to  draw  in  the  region 
circuits  which  cannot  Ije  shrunk  down  to  a  point,  owing  to  the  fact 
that  the  circuit  may  surround  one  or  more  of  the  regions  which  have 
been  cut  out.  If  a  circuit  can  be  shrunk  down  to  a  point,  that  is,  if  it 
is  not  inextricably  wound  about  one  or  more  of  the  deleted  portions, 
the  integral  around  the  circuit  will  vanish ;  for  the  previous  reasoning 
will  apply.  But  if  the  circuit  coils  about  one  or  more  of  the  deleted 
regions  so  that  the  attempt  to  shrink  it  down  leads  to  a  circuit  which 
consists  of  the  contours  of  these  regions  and  of  lines  joining  them,  the 
integral  need  not  vanish ;  it  reduces  to  the  siun  of  a  number  of  integrals 
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taken  around  the  contours  of  the  deleted  portions.  If  one  circuit 
can  be  shrunk  into  another,  the  integrals  around  the  two  circuits  are 
eqvfal  if  the  direction  of  description  is  the  same ;  for  a  line  connecting 
the  two  circuits  will  give  a  combined  circuit  which  can  be  shrunk  down 
to  a  point. 

The  inference  from  these  various  observations  is  that  in  a  multiply 
connected  region  the  integral  around  a  circuit  need  not  be  zero  and 
the  integral  from  a  fixed  lower  liinit  (a,  b)  to  a  variable  upper  limit 
(.T,  y)  may  not  be  absolutely  independent  of  the  path,  but  may  be  dif- 
ferent along  two  paths  which  are  so  situated  relatively  to  the  excluded 
regions  that  the  circuit  formed  of  the  two  paths  from  (a,  b)  to  (x,  y) 
cannot  be  shrunk  down  to  a  point.    Hence 

F  (•'■.  y)=  (    '-P</-^-  +  <idy,         P',  =  Q:  (generaUy), 

Ja,t 

the  function  defined  by  the  integral,  is  not  necessarily  single  valued. 
Nevertheless,  any  two  values  of  F(x,  y)  for  the  same  end  point  will 
differ  only  by  a  sum  of  the  form 

Fi{x,  y)  —  ^"1(0;,  y)  =  mJi  +  mj^  H 

where  /j,  I^,  ■  ■  ■  are  the  values  of  the  integral  taken  around  the  con- 
tours of  the  excluded  regions  and  where  m^,  m^,  .  .  .  are  positive  or 
negative  integers  which  represent  the  number  of  times  the  combined 
circuit  formed  from  the  two  paths  will  coil  around  the  deleted  regions 
in  one  direction  or  the  other. 

126.  Suppose  that  fix)  =  X{x,  y)  +  iY(x,  y)  is  a  single  valued  ftmo- 
tion  of  z  over  a  region  R  surrounding  the  origin  (see  figure  above),  and 
that  over  this  region  the  derivative  /'(s)  is  continuous,  that  is,  the 
relations  X,j  =  —Y^  and  X'^  —  1'^  are  fulfilled  at  every  point  so  that 
no  points  of  K  need  be  cut  out.    Consider  the  integiul 

cm  dz=   C  ^-±-^  (dx  +  uly)  (22) 

Jo    -^  Jo  -^  +  *^ 

over  paths  lying  within  A'.  The  function  f{z)/z  will  have  a  contin- 
uous derivative  at  all  points  of  R  except  at  the  origin  «  =  0,  where  the 
denominator  vanishes.  If  then  a  small  circuit,  say  a  circle,  be  drawn 
about  the  origin,  the  function/ (2) /«  will  satisfy  the  requisite  condi- 
tions over  the  region  which  remains,  and  the  integral  (22)  taken  around 
a  circuit  which  does  not  contain  the  origin  will  vanisL 

The  integral  (22)  taken  around  a  circuit  which  coils  once  and  only 
once  about  the  origin  will  be  equal  to  the  integral  taken  around  the 
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small  circle  about  tlie  origin.    Xow  for  the  circle, 

Jq      ~  Jo  ~  Jq    ~  Jq  ~ 

where  the  assumed  continuity  of  /'(.-)  makes  \t){s)\  <  t  provided  the 
circle  about  the  origin  is  taken  sufficiently  small.    Hence  by  (21) 

Jo     ~  Je 


with      i^\j  fhi.\s  r||kfei-cr' 


cid-- 


Hence  the  difference  between  (22)  and  2  7ri/(0)  can  be  made  as  small 
as  desired,  and  as  (22)  is  a  certain  constant,  the  result  is 


X 


'^fZs  =  2  7r;/(0).  (23) 


A  function  f(z)  which  has  a  continuous  derivative  /''(t)  at  every 
point  of  a  region  is  said  to  be  arwli/tk  over  that  region.  Hence  if  the 
region  includes  the  origin,  the  value  of  the  analytic  function  at  the 
origin  is  given  by  the  formula 

"         Jq      ~ 

where  the  integral  is  extended  over  any  circuit  lying  in  the  region  and 
passing  just  once  about  the  origin.  It  follows  likewise  that  if  *  =  «  is 
any  point  within  the  region,  then 


iTTl    I    z  —  a 

'Jo 


f(-)  =  oZr:       t^dz,  (24) 


where  the  circuit  extends  once  around  the  point  a  and  lies  wholly  within 
the  region.    This  important  result  is  due  to  Cauchy. 

A  more  convenient  form  of  (24)  is  obtained  by  letting  t  =  s  repre- 
sent the  value  of  z  along  the  circuit  of  integration  and  then  writing 
a  =  z  and  regarding  z  as  variable.    Hence  Cauchy's  Integral : 

•Jo 

This  states  that  if  <ini/  rirciilt  he  (h-mrn  in  ihi'  region  or-er  irh irJt  f(z) 
if  ana/i/fic,  f/ie  ni/iii'  of  f(z)  nt  all  jioints  witliin  tluif  rirriiit  iikiij  he  nli- 
tainedbi/  ei<(liuiting  Cmuhys  Inter/nil  (25).  Thus /(~ )  may  be  regai'ded 
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as  defined  by  an   integral  containing  a  parameter  z ;  for  many  pur- 
poses this  is  convenient.    It  may  be  remarked  that  when  the  values  of 
/(.-.)  are  given  along  any  circuit,  the  integral 
may  be  regarded  as  defining /(s)  for  all  points 
within  that  circuit. 

To  find  the  successive  derivatives  of  f(z),  it 
is  merely  necessary  to  differentiate  with  respect 
to  z  under  the  sign  of  integration.  The  condi- 
tions of  continuity  which  are  required  to  justify 
the  differentiation  are  satisfied  for  all  points  z 
actually  within  the  circuit  and  not  upon  it.  Then 


/'(-•) 


2TTi   / 


it  -  z) 


;rf<,  .- -,/(»- »(^)  = 


(^-1)' 


n-iy.  r  f(t) 


-dt. 


As  the  differentiations  may  be  performed,  these  formulas  show  that  on 
annlytic  function  has  continuous  derivatives  of  all  orders.   The  definition 
of  the  function  only  requu'ed  a  continuous  first  derivative. 
Let  a  be  any  jiarticular  value  of  z  (see  figure).    Then 
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t  —  z 


(t-a)-{z-a)       t-a. 


t  —  « 


1+- 


a       {t-af 


+ 


(z  —  a)" 
(t  -  ay 


(z  —  a)" 
(t  -  «)" 


t  —  a, 

fit) 
(t-af 


t  —  a 


Now  t  is  the  variable  of  iutegiution  and  z  —  «  is  a  constant  with  respect 
to  the  integration.    Hence 


f(z)  =f(n)  +  (.-  -  n)f{n)  +  ^/-'"'/"('O 


+  ■■•  + 


(^ 


(2«) 


This  is  Taylor's  Formula  for  .i  fuuctiou  of  a  complex  variable 
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EXERCISES 


1.  If  P'  =  Q^,  Q^  =  fly,  ^i  =  ^j  and  if  these  derivatives  are  continuous,  show 
that  Pdx  +  Qdy  +  Rdz  is  a  total  differential. 

2.  Show  that      (""'"Pix,  y,  a)dx+  Q{x,  y,  a)dy,  where  C  is  a  given  curve, 

defines  a  continuous  function  of  a,  the  derivative  of  which  may  be  found  by  difier- 
entiating  under  the  sign.  What  assumptions  as  to  the  continuity  of  P,  Q,  P'a,  Qa 
do  you  make  ? 

■3.  If  log^=   r^=  n''^^  +  ydy_^_iP''-V^  +  ^V  be   taken  as  the 

definition  of  log  z,  draw  paths  which  make  log  (J  +  J  V—  3)  =  i"^,  2^"^,  —  IJ""*. 

/*z  Sz 1 

4.  Study  I    with  especial  reference  to  closed  paths  which  surround  +  1, 

Jo    2^  —  1 

—  1,  or  both.   Draw  a  closed  path  surrounding  both  and  making  the  integral  vanish. 

5.  If /(z)  is  analytic  for  all  values  of  z  and  if  |/(z)  |  <  K,  show  that 

taken  over  a  circle  of  large  radius,  can  be  made  as  small  as  desired.  Hence  infer 
that/(2)  must  be  the  constant/(z)  =/(0). 

6.  If  G  (z)  =  a„+  a^z  +  •  •  ■  +  a„Z"  is  a  polynomial,  show  that/(z)  =  1/G  (z)  must 
be  analytic  over  any  region  which  does  not  include  a  root  of  G  (z)  =  0  either  within 
or  on  its  boundary.  Show  that  the  assumption  that  G  (z)  =  0  has  no  roots  at  all 
leads  to  the  conclusion  that  /(z)  is  constant  and  equal  to  zero.  Hence  infer  that 
an  algebraic  equation  has  a  root. 

7.  Show  that  the  absolute  value  of  the  remainder  in  Taylor's  Formula  is 


.    1    r»  ML 
2  TT  p"  p  —  r 


|z-«|"|  f         f{t)dt 
"'  27r      I  Jo(f- a)"(t-z) 

for  all  points  z  within  a  circle  of  radius  r  about  a  as  center,  when  p  is  tKe  radius 
of  the  largest  circle  concentric  with  a  which  can  be  drawn  within  the  circuit  about 
which  the  integral  is  taken,  M  is  the  maximum  value  of  f(t)  upon  the  circuit,  and 
L  is  the  length  of  the  circuit  (figure  above). 

8.  Examine  for  independence  of  path  and  in  case  of  independence  integrate : 

(a)  jx^ydx  +  xyHy,         %  j"  xy^dx  +  x^ydy,         {y)    f  xdy  +  ydx, 
(5)  J  (x^ +  xy)dx  + (y'' +  iy)dy,         (e)    f  y  coe xdy  +  i  y^ sin xdx. 

9.  Find  the  conservative  forces  and  the  potential : 

(a)X  =  — ^,  r  =  — ^.z  = 


(j:2  +  7/2)  ■•  (i2  +  2/2)1  (12  +  y2)i 

iP)  X=-  nx.  Y  =  -  ny,         (7)  X  =  l/i,  Y  =  y/x. 
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10.  If  R  (r,  <p)  and  *  (r,  <f>)  are  the  component  forces  resolved  along  the  radius 
vector  and  perpendicular  to  the  radius,  show  that  d  H'  =  Hdr  +  rid<t>  is  the  differ- 
ential of  work,  and  express  the  condition  that  the  forces  R,  *  be  conservative. 

11.  Show  that  if  a  particle  is  acted  on  by  a  force  R  =  —f{r)  directed  toward 
the  origin  and  a  function  of  the  distance  from  the  origin,  the  force  is  conservative. 

12.  If  a  foi'ce  follows  the  Law  of  Nature,  that  is,  acts  toward  a  point  and  varies 
inversely  as  the  square  r"  of  the  distance  from  the  point,  show  that  the  potential 
is  —  k/r. 

13.  From  the  results  F  =  —  V  T'  or  V  =  —  Cv-di  =   CaOx  +  Ydy  +  Zdz  show 

that  if  F,  is  the  potential  of  Fj  and  V^  of  Fj  then  F  =  T'j  +  V.,  will  be  the 
potential  of  F  =  Fj  +  Fj,  that  is,  show  that  for  conservative  forces  the  addition  of 
potentials  is  equivalent  to  the  parallelogram  law  for  adding  forces. 

14.  If  a  particle  is  acted  on  by  a  retarding  force  —  fcv  proportional  to  the 
velocity,  show  that  R  =  \  hfl  is  a  function  such  that 

dR  ,  dR  ,  bR  , 

3»x  dVy  im, 

dW  =  —  ky-di  =  —  fc  (Vjdx  +  v^dy  +  v^dz). 

Here  R  is  called  the  dissipative  function  ;  show  the  force  is  not  conservative. 

15.  Pick  out  the  integrals  independent  of  the  path  and  integrate : 

(a)    r  yzdx  +  xzdy  +  xydz,      (/3)    i  ydx/z  +  xdy/z  —  xydz/z", 
(y)    fxyz  {dx  +  dy  +  dz),         (S)    f  log  (xy)dz  +  xdy  +  ydz. 

16.  Obtain  logarithmic  forms  for  the  inverse  trigonometric  functions,  analogoua 
to  those  for  the  inverse  hyperbolic  functions,  either  algebraically  or  by  considering 
the  inverse  trigonometric  functions  as  defined  by  integrals  as 

tan-iz  =   (     -,        sin-'z  =   |  i  ■  ■  • . 

Ja    l+z2  Jo    Vl-z2 

17.  Integrate  these  functions  of  the  complex  variable  directly  according  to  the 
rules  of  integration  for  reals  and  determine  the  values  of  the  integrals  by 
substitution : 

(a)    f^'^'ze^'^dz,  03)  J '"cos  3  zdz,  (7)  f~     \l  +  z^)-^dz, 

is)^-^,  <')?^^'   <»r"'T^- 

•'o       Vl-z2  ■''   z  Vz"  - 1  •'-1        Vl  +  z" 

In  the  case  of  multiple  valued  functions  mark  two  different  paths  and  give  two  values. 

18.  Can  the  algorism  of  integration  by  parts  be  applied  to  the  definite  (or  indefi- 
nite) integral  of  a  function  of  a  complex  variable,  it  being  understood  that  the 
integral  must  be  a  line  integral  in  the  complex  plane  ?  Consider  the  proof  of 
Taylor's  Formula  by  integration  by  parts,  p.  57,  to  ascertain  whether  the  proof  is 
valid  for  the  complex  plane  and  what  the  remainder  means. 
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19.  Suppose  that  in- a  plane  at  r  =  0  there  is  a  particle  of  nia.ss  m  which  ntlrcn-tx 
according'  to  the  law  F=m/r.  Show  that  the  pciM-ntial  is  T  =  m  In- r,  so  thai 
F  _  _vT'  The  (m(Hc(W)i  nx  flui  of  the  force  F  <iutwar(l  across  the  element  ih  of 
a  ciu-ve  in  the  plane  is  by  definition  —  Feos(F.  n)<U.  By  reference  to  Ex.  IH. 
p.  297,  show  that  the  total  induction  or  flux  of  F  across  the  curve  is  the  line  integral 

(along  the  curve) 

/„  C  d  lo<r  r  ,         r  dV  , 

Fcos(F,n)as  =  mj-^a.  =  j  -d.; 

and  m  =  -^      F cos (F,  n) ds  = -—        -~ds, 

iir  Jq  -I-k  Jo  an 

where  the  circuit  extends  around  the  point  r  =  0,  is  a  formula  for  obtaining  the 
mass  m  within  the  circuit  from  the  field  of  force  F  which  is  set  up  by  the  mass. 

20.  Suppose  a  number  of  masses  ?«., ,  m„ ,  ■  ■  • ,  attracting  as  in  Ex.  19,  are  situated 
at  points  (f,,  7,^),  (f„,  i;,),  •  •  •  in  the  plane.   Let 

F  =  Fj  +  Fj  +  ■  •  • ,         r  =  T,  +  r^  +  ■  •  • ,         Vi  =  vu  log  [(I,-  -  x)-^  +  („,-  -  yf]i 
be  the  force  and  potential  at  (j,  y)  due  to  the  masses.   Show  that 

—   TfcosIF,  Ti)ds  =  ~T   f—ds=V'mi  =  M, 

where  S  extends  over  all  the  masses  and  2'  over  all  the  masses  within  the  circuit 
(none  being  on  the  circuit),  gives  the  total  mass  M  within  the  circuit. 

127.  Some  critical  comments.  In  the  discussion  of  line  integrals 
and  in  the  future  discussion  of  double  integrals  it  is  neeessar}-  to  speak 
frequently  of  curves.  For  the  usual  problem  the  intuitive  conception 
of  a  curve  suffices.  A  curve  as  ordinarily  conceived  is  continuous,  has 
a  continuously  turning  tangent  line  except  perhaps  at  a  finite  number 
of  angular  points,  and  is  cut  by  a  line  parallel  to  any  given  direction  in 
only  a  finite  number  of  points,  except  as  a  portion  of  the  curve  may 
coincide  with  such  a  line.  The  ideas  of  length  and  area  are  also  appli- 
cable. For  those,  however,  who  are  interested  in  more  than  the  intuitive 
presentation  of  the  idea  of  a  curve  and  some  of  the  matters  therewith 
connected,  the  following  sections  are  offered. 

If  <f>  (t)  and  \f/  (J)  are  two  single  valued  real  functions  of  the  real  variable  t  defined 
for  all  values  in  the  interval  ig  =  i  =  tj,  the  pair  of  equations 

x  =  4>{t),        y  =  i'(t),        t^^t^t,,  (27) 

will  be  said  to  define  a  curve.  If  0  and  ^  are  continuous  functions  of  t,  the  curve 
will  be  called  continuous.  If  (p  (tj)  =  <p  (i„)  and  i^  (t,)  =  ^  (i^),  so  that  the  initial  and 
end  points  of  the  curve  coincide,  the  curve  will  be  called  a  closed  curve  provided 
it  is  continuous.  If  there  is  no  other  pair  of  values  t  and  t'  which  make  both 
^  (t)  =  0  (f)  and  \p(t)  =  \j/  (f),  the  curve  will  be  called  simple ;  in  ordinary  language, 
the  curve  does  not  cut  itself.  If  t  describes  the  interval  from  t„  to  t■^  continuously 
and  constantly  in  the  same  sense,  the  point  (.r,  y)  will  be  said  to  describe  the  curve 
in  a  given  sense  ;  the  opposite  sense  can  he  had  by  allowing  i  to  describe  the  interval 
in  the  opposite  direction. 
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lift   tlie   interval    l„  =  tS  £,  be  divided  into  any  nnmber  n  of  siibintervals 
A|'.  A._,(.  ■•  •.  A„t.    'I'lii're  will  be  n  cni-rosponilinu  increments  for  j   and  ij, 

A,x,  AoJ,  •  •  •,  AuX,     and     A,//.  A.,y,  ■  ■  ■.  A„y. 


Then    AiC  =  n  {Xjcf  +  (Aii/)^  s] a,/]  +  |A,y|,         :A,j-|  S  A,-',         |A,j/|  S  A,<- 
are  obvious  inequalities.    It  will  be  necessary  to  consider  the  three  suras 

n  n  ri  ii  

u,=^|A,j-|,         <r„='^\Aiy\,        ^„  =]^A,c  =y  V(A,j-)2  +  (Aiy)^. 
1  1  11 

For  any  division  of  the  interval  from  J^,  to  (^  each  of  these  sums  has  a  definite 
positive  value.  When  all  po.ssible  modes  of  division  are  considered  for  any  and 
every  value  of  n,  the  sums  o-j  will  form  an  infinite  set  of  numbers  which  may  be 
either  limited  or  unlimited  above  (§22).  In  ca.se  the  .set  is  limited,  the  upper 
frontier  of  the  set  is  called  the  variaiion  of  x  over  the  curve  and  the  curve  is  said 
to  be  of  limited  variation  in  x ;  in  case  the  set  is  unlimited,  the  curve  is  of  tmlimited 
variation  in  x.  Similar  observations  for  the  sums  o-.,.  It  may  be  remarked  that  the 
geometric  conception  corresponding  to  the  variation  in  x  is  the  sum  of  the  projec- 
tions of  the  curve  on  the  i-axis  when  the  sum  is  evaluated  arithmetically  and  not 
algebraically.  Thus  the  variation  in  y  for  the  curve  ?/  =  sini  from  0  to  2  tt  is  4. 
The  curve  y  =  sin(l/j:)  between  these  same  limits  is  of  unlimited  variation  in  y. 
In  both  cases  the  variation  in  j  is  2  ir. 

If  both  the  sums  o-,  and  a-^  have  upper  frontiers  ij  and  i^,  the  sum  o-j  will  have 
an  upper  frontier  L^^  Li  +  L„;  and  convereely  if  o-g  has  an  upper  frontier,  both 
o-j  and  <T„  will  have  upper  frontiers.  If  a  new  point  of  division  is  intercalated  in  Ait, 
the  sum  o-j  cannot  decrease  and,  moreover,  it  cannot  increase  by  more  than  twice 
the  oscillation  of  x  in  the  interval  Ait.   For  if  Ai;j;  +  A.2iX  =  Atx,  then 

|Ai,-x|  +  |A2,j;  £  |A,x|,         |AiiX|  +  |A2,-x|  S  2(Jtf.--  m,-). 

Here  Ant  and  A2,t  are  the  two  intervals  into  which  A,«  is  divided,  and  Jtf,-  —  m,-  is  the 
oscillation  in  the  interval  A,t.  A  similar  theorem  is  true  for  o-„.  It  now  remains  to 
show  that  if  the  interval  from  tg  to  i,  is  divided  sufficiently  fine,  the  sums  o-,  and  <r„ 
will  differ  by  as  little  as  desired  from  their  frontiers  i,  and  L^.  The  proof  is  like 
that  of  the  similar  problem  of  §  28.  First,  the  fact  that  £j  is  the  frontier  of  ir,  shows 
that  some  method  of  division  can  be  found  so  that  X,  —  o-,  <  J  e.  Suppose  the  num- 
ber of  points  of  division  is  n.  Let  it  next  be  assumed  that  <t>  (t)  is  continuous ;  it 
must  then  be  uniformly  continuous  {§  25),  and  hence  it  is  possible  to  find  a  5  so 
small  that  when  Aft  <  S  the  oscillation  of  x  is  JV/,-  —  m,-  <  e/i  n.  Consider  then  any 
method  of  division  for  which  A,t  <  S,  and  its  sum  (r{.  The  superposition  of  the  former 
division  with  n  points  upon  this  gives  a  sum  o-j'  s  a-[.  But  a-j'  —  o-j  <  2  ne/4  n  =  J  t , 
and  (Tj'  a  ffi-  Hence  L^  —  <r'^ <ie  and  L^  —  a[<e.  A  similar  demonstration  may 
be  given  for  a^  and  X^. 

To  treat  the  sum  o-g  and  its  upper  frontier  Xg  note  that  here,  too,  the  intercalation 
of  an  additional  point  of  division  cannot  decrease  o-g  and,  as 


V(Ax)-'!-|-(Aj/)^s|Aa-|-)-|A2/|, 

it  cannot  increase  a-g  by  more  than  twice  the  sum  of  the  oscillations  of  x  and  y  in 
the  interval  At.  Hence  if  the  curve  is  continuous,  that  is,  if  both  i  and  y  are  con- 
tinuous, the  division  of  the  interval  from  «„  to  tj  can  be  taken  so  fine  that  <r^  shall 
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differ  from  its  upper  frontier  Xj  by  less  than  any  assigned  quantity,  no  matter  how 
small.  In  this  case  X,  =  s  is  called  the  length  of  the  awoe.  It  is  therefore  seen  that 
the  necessary  and  sufficient  condition  that  any  continuous  curve  shall  have  a  length  is 
thai  its  Cartesian  coordinates  x  and  y  shall  both  be  of  limited  variation.  It  is  clear  that 
if  the  frontiers  Xi(f),  i.,(0,  LS)  ^''O™  'o  ^  *"y  '^^'"^  °*  *  ^  regarded  as  functious 
of  t,  they  are  continuous  and  nondecreasing  functions  of  t,  and  that  L^(t)  is  an 
increasing  function  of  t ;  it  would  therefore  be  possible  to  take  s  in  place  of  t  as 
the  parameter  for  any  continuous  curve  having  a  length.  Moreover  Lf  the  derive^ 
tives  xf  and  y'  oil  and  y  with  respect  to  t  exist  and  are  continuous,  the  derivative  s' 
exists,  is  continuous,  and  is  given  by  the  usual  formula  s'  =  V^  +  y'^.  This  will 
be  left  as  an  exercise ;  so  will  the  extension  of  these  considerations  to  three 
dimensions  or  more. 

In  the  sum  x^  —  j-„  =  2A,i  of  the  actual,  not  absolute,  values  of  A,-j;  there  may 
be  both  positive  and  negative  tenns.  Let  ir  be  the  sum  of  the  positive  terms  and 
y  be  the  sum  of  the  negative  teriiLs.   Then 

x^  —  x^  =  -jr  —  v,         „j  =  5r+i',         2 ir  =  I,  —  Zo  +  0-1,         2  f  =  J^  —  J,  +  o-j. 

As  (Tj  has  an  upper  frontier  Xj  when  x  is  of  limited  variation,  and  as  Xg  and  x^  are  con- 
stants, the  sums  ir  and  v  have  upper  frontiers.  Let  these  be  IT  and  N.  Considered 
as  functions  of  t,  neither  II(t)  nor  N(t)  can  decrease.  Write  x(t)  =  x^  +  IHf)—  N(t). 
Then  the  function  x  (t)  of  limited  variation- has  been  resolved  into  the  difference  of 
two  functions  each  of  limited  variation  and  nondecreasing.  As  a  limited  non- 
decreasing  function  is  integrable  (Ex.  7,  p.  54),  tliis  shows  that  a  function  is  integrable 
over  any  interval  over  which  it  is  of  limited  variation.  That  the  difference  x  =  x"  —  z' 
of  two  limited  and  nondecreasing  functions  must  be  a  function  of  limited  variation 
follows  from  the  fact  that  |  Ai  |  S  |  Ai"  |  -I- 1  Aj/  |.   Furthermore  if 

x  =  x„+n-yi    bewTitten    x  =  [x„+ U +  \Xa\+ t  -  t^] -[TH +\x„\+ t- t^}, 

it  is  seen  that  a  function  of  limited  variation  can  be  regarded  a.s  the  difference  of  two 
positive  functions  which  are  constantly  increasing,  and  that  these  functions  are  con- 
tinuous if  the  given  function  x  (t)  is  continuous. 

Let  the  curve  C  defined  by  the  equations  x  =  (p(t),  y  =  i'{t),  t„  ^  t  s  tj,  be 
continuous.   Let  P{x,  y)  be  a  continuous  function  of  (jr,  y).   Form  the  sum 

^  P  (I.-,  7,,)  A.1  =  ^  P  (f.-,  ^i)  A,^"  -  ^  P  ({.-,  ,.)  A.<  (28) 

where  AjZ,  A^x,  •  •  •  are  the  increments  corresponding  to  Ajt,  A^t,  •  ■  ■ ,  where  (f(,  in) 
is  the  point  on  the  curve  which  corresponds  to  some  value  of  t  in  A.t,  where  z  is 
assumed  to  be  of  limited  variation,  and  where  x"  and  i'  are  two  continuous  increas- 
ing functions  whose  difference  is  j.  As  i"  (or  x")  is  a,  continuous  and  constantly 
increasing  function  of  t,  it  is  true  inversely  (Ex.  10,  p.  45)  that  t  is  a  continuous  and 
constantly  increasing  function  of  i"  (or  i').  As  P(x,  y)  is  continuous  in  (z,  y),  it 
is  continuous  in  t  and  also  in  x"  and  z'.  Now  let  Ait  =  0 ;  then  AjZ"  =  0  and 
A.z'iO.   Also 


limVp,A,j"=  r'^'Piiz"     and    lim  V  P.A.z' =  f^'^Pdz'. 

d  are  integrals  simply  because  P  is  continuous 
le  left  of  (28)  has  a  limit  and 

1^  PA.Z  =     C'^Pdx^  r_^'  Pdx"  -  C  ^Pdx' 


The  limits  exist  and  are  integrals  simply  because  P  is  continuous  in  z"  or  in  z'. 
Hence  the  sum  on  the  left  of  (28)  has  a  limit  and 

lim 


ON   SIMPLE   INTEGEALS 


311 


may  he  defined  as  the  line  integral  of  P  along  the  curve  C  of  limited  variation  in  x. 
The  assumption  that  y  is  of  limited  variation  and  that  Q  {x,  y)  is  continuous  would 
lead  to  a  corresponding  line  integral.  The  assumption  that  both  x  and  y  are  of  limited 
variation,  that  is,  thai  the  curve  is  rectifiable,  and  that  P  and  Q  are  continuous  would 
lead  to  the  existence  of  the  line  integral 


f^''''P(x,y)dx+Q{x,y)dy. 


A  considerable  theory  of  line  integrals  over  general  rectifiable  curves  may  be  con- 
structed.  The  subject  will  not  be  carried  further  at  this  point. 

128.  The  question  of  the  area  of  a  curve  requires  careful  consideration.  In  the 
first  place  note  that  the  intuitive  closed  plane  curve  which  does  cut  itself  is  intui- 
tively believed  to  divide  the  plane  into  two  regions,  one  interior,  one  exterior  to  the 
curve ;  and  these  regions  have  the  property  that  any  two  points  of  the  same  region 
may  be  connected  by  a  continuous  curve  which  does  not  cut  the  given  curve, 
whereas  any  continuous  curve  which  connects  any  point  of  one  region  to  a  point 
of  the  other  must  cut  the  given  curve.  The  first  question  which  arises  with  regard 
to  the  general  closed  simple  curve  of  page  308  is :  Does  such  a  curve  divide  the  plane 
into  just  two  regions  with  the  properties  indicated,  that  is,  is  there  an  interior  and 
exterior  to  the  curve  ?  The  answer  is  qffi.rmative,  but  the  proof  is  somewhat  difficult  — 
not  because  the  statement  of  the  problem  is  involved  or  the  proof  replete  with 
advanced  mathematics,  but  rather  because  the  statement  is  so  simple  and  elemen- 
tary that  there  is  little  to  work  with  and  the  proof  therefore  requires  the  keenest 
and  most  tedious  logical  analysis.  The  theorem  that  a  closed  simple  plane  curve 
has  an  interior  and  an  exterior  will  therefore  be  assumed. 

As  the  functions  x(t),  y(t)  which  define  the  curve  are  continuous,  they  are  lim- 
ited, and  it  is  possible  to  draw  a  rectangle  with  sides  x  =  a,  x  =  b,  y  =  c,  y  =  dso 
as  entirely  to  surround  the  curve.  This  rectangle  may  next  be  ruled  with  a  num- 
ber of  lines  parallel  to  its  sides,  and  thus  be 
divided  into  smaller  rectangles.  These  little  rec- 
tangles may  be  divided  into  three  categories,  those 
outside  the  curve,  those  inside  the  curve,  and 
those  upon  the  curve.  By  one  upon  the  curve  is 
meant  one  which  has  so  much  as  a  single  point 
of  its  i)erimeter  or  interior  upon  the  curve.  Let 
A,  Ai,  Au,  Ac  denote  the  area  of  the  large  rec- 
tangle, the  sum  of  the  areas  of  the  small  rectan- 
gles, which  are  interior  to  the  curve,  the  sum  of 
the  areas  of  those  upon  the  curve,  and  the  sum  of 
those  exterior  to  it.  Of  course  A=Ai  -1-  A^-^A^. 
Now  if  all  methods  of  ruling  be  considered,  the 

quantities  Ai  will  have  an  upper  frontier  i,-,  the  quantities  A^  will  have  an  upper 
frontier  X,,  and  the  quantities  .4„  will  have  a  lower  frontier  l^.  If  to  any  method 
of  ruling  new  rulings  be  added,  the  quantities  Ai  and  A^  become  A\  and  A'^  with 
the  conditions  A\  S  Ai,  A'^  S  ^«,  and  hence  A',^  S  A^.  From  this  it  follows  that 
^  =  X,-  -I-  lu  -I-  Xj.  For  let  there  be  three  modes  of  ruling  which  for  the  respective 
cases  Ai,  A,,  Au  make  these  three  quantities  difier  from  their  frontiers  X,-,  X„  4 
by  less  than  J«.  Then  the  superposition  of  the  three  systems  of  rulings  gives  rise 
to  a  ruling  for  which  A'f,  A\,  A',,  must  differ  from  the  frontier  values  by  less  than 
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}(,  and  hence  the  sum  ii  +  ;„  +  i„  which  is  constant,  differs  from  tlie  constant  A 
by  less  than  e,  and  must  therefore  be  equal  to  it. 

It  is  now  possible  to  de^ne  as  the  (qualified)  areas  of  the  curve 

Li  =  inner  area,         /„  =  area  on  the  curve,         X,-  +  /„  =  total  area. 

In  the  case  of  curves  of  the  sort  intuitively  familiar,  the  limit  l^  is  zero  and 
L]  =  A  —  ie  becomes  merely  the  (unqualified)  area  bounded  by  the  curve.  The 
question  arises  :  Does  the  same  hold  for  the  general  curve  here  under  discussion  ? 
This  time  the  answer  is  negative;  for  there  are  curves  which,  though  closed  and 
simple,  are  still  so  sinuous  and  meandering  that  a  finite  area  lu  lies  upon  the  cuiTe, 
that  is,  there  is  a  finite  area  so  bestudded  with  points  of  the  curve  that  no  part  of 
it  is  free  from  points  of  the  curve.  This  fact  again  will  be  left  a.s  a  statement  with- 
out proof.   Two  further  facts  may  be  mentioned. 

In  the  first  place  there  is  ajiplicable  a  theorem  like  Theorem  21,  p.  51,  namely : 
It  is  possible  to  find  a  number  5  so  small  that,  when  the  intervals  between  the 
rulings  (both  sets)  are  less  than  S,  the  sums  A^,  Ai,  A,  differ  from  their  frontiers 
by  less  than  2  e.  For  there  is,  as  seen  above,  some  method  of  ruling  such  that  these 
sums  differ  from  their  frontiers  by  less  than  e.  Moreover,  the  adding  of  a  single 
new  ruling  cannot  change  the  sums  by  more  than  AD,  where  A  is  the  largest  inter- 
val and  D  the  largest  dimension  of  the  rectangle.  Hence  if  the  total  number  of 
intervals  (both  sets)  for  the  given  method  is  N  and  if  o  be  taken  less  than  e/XAlJ, 
the  ruling  obtained  by  superposing  the  given  ruling  upon  a  ruling  where  the  inter- 
vals are  less  than  S  will  be  such  that  the  sums  differ  from  the  given  ones  by  less 
than  e,  and  hence  the  ruling  with  intervals  less  than  5  can  only  give  rise  to  sums 
which  differ  from  their  frontiers  by  less  than  2  e. 

In  the  second  place  it  should  be  observed  that  the  limits  X,,  i„  have  been  obtained 
by  means  of  all  possible  modes  of  ruling  where  the  rules  were  parallel  to  the  x-  and 
y-axes,  and  that  there  is  no  a  priori  assurance  that  these  same  limits  would  have 
been  obtained  by  rulings  parallel  to  two  other  lines  of  the  plane  or  by  covering  the 
plane  with  a  network  of  triangles  or  hexagons  or  other  figures.  In  any  thorough 
treatment  of  the  subject  of  area  such  matters  would  have  to  be  discussed.  That 
the  discussion  is  not  given  here  is  due  entirely  to  the  fact  that  these  critical  com- 
ments are  given  not  so  much  with  the  desire  to  establish  certain  theorems  as  with 
the  aim  of  showing  the  reader  the  sort  of  questions  which  come  up  for  considers^ 
tion  in  the  rigorous  treatment  of  such  elementary  matters  as  "  the  area  of  a  plane 
curve,"  which  he  may  have  thotight  he  "  knew  all  about." 

It  is  a  common  intuitive  conviction  that  if  a  region  like  that  formed  by  a  square 
be  divided  into  two  regions  by  a  continuous  curve  which  runs  across  the  square 
from  one  point  of  the  boundary  to  another,  the  area  of  the  square  and  the  sum  of 
the  areas  of  the  two  parts  into  which  it  is  divided  are  equal,  that  is,  the  curve 
(counted  twice)  and  the  two  portions  of  the  perimeter  of  the  square  form  two 
simple  closed  curves,  and  it  is  expected  that  the  sum  of  the  areas  of  the  curves  is 
the  area  of  the  square.  Now  in  case  the  curve  is  such  that  the  frontiers  l^  and  f 
formed  for  the  two  curves  are  not  zero,  it  is  clear  that  the  sum  X,-  +  Xj  for  the 
two  curves  will  not  give  the  area  of  the  square  but  a  smaller  area,  whereas  the 
sum  {Li  +  lu)  +  (L'i  -I-  Q  will  give  a  greater  area.  Moreover  in  this  case,  it  is  not 
easy  to  formulate  a  general  definition  of  area  applicable  to  each  of  the  regions  and 
such  that  the  sum  of  the  areas  shall  be  equal  to  the  area  of  the  combined  region. 
But  if  /„  and  i^,  both  vanish,  then  the  sum  X;  +  X,-  does  give  the  combined  area. 
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It  is  therefore  customary  to  restrict  the  application  of  the  term  "area"  tn  mrk  simple 
chixed  curves  as  hitce  l„  =  0,  and  tn  nay  that  the  (jmidraiurc  of  snch  curves  is  possible, 
but  that  the  quadrature  of  curves  for  which  /,  ^^  0  is  impossible. 

It  may  be  proved  that :  //  a  cuitc  is  rcctifiabk  or  even  if  one  of  the  functions  j-  (() 
or  y{t)  is  of  limited  variation,  the  limit  /„  is  zero  and  the  quadrature  -of  the  curve  is 
possible.  For  let  the  interval  („  =  i  S  i,  be  divided  into  intervals  A,i,  A„t,  •  •  ■  in 
which  the  oscillations  of  x  and  i/  are  t,,  e.„  ■  ■  ■ ,  Vi,  v-^,  ■  ■  ■  Then  the  portion  of 
the  curve  due  to  the  interval  Ait  may  be  inscribed  in  a  rectangle  e,-i;,-,  and  that 
portion  of  the  curve  will  lie  wholly  within  a  rectangle  2e,-27j;  concentric  with 
this  one.  In  this  way  may  be  obtained  a  set  of  rectangles  which  entirely  contain 
the  curve.  The  total  area  of  these  rectangles  must  exceed  !„.  For  if  all  the  sides 
of  all  the  rectangles  be  produced  .so  as  to  rule  the  plane,  the  rectangles  which  go 
to  make  up  A^  for  this  ruling  nmst  be  contained  within  the  original  rectangles, 
and  as  ^4„>i„,  the  total  area  of  the  original  rectangles  is  greater  than  J„.  Next 
suppose  X  (f)  is  of  limited  variation  and  is  written  as  ij,  +  n  (i)  —  N(t),  the  difier- 
ence  of  two  nondecreasing  functions.  Then  Se;  ^  11  (<j)  +  N(t^),  that  is,  the  sum 
of  the  oscillations  of  x  cannot  exceed  the  total  variation  of  x.  On  the  other  hand 
as  y  {t)  is  continuous,  the  divisions  A,t  could  have  been  taken  so  small  that  17,  <  rj. 
Hence 

i.  <  ^„  S  2)  2  f,  ■  2  ,,,■  <  4 ,  ^  fi  S  4  ,  [n(<,)  +  i\r(t^)]. 

The  q\iantity  may  be  made  as  small  as  desired,  since  it  is  the  product  of  a  finite 
quantity  by  tj.   Hence  1^  =  0  and  the  quadrature  is  possible. 

It  may  be  observed  that  if  x  {t)  or  y  (t)  or  both  are  of  limited  variation,  one  or 
all  of  the  three  curvilinear  integrals 


-  fydx,        Jxdy,        I  jxdy  -  ydx 


may  be  defined,  and  that  it  should  be  expected  that  in  this  case  the  value  of  the 
integral  or  integrals  would  give  the  area  of  the  curve.  In  fact  if  one  desired  to 
deal  only  with  rectifiable  curves,  it  would  be  possible  to  take  one  or  all  of  these 
integrals  as  the  d^nition  of  area,  and  thus  to  obviate  the  discussions  of  the  pres- 
ent article.  It  seems,  however,  advisable  at  least  to  point  out  the  problem  of 
quadrature  in  all  its  generality,  especially  as  the  treatment  of  the  problem  is  very 
similar  to  that  usually  adopted  for  double  integrals  (§132).  From  the  present 
viewpoint,  therefore,  it  would  be  a  proposition  for  demonstration  that  the  curvi- 
linear integrals  in  the  ca-ses  where  they  are  applicable  do  give  the  value  of  the 
area  as  here  defined,  but  the  demonstration  will  not  be  undertaken. 

EXERCISES 

1.  For  the  continuous  curve  (27)  prove  the  following  properties: 

(<t)  Lines  i  =  a,  a;  =  6  may  be  drawn  such  that  the  curve  lies  entirely  between 
them,  has  at  least  one  point  on  each  line,  and  cuts  every  line  i  =  ?,  a  <  f  <  i,  in  at 
least  one  point ;  similarly  for  y. 

(;3)  From  p  =  i  con  a  +  y  sin  a,  the  normal  equation  of  a  line,  prove  the  prop- 
ositions like  those  of  (a)  for  lines  parallel  to  any  direction. 

(7)  If  (J,  1;)  is  any  point  of  the  j-?/-plane,  show  that  the  distance  of  (f,  17)  from 
the  curve  ha-s  a  mininmm  and  a  maximum  value. 
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(5)  If  wi{f,  ij)  and  M(^,  ij)  are  the  minimum  and  maximum  distances  of  (f,  ?)) 
from  the  curve,  the  functions  m  (f ,  ti)  and  3f  (f,  ?;)  are  continuous  function^  of  (|,  rj). 
Are  the  coordinates  x  (|,  >j),  j/  (|,  17)  of  the  points  on  the  curve  which  are  at  mini- 
mum (or  maximum)  distance  from  (f,  ij)  continuous  functions  of  ({,  ij)  ? 

( e )  If  f,  £",  •  •  ■ ,  i<*',  ■  •  ■  are  an  infinite  set  of  values  of  t  in  the  interval  t^  S  ( ^  <, 
and  if  f  is  a  point  of  condensation  of  the  set,  then  i"  =  0  (i"),  y"  =  <l/  {t")  is  a  point 
of  condensation  of  the  set  of  points  (x',  y'),  (x",  y"),  •  •  -,  (i<*>,  y'*^),  •  •  •  corre- 
sponding to  the  set  of  values  t',  t"  ■  ■  ■,  i<*>,  ■  ■  ■ . 

(f )  Conversely  to  (t)  show  that  if  (x',  j/'),  (x",  2^'),  •  ■  • ,  (x(*),  j^W),  ...  are  an 
infinite  set  of  points  on  the  curve  and  have  a  point  of  condensation  (x°,  v"),  then 
the  point  (i",  tfi)  is  also  on  the  curve. 

( 1) )  From  (f)  show  that  if  a  line  i  =  f  cuts  the  curve  in  a  set  of  points  y",  y",  ■  ■  ■ , 
then  this  suite  of  !/'s  contains  its  upper  and  lower  frontiers  and  has  a  maximum  or 
minhnuni. 

2.  Define  and  discuss  rectifiable  curves  in  space. 

3.  Are  y  =  x"  sin  -  and  y  =  Vx  sin  -  rectifiable  between  x  =  0,  x  =  1  ? 

X  X 

4.  If  X  (t)  in  (27)  is  of  total  variation  II  (f,)  +  N  (t^),  show  that 

[''"Pix,  y)(lx<M[U(t^)  +  N(t,)], 
where  M  is  the  maximum  value  of  P(x,  j^)  on  the  curve. 

5.  Consider  the  function  ^(f,  jj,  t)  =  tan-i  '' ~     ' '  which  is  the  inclination  of 

f-x(t) 

the  line  joining  a  point  (f ,  ij)  not  on  the  curve  to  a  point  (x,  y)  on  the  curve.    With 
the  notations  of  Ex.  1  (5)  show  that 

\Ate\  =  Iff  a, ,,  t  +  M)-0(i, ,,  t)\<    ^^\^, 

m  —  2  MS 

where  5  >  |  Ax  |  and  S  >\Ay\  may  be  made  as  small  as  desired  by  taking  M  sufficiently 
small  and  where  it  is  assumed  that  m  ^0. 

6.  From  Ex.  5  infer  that  0  (f ,  •>;,  t)  is  of  limited  variation  when  t  describes  the 
interval  („  s  t  s  (^  defining  the  curve.  Show  that  0  (i,  ij,  t)  is  continuous  in  ({,  ij) 
through  any  region  for  which  m  >  0. 

7.  Let  the  parameter  t  vary  from  t„  to  t^  and  suppose  the  curve  (27)  is  closed  so 
that  (x,  y)  returns  to  its  initial  value.  Show  that  the  initial  and  final  values  of 
S  a,  V,  t)  differ  by  an  integral  multiple  of  2  ir.  Hence  infer  that  this  difference  is 
constant  over  any  region  for  which  m  >  0.  In  particular  show  that  the  constant  is 
0  over  all  distant  regions  of  the  plane.  It  may  be  remarked  that,  by  the  study  of 
this  change  of  tf  as  t  describes  the  curve,  a  proof  may  be  given  of  the  theorem  that 
the  closed  continuous  curve  divides  the  plane  into  two  regions,  one  interior,  one 
exterior. 

8.  Extend  the  last  theorem  of  §  123  to  rectifiable  curves. 


CHAPTER  XII 

ON  BIULTIPLE  INTEGRALS 

129.  Double  sums  and  double  integrals.  Suppose  that  a  body  of 
matter  is  so  thin  and  flat  that  it  can  be  considered  to  lie  in  a  plane. 
If  any  small  portion  of  the  body  surrounding  a  given  point  P(x,  y)  be 
considered,  and  if  its  mass  be  denoted  by  Am  and  its  area  by  A.l,  the 
average  (surface)  density  of  the  portion  is  the  quotient  A»i/A.4,  and  the 
actual  density  at  the  point  P  is  defined  as  the  limit  of  this  quotient 
when  A.l  ==  0,  that  is,  . 

D{x,y)  =  \\m.  —-■ 

The  density  may  vary  from  point  to  point.  Now  conversely  suppose 
that  the  density  D  (x,  y)  of  the  body  is  a  known  function  of  (x,  y)  and 
that  it  be  required  to  find  the  total  mass  of  the 
body.  Let  the  body  be  considered  as  divided 
up  into  a  large  number  of  pieces  each  of  which 
is  small  in  every  direction,  and  let  Av4,-  be  the 
area  of  any  piece.  If  (Jti,  vd  ^  ^"y  point  in 
AAf,  the  density  at  that  point  is  D(ii,  i;,)  and 
the  amount  of  matter  in  the  piece  is  approxi- 
mately D(ii,  i7,)A.4,  provided  the  density  be  regarded  as  continuous, 
that  is,  as  not  varying  much  over  so  small  an  area.    Then  the  sum 

D(^„  ,,)A.l,  +  D(i^,  ,.^A.1,+  • . .  +  D((„,  ,„)A.4„  =  ^D(i„  ,,)A.l,, 

extended  over  all  the  pieces,  is  an  approximation  to  the  total  mass, 
and  may  be  sufficient  for  practical  purposes  if  the  pieces  be  taken 
tolembly  small. 

The  process  of  dividing  a  body  up  into  a  large  number  of  small  pieces 
of  which  it  is  regarded  as  the  sum  is  a  device  often  resorted  to ;  for  the 
properties  of  the  small  pieces  may  be  known  approximately,  so  that 
the  corresponding  property  for  the  whole  body  can  be  obtained  approx- 
imately by  summation.  Thus  by  definition  the  moment  of  inertia  of  a 
small  particle  of  matter  relative  to  an  axis  is  m?-^,  where  7n  is  the  mass 
of  the  ])article  and  /•  its  distance  from  the  axis.  If  therefore  the 
moment  of  inertia  of  a  plane  body  with  respect  to  an  axis  perpendicular 

316 


316  INTEGRAL  CALCULUS 

to  its  plane  were  required,  the  body  would  be  divided  into  a  large 
number  of  small  portions  as  above.  The  mass  of  each  portion  would 
be  approximately  Z)(^,.,  17,) A. I,  and  the  distance  of  the  portion  from 
the  axis  might  be  considered  as  approximately  the  distance  r^  from 
the  point  where  the  axis  cut  the  plane  to  the  point  ($,-,  7;,)  in  the  por- 
tion.   The  moment  of  inertia  would  be 

or  nearly  this,  where  the  sum  is  extended  over  all  the  pieces. 

These  sums  may  be  called  doodle  sums  because  they  extend  over  two 
dimensions.  To  pass  from  the  approximate  to  the  actual  values  of  the 
mass  or  moment  of  inertia  or  whatever  else  might  be  desired,  the 
underlying  idea  of  a  division  into  parts  and  a  subsequent  summation 
is  kept,  but  there  is  added  to  this  the  idea  of  passing  to  a  limit.  Com- 
pare §§16-17.    Thus 

would  be  taken  as  the  total  mass  or  inertia,  where  the  sum  over  n 
divisions  is  replaced  by  the  limit  of  that  sum  as  the  number  of 
divisions  becomes  infinite  and  each  becomes  small  in  every  direction. 
The  limits  are  indicated  by  a  sign  of  integration,  as 

lim  2  D  (i„  ,..) A^4 ,  =  Cd  (y,  I,)  dA ,       lim  ^  D  (|,,  ,,)  r?^A ..  =  f  D,^dA . 

The  use  of  the  limit  is  of  course  dependent  on  the  fact  that  the  limit 
is  actually  approached,  and  for  practical  purposes  it  is  further  depend- 
ent on  the  invention  of  some  way  of  evaluating  the  limit.  Both  these 
questions  have  been  treated  when  the  sum  is  a  simple  sum  (§§  16-17, 
28-30,  35) ;  they  must  now  be  treated  for  the  case  of  a  double  sum  like 
those  above. 

130.  Consider  again  the  problem,  of  finding  the  mass  and  let  D,-  be 
used  briefly  for  />(!,,  rji).  Let  M,  he  the  maximum  value  of  the  density 
in  the  piece  A.l,-  and  let  ?«,  be  the  minimum  value.    Then 

i/',A.-l,.  s  D.AAiS  Mi^.Ai. 

In  this  way  any  approximate  expression  Df\Ai  for  the  mass  is  shut  in 
between  two  values,  of  which  one  is  surely  not  greater  than  the  true 
mass  and  the  other  surely  not  less.    T"orm  the  sums 

extended  over  all  the  elements  A.i,.  Now  if  the  sums  s  and  .V  approach 
the  same  limit  when  A,-i,  =  0,  the  sum  2i>;A-^,  which   is  constantly 
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included  between  s  and  5  must  also  approach  that  limit  independently 
of  how  the  points  (ii,  rji)  are  chosen  in  the  areas  AA ,.. 

That  s  and  S  do  approach  a  common  limit  in  the  usual  case  of  a 
continuous  function  D(x,  ij)  may  be  shown  strikingly  if  the  sui-face 
z  =  D  (x,  ij)    be  drawn.     The 


term  AA.-l,-  is  then  repre- 
sented by  the  volume  of  a 
small  cylinder  upon  the  base 
A.l,  and  with  an  altitude  equal 
to  the  height  of  the  surface 
x  =  D  (t,  ij)  above  some  point 
of  A.4,..  The  sum  SAA.I,  of 
all  these  cylinders  will  be  ap- 
proximately the  volume  under 
the  surface  x=D(3-,ij)  and 
over  the  total  area  A  =  2A.1,. 
The  term  il/;A.l,  is  represented 
by  the  volume  of  a  small  cylin- 
der upon  the  base  A^4  ,•  and  cir- 
cumscribed about  the  surface ; 
the  term  ?«jAJ,-,  by  a  cylinder 
inscribed  in  the  surface.  When  the  number  of  elements  A.4,-  is  increased 
without  limit  so  that  each  becomes  indefinitely  small,  the  three  sums  s, 
S,  and  2 A^-' i  ^-H  approach  as  their  limit  the  volume  under  the  surface 
and  over  the  area  .1.  Thus  the  notion  of  volume  does  for  the  double 
sum  the  same  service  as  the  notion  of  area  for  a  simple  sum. 

Let  the  notion  of  the  integral  be  applied  to  find  the  formula  for  the  center  of 
gravity  of  a  plane  lamina.   Assume  that  the  rectangular  coordinates  of  the  center 
of  gravity  are  (5,  y).   Consider  the  body  as  divided  into  small  areas  AA,.   If  ({,-,  i;,) 
is  any  point  in  the  area  A4,-,  the  approximate  moment  of 
the  approximate  massi),A-4i  in  that  area  with  respect  to 
the  line  x  =  z  is  the  product  ({,■  —  i)Z),A^,-  of  the  mass 
by  its  distance  from  the  line.   The  total  exact  moment 
would  therefore  be 

limV  (fi  -  x)DiAAi=f(x  -  z)D(z,  y)dA  =  0, 

and  must  vanish  if  the  center  of  gravity  lies  on  the  line 
I  =  i  as  assumed.   Then 

fxD (x,  y)dA-  fxD (x,  y)dA=0    or    TrDd^  =  xJ'd (x,  y) dA . 

These  formal  operations  presuppose  the  facts  that  tlie  difference  of  two  integrals  is 
the  integral  of  the  difference  and  that  the  integral  of  a  constant  x  times  a  function  D 
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is  the  product  of  the  constont  by  the  integral  of  the  function.  It  should  be  imme- 
diately apparent  that  as  these  rules  are  applicable  to  sums,  they  must  be'  applicable 
to  the  limits  of  the  sums.  The  equation  may  now  be  solved  for  x.  Then 

CxDdA       fxdm  CyDdA      J  ydm 

=  —  — — y=  — >  (1) 

DdA 


JnaA        -  f 


where  m  sUnds  for  the  mass  of  the  body  and  dm  for  DdA,  just  as  Arm  might  replace 
DiAAi ;  the  result  for  y  may  be  written  down  from  symmetry. 

As  another  example  let  the  kinetic  energy  of  a  lamina  moving  in  its  plane  be  cal- 
culated.  The  use  of  vectors  is  advantageous.   Let  Iq  be  the 
vector  from  a,  fixed  origin  to  a  point  which  is  fixed  in  the 
body,  and  let  ii  be  the  vector  from  this  point  to  any  other 
point  of  the  body  so  that 

dii      dxa      diu 
r.  =  ro-l-ri.-,        :^  =  ^^7  + -^    or    v,  =  Vo  +  ti,. 
dt       dt        dt 

The  kinetic  energy  is  S  ^  uf  Am,-  or  better  the  integral  of  |  vMm.    Now 

vj  =  V,.Vi  =  To.Vo  +  Vi.-.Vii  +  2Vo.Tii  =  V^  +  r^fil"^  +  2Vo.Tli. 

That  Vii'Vii  =  r^i'-y';  where  ru  =  |rx,|  and  w  is  the  angular  velocity  of  the  body 
about  the  point  lo,  follows  from  the  fact  that  ii;  is  a  vector  of  constant  length  ru 
and  hence  |dri,|  =  ri,d0,  where  d6  is  the  angle  that  ru  turns  through,  and  conse- 
quently u  =  dd/dt.   Next  integrate  over  the  body. 

fi  i)2dm  =  I  i  v^dm  +  I  i  r^afidm  +  I  To'Vidm 

=  i  v^M  +  i  uflCr^dm  +  Vo-  Jvidm  ;  (2) 


Vo-  fy^dm  =  0    if    Vo  =  0    or  if    jv^dm  =  j  —  r,dm  =  —  ji^dm  =  0. 

But  Vq  =  0  holds  only  when  the  point  r„  is  at  rest,  and  j  tidm  =  0  is  the  condition 
that  r„  be  the  center  of  gravity.   In  the  last  case 

T=fi  ifdm  =  i  v^M  +i<^I,        1=  fr^dm. 

As  /  is  the  integral  which  has  been  called  the  moment  of  inertia  relative  to  an  axis 
through  the  point  r„  perpendicular  to  the  plane  of  the  body,  the  kinetic  energy  is 
seen  to  be  the  sum  of  J  Mvl,  which  would  be  the  kinetic  energy  if  all  the  mass  were 
concentrated  at  the  center  of  gravity,  and  of  \  lu",  which  is  the  kinetic  energy  of 
rotation  about  the  center  of  gravity  ;  in  case  r„  indicated  a  point  at  rest  (even  if 
only  instantaneously  as  in  §  39)  the  whole  kinetic  energy  would  reduce  to  the 
kinetic  energy  of  rotation  i  lafi.  In  case  r^  indicated  neither  the  center  of  gravity 
nor  a  point  at  rest,  the  third  term  in  (2)  would  not  vanish  and  the  expression  for 
the  kinetic  energy  would  be  more  complicated  owing  to  the  presence  of  this  term. 
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131.  To  evaluate  the  double  integral  in  case  the  region  is  a  rectangle 
parallel  to  the  axes  of  coordinates,  let  the  division  be  made  into  small 
rectangles  by  drawing  lines  parallel  to  the 
axes.  Let  there  be  m  equal  divisions  on  one 
side  and  n  on  the  other.  There  will  then  be 
inn  small  pieces.  It  will  be  convenient  to  in- 
troduce a  double  index  and  denote  by  A^^,-  the 
area  of  the  rectangle  in  the  tth  column  and  _yth 
row.  Let  (i^-,  tj^)  be  any  point,  say  the  mid- 
dle point  in  the  area  AA  ^  =  Az.Ay,-.    Then  the  sum  may  be  written 

2J  ^(^'J'  'nij)^'^<j  =  Ai'^-ri^yi  +  /)2iAa;2A//i  -| h  Z>„iAa;„,Ayi 

■•■'■  +  i)i.iAj'iAy2  +  D.2iAx^\>/.2  + h  D„^Ax„Ai/^ 

+ 

+  D^n^!>:Al/«  +  -DsnAxjA//,  H +  Z)„„Aa:„Ay„. 

Now  the  terms  in  the  first  row  are  the  sum  of  the  contributions  to 
2,  J-  of  the  rectangles  in  the  first  row,  and  so  on.    But 

(D,jAx,  +  D,jAx,  +  ■■■+  D„^Ax„)A>/j  =  Ay,.^  /)(^,,  r,j)  Ax, 


and 


^>/,X  ^(^"  'Z')^-"'  =  [f^  '^^^■'  '?')''-^  +  <']^^-'- 


That  is  to  say,  by  taking  m  sufficiently  large  so  that  the  individual 
increments  Ax,  are  sufficiently  small,  the  sum  can  be  made  to  differ 
from  the  integral  by  as  little  as  desired  because  the  integral  is  by 
definition  the  limit  of  the  sum.    In  fact 

1 4- 1  =  5 1  ■'^^o-  -  '»v  I  ^^i  =  '(»;,  -  a-„) 

if  e  Iw  tlie  maximum  variation  of  D(x,  y)  over  one  of  the  little  rectangles. 
After  thus  summing  up  according  to  rows,  sum  uj)  the  rows.    Then 

^l>:j\A:j  =  f  'd(x,  ,,)</xAy,  +  f  ' D{x,r,.^)d.rA,,.^ 

+  ■■■  +  f  'D{.v,r,„)dxA>/„  +  \, 

\\\  =  ICjAyj  +  C,Ay,  +  ■■■  +L^l/„\  S  cix  -  x^)^  Ay  =  t(x  -  a-„)(2/  -  y„). 

If  f  'D{x,,j)dx  =  <t>{!,), 

then       X  i^ij^A if  =  <t>(vO^!/,  +  <l>(v:)^!/-2+-+'t>(Vrd^!/^  +  ^ 
=  1     <f>(i/)di/  +  K  +  \,         K,  X  small. 
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(3) 


DdA=  I       I     D{x,y)dxdy. 

It  is  seen  that  the  double  integral  is  equal  to  the  result  obtained  by 
tirst  integrating  with  respect  to  x,  regarding  ij  as  a  parameter,  and  then, 
after  substituting  the  limits,  integrating  with  respect  to  y.  If  the  sum- 
mation had  been  first  according  to  columns  and  second  according  to 
rows,  then  by  symmetry 

[DdA.=  f  '  f  'D{.r,  ,j)dxdif  =  f     j    '-"(•'■,  !/)'f>/<i^-         (3') 

This  is  really  nothing  but  an  integration  under  the 
sign  (§  120). 

If  file  rrr/ton  iiri'r  trhich  the  summation  is  extended 
is  nat  a  revtuuffle  jjomllel  to  the  axes,  the  method 
could  still  be  applied.  But  after  summing  or  rather 
integrating  according  to  rows,  the  lunits  would  not 
be  constants  as  x^  and  x^,  but  would  be  those  func- 
tions X  =  ^  {ij)  and  X  =  <^j(y)  of  y  which  represent  the  left-hand  and 
right-hand  curves  which  bound  the  region.    Thus 


(3") 


dx  XiX 


(3'") 


DdA^i       I         D{.r,y)dxdy. 

And  if  the  summation  or  integration  had  been  first 
with  respect  to  columns,  the  limits  would  not  have 
been  the  constants  //„  and  y^,  but  the  functions 
y  =  !/'„(.'■)  and  y  =  i/'j(-r)  which  represent  the  lowei- 
and  upper  bounding  curves  of  the  region.    Thus 

DdA=  I        I  D(x,  y)dydx. 

The  order  of  the  integrations  cannot  be  in\*erted  without  making  the 
corresponding  changes  in  the  limits,  the  first  set  of  limits  being  such 
functions  (of  the  variable  with  regard  to  Avhich  the  second  integration  is 
to  be  performed)  as  to  sum  up  according  to  strips  reaching  from  one  side 
of  the  region  to  the  other,  and  the  second  set  of  limits  being  constants 
which  determine  the  extreme  limits  of  the  second  variable  so  as  to  sum 
up  all  the  strips.  Although  the  results  (3")  and  (3'")  are  equal,  it  fre- 
quently happens  that  one  of  them  is  decidedly  easier  to  evaluate  than  the 
other.   Jloreover,  it  has  clearly  been  assumed  that  a  line  parallel  to  the 

*  The  result  may  also  be  obtained  as  in  Ex.  8  below. 
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axis  of  the  first  integration  cuts  the  bounding  curve  in  only  two  points  ; 
if  this  condition  is  not  fulfilled,  the  area  must  be  divided  into  subareas 
for  \\hich  it  is  fulfilled,  and  the  results  of  integrating  over  these  smaller 
areas  must  be  added  algebraically  to  find  the  complete  value. 

To  apply  these  rules  for  evaluating  a  double  integral,  consider  the  problem  of 
finding  the  moment  of  inertia  of  a  rectangle  of  constant  density  with  respect  to 
one  vertex.   Here 

I  =  JBrHA  =  DJ(i^  +  v^)dA  =  dJ 'j"  (■«"  +  y'')dxd.y 
=  lij'll  I'  +  ly-T^dy  =  I^f\\a^  +  ay^)dy  =  yDab(a^  +  t^). 

If  the  problem  had  been  to  lind  the  moment  of  inertia  of  an  ellipse  of  uniform 
density  with  respect  to  the  center,  then 

I  =  vf(x^  +  y^)  dA=ljf"     f  t^  SZ^'iz^  +  y^)  dxdy 


/    ^"  {x-^  +  y^)dxdy. 


Either  of  these  forms  might  be  evaluated,  but  the  moment  of  inertia  of  the  whole 
ellipse  is  clearly  four  times  that  of  a  quadrant,  and  hence  the  simpler -results 


"  {x^  +  y^)dxdy 


{X-  +  y')dydx  =  -l>uI)  (a^  +  b'^). 

It  is  highly  advisable  to  make  use  of  symmetry,  wherever  possible,  to  reduce  the 
region  over  which  the  integration  is  extended. 

132.  With  regard  to  the  more  careful  consideration  of  the  limits  involved  in  the 
dqUnition  of  a  double  integral  a  few  observations  will  be  sufficient.  Consider  the 
sums  S  and  s  and  let  Jf,A.4,-  be  any  term  of  the  first  and  m^AAi  the  corresponding 
term  of  the  second.  Suppose  the  area  ^Ai  divided  into  two  parts  ^An  and  AA^i, 
and  let  Ma,  Ma  be  the  maxima  in  the  parts  and  mi,-,  m-a  the  minima.  Then  since 
the  maximum  in  the  whole  area  A..1,-  cannot  be  less  than  that  in  either  part,  and 
the  minimum  in  the  whole  cannot  be  greater  than  that  in  either  part,  it  follows 
that  mn  S  m,-,  ma  £  m,-,  Mn  =  3/,-,  M^i  s  Mi,  and 

?)i,A^;  s  m^iAAji  +  m.2iAA2i,        MuAAu  +  MnAAa  s  J/,A..l,. 

Hence  when  one  of  the  pieces  AA;  is  subdivided  the  sum  S  cannot  increase  nor  the 
sum  s  decrease.   Then  continued  inequalities  may  be  written  as 

mA  s  y  m,A.l,-  ^  V D(?,-,  vd^^i  S  V -V,A^.-  ^  MA. 

If  then  the  original  divisions  Ayl,-  be  subdivided  indefinitely,  both  S  and  s  will 
approach  limits  (§§  21-22) ;  and  if  those  limits  are  the  same,  the  sum  2i»,A^,-  will 
approach  that  common  limit  as  its  limit  independently  of  how  the  points  {it,  ij.) 
are  chosen  in  the  areas  AAt. 
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It  has  not  been  shown,  however,  that  the  limits  of  S  and  s  are  independent  of 
the  method  of  division  and  subdivision  of  the  whole  area.  Consider  therefore  not 
only  the  sums  S  and  s  due  to  some  particular  mode  of  subdivision,  but  consider  all 
such  sums  due  to  all  possible  modes  of  subdivision.  As  the  sums  S  are  limited 
below  by  mA  they  must  have  a  lower  frontier  X,  and  as  the  sums  s  are  limited 
above  by  MA  they  must  have  an  upper  frontier  I.  It  rpust  be  shown  that  I  s  L. 
To  see  this  consider  any  pair  of  sums  S  and  s  corresponding  to  one  division  and 
any  other  pair  of  sums  S'  and  s'  corresponding  to  another  method  of  division ;  also 
the  sum.s  S"  and  s"  corresponding  to  the  division  obtained  by  combining,  that  is, 
by  superposing  the  two  methods.   Now 

S'  a  S"  S  s"  £  s,      S  ^  S"  ^  s"  ^  s',      S^L,      S'^L,      s  S  J,      ^^l. 

It  therefore  is  seen  that  any  S  is  greater  than  any  s,  whether  these  sums  correspond 
to  Ihe  same  or  to  different  methods  of  subdivision.  Now  if  L<1,  some  S  would 
have  to  be  less  than  some  s  ;  for  as  X  is  the  frontier  for  the  sums  S,  there  must  be 
some  such  sums  which  differ  by  as  little  as  desired  from  X  ;  and  in  like  manner 
there  must  be  some  sums  s  which  differ  by  as  little  as  desired  from  I.  Hence  as  no 
S  can  be  less  than  any  s,  the  supposition  X  <  Z  is  untrue  and  L^l. 
Now  if  for  any  method  of  division  the  limit  of  the  difference 

Urn  (S  -  s)  =  lim  V  {Mi  —  m.)  A^,  =  lim  V  0,A4.  =  0 

of  the  two  sums  corresponding  to  that  method  is  zero,  the  frontiers  X  and  I  must  be 
the  same  and  both  S  and  s  approach  that  common  value  as  their  limit ;  and  if  the 
difference  S  —  s  approaches  zero  for  every  method  of  division,  the  sums  S  and 
s  will  approach  the  same  limit  X  =  J  for  all  methods  of  division,  and  the  sum 
'ZDi^Ai  will  approach  that  limit  independently  of  the  method  of  division  as  well 
as  independently  of  the  selection  of  (fi,  ij,).  This  result  follows  from  the  fact  that 
L  —  lSS  —  s,  S  —  L^S  — s,  I  —  s^S  —  a,  and  hence  it  the  limit  of  S  —  s  is 
zero,  then  X  =  I  and  S  and  s  must  approach  the  limit  L  =  I.  One  case,  which 
covers  those  arising  in  practice,  in  which  these  results  are  true  is  that  in  which 
D(x,  y)  is  continuous  over  the  area  A  except  perhaps  upon  a  finite  number  of 
curves,  each  of  which  may  be  Inclosed  in  a  strip  of  area  as  small  as  desired  and 
upon  which  D  (x,  y)  remains  finite  though  it  be  discontinuous.  For  let  the  curves 
over  which  D(x,  y)  is  discontinuous  be  inclosed  in  strips  of  total  area  a.  The  con- 
tribution of  these  areas  to  the  difference  S  —  s  cannot  exceed  {M—  m)a.  Apart 
from  these  areas,  the  function  X)(z,  y)  is  continuous,  and  it  is  possible  to  take  the 
divisions  A^,-  so  small  that  the  oscillation  of  the  function  over  any  one  of  them 
is  less  than  an  assigned  number  e.  Hence  the  contribution  to  S  —  s  is  less  than 
({A  —  a)  for  the  remaining  undeleted  regions.  The  total  value  of  S  —  s  is  there- 
fore less  than  (M—m)a  +  e{A  —  a)  and  can  certainly  be  made  as  small  as  desired. 
The  proof  of  the  existence  and  uniqueness  of  the  limit  of  2i),A4,-  is  therefore 
obuined  in  case  D  is  continuous  over  the  region  A  except  for  points  along  a  finite 
number  of  curves  where  it  may  be  discontinuous  provided  it  remains  finite. 
Throughout  the  discvission  the  term  "  area  "  has  been  applied  ;  this  is  justified  by  the 
previous  work  (§  128).  Instead  of  dividing  the  area  A  into  elements  A^,  one  may 
rule  the  area  with  lines  parallel  to  the  axes,  as  done  in  §  128,  and  consider  the  sums 
ZAfAxAy,  ZmAxAy,  2X»AzAy,  where  the  first  sum  is  extended  over  all  the  recta,n- 
gles  which  lie  within  or  upon  the  curve,  where  the  second  sum  is  extended  over 
all  the  rectangles  within  the  curve,  and  where  the  last  extends  over  all  rectangles 
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within  the  curve  and  over  an  arbitraiy  number  of  those  upon  it.  In  a  certain 
sense  this  method  is  simpler,  in  that  the  area  then  falls  out  as  the  integral  of  the 
special  function  which  reduces  to  1  within  the  curve  and  to  0  outside  the  curve, 
and  to  either  upon  the  curve.  The  reader  who  desires  to  follow  this  method  through 
may  do  so  for  himself.  It  is  not  within  the  range  of  this  book  to  do  more  in  the 
way  of  rigorous  analysis  than  to  treat  the  simpler  questions  and  to  indicate  the 
need  of  corresjwnding  treatment  for  other  questions. 

The  justification  for  the  method  of  evaluating  a  definite  double  integral  as  given 
above  offers  some  difficulties  in  case  the  function  D(x,  y)  is  discontinuous.  The 
proof  of  the  rule  may  be  obtained  by  a  careful  consideration  of  the  integration  of 
a  function  defined  by  an  integral  containing  a  parameter.    Consider 


4,(y)  =  r'l)(x,  y)dx,  f  "' <)>  (v)  dy  =  f'  C'Dix,  y)dxdy. 


(4) 


It  was  seen  (§118)  that  <t>(y)  is  a  continuous  function  of  y  if  Z)(j;,  y)  is  a  con- 
tinuous function  of  (.r,  y).  Suppose  that  Z)(z,  y)  were  discontinuous,  but  remained 
finite,  on  a  finite  number  of  curves  each  of  which  is  cut  by  a  line  parallel  to  the 
2-axis  in  only  a  finite  number  of  points.  Form  A0  as  before.  Cut  out  the  short 
intervals  in  which  discontinuities  may  occur.  As  the  number  of  such  intervals  is 
finite  and  as  each  can  be  taken  as  short  as  desired,  their  total  contribution  to  ip  (y) 
or  (p{y  +  Ay)  can  be  made  as  small  as  desired.  For  the  remaining  portions  of  the 
interval  Iq  =  x  g  x^  the  previous  reasoning  applies.  Hence  the  difference  A^  can 
still  be  made  as  small  as  desired  and  <p  (y)  is  continuous.  If  D  (x,  y)  be  discontinuous 
along  a  line  y  =  ^  parallel  to  the  x-axis,  then  <)>  (y)  might  not  be  defined  and  might 
have  a  discontinuity  for  the  value  y  —  p.  But  there  can  be  only  a  finite  num- 
ber of  such  values  if  D  (x,  y)  satisfies  the  conditions  imposed  upon  it  in  considering 
the  double  integral  above.  Hence  <t>  (y)  would  still  be  integrable  from  y^  to  y, .  Hence 

/     D{x,y)dxdy        exists 
and        TO  (X,  -  Xo) (v,  -  y^)s  f'  f  "^D (x,  y) dxdy  SM(x^-  x„) {y^  -  y^) 


under  the  conditions  imposed  for  the  double  integral. 

Now  let  the  rectangle  x^  =  ^  =  a;,,  j^q  s  y  ^  2/^  be  divided  up  as  before.   Then 

vx 

niijAXiAyj  S  ^  j_  j^         •»  (x,  2/)  dxdy  s  2^  MijAtxA/y 

and  ^  f'^^JJ^^'^Dix,  y)My=fJ'fy(x,  y)dxdy. 

Now  if  the  number  of  divisions  is  multiplied  indefinitely,  the  limit  is 
f'  f'Dix,  y)dxdy  =  lim  V  m<,A^(,-  =  lim  V  3f„A4(,-  =  f-D  (x,  y)dA. 

Thus  the  previous  rule  for  the  recUngle  is  proved  with  proper  allowance  for  pos- 
sible discontinuities.  In  case  the  area  A  did  not  form  a  rectengle,  a  rectangle 
could  be  described  about  it  and  the  function  X)(x,  y)  could  be  defined  for  the 
whole  rectengle  as  follows:  For  points  within  A  the  value  of  D(x,  y)  is  already 
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defined,  for  points  of  the  rectangle  outside  of  A  take  D{j:,  y)  =  0.  The  discon- 
tinuities across  the  boundary  of  A  which  are  thus  introduced  are  of  the  sort 
allowable  for  either  integral  in  (4),  and  the  integration  when  applied  to  the  rec- 
tangle -would  then  clearly  give  merely  the  integral  over  A.  The  limits  could  then 
be  adjusted  so  that 

f'  f"''i>(z,  y)dxdy  =  f'  r"°*'%(j:,  y)dxdy  =  fD{x,  y)dA. 

The  rule  for  evaluating  the  double  integral  by  repeated  integration  is  therefore 
proved. 

EXERCISES 

1.  The  sum  of  the  moments  of  inertia  of  a  plane  lamina  about  two  perpendicular 
lines  in  its  plane  is  equal  to  the  moment  of  inertia  about  an  axis  perpendicular  to 
the  plane  and  passing  through  their  point  of  intersection. 

2.  The  moment  of  inertia  of  a  plane  lamina  about  any  point  is  equal  to  the  sum 
of  the  moment  of  inertia  about  the  center  of  gravity  and  the  product  of  the  total 
mass  by  the  square  of  the  distance  of  the  point  from  the  center  of  gravity. 

3.  If  upon  every  line  issuing  from  a  point  0  of  a  lamina  there  is  laid  off  a  dis- 
tance OP  such  that  OP  is  inversely  proportional  to  tlie  square  root  of  the  moment  of 
inertia  of  the  lamina  about  the  line  OP,  the  locus  of  P  is  an  ellipse  with  center  at  O. 

4.  Find  the  moments  of  inertia  of  these  uniform  laminas: 
(a)  segment  of  a  circle  about  the  center  of  the  circle, 

(/3)  rectangle  about  the  center  and  about  either  side, 

(7)  parabolic  segment  bounded  by  the  latus  rectum  about  the  vertex  or  diameter, 

( S )  right  triangle  about  the  right-angled  vertex  and  about  the  hypotenuse. 

5.  Find  by  double  integration  the  following  areas: 

(a)  quadrantal  segment  of  the  ellipse,         {fi)  between  y^  =  x^  and  y  =  x, 
(y)  between  S  y^  =  2.5  x  and  5x^  =  9;/, 
(S)  between  x^  +  y'^-2x  =  0,  x^  +  y^-2y  =  0, 

(e)  between  y^  =  iax  +  ia^,  y^  =  —  4tj;  -|-  iljf', 

(f )  within  (y  -  I  _  2)2  =  4  -  x^, 

(ij)  between  x^  =  i  ay,  y  (x^  4-  4  a^)  =  8  a', 
(S)  2/2  =  ox,  x2  +  i^2_2ax  =  0. 

6.  Find  the  center  of  gravity  of  the  areas  in  Ex.  5  (a),  (fi),  (7),  (S),  and 
(a)  quadrant  of  a*y''  =  a^x*  —  x^,  {p)  quadrant  ol  xi  +  yl  =  ai, 
(7)  between  x'i  =  yi  +  a^,  x  +  y  =  a,         (5)  segment  of  a  circle. 

7.  Find  the  volumes  under  the  .surfaces  and  over  the  areas  given  : 


(a)  sphere  z  =  Va^  —  x^  —  y^  and  square  inscribed  in  x^  +  y^  =  a^, 
(j3)  .sphere  z  =  Va^  —  x^  —  y^  and  circle  x^  +  y^  —  ax  =  0, 
(7)  cylinder  z  =  V4  a^  —  //2  and  circle  x''  +  y^  —  2ax  =  0, 
( J )  paraboloid  z  =  kxy  and  rectangle  0  S  x  ^  a,  0  -^y  ^b, 

( e )  paraboloid  z  =  kxy  and  circle  x^  +  y^  —  2ax  —  2ay  =  0, 

(f )  plane  x/a  +  y/b  +  z/c  =  \  and  triangle  xy(x/a  +  y/h  —  1)  =  0, 
(17)  paraboloid  z  =  1  —  x2/4  —  y^/g  above  the  plane  z  =  0. 

(6)  paraboloid  z  =  (x  +  y^  and  circle  i^  -\- y'^  =  a^. 
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8.  Instead  of  cIionsing(|,-,  ,,,)  as  particular  points,  namely  the  nilddU'  points,  of 
the  rectangles  and  evaluating  ^D{(i, ,,,)  AiiAyj  subject  to  errors  X,  k  whicli  vanish  in 
the  limit,  assume  the  function  D(x,  y)  continuous  and  resolve  the  double  integral 
into  a  double  sum  by  repeated  use  of  the  Theorem  of  the  Mean,  as 

*(J/)  =^  'l>{x,  y)dx  ='^D{^:,  y)Aj-,,        f  s  properly  chosen, 
f\  {y)  dy=^4,  (nj)  Ayj='^^^n  (f,-,  ,,,■)  Ax,J  Ayj  =  '^  D  («,■,  ,,)  AA/j. 

9.  Consider  the  generalization  of  Osgood's  Theorem  (§  35)  to  apply  to  double 
integrals  and  sums,  uaniely :  If  a,,-  are  infinitesimals  such  that 

a,j  =  i)(f,.,  „,)A.l,:;  +  f,vAyl<,-, 
where  fy  is  uniformly  an  infinitesimal,  then 

lim  2^  an  =  Cd(x,  y)dA  =  f"'  C'Dix,  y)dxdy. 

!.J  ■'  •^««    "^^u 

Discuss  the  statement  and  the  result  in  detail  in  view  of  §  34. 

10.  Mark  the  region  of  the  jy-plane  over  which  the  integration  extends :  * 

/■  2    /.  V3  -X-  r  J        r"  '^••i  cos  2  <(i  /.  2  a    ^  j  cos"  1  /- 

-J-  «  "6 

11.  The  density  of  a  rectangle  varies  as  the  square  of  the  distance  from  one 
vertex.  Find  the  moment  of  inertia  about  that  vertex,  and  about  a  side  through 
the  vertex. 

12.  Find  the  mass  and  center  of  gravity  in  Ex.  11. 

13.  Show  that  the  moments  of  momentum  (§  80)  of  a  lamina  about  the  origin 
and  about  the  point  at  the  extremity  of  the  vector  r,,  satisfy 

I  rxvdm  =  tgx  iYdm  +  jr'xYdm, 

or  the  difference  between  the  moments  of  momentum  about  P  and  Q  is  the  moment 
about  P  of  the  total  momentum  considered  as  applied  at  Q. 

14.  Show  that  the  formulas  (1)  for  the  center  of  gravity  reduce  to 

f  xyDdx  f  lyyDdx  f  'x{y^-y„)Ddx 

-Jo  -Jo  -         Jt„ 

X  = .  1/  — or     X  =  — 2 , 

fJyDdx  fyDdx  J'''{yi-yo)I)dx 

y  =  :^ 

/      (?/i  -  Vo)  Mx 

*  Exercises  involving  polar  coordinates  may  be  postponed  until  §  134  is  reached,  unless 
the  student  is  already  somewhat  familiar  with  the  subject. 
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when  D(x,  y)  reduces  to  a  function  K(x),  it  being  understood  that  for  the  first 
two  the  area  is  bounded  by  i  =  0,  j  =  a,  y  =/(i),  V  =  0,  and  for  the  second  two 
by  X  =  Zo,  X  =  2„  y,  =/i  (x),  Vo  =  /« (')• 

15.  A  rectangular  hole  is  cut  through  a  sphere,  the  axis  of  the  hole  being  a 
diameter  of  the  sphere.  Find  the  volume  cut  out.  Discuss  the  problem  by  double 
integration  and  also  as  a  solid  with  parallel  bases. 

16.  Show  that  the  moment  of  momentum  of  a  plane  lamina  about  a  fixed  point 
or  about  the  instantaneous  center  is  lu,  where  u  is  the  angular  velocity  and  I  the 
moment  of  inertia.  Is  this  true  for  the  center  of  gravity  (not  necessarily  fixed)  ? 
Is  it  true  for  other  points  of  the  lamina  ? 

I    Ddydx. 

"'     Vi-r 

18.  In  the.se  integrals  cut  down  the  region  over  which  the  integral  must  be 
extended  to  the  smallest  possible  by  using  symmetry,  and  evaluate  if  possible : 

(a)  the  integral  of  Ex.  17  with  D-y^  -^J^% 

( j3)  the  integral  of  Ex.  17  with  D  =  (x  -  2  Vsfy  or  I)  =  (x  -  2  Vs)  ?/=, 

(7)  the  integral  of  Ex.  10(«)  with  D  =  r(l  +  cos0)  or  D  =  sin  0cos0. 

19.  The  curve  y=f(x)  between  x  =  o  and  x  =  6  is  constantly  increasing. 
Express  the  volume  obtained  by  revolving  the  curve  about  the  x-axis  as 
"■  [/(")]^('' "~  ")  P'^i^  **  double  integral,  in  rectangular  and  in  polar  coordinates. 

20.  Express  the  area  of  the  cardioid  r  =  a  (1  —  cos  0)  by  means  of  double  inte- 
gration in  rectangular  coordinates  with  the  limits  for  both  orders  of  integration. 

133.  Triple  integrals  and  change  of  variable.  In  the  extension  from 
double  to  triple  and  higher  integrals  there  is  little  to  cause  difficulty. 
For  the  discussion  of  the  triple  integral  the  same  foundation  of  mass 
and  density  may  be  made  fundamental.  If  D  (x,  y,  z)  is  the  density  of 
a  body  at  any  point,  the  mass  of  a  small  volmne  of  the  body  surround- 
ing the  point  (|(,  »;,•,  (;,)  will  be  approximately  i3(^,.,  ij;,  ^.•)AT',.,  and  will 
surely  lie  between  the  limits  il/,AF,  and  m.-AF,-,  where  Mi  and  m^  are 
the  maximum  and  minimum  values  of  the  density  in  the  element  of 
volume  AFj.    The  total  mass  of  the  body  would  be  taken  as 

lim  y  D  (^..,  ,..,  ^..)  AF,  =  (d  (x,  y,  z)  d  V,  (5) 

where  the  sum  is  extended  over  the  whole  body.  That  the  limit  of  the 
sum  exists  and  is  independent  of  the  method  of  choice  of  the  points 
($i,  rii,  Ci)  and  of  the  method  of  division  of  the  total  volume  into  elements 
AT',-,  provided  D(x,  y,  z)  is  continuous  and  the  elements  AF,-  approach 
zero  in  such  a  manner  that  they  become  small  in  every  direction,  is 
tolerably  apparent. 
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The  evaliuition  of  the  ti-ii)le  integral  by  ivi)eated  or  iterated  integra- 
tion is  the  immediate  generalization  of  the  method  used  for  the  double 
integral.  If  the  legiou  over  which  the  integration  takes  place  is  a  rec- 
tangular parallelepiped  with  its  edges  parallel  to  the  axes,  the  integral  is 


/ 


D(x,,j,s)(n 


=  r  r  r 

•J'O       ^llo       "J"!, 


D(3-,  I/,  ■:)dxfi>/dz. 


(5') 


The  integration  with  respect  to  x  adds  up  the  mass  of  the  elements  in 
the  column  upon  the  base  dt/dz,  the  integration  with  respect  to  y  then 
adds  these  columns  together  into  a  lamina  of  thickness  dz,  and  the 
integration  with  respect  to  z  finally  adds 
together  the  laminas  and  obtains  the  mass 
in  the  entire  parallelepiped.  Tliis  could 
be  done  in  other  orders  ;  in  fact  the  inte- 
gration might  be  performed  first  with  re- 
gard to  any  of  the  three  variables,  second 
with  either  of  the  others,  and  finally  with 
the  last.  There  are,  therefore,  six  equiva^ 
lent  methods  of  integration. 

If  the  region  over  which  the  integration 
is  desired  is  not  a  rectangular  jjarallele- 
piped,  the  only  modification  which  must  be  introduced  is  to  adjust  the 
limits  in  the  successive  integrations  so  as  to  cover  the  entire  region. 
Thus  if  the  first  integration  is  with  respect  to  x  and  the  region  is 
bounded  by  a  sui-face  x  =  ij/^  (//,  z)  on  the  side  nearer  the  ys-plane  and 
by  a  surface  a;  =  i/fj  (;/,  z)  on  the  remoter  side,  the  integration 


I 


D  (x,  y,  z)  dxdydz  =  O  (y,  z)  dydz 


i)/oto.  2) 


will  add  up  the  mass  in  elements  of  the  column  which  has  the  cross 
section  dydz  and  is  intercepted  between  the  two  surfaces.  The  problem 
of  adding  up  the  columns  is  merely  one  in  double  integration  over  the 
region  of  the  ?/«-plane  upon  which  they  stand ;  this  region  is  the  pro- 
jection of  the  given  volume  upon  the  ys-plane.  The  value  of  the 
integral  is  then 

DdV=l       /  a  dydz  =  I       j  I  Ddxdydz.   (5") 

Here  again  the  integrations  may  be  performed  in  any  order,  provided 
the  limits  of  the  integrals  are  carefully  adjusted  to  correspond  to  that 
order.    The  method  may  best  be  learned  by  example. 
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Find  the  mass,  center  of  gravity,  and  moment  of  inertia  about  the  axes  of  the 
volume  of  the  cylinder  x^  +  y^  —  2ax  =  0  which  lies  in  the  first  octant  and  under 
paraboloid  x^  +  2/^  =  az,  if  the  density  be  assumed  constant.  The  integrals  to  eval- 
uate are :  r  r  r 

I  xdm  I  ydm  I  zdm 


DdV, 


I.  =  fD(y^  +  z^dr,        I,  =  Df(x'  +  z^)dr,        I,  =  D  f  (x'' +  y')  dV. 


(6) 


The  consideration  of  how  the  figure  looks  shows  that  the  limits  for  z  are  z  =  0  and 
z  =  (x^  +  y^)/a  if  the  first  integration  be  with  respect  to  z  ;  then  the  double  integral 
in  I  and  y  has  to  be  evaluated  over  a  semi- 
circle, and  the  first  integration  is  more  simple 
if  made  vrith  respect  to  y  with  limits  y  =  0 
and  y  =  V2  ax  —  x^,  and  final  limits  x  =  0 
and  X  =  2  o  for  x.  If  the  attempt  were  made 
to  integrate  first  with  respect  to  y,  there 
would  be  difficulty  because  a  line  parallel  to 
the  y-axis  will  give  different  limits  according 
as  it  cuts  both  the  paraboloid  and  cylinder  or 
the  iz-plane  and  cylinder  ;  the  total  integral 
would  be  the  sum  of  two  integrals.  There 
would  be  a  similar  difficulty  with  respect 
to  an  initial  integration  by  x.  The  order  of 
integration  should  therefore  be  z,  y,  x. 


x=2a 


I  I  dzdydx  =  1)1         l 


2a     pWZax—x'^^Z^yZ 


dydx 


=5  r\x^v2^ 

a  Jo      L 


■x^  +  ~{2ax 


cos^)2sin2e  +  -sin*tf 


-x2)lldx 


■  cos  0) 


ira^D 


I 


'C 


xdzdydx  =  D  \        f 

J  x=0 J  y  = 


2ax- 
0 


ri  =  a(l- 
■{  V2  tix  — 
1^  dx  =  a  sin  6dff 

"^t+J^aydx 


■  a  sill  6 


a  Jo     L 


«V2i 


1 


■  X-  -I-  -x(2ax 

o 


-i2)ildx  = 


ira^D. 


Hence  x  =  4  a/3.  The  computation  of  the  other  integrals  may  be  left  as  an  exercise. 

134.  Sometimes  the  region  over  which  a  multiple  integral  is  to  be 
evaluated  is  such  that  the  evaluation  is  relatively  simple  in  one  kind 
of  coordinates  but  entirely  impracticable  in  another  kind.  In  addition 
to  the  rectangular  coordinates  the  most  useful  systems  are  polar  coor- 
dinates in  the  plane  (for  double  integrals)  and  polar  and  cylindrical 
coordinates  in  space  (for  triple  integrals).  It  has  been  seen  (§  40)  that 
the  element  of  area  or  of  volume  in  these  cases  is 


dA  =  rdrdif),         dV  =  j'' sin  BdrdOdtj},         dV  =  rdrd^dz,        (7) 
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except  for  infinitesimals  of  higher  order.  These  quantities  may  be 
substituted  in  tlie  double  or  triple  integral  and  the  evaluation  may  be 
made  by  successive  integration.  The  proof  that  the  substitution  can 
1)6  made  is  entirely  similar  to  that  given  in  §§  34-35.  The  proof  that 
the  integral  may  still  be  evaluated  by  successive  integration,  with  a 
proper  choice  of  the  limits  so  as  to  cover  the  region,  is  contained  in 
the  statement  that  the  formal  work  of  evaluating  a  multiple  integral 
by  repeated  integration  is  independent  of  what  the  coordinates  actually 
represent,  for  the  reason  that  they  could  be  interpreted  if  desired  as 
representing  rectangular  coordinates. 

Find  the  area  of  the  part  of  one  loop  of  the  lemniscate  r^  r=2a^cos24>  which  is 
exterior  to  the  circle  r  =  a;  also  the  center  of  gravity  and  the  moment  of  inertia  rela- 
tive to  the  origin  under  the  assumption  of  constant  density.   Here  the  integrals  are 

A=CdA,        Ax=  CxdA,        Ay  =  CydA,        I=DJrHA,        m  =  DA. 


(y2a,o) 


The  integrations  may  be  performed  first  with  respect  (a,  J^  ir) 

to  r  so  as  to  add  up  the  elements  in  the  little  radial 
sectors,  and  then  with  regard  to  0  so  as  to  add  the 
sectors  ;  or  first  with  regard  to  ^  so  as  to  combine  the 
elements  of  the  little  circular  strips,  and  then  with  re- 
gard to  r  so  as  to  add  up  the  strips.   Thus 

A  =  2f^      f    ^""''''rdrd4,=  f^{2a^cos2,t>-a^)d^  =  (-V3--)a-'=.USa\ 
AI=2f^      r°      ""    rcos<f,-rdrd(t,  =  -  f '^{2^2  a' cosi  2  <p  —  a^)  COS  (pdip 

3     Jo 


'1[2V2(1  —  2sinV)^<Jsi"0—  cos^d.^]  =^a'  =  .393  a'. 


Hence  x  =  3ira/(l2VZ-  4ir)  =  1.16a.  The  sym- 
metry of  the  figure  shows  that  i?  =  0.  The  calcula- 
tion of  I  may  be  left  as  an  exercise. 

Given  a  sphere  of  which  the  density  varies  as  the 
distance  from  some  point  of  the  surface  ;  required  the 
mass  and  the  center  of  gravity.  If  polar  coordinates 
with  the  origin  at  the  given  point  and  the  polar  axis 
along  the  diameter  through  that  point  be  assumed, 
the  equation  of  the  sphere  reduces  to  r  =  2  a  cos  S 
where  a  is  the  radius.  The  center  of  gravity  from 
rea.sons  of  symmetry  will  fall  on  the  diameter.  To 
cover  the  volume  of  the  sphere  r  must  vary  from  r  =  0 
at  the  origin  to  r  =  2acostf  upon  the  sphere.  The 
polar  angle  must  range  from  S  =  0  to  ff  =  l  n,  and  the 
longitudinal  angle  from  ^  =  0  to  <p  =  2ir.   Then 


g-q. 
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m=   f         I         (  kr-r^  sin  9drd8d<p, 

r-      I  kr-r  COS  er'smddrdedip, 

^  =  0  •'9=0   •'r=0 

m=   r        r      ika*  cos'^  6  sin  eded<t>  =  \        -ka*d(p  =  — - — . 
J^=(,J«  =  o  Jo      5  5 

eded<t>=   I 
Jo 


Jtt=o  Je=' 


32fca5 


cos'  0  sin  ( 


35 


-d(p  = 


35 


^0=O''9=o      5 
The  center  of  gravity  is  therefore  z  =  8  a/7. 

Sometimes  it  is  necessary  to  make  a  change  of  variable 

or  a;  =  <^(i/,  c,  ir),  y  =  !/-(«,  1^  v),  z  =  <a{v,  v,  w)  (8) 

ill  a  double  or  a  triple  integral.    The  element  of  area  or  of  volume  has 
been  seen  to  be  (§  63,  and  Ex.  7,  p.  135) 


dA 


A4—) 

I     \u,  VI 


dudv     or     dV  - 


.lx,y,  z\ 
\u,  V,  wl 


Hence 


and 


^D{x,  y)dA  =Jd(4>,  -A)|-^(^) 
jD(.,y,.)dV=jD(<t„^,.)\j(^) 


dudvdw. 
dudv 

dudvdw. 


(8-) 
(8") 


It  should  be  noted  that  the  Jacobian  may  be  either  positive  or  negative 
but  should  not  vanish ;  the  difference  between  the  case  of  positive  and 
the  case  of  negative  values  is  of  the  same  nature  as  the  difference 
between  an  area  or  volume  and  the  reflection  of  the  area  or  volume. 
As  the  elements  of  area  or  volume  are  considered  as  positive  when 
the  increments  of  the  variables  are  positive,  the  absolute  value  of  the 
Jacobian  is  taken. 

EXERCISES 

1.  Show  that  (6)  are  the  formulas  for  the  center  of  gravity  of  a  solid  body. 

2.  Show  that  h  =  [(y^^-  2^)  dm,  ly  =  C{x'^  +  z^)  dm,  1^  =  C(x''  +  y^)dm  are  the 
formulas  for  the  moment  of  inertia  of  a  solid  about  the  axes. 

3.  Prove  that  the  difference  between  the  moments  of  inertia  of  a  solid  about 
any  line  and  about  a  parallel  line  through  the  center  of  gravity  is  the  product  of  the 
mass  of  the  body  by  the  square  of  the  perpendicular  distance  between  the  lines. 

4.  Find  the  moment  of  inertia  of  a  body  about  a  line  through  the  origin  in  the 
direction  determined  by  the  cosines  I,  m,  n,  and  show  that  if  a  distance  OP  be  laid 
off  along  this  line  inversely  proportional  to  the  square  root  of  the  moment  of 
inertia,  the  locus  of  P  is  an  ellipsoid  with  0  as  center. 
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5.  rind  the  moments  of  inertia  of  tliese  solids  of  uniform  density : 
(a)  rectangular  parallelepiped  abc,  about  the  edge  a, 

(/3)  ellipsoid  xVa^  +  y^V  +  z^/c"  =  1,  about  the  z-axis, 

(7)  circular  cylinder,  about  a  perpendicular  bisector  of  its  axis, 

( S )  wedge  cut  from  the  cylinder  x^+  y^  =  r^  hy  z  =  ±  mx,  about  its  edge. 

6.  Find  the  volume  of  the  solids  of  Ex.  5  (/3),  (S),  and  of  the  : 

(a)  trirectangular  tetrahedron  between  xyz  =  0  and  x/a  +  y/b  +  z/c  =  1, 

(|8)  solid  bounded  by  the  surfaces  y^  +  z^  =  4ax,y^  =  ax,  x  =  3a, 

(7)  solid  common  to  the  two  equal  perpendicular  cylinders  x^  +  y^  =  a^,  x'^  +  z^^  a^, 

,.,  .o»..  „,  0)'+  {f)K  (!)'= ,,.,.,  o»„.  o,  g)'.  (i)K  ©•= .. 

7.  Find  the  center  of  gravity  in  Ex.  5  (J),  Ex.  6  (a),  (/3),  (S),  (e),  density  uniform. 

8.  Find  the  area  in  these  cases :        (or)  between  r  =  a  sin  2  ^  and  r  =  ^a. 

(/3)  between  r"  =  2  a^  cos  2  ^  and  r  =  31  a,      (7)  between  r  =  a  sin  0  and  r  =  6  cos  <p, 
(S)  r^  =  2a2cos20,  rcos<j>  =  J  V3a,  (c)  r  =  o(l  +  cos(^),  r  =  o. 

9.  Find  the  moments  of  inertia  about  the  pole  for  the  cases  in  Ex.  8,  density 
uniform. 

10.  Assuming  uniform  density,  find  the  center  of  gravity  of  the  area  of  one  loop : 

(or)  r^  =  2o2cos2  0,         (^)  r  =  a(l  —  cosc^),         (7)r  =  asin20, 
(J)  r  =  a  sin'  J  <j>  (small  loop),         (c)  circular  sector  of  angle  2  a. 

11.  Find  the  moments  of  inertia  of  the  areas  in  Ex.  10  (a),  (jS),  (7)  about  the 
initial  line. 

12.  If  the  density  of  a  sphere  decreases  uniformly  from  Do'at  the  center  to  D^ 
at  the  surface,  find  the  mass  and  the  moment  of  inertia  about  a  diameter. 

13.  Find  the  total  volume  of  : 

(a)  (i2  +  y^  +  zY  =  axyz,        (/3)  (x^"  +  y^  +  zY  =  27  a^xyz. 

14 .  A  spherical  sector  is  bounded  by  a  cone  of  revolution ;  find  the  center  of 
gravity  and  the  moment  of  inertia  about  the  axis  of  revolution  if  the  density 
varies  as  the  nth  power  of  the  distance  from  the  center. 

15.  If  a  cylinder  of  liquid  rotates  about  the  axis,  the  shape  of  the  surface  is  a 
paraboloid  of  revolution.   Find  the  kinetic  energy. 


16. 


Compute  J /^V  j(^l^l^\,  J^^?ii^\  and  hence  verify  (7). 


17.  Sketch  the  region  of  integration  and  the  curves  u  =  const.,  v  =  const. ; 
hence  show : 

(a)    r    f      f{x,y)dxdy=f    f     f(u- uv,  uv)vdudv,  if  u  =  y  +  x,  y  =  uv, 

Jo    •^.v=0  •'0    ■/»*=0 

W    f  f'  f(x,y)dxdy 

Jo     Jy=0 

I  fl ,  1 (2»du  if  y  =  lu,  X  = , 

J„^0  \1  +  U       l+,,/(l+«)2  *  1+U 

V 

0    J„=o    (1  +  u)'  -'<.     J«  =  i      (1  +  ")" 


332  INTEGRAL  CALCULUS 

18.  Find  the  volume  of  the  cylinder  r  =  2a cos 4)  between  the  cone  z  =  r  and 
the  plane  z  =  0. 

19.  Same  as  Ex.18  for  cylinder  r^  =  2a^  cos2ip  ■  and  find  the  moment  of 
inertia  about  r  =  0  if  the  density  varies  as  the  distance  from  r  =  0. 

20.  Assuming  the  law  of  the  inverse  square  of  the  distance,  show  that  the 
attraction  of  a  homogeneous  sphere  at  a  point  outside  the  sphere  is  as  though  all 
the  mass  were  concentrated  at  the  center. 

21.  Find  the  attraction  of  a  right  circular  cone  for  a  particle  at  the  vertex. 

22.  Find  the  attraction  of  (a)  a  solid  cylinder,  (fi)  a  cylindrical  shell  upon  a 
point  on  its  axis  ;  assume  homogeneity. 

23.  Find  the  potentials,  along  the  axes  only,  in  Ex.  22.  The  potential  may  be 
defined  as  Sj— ^dm  or  as  the  integral  of  the  force. 

24.  Obtain  the  formulas  for  the  center  of  gravity  of  a  sectorial  area  as 

Iz-^il,  ,  _       Iz-^il.. 

X  =  —   (       -r^  cos  <pd4i,        y  =  —   I       -  r*  sin  ^di^, 
AJ^,^    3  A  J^„   3 

and  explain  how  they  could  be  derived  from  the  fact  that  the  center  of  gravity  of 
a  uniform  triangle  is  at  the  intersection  of  the  medians. 

25.  Find  the  total  illumination  upon  a  circle  of  radius  a,  owing  to  a  light  at  a 
distance  h  above  the  center.  The  illumination  varies  inversely  as  the  square  of  the 
distance  and  directly  as  the  cosine  of  the  angle  between  the  ray  and  the  normal 
to  the  surface. 

26.  Write  the  limits  for  the  examples  worked  in  §§  133  and  134  when  the  inte- 
grations are  performed  in  various  other  orders. 

27.  A  theorem  of  Pappus.  If  a  closed  plane  curve  be  revolved  about  an  axis 
which  does  not  cut  it,  the  volume  generated  is  equal  to  the  product  of  the  area  of 
the  curve  by  the  distance  traversed  by  the  center  of  gravity  of  the  area.  Prove 
either  analytically  or  by  infinitesimal  analysis.  Apply  to  various  figures  in  which 
two  of  the  three  quantities,  volume,  area,  position  of  center  of  gravity,  are  known, 
to'find  the  third.    Compare  Ex.  3,  p.  346. 

135.  Average  values  and  higher  integrals.  The  value  of  some  special 
interpretation  of  integrals  and  other  mathematical  entities  lies  in  the 
concreteness  and  snggestiveness  which  would  be  lacking  in  a  purely 

analytical  handling  of  the  subject.    For  the  simple  integral  I  f{x)dx 

the  curve  y  =  f{x)  was  plotted  and  the  int-egral  was  interpreted  as 
an  area;  it  would  have  been  possible  to  remain  in  one  dimension  by 
interpreting  f(x)  as  the  density  of  a  rod  and  the  integral  as  the  mass. 

In  the  case  of  the  double  integral  /  f(x,  y)  dA  the  conception  of  den- 
sity and  mass  of  a  lamina  was  made  fundamental ;  as  was  pointed  out, 
it  is  possible  to  go  into  three  dimensions  and  plot  the  surface  s  =f{x,  y) 
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and  interpret  the  integral  as  a  volume.    In  the  treatment  of  the  triple 

integral  /  f(x,  y,  z)dV  the  density  and  mass  of  a  body  in  space  were 

made  fundamental ;  here  it  would  not  be  possible  to  plot  u  =f(x,  y,  z) 
as  there  are  only  three  dimensions  available  for  plotting. 

Another  important  interpretation  of  an  integral  is  found  in  the  con- 
ception of  average  value.  If  q^,  q^,  ■■■,  q^  are  n  numbers,  the  average  of 
the  numbers  is  the  quotient  of  their  sum  by  n. 

n  n 

If  a  set  of  numbers  is  formed  of  w^  numbers  q^,  and  w^  numbers 
q^,  ■■  ■,  and  M-„  nmnbers  q„,  so  that  the  total  number  of  the  numbers 
is  u\  +  Wj  +  ••  •  +  «-■„,  the  average  is 

'^  M-l  +  ?fii  +  •  ■  •  +  «'„  Sw.-  ^    ' 

The  coefi&cients  rv^,  u-^,--,w„,  or  any  set  or  numbers  which  are  pro- 
portional to  them,  are  called  the  weights  of  q^,  q^,  ■■■,  q„.  These  defi- 
nitions of  average  will  not  apply  to  finding  the  average  of  an  infinite 
number  of  numbers  because  the  denominator  n  would  not  be  an  arith- 
metical number.  Hence  it  would  not  be  possible  to  apply  the  definition 
to  finding  the  average  of  a  function  f(x)  in  an  interval  x^SxS Xy 

A  slight  change  in  the  point  of  view  will,  however,  lead  to  a  defi- 
nition for  the  average  value  of  a  function.  Suppose  that  the  interval 
X  SxSx  is  divided  into  a  number  of  intervals  Aa;,-,  and  that  it  be 
imagined  that  the  number  of  values  of  y  =f(x)  in  the  interval  Aaj; 
is  proportional  to  the  length  of  the  interval.  Then  the  quantities 
Aa;,-  would  be  taken  as  the  weights  of  the  values  /(|,)  and  the  average 
would  be  •  /I  I, 

p  =  ?^,    cbe..,,    i.-^^j^  (10, 

'  I      dx 

Jx„ 

by  passing  to  the  limit  as  the  Aa;<'s  approach  zero.    Then 


,r      pfix 


)dx  =  (x^-T^)y.  (10-) 


In    like   manner   if   ~.=f{x,  .//)   be  a   function   of   two  variables  or 
H  =f(x,  y,  z)  a  function  of  three  variables,  the  averages  over  an  area 
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or  volume  would  be  detined  by  the  integrals 

f.rV,y)dA                           ff(..;!,,-)dV 
l  =  J- and     ^^  =  '^—^ (10") 

It  should  be  particularly  noticed  that  the  raliie  of  the  average  is  de- 
fined with  refereru-e  to  the  variahle-x  nf  which  the  function  averax/ed  is  " 
function  ;  a  change  of  variable  will  in  general  bring  ahout  a  change  in 
the  value  of  the  average.    For 

if  y=f{^),        W)  =  z:^  rf(^)dx; 

but  if  y=f(4,(t)),       ^  =  -i-   f'f(ct,(t))dt; 

and  there  is  no  reason  for  assuming  that  these  very  different  expres- 
sions have  the  same  numerical  value.    Thus  let 

y  =  x\  0  s  a:  s  1,  x  =  s\nt,  0  s  i  s  ^  7r, 

1  r^        1      1   r^  1 

yQ>:)  =  j  j    r'dx  =  -,         ,j{t)=—   \     a\v?tdt  =  -- 

The  average  values  of  x  and  y  over  a  plane  area  are 

5  =  —    /  xdA ,  y  =  ~j  ydA, 

when  the  weights  are  taken  proportional  to  the  elements  of  area ;  but 
if  the  area  be  occupied  by  a  lamina  and  the  weights  be  assigned  as 
proportional  to  the  elements  of  mass,  then 


:  =  ijx<7«.,        y  =  ^Jydm, 


and  the  average  values  of  r  and  y  are  the  coordinates  of  the  center  of 
gravity.  These  two  averages  cannot  be  expected  to  be  equal  unless  the 
density  is  constant.  The  first  would  be  called  an  area-average  of  x  and 
y;  the  second,  a  mass-average  of  x  and  y.  The  mass  average  of  the 
square  of  tlie  distance  from  a  jioint  to  the  different  points  of  a  lamina 
would  l)e  ^      „ 

^  =  /.-^  =  -,yJrV„,  =  //.!/,  (U) 

and  is  defined  as  the  radius  of  gyration  of  the  lamina  alwut  that  point ; 
it  is  the  quotient  of  the  moment  of  iuertia  by  the  mass. 
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As  a  problem  in  averages  consider  the  determination  of  tlie  average  value  of  a 
proper  fraction  ;  also  the  average  value  of  a  proper  fraction  subject  to  the  condi- 
tion that  it  be  one  of  two  proper  fractions  of  which  the  sum  shall  be  less  than  or 
equal  to  1.   Let  x  be  the  proper  fraction.   Then  in  the  first  case 


1  Jo 


xdx  =  -■ 
2 


In  the  second  case  let  y  be  the  other  fraction  so  that  x  +  y  Si-  Now  if  (i,  y)  be 
taken  as  coordinates  in  a  plane,  the  range  is  over  a  triangle,  the  number  of  points 
(i,  y)  in  the  element  dxdy  would  naturally  be  taken  as  proportional  to  the  area  of 
the  element,  and  the  average  of  x  over  the  region  would  be 

CxdA        f    f      "xdxdy        f  {l-2y  +  y^)dy 

—  __!/  J  0    J  0  Jo  1 

fdA  ['[''"dxcly  2f\l-y)dy  ^ 

Now  if  I  were  one  of  four  proper  fractions  whose  sum  was  not  greater  than  1,  the 
problem  would  be  to  average  x  over  all  sets  of  values  (x,  y,  z,  u)  subject  to  the 
relation  i  +  j/-|-2  +  u  =  l.  From  the  analogy  with  the  above  problems,  the  result 
would  be 

/  (  f  xdxdydzdu 

_  _         =0  Jz  =  o    J„  =  o  Jj-=0 

^-'""sAxAi/AzAu-     r^       r-"  r—  r-'-'-'axdydzdu' 

Ju=oJs  =  0    Jti=0  Jx—0 

The  evaluation  of  the  quadruple  integral  gives  i  =  1/5. 

136.  The  foregoing  problem  and  other  problems  which  may  arise 
lead  to  the  consideration  of  integrals  of  greater  multiplicity  than  three. 
It  will  be  sufficient  to  mention  the  case  of  a  quadruple  integral.  In  the 
first  place  let  the  four  variables  be 

a;„sxSXj,         y^^y^y^,         z^^zSz^,         m„sms„^,     (12) 

included  in  intervals  with  constant  limits.  This  is  analogous  to  the 
case  of  a  rectangle  or  rectangular  parallelepiped  for  double  or  triple 
integrals.  The  range  of  values  of  x,  y,  s,  it  in  (12)  may  be  spoken  of 
as  a  rectangular  volume  in  four  dimensions,  if  it  be  desired  to  use  geo- 
metrical as  well  as  analytical  analogy.  Then  the  product  Ax.Ay.ASiAw,- 
would  be  an  element  of,  the  region.    If 

Xi  S  $i  SXi  +  Aa-,-,  •  •  •,  Mj  s  $.  s  Ui  +  AUi, 

the  point  (f ,  17,,  ^,,  ^,)  would  be  said  to  lie  in  the  element  of  the  region. 
The  formation  of  a  (juadruple  sum 

could  be  carried  out  in  a  manner  similar  to  that  of  double  and  triple 
sums,  and  the  sum  could  readily  be  shown  to  have  a  limit  when 
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^Xi,  A^i,  Asi,  A?/,-  approach  zero,  provided  /  is  continuous.  Th£  limit  of 
this  sum  could  be  evaluated  by  iterated  integration 

I       (       I       I     .f(x,>j,z,u)dudzdydx 

»=o     *'<'o     •'^o     ''"o 

where  the  order  of  the  integrations  is  immaterial. 

It  is  possible  to  define  regions  other  than  by  means  of  inequalities 
such  as  arose  above.    Consider 

F(x,  y,  z,u)=0     and     F(x,  y,  z,  u)sO, 

where  it  may  be  assumed  that  when  three  of  the  four  variables  are 
given  the  solution  of  F  =  0  gives  not  more  than  two  values  for  the 
fourth.  The  values  of  x,  y,  z,  u  which  make  F  <  0  are  separated  from 
those  which  make  F  >  0  by  the  values  which  make  F  =  0.  If  the  sign 
of  F  is  so  chosen  that  large  values  of  x,  y,  z,  u  make  F  positive,  the 
values  which  give  F  >  0  will  be  said  to  be  outside  the  region  and  those 
which  give  F  <  0  will  be  said  to  be  inside  the  region.  The  value  of  the 
integral  of  f(x,  y,  z,  ti)  over  the  region  F  ^  0  could  be  found  as 

I        /  I  /  f(x,  y,  z,n)diidzJydx, 

where  u  =  <i),(x,  y,  z)  and  u  =  <o^(x,  y,  z)  are  the  two  solutions  of  F  =  0 
for  u  in  terms  of  x,  y,  z,  and  where  the  triple  integral  remaining  after 
the  first  integration  must  be  evaluated  over  the  range  of  all  possible 
values  for  (x,  y,  z).  By  first  solving  for  one  of  the  other  variables,  the 
integrations  could  be  arranged  in  another  order  with  properly  changed 
limits. 

If  a  change  of  variable  is  effected  such  as 
i  =  ^(z',2/',r',u-),    v  =  ^(^x\y\z\u'),    z  =  x(x.',y\z\u'),  u  =  u{x',y',z',u')   (13) 
the  integrals  in  the  new  and  old  variables  are  related  by 

fffff(''<  y<  z.  «)  dxdydzdu  =ffffnf,  f,  X,  ->)  \j  (^fp^)  ^dx'dy'dz'du'.  (14) 

The  result  may  be  accepted  as  a  fact  in  view  of  its  analogy  with  the  results  (8)  for 
the  simpler  cases.  A  proof,  however,  may  be  given  which  will  serve  equally  well 
as  another  way  of  establishing  those  results,  —  a  way  which  does  not  depend  on  the 
somewhat  loose  treatment  of  infinitesimals  and  may  therefore  be  considered  as 
more  satisfactory.  In  the  first  place  note  that  from  the  relation  (33)  of  p.  134 
involving  Jacobians,  and  from  its  generalization  to  several  variables,  it  appears 
that  if  the  change  (14)  is  possible  for  each  of  two  transformations,  it  is  possible 
for  the  succession  of  the  two.    Now  for  the  simple  transformation 

X  =  j;',        y  =  y',        z  =  z',        u  =  u  (i',  y',  z\  u')  =  u  (x,  y,  z,  u'),      (13') 
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which  involves  only  one  variable,  J  =  dw/du\  and  here 

J /(x,  y,  z,  u)du  =ff{x,  y,  2,  "')  Up  d"-'  =  ( f(^\  V\  «'-  "')  U I  <*"'. 

and  each  side  uiay  be  integrated  with  respect  to  x,  y,  z.  Hence  (14)  is  true  in  this 
case.    For  the  transformation 

X  =  0  ix',  v',  z\u'),     y  =  f  {x',  y',  z',  «'),     z  =  x  {x',  y',  z',  u'),     u  =  u',      (13") 

which  involves  only  three  variables,  J  (   ^'  ^'  ^'  "   )  =  J  ( -fli^li- J  and 

\x,y,z,uj         \x\  y\  z'J 

////(a;,  V,  z,  u)dxdydz  =  fff /('('<  4',  X,  u.)\J\dx'dy'dz', 

and  each  side  may  be  integrated  with  respect  to  u.  The  rule  therefore  holds  in 
this  case.  It  remains  therefore  merely  to  show  that  any  transformation  (13)  may 
be  resolved  into  the  succession  of  two  such  as  (13'),  (18")-   Let 

Xi  =  X',         y^  =  y\        Zj  =  z',        u^  =  w(x',  y',  z',  u')  =  u  (i,,  y^,  z^,  u'). 

Solve  the  equation  a,  =  u{x^,  y^,  z,,  u')  for  u'  =  «,  (x„  y^,  z,,  Uj)  and  write 

i  =  <^(i„  y„Zi,  G),),        3/ =  V  (x„  y„  Zi,  u,),        z  =  X  (Xi,  J^i,  Z],  wi),        M  =  u,. 

Now  by  virtue  of  the  value  of  w,,  this  is  of  the  type  (13"),  and  the  substitution  of 
Xj,  j/j,  Zj,  Uj  in  it  gives  the  original  transformation. 

EXERCISES 

1.  Determine  the  average  values  of  these  functions  over  the  intervals: 

(or)  x2,  0  s  as  s  10,         (/3)  sin  x,  0  s  x  s  ^  t, 
(7)  I",  0  S  s  S  n,         (J)  cos»x,  0  s  I  s  J  a-. 

2.  Determine  the  average  values  as  indicated : 

(a)  ordinate  in  a  semicircle  x^  +  y^  =  a^,  y  >  0,  with  i  as  variable, 
(§)  ordinate  in  a  semicircle,  with  the  arc  as  variable', 
(7)  ordinate  in  semiellipse  x  =  acos0,  y  =  5sin0,  with  0  as  variable, 
(5)  focal  radius  of  ellipse,  with  equiangular  spacing  about  focus, 

( e )  focal  radius  of  ellipse,  with  equal  spacing  along  the  major  axis, 

(f )  chord  of  a  circle  (with  the  most  natural  assumption). 

3.  Find  the  average  height  of  so  much  of  these  surfaces  as  lies  above  the  zj/-plane : 
(a)  x^  +  y^  +  z^  =  o2,        (p)  z  =  a*  -pH^  -  gV,        (7)  e=  =  4  -  x^  _  yi, 

4.  If  a  man's  height  is  the  average  height  of  a  conical  tent,  on  how  much  of  the 
floor  space  can  he  stand  erect  ? 

5.  Obtain  the  average  values  of  the  following: 

(a)  distance  of  a  point  in  a  square  from  the  center,      (/3)  ditto  from  vertex, 
(7)  distance  of  a  point  in  a  circle  from  the  center,        (J)  ditto  for  sphere, 
( f )  distance  of  a  point  in  a  sphere  from  a  fixed  point  on  the  surface. 

6.  From  the  S.W.  comer  of  a  township  persons  start  in  random  directions 
between  N.  and  E.  to  walk  across  the  township.  What  is  their  average  walk  ? 
Which  ha£  it  ? 
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7.  On  each  of  the  two  legs  of  a  right  triangle  a  point  is  selected  and  the  line 
joining  them  is  drawn.  Show  that  the  average  of  the  area  of  the  square  on  this 
line  is  ^  the  square  on  the  hypotenuse  of  the  triangle. 

8.  A  line  joins  two  points  on  opposite  sides  of  a  square  of  side  a.  What  is  the 
ratio  of  the  average  square  on  the  line  to  the  given  square  ? 

9.  Find  the  average  value  of  the  sum  of  the  squares  of  two  proper  fractions. 
What  are  the  results  for  three  and  for  four  fractions  ? 

10.  If  the  sum  of  "  proper  fractions  cannot  exceed  1,  show  that  the  average 
value  of  any  one  of  the  fractions  is  l/(n  +  1). 

11.  The  average  value  of  the  product  of  k  proper  fractions  is  2-*. 

12.  Two  points  are  selected  at  random  within  a  circle.  Find  the  ratio  of  the 
average  area  of  Ihe  circle  described  on  the  line  joining  them  as  diameter  to  the 
area  of  the  circle. 

13 .  Show  that  J  =  r*  sin^  $  sin  <p  for  the  transformation 

x  =  rcos6,      y  =  r  sinO  cosip,      z  =  rsinfi  sin^  cos^,      u  =  r  sinflsin^sin^, 

and  prove  that  all  values  of  x.  y,  z,  u  defined  by  i^  +  j^a  +  22  ^  „2  ^  a^  are  covered 
by  the  range  OSr^a,  OS^s^,  O^i^gir,  0s^^2ir.  What  range  will 
cover  all  positive  values  of  i,  y,  z,  u? 

14.  The  sum  of  the  squares  of  two  proper  fractions  cannot  exceed  1.  Find  the 
average  value  of  one  of  the  fractions. 

15.  The  same  as  Ex.  14  where  three  or  four  fractions  are  involved. 

16.  Note  that  the  solution  of  u^  =  u(x^,  y^,  z^,  u')  for  u'  =  a^(x^,  y^,  z,,  u^) 
requires  that  da/du'  shall  not  vanish.  Show  that  the  hypothesis  that  J  does  not  van- 
ish in  the  region,  is  sufficient  to  show  that  at  and  in  the  neighborhood  of  each  point 
(x,  y,  z,  u)  there  must  be  at  least  one  of  the  16  derivatives  of  0,  ^,  x,  w  by  x,  y,  z,  u 
which  does  not  vanish  ;  and  thus  complete  the  proof  of  the  text  that  in  case  J  :^0 
and  the  16  derivatives  «xist  and  are  continuous  the  change  of  variable  is  as  given. 

17.  The  intensity  of  light  varies  inversely  as  the  square  of  the  distance.  Find 
the  average  intensity  of  illumination  in  a  hemispherical  dome  lighted  by  a  lamp 
at  the  top. 

18.  If  the  data  be  as  in  Ex.  12,  p.  331,  find  the  average  density. 

137.  Surfaces  and  surface  integrals.  Consider  a  surface  whicli  lias 
at  each  point  a  tangent  plane  that  changes  contin- 
uously from  point  to  point  of  the  surface.  Consider 
also  the  proje<-tion  of  the  surface  upon  a  plane,  say 
the  xy-plane,  and  assume  that  a  line  perpendicular 
to  the  plane  cuts  the  surface  in  only  one  point. 
Over  any  element  i!A  of  the  projection  there  will     /^  WdA 

lie  a  small  portion  of  the  surface.    If  this  small 
portion  were  plane  and  if  its  normal  made  an  angle  y  with  the  2-axis, 
the  area  of  the  surface  (p.  167)  woidd  be  to  its  projection  as  1  is  to 
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cos  y  and  would  be  sec  yd  A.    The  value  of  cos  y  may  be  read  from  (9) 
on  page  96.    This  suggests  that  the  quantity 

\ 


-f-^'^-JJh$h(M 


dxdy 


(15) 


be  taken  as  the  definition  of  the  area  of  the  surface,  where  the  double 
integral  is  extended  over  the  i^rojection  of  the  surface ;  and  this  defi- 
nition will  be  adopted.  This  definition  is  really  dependent  on  the 
particular  plane  upon  which  the  surface  is  projected ;  that  the  value  of 
the  area  of  the  surface  would  turn  out  to  be  the  same  no  matter  what 
plane  was  used  for  projection  is  tolerably  appai'ent,  but  will  !«  jjroved 
later. 

Let  the  area  cut  out  of  a  hemisphere  by  a  cyliuder  upon  the  radius  of  the 
hemispliere  as  diameter  be  evaluated.    Here  (or  by  j;eometry  directly) 

cz  _      X  dz  _      y 

dx         z         dy         z 


x^  +  y^^z^  =  a2, 


-/hs+g'"=cx:: 


Va^^l^TT 


-dydx. 


This  integral  may  be  evaluated  directly,  but  it  is  better  to  transform  it  to  polar 
co6rdinates  in  the  plane.   Then 

S  =  2l         I  rdrdif,  =  2  /       a^  (1  -  sin  (/>)  d,p  =  (ir  -  2)  aK 

It  is  clear  that  the  half  area  which  lies  in  the  first  octant  could  be  projected  upon 

the  zz-plane  and  thus  evaluated.    The  region  over  which  the  integration  would 

extend  is  that  between  i''  +  z^  =  a^  and  the  projection 

z^  +  ax=  a''  of  the  curve  of  intersection  of  the  sphere 

and  cylinder.    The  projection  could  also  be  made  on  the 

j^z-plane.   If  the  area  of  the  cylinder  between  z  =  0  and 

the  sphere  were  desired,  projection  on  z  =  0  would  be 

useless,  projection  on  a;  =  0  would  be  involved  owing  to 

the  overlapping  of  the  projection  on  itself,  but  projection 

on  3/  =  0  would  be  entirely  feasible. 

To  show  that  the  definition  of  area  does  not  depend, 
except  apparently,  upon  the  plane  of  projection  consider 

ajjy  second  plane  which  makes  an  angle  6  with  the  first.   Let  the  line  of  intersec- 
tion be  the  ^-axis ;  then  from  a  figure  the  new  coordinate  x'  i.s 


i'  =  X  cos  ^  +  z  sin  6,  y  =  y,    and    J 


(x\  y)  _  dx'  _ 


dz 


=  cos  tf  H sin  9, 

cx  8x 

dx'dy 


~  J  J  cos  7     J  J      (x',  y)  cos  7      J  J  cos  7  (cos  ^  +  p  sin  9) 

It  remains  to  show  that  the  denominator  cos  7  (cos  S  +  p  sin  S)  =  cos  7'.   Referred 
to  the  original  axes  the  direction  cosines  of  the  normal  are  —  p  :  —  5  : 1,  and  of 


340  INTEGRAL  CALCULUS 

the  z'-axis  are  —  sin^  :  0  :  cos^.    The  cosine  of  the  angle  between  these  lines  is 

therefore 

7)  sin  ff  +  0  +  cos  9      p  sin  6  +  cos  0  i       n  ,        ■    a\ 

cos  y'  —  ^—Ji-  1  ::;  ^ '. —  cos  7  (cOS  ff  +  pSlI)0). 

Vl  +  p^'  +  q-  s^<=T 

Hence  the  new  form  of  the  area  is  the  integral  of  secT'd^l'  and  equals  the  old  form. 

The  integrand  dS  =  sec  ydA  is  called  the  element  of  surface.  There 
are  other  forms  such  as  dS  =  sec  (r,  71)1^  sin  eddd<t>,  where  (r,  w)  is  the 
angle  between  the  radius  vector  and  the  normal;  but  they  are  used 
comparatively  little.  The  possession  of  an  expression  for  the  element 
of  surface  affords  a  means  of  computing  averages  over  stirfaces.  For  if 
u  =  u(x,  y,  z)  be  any  function  of  {x,  y,  z),  and  z  —f{x,  y)  any  surface, 
the  integral 

u  =  I  ju  (x,  y,  z)  dS  =  ^JJv  (x,  y,  f)  -J\  +  2>' + 'fdxdy       (16) 

will  be  the  average  of  ?(  over  the  surface  S.    Thus  the  average  height 
of  a  hemisphere  is  (for  the  surface  average) 


;   /  zdS  =  ;- 1  /  /  2  •  -  dxdy  =  - — 


whereas  the  average  height  over  the  diametral  plane  would  be  2/3. 
This  illustrates  again  the  fact  that  the  value  of  an  average  depends 
on  the  assumption  made  as  to  the  weights. 

138.  If  a  surface  z  ^f(x,  y)  be  divided  into  elements  AS,-,  and  the 
function  u(x,  y,  z)  be  formed  for  any  point  (^,-,  t;,-,  f.)  of  the  element, 
and  the  sum  Si'.A.S,-  be  extended  over  aH  the  elements,  the  limit  of 
the  sum  as  the  elements  become  small  in  every  direction  is  de&ied 
as  the  surface  integral  of  the  function  over  the  surface  and  may  be 
evaluated  as 

lim^  «  (4-,  ,..,  CO  A5,  =^v  (^  y,  z)  dS 

=Jf^  [^,  y,  f{^,  2/)]  Vi+/;^+/;^  dxdy.     (iz) 

That  the  sum  approaches  a  limit  independently  of  how  (^,-,  i;,-,  I,)  is 
chosen  in  A5,-  and  how  AS,-  approaches  zero  follows  from  the  fact  that 
the  element  «,(|j,  ?;,.,  f,-)AS,-  of  the  sum  differs  uniformly  from  the 
integrand  of  the  double  integral  by  an  infinitesimal  of  higher  order, 
provided  »  (x,  y,  z)  be  assumed  continuous  in  (x,  y,  z")  for'  points  near 
the  surface  and  Vl  +f^^  +fy^  be  continuous  in  {x,  y)  over  the  surface. 
For  many  purposes  it  is  more  convenient  to  take  as  the  normal 
form    of  the   integrand   of  a  surface   integral,  instead   of   udS,  the 
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product  R  cos  yds  of  a  function  R(t,  ij,  z)  by  the  cosine  of  the  in- 
clination of  the  surface  to  the  s-axis  by  the  element  ds  of  the  sui-faee. 
Then  the  integral  may  be  evaluated  over  either  side 
of  the  surface ;  for  R  (x,  y,  z)  has  a  definite  value 
on  the  surface,  dS  is  a  positive  quantity,  but  cos  y 
is  positive  or  negative  according  as  the  normal  is 
drawn  on  the  upper  or  lower  side  of  the  surface. 
The  value  of  the  integral  over  the  surface  will  \» 


O 


/x 


KidA 


I  R  (a-,  y,  z)  cos  ydS  =  j  (  Rdxdy     or     -  (  (  Rdxdy  (18) 

according  as  the  evaluation  is  made  over  the  upper  or  lower  side.  If 
the  function  R  (x,  y,  z)  is  continuous  over  the  surface,  these  integrands 
will  be  finite  even  when  the  surface  becomes  perpendicular  to  the 
j-y-plane,  which  might  not  be  the  case  with 
an  integrand  of  the  form  u  (x,  y,  z)  dS. 

An  integral  of  this  sort  may  be  evaluated 
over  a  closed  surface.  Let  it  be  assumed 
that  the  surface  is  cut  by  a  line  parallel  to 
the  s-axis  in  a  finite  number  of  points,  and 
for  convenience  let  that  number  be  two.  Let 
the  normal  to  the  surface  be  taken  con- 
stantly as  the  exterior  normal  (some  take 
the  interior  normal  with  a  resulting  change 
of  sign  in  some  formulas),  so  that  for  the 
upper  part  of  the  surface  cos  y  >  0  and  for 
the  lower  part  cos  y  <  0.  Let  z  =f^(x,  y) 
and  2  =  f^(x,  y)  be  the  upper  and  lower  values  of  s  on  the  surface.  Then 
the  exterior  integral  over  the  closed  sui-face  will  have  the  form 

Cr  cos  yds  =CJr  [x,  y,f^ (x,  y)] dxdy  -CCr  [x,  y,f^(x,  y)-]dx.dy,  (18") 

where  the  double  integiiils  ai'e  extended  over  the  area  of  the  projection 
of  the  surface  on  the  xy-plane. 

From  this  form  of  the  surface  integral  over  a  closed  surface 
it  appeai-s  that  a  surface  integral  over  a  closed  surface  may  be  ex- 
pressed as  a  volume  integral  over  the  volume  inclosed  by  the  surface.* 

*  Certain  restrictions  upon  the  functions  and  derivatives,  as  regards  their  becoming 
infinite  and  the  like,  must  hold  upon  and  within  the  surface.  It  will  be  quite  snfScient 
if  the  functions  and  derivatives  remain  finite  and  continuous,  but  such  extreme  conditions 
aie  by  no  means  necessary. 
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For  by  the  rule  for  integration, 


2  =/,(X,  Vl 

dxdij. 


dV 

(19) 


Hence  I  i?  cos  ydS  =  I 

If:""""  fin  ■"""•' 

if  the  symbol  O  be  used  to  designate  a  closed  surface,  and  if  the  double 
integral  on  the  left  of  (19)  be  understood  to  stand  for  either  side  of 
the  equality  (18').    In  a  similar  manner 

fp  cos  adS  =f£  Pd,d.  =fff  f  d.dyd.  =f  f^  d  V,      ^^^ 
Cq  cos  pdS  =  fC  Qdxdz  =  jff  Y  dydxdk  =  C  -^  dV- 

Then    /^(Peos  «+  Qcos  ;8  + i?  cos  7)^5  =  \  {-f '^  Y  ^  Vr^ 

Jo  J   V  •*        2/        2/  ^20) 

or  jj   (Pdydz  +  Qdzdx  +  Rdxdy)  =  fff(-£  +  g^  +  ar)  dxdydz 

follows  immediately  by  merely  adding  the  three  equalities.  Any  one  of 
these  equalities  (19),  (20)  is  sometimes  called  Gauss's  Formula,  some- 
times Green's  Lemma,  sometimes  the  divergence  formula  owing  to  the 
interpretation  below. 

The  interpretation  of  Gauss's  Formula  (20)  by  vectors  is  important. 
From  the  viewpoint  of  vectors  the  element  of  surface  is  a  vector  d% 
directed  along  the  exterior  normal  to  the  surface  (§  76).  Construct  the 
vector  function 

F(x,  y,  z)  =  \P{x,  y,  z)  +  jQ(x,  y,  z)  +  kiJ(a;,  y,  z). 

Let     rfS  =  (i  cos  a  +  j  cos  /3  +  k  cos  y)  dS  =  idS^  +  jdS^  +  kdS^, 

where  dS^,  dS^,  dS^  are  the  projections  of  dS  on  the  coordinate  planes 

Then  P  cos  adS  +  Q  cos  ^dS  +  R  cos  ydS  =  Y-dS 

and  I  /  {Pdydz^  Qdxdz  +  Rdxdy)  =  |  F.rfS, 

where  dS^,  dS^,  dS^  have  been  replaced  by  the  elements  dydz,  dxdz,  dxdy, 
which  would  be  used  to  evaliiate  the  integrals  in  rectangular  coordinates, 
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without  at  all  iini)lying  that  the  projections  <IS^,  dS„,  </S^  are  actually 
rectangulai'.    The  combination  of  partial  derivatives 

<?''      ^'l      cli       ,.    ^  „ 

where  V.F  is  the  symbolic  scalar  product  of  V  and  F  (Ex.  9  below),  is 
called  the  dirergerur  of  F.    Hence  (20)  becomes 


jdivFdV=  jV'FdV=  Tf-^S. 


(20') 


Now  the  function  F  {x.  y,  z)  is  such  that  at  each  point  (x,  y,  z)  of  space  a  vector 
is  defined.  Sucli  a  function  is  seen  in  the  velocity  in  a  moving  fluid  such  as  air  or 
water.  The  picture  of  a  scalar  function  u{x,  y,  z)  was  by  means  of  the  surfaces 
»  =  const.;  the  picture  of  a  vector  function  F(x,  y,  z)  may  be  found  in  the  system 
of  curves  tansrent  to  the  vector,  the  stream  lines  in  the  fluid 
if  F  be  the  velocity.  For  the  immeiliate  pui-poses  it  is  better 
to  consider  the  function  F(j,  y,  z)  as  the  flux  Dv,  the  prod- 
uct of  the  density  in  the  fluid  by  the  velocity.  With  this 
interpretation  the  rate  at  which  the  fluid  flows  through  an 
element  of  surface  dS  is  D-v-dS  =  F-dS.  For  in  the  time 
dt  the  fluid  will  advance  along  a  stream  line  by  the  amount 
ydt  and  the  volume  of  the  cylindric;,!  volume  of  fluid  which  advances  through  the 
surface  will  be  Y'dSdt.  Hence  XDv-ilS  will  be  the  rate  of  diminution  of  the  amount 
of  fluid  within  the  closed  surface. 

As  the  amount  of  fluid  in  an  element  of  volume  dF  is  ZWF,  the  rate  of  diminution 
of  the  fluid  in  the  element  of  vohune  is  —  cD/?t  where  dD/dl  is  the  rate  of  increase 
of  the  density  i>  at  a  point  within  the  element.  The  total  rate  of  diminution  of  the 
amount  of  fluid  within  the  whole  volume  is  therefore  —  ZdD/dtdV.  Hence,  by 
virtue  of  the  principle  of  the  indestructibility  of  matter, 

f  F.dS  =  f  Dv.dS  =  -  f  —  dV.  (20") 

Now  if  i)x,  «y,  V.  be  the  components  of  v  so  that  P  =  Dv^,  Q  =  Dvg,  R  =  Dr,  are 
the  components  of  F,  a  comparison  of  (21),  (20'),  (20")  shows  that  the  integrals  of 
—  dD/St  and  div  F  are  always  equal,  and  hence  the  integrands, 

_?^-^  +  ?^  +  £^-  ^^  4-  — "  -I-  ?^ 

dt        (X       dy       ?z         ex  cy  dz 

are  equal ;  that  is,  the  sum  P^  +  Q'^  +  if.'  represents  the  rate  of  diminution  of 
density  when  IP  +  jQ  +  kK  is  the  flux  vector;  this  combination  is  called  the 
divergence  of  the  vector,  no  matter  what  the  vector  F  really  represents. 

139.  Not  only  may  a  surface  integiul  be  stepped  up  to  a  volume 
integral,  but  a  line  integral  around  a  closed  curve  may  be  stepped  up 
into  a  surface  iutegi-al  over  a  surface  which  spans  the 'curve.    To  begin 
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with  the  simple  case  of  a  line  integral  in  a  plane,  note  that  by  the 
same  reasoning  as  above 


JpcLr  =JJ-  g  dxdy,         JQdy  =JJ^£  dxdy, 
JlP(x,  y)dx  +  dix,  y)dy-\  =ff(^£  '  ^)'^'"^V- 


(22) 


This  is  sometimes  called  Green's  Lemma  for  the  jilane  in  distinction 
to  the  general  Green's  Lemma  for  space.  The  oppo- 
site signs  must  be  taken  to  preserve  the  direction 
of  the  line  integral  about  the  contour.  This  result 
may  be  used  to  establish  the  rule  for  transforming  a 
double  integral  by  the  change  of  variable  x  =  <f>  {u,  v), 
y  =  }ji(u,  v).    For 

■^du  +  x^dv 
ou  ov 


dudv 


A  =  I  xdy  =  ±  \  X 

Jo  Jo 

-*jj-'(")'"'*=ir'-''""*- 

(The  double  signs  have  to  be  introduced  at  first  to  allow  for  the  case 
where  /  is  negative.)  The  element  of  area  dA  =  \J\dHdr  is  therefore 
established. 

To  obtain  the  formula  for  the  conversion  of  a 
line  integral  in  space  to  a  surface  integral,  let 
P(x,  y,  z)  be  given  and  let  z  —f(;x,  y)  be  a  surface 
spanning  the  closed  curve  O.  Then  by  virtue  of 
z  =f(x,  y),  the  function  P{r,  y,  s)  =  P^{x,  y)  and 

jpdx  ^jj^dx  =ff-  1^  dxdy  =  -^(1  +  I  '£)dxdy, 

where  O'  denotes  the  projection  of  O  on  the  a^jz-plane.  Now  the  final 
double  integral  may  be  transformed  by  the  introduction  of  the  cosines 
of  the  normal  direction  to  ,t  =/(a;,  y). 

cos  /S  =  cos  y  =  —  q  :  1,    dxdy  =  cos  ydS,  qdxdy  =  —  cos  fidS  =  —  dxdz. 
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If  this  result  and  those  obtained  by  permuting  the  letters  be  added, 

/  (P(h-  +  Qiljj  +  Rdz) 
Jq 


=//[(|-S)*-H£-^*)-"-(l^-|)-* 


(23) 


This  is  known  as  Stokes'a  Foniniln  and  is  of  especial  importance  in 
hydromechanics  and  the  theory  of  electromagnetism.  Note  that  the 
line  integral  is  carried  around  the  rim  of  the  surface  in  the  direction 
which  appears  positive  to  one  standing  upon  that  side  of  the  surface 
over  which  the  surface  integral  is  extended. 

Again  the  vector  interpretation  of  the  result  is  valuable.    Let 

F (.r,  y,  .-)  =  i/' (or,  ;/,  z)  +  jQ(x,  y,  .-)  +  k7? (a-,  y,  z), 

,_,       ./cR       dQ\        .(dp       B]{\  jdQ       dP\  ^„^^ 

Then  C^'dx  =  jcurl  F.rfS  =  Cv^F.dS,  (23') 

where  VxF  is  the  symbolic  vector  product  of  V  and  F  (Ex.  9,  below), 
is  the  form  of  Stokes's  Formula ;  that  is,  the  line  integral  of  a  vector 
around  a  closed  curve  is  equal  to  the  surface  integral  of  the  curl  of  the 
vector,  as  defined  by  (24),  around  any  surface  which  spans  the  curve. 
If  the  line  integral  is  zero  about  every  closed  curve,  the  surface  inte- 
gral must  vanish  over  every  surface.  It  follows  that  curl  F  =  0.  For 
if  the  vector  curl  F  failed  to  vanish  at  any  point,  a  small  plane  sur- 
face dS  perpendicular  to  the  vector  might  be  taken  at  that  point  and 
the  integral  over  the  surface  would  be  approximately  |curl  ¥\dS  and 
would  fail  to  vanish,  —  thus  contradicting  the  hypothesis.  Now  the 
vanishing  of  the  vector  curl  F  requires  the  vanishing 

/.';  -q:  =  p,       p:  -r^^o,       q;  _  p;  =  o 

of  each  of  its  components.  Thus  may  be  derived  the  condition  that 
Pdx  +  Qdy  +  Rdz  be  an  exact  differential. 

If  F  be  interpreted  •as  the  velocity  v  in  a  fluid,  the  integral 

Tv-dr  =  Cvjix  +  Vydy  +  v^dz 

of  the  component  of  the  velocity  along  a  curve,  whe'ther  open  or  closed,  is  called 
the  circulation  of  the  fluid  along  the  curve ;  it  might  be  more  natural  to  define 
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the  integral  of  the  flux  Dy  along  the  curve  as  the  circulation,  but  this  is  not 
the  convention.  Now  if  the  velocity  be  that  due  to  rotation  with  the  angular  veloc- 
ity a  about  a  line  through  the  origin,  the  circulation  in  a  closed  ctirve  is  readily 
computed.    For 

T  =  axr,  /  v-dr  =  /  axr.dr  =  |  a>ixc!r  =  a.  (  rxdr  =  2  a-A. 

Jq  Jq  Jq  Jq 

The  circulation  is  therefore  the  product  of  twice  the  angular  velocity  and  the  area 
of  the  surface  inclosed  by  the  curve.  If  the  circuit  be  taken  indefinitely  small,  the 
integral  is  2  a.dS  and  a  comparison  with  (23')  shows  that  curl  v  =  2  a;  that  is,  the 
curl  of  the  velocity  due  to  rotation  about  an  axis  is  twice  the  angular  velocity  and 
is  constant  in  magnitude  and  direction  all  over  space.  The  general  motion  of  a 
fluid  is  not  one  of  uniform  rotation  about  any  axis ;  in  fact  if  a  small  element  of 
fluid  be  considered  and  an  interval  of  time  St  be  allowed  to  elapse,  the  element 
wiU  have  moved  into  a  new  position,  will  have  been  somewhat  deformed  owing  to 
the  motion  of  the  fluid,  and  will  have  been  somewhat  rotated.  The  vector  curlv, 
as  defined  in  (24),  may  be  sbuwii  m  give  twice  the  instantaneous  angular  velocity 
of  the  element  at  each  point  of  .space. 

EXERCISES 

1.  Find  the  areas  of  the  following  surfaces  : 

(a)  cylinder  x''  +  y^  —  ax  =  0  included  by  the  sphere  x^  +  y^  +  z^  =  a^, 

(^ )  i/a  +  y/b  +  z/c  =  1  in  first  octant,      {-,)  x^  +  y^  +  z^  =  a^  above  r_=  a  cos  n<^, 

(J)  sphere  1=  +  y^  -(-  z^  =  a^  above  a  square  |i|  s  b,  \y\  ^h,b<  ^V2a, 

(e)  z  =  xy  over  2:2 +  2,2  _  „2  {i)  2az  =  x^  —  y^  over  r^  =  a^cos^, 

(v)  z^ +  (2  cos  a +  2/ sin  a)2  =  a2  in  first  octant,         (0)  z  =  xy  over  r' =  cos2<l>, 

( t )  cylinder  x"  +  y^  =  a^  intercepted  by  equal  cylinder  y^  +  z^  =  a!'. 

2.  Compute  the  following  superficial  averages : 

(a)  latitude  of  places  north  of  the  equator,  Ans.   32,^°. 

{P)  ordinate  in  a  right  circular  cone  h^{x^  +  y^  —  a^(z  —  ft)2  =  o. 

(y)  illumination  of  a  hollow  spherical  surface  by  a  light  at  a  point  of  it, 

(i)  illumination  of  a  hemispherical  surface  by  a  distant  light, 

(  e )  rectilinear  distance  of  points  north  of  equator  from  north  pole. 

3.  A  theorem  of  Pappus:  If  a  closed  or  open  plane  curve  be  revolved  about  an 
axis  in  its  plane,  the  area  of  the  surface  generated  is  equal  to  the  product  of  the 
length  of  the  curve  by  the  distance  described  by  the  center  of  gravity  of  the  curve. 
The  curve  shall  not  cut  the  axis.  Prove  either  analytically  or  by  infinitesimal 
analysis.  Apply  to  various  figures  in  which  two  of  the  three  quantities,  length  of 
curve,  area  of  surface,  position  of  center  of  gravity,  are  known,  to  find  the  third. 
Compare  Ex.  27,  p.  332. 

4.  The  surface  integrals  are  to  be  evaluated  over  the  closed  surfaces  by  express- 
ing them  as  volume  integrals.   Try  also  direct  calculation  : 

('^)  jj  {x^'dydz  +  xydxdy  +  xzdxdz)  over  the  spherical  surface  x'' +  y^  +  z' =  a^, 

(/S)  J  J  (xHydz  +  y^dxdz  +  z^didy),  cylindrical  surface  x'^  +  y^  =  a^^    z=±  6, 
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(y)  jj  [{x^  —  yz)dydz  —  2Tydxdz  +  dxdy]  over  the  cube  0^x,y,z^a, 
(5 )  ffxdydz  =  JJydxdz  =  JJzdxdy  =  i  ff  {xdydz  +  ydxdz  +  zdxdy)  =  V, 

{()  Calculate  the  line  integrals  of  Ex.  8,  p.  297,  around  a  closed  path  formed  by 
two  paths  there  given,  by  applying  Green's  Lemma  (22)  and  evaluating  the  result- 
ing double  integrals. 

5.  If  I  =  0,(u,  r),  y  =  0j(u,  d),  z  =  <))g(u,  v)  are  the  parametric  equations  of  a 
surface,  the  direction  ratios  of  the  normal  are  (see  Ex.  15,  p.  135) 

COSQ::cos^:COS7  =  ,ri:  J^j:J,     if     /,  =  J /^i+ll^il^V 

\       u,v       I 

Show  1°  that  the  area  of  a  surface  may  be  written  as 

S  =  // '  ^  '  "*"    '  didy  =  JJ  -s/jl  +  J.|  +  Jl  dudv  =  ff  ^EG  -  FHudv, 

where  ^=y/^f,        G  =y  I'M ,        F  =  V^'^. 

and  ds2  =  Edu"  +  2  Fdudv  +  Gdv''. 

Show  2°  that  the  surface  integral  of  the  first  type  becomes  merely 

fff(^^  V'  2)  Becydxdy  =  fffi'Pi,  02,  «,)  VjBG  -  F^dudv, 

and  determine  the  integrand  in  the  case  of  the  developable  surface  of  Ex.  17,  p.  143. 
Show  3°  that  if  x  =/,({,  ij,  f),  y  =/2(f, »!,  f),  z  =/3({,  ij,  {)  is  a  transformation  of 
space  which  transforms  the  above  surface  into  a  new  surface  |  =  ^j(u,  r),  tj  =  f  2(",  ^)i 
f  =  ^3(u,  n),  then 

Show  4°  that  the  surface  integral  of  the  second  type  becomes 
ffudxdy  =  ffsj  (^\  dudv 

where  the  integration  is  now  in  terms  of  the  new  variables  {,  ij,  f  in  place  of  i,  y,  z. 
Show  5°  that  when  R  =  z  the  double  integral  above  may  be  transformed  by 
Green's  Lemma  in  such  a  manner  as  to  establish  the  formula  for  change  of  variables 
in  triple  integrals. 

6.  Show  that  for  vector  .surface  integrals  I  UdS  =  j  VUdV. 

7.  Solid  angle  as  a  surface  integral.  The  area  cut  out  from  the  unit  sphere  by  a 
cone  with  its  vertex  at  the  center  of  the  sphere  is  called  the  nolid  angle  u>  subtended 
at  the  vertex  of  the  cone.  The  solid  angle  may  also  be  defined  as  the  ratio  of  the 
area  cut  out  upon  any  sphere  concentric  with  the  vertex  of  the  cone,  to  the  square 
of  the  radius  of  the  sphere  (compare  the  definition  of  the  angle  between  two  lines 
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ill  lailians).  Show  geometrically  (compare  Ex.  16,  p.  297)  that  the  infinitesimal  solid 
angle  da  of  the  cone  which  joins  the  origin  r  =  0  to  the  periphery  of  the  element  dS 
of  "a  surface  is  du,  =  cos(r,  n)dS/r\  where  (r,  n)  is  the  angle  between  the  radius 
produced  and  the  outward  normal  to  the  surface.    Hence  show 

rcos(r.n)  rr^^  T  i  ^dS  =  _  f -1  IdS  =  -  fdS.vl, 

J         r^  J      r^        J   r'^  dn  J   dn  r  J  r 

where  the  integrals  extend  over  a  surface,  is  the  solid  angle  subtended  at  the  origin 
by  that  surface.   Infer  further  that 

-f±ldS  =  i^     or     -f±ldS  =  0     or     -f±ldS  =  e 
Jq  dn  r  Jq  dn  r  -^o  dn  r 

according  as  the  point  r  =  0  i.s  within  the  closed  surface  or  outside  it  or  upon  it 
at  a  point  where  the  tangent  planes  envelop  a  cone  of  solid  angle  6  (usually  27r). 
Note  that  the  formula  may  be  applied  at  any  point  (f,  tj,  f)  if 

f'  =  (f  -  xf  +  (y,-  yf  +  (f  -  zY 

where  (i,  y,  z)  is  a  point  of  the  surface. 

8.  Gauss's  Integral.  Suppose  that  at  r  =  0  there  is  a  particle  of  mass  m 
which  attracts  according  to  the  Newtonian  Law  F  =  m/r''.  Show  that  the 
potential  is  V=—m/r  so  that  F=— VT.  The  induction  or  fiiix  (see  Ex.  19, 
p.  308)  of  the  force  F  outward  across  the  element  dS  of  a  surface  is  by  definition 
—  Fcos(F,  n)dS  =  F'dS.  Show  that  the  total  induction  or  flux  of  F  across  a 
surface  is  the  surface  integral 

fF-dS  =  -  fdS.VV  =  -  f  — d&  =  mfdS.V  -  ; 

and  m  =  ^   f  F.dS  =  —   f  dS.vr  =  —   f  —  -d6', 

Av  Jo  iw  Jo  i-TT  Jq  dn  r 

where  the  surface  integral  extends  over  a  surface  surrounding  a  point  r  =  0,  is  the 
formula  for  obtaining  the  mass  m  within  the  surface  from  the  field  of  force  F 
which  is  set  up  by  the  mass.  If  there  are  several  masses  m.^,  m^,  ■  ■  ■  situated  at 
points  (?„  iji,  fi),  (Jj,  1)2,  fj),  .  ■  -,  let 

F  =  Fi  +  F2  +  ...,       v=v,+  r^  +  .-., 

Vi  =  -  m[(Ci  -  Xi)^  +  („,■  -  2/,)2  +  (fi  _  2,)2]-i 
be  the  force  and  potential  at  {x,  y,  z)  due  to  the  masses.   Show  that 


—   rF.dS  =  —  rdS.VF  =  -  — y    f  —-dS=S"mi  =  M, 
i-TT  Jo  iirJo  iiT'^Jodnri  ^ 


(25) 


where  S  extends  over  all  the  masses  and  S'  over  all  the  masses  within  the  surface 
(none  being  on  it),  gives  the  total  mass  M  within  the  surface.  The  integral  (25) 
which  gives  the  mass  within  a  surface  as  a  surface  integral  is  known  as  Gauss's 
Integral.  If  the  force  were  repulsive  (as  in  electricity  and  magnetism)  instead  of 
attracting  (as  in  gravitation),  the  results  would  be  F  =  m/r  and 


^  rF.ds  =  ^  rds.vr=-^y  ri-'-^ds=ym,=jf. 

iv  Jo  i-TT  Jo  4  X  ^  Jq  dn  r,-  ^ 


(25') 
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9.  IfV  =  i+i^.kbe  the  operator  defined  on  page  172,  show 


8x       Sy       Sz 


7xF  =  i(!^-£«Uj/?^_!^Uk^-^\ 
\dy       dzl        \iz       Sxl         \dx       By/ 

by  formal  operation  on  F  =  Pi  +  Qj  +  Ek.   Show  further  that 

vxvtr  =  0,      v-vxF  =  0,       (v.v)(*)  =  /4  +  —  +  —)m, 

Vx(VxF)  =  V  (V-F)  -  (V-V) F        (write  the  Cartesian  form). 
Show  that  (V-V)  U  =  V.(V17-).   If  u  is  a  constant  unit  vector,  show 

(U.V)  F  =  cos  (T  + cos /I  +  L-  COS7  =  — 

Sx.  cy  dz  ds 

is  the  directional  derivative  of  F  in  the  direction  u.    Show  (dr-V)  F  =  dF. 

10.  Green's  Formula  (space).  Let  F(x,  y,  z)  and  G  (j;,  y,  z)  be  two  functions 
so  that  VF  and  VG  become  two  vector  functions  and  FVG  and  GVF  two  other 
vector  functions.   Show 


V.(FVG)  =  VF.VG  +  FV.VG,         V.{GVF)  =  VF.VG  +  GV.VG, 

Lh'-£)+l(F'-^)  +  nF'-^) 
dx\     dx/      ^\     dy/      dz\     dz/ 

\Sx2  ^  8j/2  ^  BzV 


dFdGdFdGdFdG  .    „/S'^G  .  d^G  .  S^GX 

;aa;  dx       dy  dy       dz   dz 


and  the  similar  expressions  which  are  the  Cartesian  equivalents  of  the  above  vector 
forms.   Apply  Green's  Lemma  or  Gauss's  Formula  to  show 

f  FVG-dS  =  fvF.VGdV  +  fFV.VGdV,  (26) 

f  GVF.dS  =  fvF-VGdV  +  fGV.VFdV,  (26') 

f{FVG  -  GVii').dS  =f  (FV.VG  -  GV.VF)dV,  (26") 

/--dG,.,       r/dF  dG      dF  dG      dF  cG\,^,       r^l^'^^^      ^'G      d^G\  ^^^ 

or    /  F — •  dS=  /( |dr+  (  Fi 1-  ==r|dF, 

Jo     dn  J  \cx  dx       dy  dy       dz    dz/  J      \dx^       dy^       IP/       ' 

Jo\     dn  dn/  J  I    \dx^       dy^       dz^/         \  dx^       dy"       dz'^ / ] 

The  formulas  (26),  (26'),  (26")  are  known  as  Green's  Formulas;  in  particular  the  first 
two  are  asymmetric  and  the  third  symmetric.  The  ordinary  Cartesian  forms  of 
(26)  and  (26")  are  given.  The  expression  c^F/dx^  +  d"F/dy"  +  d^F/dz"  is  often 
written  as  AF  for  brevity  ;  the  vector  form  is  V*VF. 

11.  From  the  fact  that  the  integral  of  F-dr  has  opposite  values  when  the  curve 
is  traced  in  opposite  directions,  show  that  the  integral  of  VxF  over  a  closed  surface 
vanishes  and  that  the  integral  of  V-VxF  over  a  volume  vanishes.  Infer  that 
V.VxF  =  0. 
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12.  Keduce  the  integral  of  VxVU  over  any  (open)  surface  to  the  difference  in 
the  values  of  U  at  two  same  points  of  the  bounding  curve.  Hence  infer  VxVy  =  0. 

13.  Comment  on  the  remark  that  the  line  integral  of  a  vector,  integral  of  F-dr, 
is  around  a  curve  and  along  it,  whereas  the  surface  integral  of  a  vector,  integral 
of  F-dS,  is  over  a  surface  but  through  it.  Compare  Ex.  7  with  Ex.  16  of  p.  297.  In 
particular  give  vector  forms  of  the  integrals  in  Ex.  16,  p.  297,  analogous  to  those  of 
Ex.  7  by  using  as  the  element  of  the  curve  a  normal  dn  equal  in  length  to  di, 
instead  of  dr. 

14.  If  in  F  =  Pi  +  Qi  +  Rk,  the  functions  P,  Q  depend  only  on  z,  y  and  the 
function  R  =  0,  apply  Gauss's  Formula  to  a  cylinder  of  unit  height  upon  the 
xj/-plane  to  show  that 

fv-FdV  =  fF-dS    becomes     ff(—  +  —)  dxdy  =  jF-dn, 

where  dn  has  the  meaning  given  in  Ex.  13.  Show  that  numerically  F-dn  and  Fxdr 
are  equal,  and  thus  obtain  Green's  Lemma  for  the  plane  (22)  as  a  special  case  of  (20). 
Derive  Green's  Formula  (Ex.  10)  for  the  plane. 

15.  If    fr-dr  =  fo-dS,  show  that   ^0  —  VxF).dS  =  0.   Hence  infer  that  if 

these  relations  hold  for  every  surface  and  its  bounding  curve,  then  G  =  VxF. 
Ampere's  Law  states  that  the  integral  of  the  magnetic  force  H  about  any  circuit  is 
equal  to  4  7r  times  the  flux  of  the  electric  current  C  through  the  circuit,  that  is, 
through  any  surface  spanning  the  circuit.  Faraday's  Law  states  that  the  integral 
of  the  electromotive  force  E  around  any  circuit  is  the  negative  of  the  time  rate 
of  flux  of  the  magnetic  induction  B  through  the  circuit.  Phrase  these  laws  as 
integrals  and  convert  into  the  form 

4  ttC  =  curl  H,         —  B  =  curl  E. 

16.  By  formal  expansion  prove  V'(ExH)  =  H-VxE  —  E-VxH.  Assume  VxE=  — H 
and  VxH  =  E  and  establish  Puyiiting's  Theorem  that 

r(ExH).dS  =  -|-    r-(E.E+H.H)dF. 

17.  The  ''  equation  of  continuity  "  for  fluid  motion  is 

'+7>(^+£^'  +  ^\  =  0, 
\  cx      cy       cz  I 


1 ?  4 "-  + =  0    or     — 

dt         dx  cy  dz  dl 


where  D  is  the  density,  v  =  Ibj:  +  }v,j  +  kcj  is  the  velocity,  cD/U  is  the  rate  of 
change  of  the  density  at  a  point,  and  dD/dl  is  the  rate  of  change  of  density  as  one 
moves  with  the  fluid  (Kx.  14,  p.  101 ).  Explain  the  meaning  of  the  equation  in  view 
of  the  work  of  the  text.    Show  that  for  fluids  of  constant  density  vv  =  0. 

18.  If  f  denotes  thi-  acceleration  of  the  particles  of  a  fluid,  and  if  F  is  the 
external  force  acting  per  unit  mass  upon  the  elements  of  fluid,  and  if  p  denotes 
the  pressure  in  the  fluid,  show  that  the  equation  of  motion  for  the  fluid  within  any 
surface  may  be  written  as 

VfDdF  =  VFDdV- VpdS     or      fflJdV  =  CfIMV- f  pdS, 
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where  the  summations  or  integrations  extend  over  the  volume  or  its  bounding  sin- 
face  and  the  pressures  (except  those  acting  on  the  bounding  surface  inward)  may 
be  disregarded.    (See  the  first  half  of  §  80.) 

19.  By  the  aid  of  Ex.  6  transform  the  surface  integral  in  Kx.  18  and  find 

CmdV=j(VF-vp)dV    or    ^  =  F--Vj) 

as  the  equations  of  motion  for  a  fluid,  where  r  is  the  vector  to  any  particle.  Prove 
,  .  dH      dy      cY      ,       ^         ov  1     ,      , 

<"^  SJ  =  *  =  ¥  +  *^'^>'  =  Tt  -  ^"^''^  +  2^(^-^>' 

,„.   (2  /J     >      ^    dy      _,dr  ^    d^r      1  ,, 

(/3)  —  (dr.T)  =  dr. 1-  d  —  .v  =  dr.  —  +  - d  (vv). 

^'^'  dt^       '  dt         dt  dt^      2    ^      ' 

20.  If  F  is  derivable  from  a  potential,  so  that  F  =—  VL"^,  and  if  the  density  is  a 
function  of  the  pressure,  so  that  dp/D  =  dP,  show  that  the  equations  of  motion  are 


(u+P  +  -vA,    or    -(Y.di)=-d(u+P--v^\ 


8v  _  /^.      ^  .  1  „\  d 
VxVxv  = 


after  multiplication  by  dr.  The  first  form  is  Helmholtz's,  the  second  is  Kelvin's. 
Show 

(  -(v.dr)  =  -/  \.dr  =-\U+ P--v^\  and    /  v-dr  =  const. 

Ja,  h,  c      dt  dt  Ja,h,c  \_  2       J  a,  b,  c  Jq 

In  particular  explain  that  as  the  differentiation  d/dt  follows  the  particles  in  their 
motion  (in  contrast  to  d/dt,  which  is  executed  at  a  single  point  of  space),  the 
integral  must  do  so  if  the  order  of  differentiation  and  integration  is  to  be  inter- 
changeable. Interpret  the  final  equation  as  stating  that  the  circulation  in  a  curve 
which  moves  with  the  fluid  is  constant. 

21.  If  ?!^ .,  ?!^  +  £i^  =0,  show  f\m\  (m\(^JL)']av=  f u^d.. 

ax^       dy^       ez^        '  J  l\Sxl      \ey/     \dzj  ]  Jo    dn 

22.  Show  that,  apart  from  the  proper  restrictions  as  to  continuity  and  differen- 
tiability, the  necessary  and  sufficient  condition  that  the  surface  integral 

CfPdydz  +  Qdzdx  +  Rdxdy  =  f  pdx  +  qdy  +  rdz 

depends  only  on  the  curve  bounding  the  surface  is  that  P'^Jr  Qy  +  ^^  =  0.  Show 
further  that  in  this  case  the  surface  integral  reduces  to  the  line  integral  given  above, 
provided  p,  q,  r  are  such  functions  that  r,;  —  g^  =  P,  P^  —  '"L  =  Q,  9i  —  Py  =  ^■ 
Show  finally  that  these  differential  equations  for  p,  q,  r  may  be  satisfied  by 

p.=  j"Qdz-fl{(x,y,z^,)dy,         ,,=-j'^Pdz,        r=0; 
and  determine  by  inspection  alternative  values  of  p,  7,  r. 


CHAPTER  XIII 

ON  INFINITE  INTEGRALS 

140.  Convergence  and  divergence.  The  definite  integral,  and  hence 
for  theoretical  purposes  the  indefinite  integral,  has  been  defined, 

f  f(x)dx,  F(a')=  f  /{:>■)  dx, 

when  the  function  fix)  is  limited  in  the  interval  "  to  h,  or  a.  to  a- ;  the 
proofs  of  various  propositions  have  depended  essentially  on  the  fact 
that  the  integrand  remained  finite  orer  the  finite  inten-al  nf  inti'ffratinn 
(§§  16-17,  28-30).  Nevertheless  problems  which  call  for  the  determina- 
tion of  the  area  between  a  curve  and  its  asymptote,  say  the  area  under 
the  witch  or  cissoid, 

have  arisen  and  have  been  treated  as  a  matter  of  course.*  The  inte- 
grals of  this  sort  require  some  special  attention. 

W7ien  the  integrand  of  a  definite  integral  becomes  infinite  vnthin  or 
at  the  extremities  of  the  interval  of  integration,  or  when  one  or  both  of 
the  limits  of  integration  become  infinite,  the  integral  is  called  an  infinite 
integral  and  is  defined,  not  as  the  limit  of  a  sum,  but  as  the  limit  of  an 
integral  ivith  a  variable  limit,  that  is,  as  the  limit  of  a  function.    Thus 

/     f{x)  dx  =  lim   F(x)  =  /    f{x)dx   ,         infinite  upper  limit, 

\    /(a:)  dx  =  lim   F (a)  =  /    /(x)  cfe  ,         integrand  f{b)=<x>. 

These  definitions  may  be  illustrated  by  figures  which  show  the  connec- 
tion with  the  idea  of  area  between  a  curve  and  its  asymptote.  Similar 
definitions  would  be  given  if  the  lower  limit  were  —  00  or  if  the  inte- 
grand became  infinite  at  a-  =  o.  If  the  integrand  were  infinite  at  some 
intermediate  point  of  the  interval,  the  interval  would  be  subdivided 
into  two  intervals  and  the  definition  would  be  applied  to  each  part. 

•  Here  and  below  the  construction  of  figures  is  left  to  the  reader. 
3-52 
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Now  the  behavior  of  F(x)  as  x  approaches  a  definite  value  or  lieeomes 
infinite  may  be  of  three  distinct  sorts  ;  for  F(x)  may  approach  a  definite 
finite  quantity,  or  it  may  become  infinite,  or  it  may  oscillate  without 
approaching  any  finite  quantity  or  becoming  definitely  infinite.  'The 
examples 

f"    Srthh:  ..      r    f"  8aMx  .     ,.        ,    ^'  1       „        , 

/       .,  ,    ,    o  =  liiii      I       .,  ,    ■    o  =  4  aHan-'  -—   =  2  7ra^     a  limit, 

r'<h-     ,.    r   r^/.r     ,      1     , 

I      —  =  iim      I     —  =  log  X   ,     becomes  infinite,  no  limit, 


J  I     cos  3(/.r  =  liiii       /    cos  av/j  =  sin  .)■ 
(1  '='=\^Jn 


oscillates,  no  limit, 


illustrate  the  three  modes  of  behavior  in  the  case  of  an  infinite  upper 
limit.  In  the  first  case,  where  the  limit  exists,  the  infinite  inte^al  w 
said  to  converge;  in  the  other  two  cases,  where  the  limit  does  not  exist, 
the  integral  is  said  to  diverge. 

If  the  indefinite  integral  can  be  found  as  above,  the  question  of  the 
convergence  or  divergence  of  an  infinite  integral  may  be  determined 
•and  the  value  of  the  integral  may  be  obtained  in  the  case  of  convergence. 
If  the  indefinite  integral  cannot  be  found,  it  is  of  prime  importance  to 
know  whether  the  definite  infinite  integral  converges  or  diverges ;  for 
there  is  little  use  trying  to  compute  the  value  of  the  integral  if  it  does 
not  converge.  As  the  infinite  limits  or  the  points  where  the  integrand 
becomes  infinite  are  the  essentials  in  the  discussion  of  infinite  integrals, 
the  integrals  will  be  written  with  only  one  limit,  as 

f'f(x)dx,  j  f(x)dx,  jf{x)dx. 

To  discuss  a  more  complicated  combination,  one  would  write 

J„     Vx'loga;     Jo       Ji       J\        J -3,    Vxloga; 
and  treat  all  four  of  the  infinite  integrals 

Jr    e-^dx  r^    e-'^dx  C    er'^dx  /"'    er'^dx 

(,  V^loga-         J     ViK^loga;         J^  Vr^loga-         J      Vx'loga; 

Now  by  definition  a  function  E(x)  is  called  an  JE-function  in  the 
neighborhood  of  the  value  x  =  a  when  the  function  is  continuous  in 
the  neighborhood  of  a-  =  a  and  approaches  a  limit  which  is  neither  zero 
nor  infinite  (p.  62).    The  behavior  of  the  infinite  integrals  of  a  function 
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whkh  does  not  change  sign  and  of  the  product  of  that  function  by  an 
K-fiinctinn  are  identkal  as  far  as  convergence  or  divergence  are  concerned. 
Consider  the  proof  of  this  theorem  in  a  special  case,  namely, 


rf{x)dx,  J  f(x)E(x)dx, 


(1) 


where  f(x)  may  be  assumed  to  remain  positive  for  large  values  of  x 
and  E  (x)  approaches  a  positive  limit  as  x  becomes  infinite.  Then  if  A' 
be  taken  sufficiently  large,  both  /(x)  and  E(x)  have  become  and  will 
remain  positive  and  finite.    By  the  Theorem  of  the  Mean  (Ex.  5,  p.  29) 


*  f  f(x)dx  <  f  f(x)E(x)dx  <M  (    f(x)dx, 


X  >  K, 


£ 


where  m  and  M  are  the  minimum  and  maximum  values  of  E  (x)  between 
K  and  oo.  Now  let  x  become  infinite.  As  the  integrands  are  positive, 
the  integrals  must  increase  with  x.   Hence  (p.  35) 

/(a:)  rfa:  converges,       |    f(x)E(x)dx<MJ    /(x)  rfx  converges, 
K  Jk  Jk 

fix)  E  (x)  dx  converges, 

J    /(a)  dx  <  —   /    f{x)  E  (x)  dx  converges  ; 
K  '"■  Jk 

and  divergence  may  be  treated  in  the  same  way.    Hence  the  integrals 

(1)  converge  or  diverge  together.    The  same  treatment  could  be  given 

for  the  case  the  integrand  became  infinite  and  for  all  the  variety  of 

hypotheses  which  could  arise  under  the  theorem. 

This  theorem  is  one  of  the  most  useful  and  most  easily  applied  for  determining 
the  convergence  or  divergence  of  an  infinite  integral  with  an  integrand  which 
does  not  change  sign.   Thus  consider  the  case 

r"       xdx       _r"r     ^^     l^dx  p,  x_r     x^     1^  r"  dx  _  _1\''' 

J     {ax  +  x^)i'-^      L^xT^J    ?'  ~lax  +  xd    '        J      ^  ~      x\    ' 

Here  a  simple  rearrangement  of  the  integrand  throws  it  into  the  product  of  a  func- 
tion E{x),  which  approaches  the  limit  1  as  i  becomes  infinite,  and  a  function  1/x^, 
the  integration  of  which  is  possible.  Hence  by  the  theorem  the  original  integral 
converges.  This  could  have  been  seen  by  integrating  the  original  integral  ;  but 
the  integration  is  not  altogether  short.    Another  case,  in  which  the  integration  is 

not  possible,  is 

f^      <ix       _  r^  1  dx 

^    Vl-x*      ■^    Vl  +  z2  Vl  +  x  Vl-x 

1  r^     dx  J 1> 

E(x)  =  — ^ —      I  =-2^/r^.\ . 

Vl  +  x2  Vl  +  x  •'    Vl-Z  ' 
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Here  E(l)  =  ^.   The  integral  is  again  convergent.   A  case  of  divergence  would  be 

141.  The  interpretation  of  a  definite  integral  as  an  area  will  suggest 
another  form  of  test  for  convergence  or  divergence  in  case  the  inte- 
grand does  not  change  sign.  Consider  two  functions  f(x)  and  ipix) 
both  of  which  are,  say,  positive  for  large  values  of  x  or  in  the  neigh- 
borhood of  a  value  of  x  for  which  they  become  infinite.  Jf  f/ic  curve 
y  =  il/(x)  remains  above  y  =f(x),  the  integral  of  f{x)  must  eoncerge  if 
the  integral  ofij/(x)  converges,  and  the  Integra/  ofyj/ix)  must  direrge  if 
the  integral  off(x)  diverges.  This  may  be  proved  from  the  definition. 
ror/(j-)  <  i/^(x)  and 

J'    f{x)d.r<j    il,(x)dx     or     F(x)<*{j-). 
K  J  K 

Now  as X approaches  b  ot(x>,  the  functions  F(x)  and  *(x)  both  increase. 
If  *(a;)  approaches  a  limit,  so  must  F{x) ;  and  if  F(x)  increases  with- 
out limit,  so  must  *(a-). 

As  the  relative  behavior  oif(x)  and  ^(x)  is  consequential  only  near 
particular  values  of  x  or  when  x  is  very  great,  the  conditions  may  be 
expressed  in  terms  of  limits,  namely  :  If  \ji(x)  does  not  change  sign  and 
if  the  ratio  f{x) /\j/(x)  approaches  a  finite  limit  (or  zero'),  the  integral  of 
f(x)  will  converge  if  tile  integral  of  ^(pt)  converges;  and  if  the  ratio 
f(x)/il/(x)  approaches  a  finite  limit  (not  zero)  or  becomes  infinite,  the 
integral  off(x)  will  diverge  if  the  integral  ofxj/^x)  diverges.  For  in  the 
first  case  it  is  possible  to  take  x  so  near  its  limit  or  so  large,  as  the 
case  may  be,  that  the  ratio  f(3')/tl'  (x)  shall  be  less  than  any  assigned 
number  G  greater  than  its  limit;  then  the  functions /(a;)  and  G\\i(x) 
satisfy  the  conditions  established  above,  namely  /  <  G\ji,  and  the  inte- 
gral of  f{x)  converges  if  that  of  </»  (x)  does.  In  like  manner  in  the  second 
case  it  is  possible  to  proceed  so  far  that  the  ratio /(.i;)/i/'(x)  shall  have 
become  to  remain  greater  than  any  assigned  number  g  less  than  its 
limit ;  then  /  >  g\p,  and  the  result  above  may  be  applied  to  show  that 
the  integral  of  f{x)  diverges  if  that  of  i^  (x)  does. 

For  an  infinite  upper  limit  a  direct  integration  shows  that 

/'  dx  _    —1      1     -  ,  -  converges  if  A;  >  1, 

1^'  k-laf-'  or  log  X     ,  diverges  if  h  si.    ^  > 

Now  if  the  test  function  <^(x)  be  chosen  as  1/x*  =  x"*,  the  ratio 
f(x)/4>(x)  becomes  x*/(x),  and  if  the  limit  of  the  product  x*/(x)  exists 
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and  may  he  shown  to  he  fnite  (or  sera)  as  x  becomes  infinite  for  any 
choice  of  k  greater  than  1,  the  integral  off{.r)  to  infnlty  ivUl  converge  ; 
but  if  the  product  approaches  a  finite  limit  {nut  zero)  or  becomes  infinite 
for  any  choice  of  k  less  than  or  equal  to  1,  the  integral  diverges.  This 
may  bf,  stated  as  :  The  integral  of /(r)  to  infinity  will  converge  if /(.r) 
is  an  infinitesimal  of  oider  higher  than  the  first  relative  to  1/x  as  x 
becomes  infinite,  but  will  diverge  iif(x)  is  an  infinitesimal  of  the  first 
or  lower  order.    In  like  manner 


r'     d.r      _ 

J  ll'-'-r 


/.•-I  (/'-./■/ 


-log(//-,r) 


converges  if  /.<!,   „ 
diverges  if /.-^l, 


and  it  may  be  stated  that:  The  integral  oif(x)  to  b  will  converge  if 
/(./■)  is  an  infinite  of  order  less  than  the  first  relative  to  {b  —  x)~^  as  x 
approaches  b,  but  will  diverge  if  /(a-)  is  an  infinite  of  the  first  or  higher 
order.    The  proof  is  left  as  an  exercise.  See  also  Ex.  3  below. 

As  an  example,  let  the  integral    (     i"e-^dx  be  tested  for  convergence  or  diver- 
Jo 
gence.    If  n  >  0,  the  integrand  never  becomes  infinite,  and  the  only  integral  to 

examine  is  that  to  infinity  ;  but  if  n  <  0  the  integral  from  0  has  also  to  be  consid- 
ered. Now  the  function  e-^  for  large  values  of  x  is  an  infinitesimal  of  infinite 
order,  that  is,  the  limit  of  a;*  +  "e-^  is  zero  for  any  value  of  k  and  n.  Hence  the 
integrand  x''e-^  is  an  infinitesimal  of  order  higher  than  the  first  and  the  integral 
to  infinity  converges  under  all  circumstances.  For  i  =  0,  the  function  e-^  Is  finite 
and  equal  to  1  ;  the  order  of  the  infinite  x"e-^  will  therefore  be  precisely  the  order 
n.  Hence  the  integral  from  0  converges  when  n  >  —  1  and  diverges  when  7i  s  —  1. 
Hence  the  function 

T{a)=  f    x'-'^e-^'dx,        a  >  0, 
Jo 

defined  by  the  integral  containing  the  parameter  a,  will  be  defined  for  all  positive 
values  of  the  parameter,  but  not  for  negative  values  nor  for  0. 

Thus  far  tests  have  been  established  only  for  integrals  in  which  the 
integrand  does  not  change  sign.  There  is  a  general  test,  not  particularly 
useful  for  practical  jiurposes,  but  highly  useful  in  obtaining  theoretical 
results.    It  will  be  treated  me^-ely  for  the  case  of  an  infinite  limit.    Let 


n 


'!^)  =j  f(^)  <l^,        F{x")  -  F(x')  =  r  f{x)  dx,        x\  x"  >  K.    (4) 

Now  (Ex.  3,  p.  44)  the  necessary  and  sufficient  condition  that  F(x) 
approach  a  limit  as  x  becomes  infinite  is  that  F(x")  —  F(x')  shall 
approach  the  limit  0  when  x'  and  x",  regarded  as  independent  varia- 
bles, become  infinite ;  by  the  definition,  then,  this  is  the  necessary 
and  sufiicient  condition  that  the  integral  of  f(x)  to  infinity  shall 
converge.    Furthermore 
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'/  /     \f(j')\dx     cunverrjes,  thni    j    f(n-)dx  (6) 

rniis/  roni'fn/f  and  ix  said  to  be  tiJisidn/r/i/  foiirrrr/i'nt.    The  \n-ooi  of  this 
important  theorem  is  (contained  in  the  iihovc  and  in 


f     f{^-)dxS   f 


I  /(./■)  I '/.'■• 


To  see  whether  an  integral  is  absolutely  oonvergent,  the  tests  estab- 
lished for  the  eonvergencie  of  an  integral  with  a  i)ositive  integrand 
may  be  applied  to  the  integral  of  the  absolute  value,  or  some  obvious 
direct  mMhad  of  comparison  m;iy  be  employed  ;  for  example, 


/'  cos^^/.r       C    Idx 
-r~, — 2  =  I      -^r-, — :,  which 
n'  +  :,■'     J      a-  +  j- 


converges, 


and  it  therefore  appears  that  the  integral  on  the  left  converges  abso- 
lutely. ^^'hen  the  convergence  is  not  absolute,  the  question  of  con- 
vergence may  sometimes  be  settled  by  inte<jration  by  parts.  For 
suppose  that  the  integral  may  be  written  as 

/    f{x)dx=  I    <i>{x),f,{x)dx  =  \i\>{x)  i  ^{x)ds\  —  I    ,\,'{x)  I  \(f(x)dx- 

by  separating  the  integrand  into  two  factors  and  integrating  by  parts. 
Now  if,  when  x  becomes  infinite,  each  of  the  right-hand  terms  approaches 
a  limit,  then 

I      f(x)dx=  lim    <^(a-)  j  tl,(x)dx\  -  lini   (  4>'(.r)  i  ^(x)dxdx, 

and  the  integral  of  f{x)  to  infinity  converges. 

.,       ,                            ,  /""icosidx     „        /•«  x|cosx|(ir 
As  an  example  consiaer  the  convereenoe  of  I      — ; — .    Here  |      — '-— 

does  not  appear  to  be  conveigent ;  for,  apart  from  the  factor  |  cos  x|  which  oscillates 
between  0  and  1,  the  integrand  is  an  inflnitesiinal  of  only  the  first  order  and  the 
integral  of  such  an  integrand  does  not  converge ;  the  original  inte.!<ral  is  therefore 
apparently  not  absolutely  convergent.   However,  an  integration  by  parts  gives 


/"^xcosxdz      isinxl^      r^x^  —  a'  , 
= —  I    cosxai, 
a'  +  x"       a'  +  x<'\      J    {I'^  +  a^ 

=  0,  I     — T r^  cos  irfx  <  I      — r  • 


lim 

Now  the  integral  on  the  right  is  seen  to  be  convergent  and,  in  fact,  absolutely 
convergent  as  x  becomes  infinite.  The  original  integral  therefore  nm,st  approach 
a  limit  and  be  conveiipent  ■«  x  becomes  infinite. 
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EXERCISES 

1.  Establish  the  convergence  or  divergence  of  these  infinite  integrals: 

(S)    f  z«-i(l  —  i)^-i(tc  (to  have  an  infinite  integral,  a  must  be  less  than  1), 

•'•'  vox  — j;''  "^^    iVx^  — 1 


,2  o.«-l 


^  '  Jo   1-x'^  -^0  (1  -  1)3  Jo   1  -  r 


'Jo  V(l-i»Hl-fc2j;2)  •^°   V   1-2^ 


2.  Point  out  the  peculiarities  which  make  these  integrals  infinite  integrals,  and 
test  the  integrals  for  convergence  or  divergence : 

XI  /       l\n  /■!  log!   , 

(log-j  dx,  conv.  if  n  >  -  1,  div.  if  n  S  -  1,        ifi)  j^   Y^     ' 

n 

iy)    f  (_logx)'*da;,  (5)    f  ^  log  sin  xtia;,  (c)    f  ilogsinzdi, 

Jo  Jo  «/ 0 

(f)  r'iog/x+i\^,  (r,)  r — ^? — -.    w  r'x".(iogi)"dx, 

^"  J        ^\        x/l  +  z2       ^  '  Jo  (sini  +  cosx)*  'Jo       \      xj 

(0    I        ,  (k)    I     x«dx,  (X)    I    logxun  — di, 

•^0    Vilog(x  +  l)  ''"  •'o  2 

/.»x"~i  /»  +  »       ,  /•■*  x*'~idx 

(^)  f  ^dx,  (.)  r    e-'dr,  (o)  r  ——5. 

Jo    1  +  I  J_„  Jo    (1  +  x)2 

,  ^    /-"sin^i  ,  ,  .     rMogidx  ,  ^    C"  -{''-V) 

Jo  I^  Jo   yi  _  2^2  Jo 

(T)    I  ,       °    dr,  (v)    \  '     ^2  2      '^-      ^     I     e-'"^cosh/3xdx. 

Jo        1  + 1  Jo         1  +  (fx'  Jo 

3.  Point  out  the  similarities  and  differences  of  the  method  of  JE-functions  and 
of  test  functions.  Compare  also  vfith  the  work  of  this  section  the  remark  that  the 
determination  of  the  order  of  an  infinitesimal  or  infinite  is  a  problem  in  indeter- 
minate forms  (p.  63).  State  also  vfhether  it  is  necessary  thaX  f(x)/\f'{x)  or  x''f(x) 
should  approach  a  limit,  or  whether  it  is  sufficient  that  the  quantity  remain  finite. 
Distinguish  "of  order  higher"  (p.  356)  from  "of  higher  order"  (p.  63) ;  see  Ex.  8,  p.  66. 

4.  Discuss  the  convergence  of  these  integrals  and  prove  the  convergence  is 
absolute  in  all  cases  where  possible : 

(a)  f  «-|?dx,  ip)  fcosx^dx,  iy)  f  ^dx, 

(J)    r  ^-^^^ax,  (0    f"e-«^cos^,  (f)  /"  JZ  +  i!dx, 

Jo  JC  Jo  J  0      \       x^ 
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/»="  isini   ,  „     C  ,    ,  ,   ,    /■*  cosx  , 

Jo        X^   +    t-*  •'0  -^0  -y/j 

/•«                    „                                                                  „,    /""  sill  X  COS  ori  , 
(k)!     i<'-'e-»'":»«^cos(isiiimdx,  (X)    j      dx, 

Jo  .  «/0  X 

(m)    I     cos x'' cos 2  axdx,        (v)    I     sin  ( — | ]dx,      (o)    (     dx. 

Jo  ^  '  Jo         \2       2xV      '      ^  '  Jo       x" 

5.  If  /i(x)  and  /^(x)  are  two  limited  functions  integrable  (in  the  sense  of 
§§  28-30)  over  the  integral  a  ^  x  S  b,  show  that  their  product  /(x)  =/j(x)/2(i) 
is  integrable  over  the  interval.  Note  that  in  any  interval  J,-,  the  relations 
"i-iii'Wi  =  "It  =  -Mi  =  -1^11^1^21  ^"d  M\iM2i  —  muma  =  Jlfi,Jlf2i  —  Muma  + 
Mum-ii  —  r»i,'W2i  =  -^liOii  +  m^iOn  hold.    Show  further  that 

fy,(x)f,(x)dx  =  limj  ./■i(«.)/2«.)«.- 

=  liin^/,«.)^"  + Vo(x)cJx  -£"-^'{/,(fi)  -/„(x)(ix}], 

or  j''f(x)dx  =  nm^f,(^i)fj*  +  ''f„(x)dx 

=  nm^f,(^i)^f\(x)dx-£     /2(x)dxj, 

or  J /(x) dx  =  /,(fi)£ /^(x) dx  +  lim ^  [/^(f.)  -  /.({._ i)]  _£  /^(x) dx. 

6.  The  Second  Theorem  of  the  Mean.  If  /(i)  and  0  (x)  are  two  limited  functions 
integrable  in  the  interval  a  S  x  s  6,  and  if  ip  (x)  is  positive,  nondecreasing,  and 
less  than  K,  then 

J  V  (x)/(x)  dx  =  Kf  f(x)  dx,        a  s  f  s  6. 

And,  more  generally,  if  <p (x)  satisfies  -  x,  <  k  ^  <l>{x)  ^  K  <  x  and  is  either 
nondecreasing  or  nonincreasing  throughout  the  interval,  then 

r V (x)/(x) dx=^kJ^f{x)dx  +  Kj  f(x) dx,        aSiSb. 

In  the  fii-st  case  the  proof  follows  from  Ex.  5  by  noting  that  the  integral  of 
</>  (x)/(x)  may  be  regarded  as  the  limit  of  the  sum 

t- «i)  f  V(i) dx  +  y\  [<t.(ii)  -  4> (f.- 1)]  f  /(x) dx  +  [K-4> «„)]  f  /(x) dx, 

where  the  restrictions  on  ^(x)  make  the  coefficients  of  the  integrals  all  positive  or 
zero,  and  where  the  sum  may  consequently  be  written  as 

m[«(£i)  +  0«2)  -  *«i)  +  ■  ■  ■  +  *«»)  -  '^«-i)  +  -^  -  *<^»)]  =  "-^ 
if  /*  be  a  properly  chosen  mean  value  of  the  integrals  which  multiply  these  coeffi- 
cients ;  as  the  integrals  are  of  the  form  J  f(x)  dx  where  {  =  a,  Xi,  •  •  ■ ,  x„,  it  follows 


/ 


r",t,{x)f(x)dx  =  0(1')  f^f{x)dx  +  0(1")  f"  f{x)dx. 
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that  n  must  be  of  the  same  form  where  a  ^  f  ^  /'.   The  second  form  of  the  theorem 
follows  by  considering  the  function  0  —  k  or  k  —  0. 

7.  If  <j>(x)  is  a  function  vaiyinf;  always  in  the  Kaine  sense  and  approaching  a 
finite  limit  as  i  becomes  infinite,  the  integral   j     <p{x)f(x)dx  will  converge  if 

f{x)  dx  converges.    Consider 

r{x)ax  +  0(r)  | 
i 

8.  If  0(i)  is  a  function  varying  always  in  the  same  sense  and  approaching  0  as 
a  limit  when  x  =  ao,  and  if  the  integral  F{x)  of  f(x)  remains  finite  when  x  =  cc, 
then  the  integral  j     <f>{x)f(x)(lx  is  convergent.    Consider 

r".t>  (x)f{x)  Ox  =  0  (X')  [F(f)  -  Fix')]  +  0  (X")  [i^(x")-  F(?)]. 

This  test  is  very  useful  in  practice  ;  for  many  integrals  are  of  the  fori  1 1  /     0  (x)  sin  idi 

where  0(i)  constantly  decreases  or  increases  toward  the  limit  0  when  x  =  as ;  all 
these  integrals  converge. 

142.  The  evaluation  of  infinite  integrals.  After  an  infinite  integral 
has  been  proved  to  converge,  the  problem  of  calculating  its  value  still 
remains.  Xo  general  method  is  to  be  had,  and  for  each  integral  some 
special  device  has  to  be  discovered  which  will  lead  to  the  desired 
result.  This  may  frequently  be  accomplished  by  choosing  a  function 
F(s)  of  the  complex  variable  x  =  x  -\-  iy  and  integrating  the  function 
around  some  closed  path  in  the  s-plane.  It  is  known  that  if  the  points 
where  F(z)  =  X{x,  y)  +  iY{x,  y)  ceases  to  have  a  derivative  F'(£), 
that  is,  where  X(x,  y)  and  Y(x,  y)  cease  to  have  continuous  first  par- 
tial derivatives  satisfying  the  relations  A"  =  I'J  and  X'^  =  —  )'^,  are  cut 
out  of  the  plane,  the  integral  of  F(s)  around 

any  closed  path  which-  does  not  include  any  of    ~4±5f  ^ """ 

the  excised  points  is  zero  (§  124).  It  is  some- 
times possible  to  select  such  a  function  F(z) 
and  such  a  path  of  integration  that  part  of 
the  integral  of  the  complex   function  reduces    — 1; !,_jjv^£^dx_ 


dz=-^id.y     dz=idy 


-A  O 

to  the  given  infinite  integral  while  the  rest  of 

the  integral  of  the  complex  function  may  be  computed.    Thus  there 

arises  an  equation  which  determines  the  value  of  the  infinite  integral. 

' dx  which  is  known  to  converge.   Now 

/•"  sinx  J         /.  •  eiVr  _  g- ii  r"  0^        /.me- fa 

/      dx  =  I      di  =  ( I      dx 

•/o       I  .^0  2vx  Jo     2ix      Jo     2ix 

suggests  at  once  that  the  function  e''/z  be  examined.  This  function  has  a  definite 
derivative  at  every  point  except  z  =  0,  and  the  origin  is  therefore  the  only  point 


'n 
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which  has  to  be  cut  out  of  the  plane.   The  integriil  iif  c<=/z  around  any  patli  such 
as  that  marked  in  the  figure*  is  therefore  zero.   Then  if  a  is  small  and  -1  is  larjre, 


o  z  J,i       r  Ji,     ,1  -I-  ;,/  J.I      J'  +  Hi 

-—-  ■,dy+  i        '^ilx+  f       - 

11   —  '1    +   11/  J  -  A      X  J-a       Z 

/         —  (ir  =  —  /         —  Jj  =  _  /      and     /        —dz^i 

•'-A      X  J- II        .r  Ju  X  J~ii      z  J-u 


dz. 

z 


tlie  lirst  by  tlie  ordinary  rules  of  integration  and  tlie  .second  by  .Vlaciaurin's 
Fonnula.    Hence 

Jn    gi2                   p  A    fiix  g—  ix  p  ■¥  I*  (J.Z 

—  dz  =  I       -+  I         —  + four  otlier  integrals. 
O     2                  Ju                   X  J-a        Z 

It  will  now  be  shown  that  by  taking  the  rectangle  sufficiently  large  and  the 
semicircle  about  the  origin  sufficiently  small  each  of  the  four  integrals  may  be 
made  as  small  as  desired.  The  method  is  to  replace  each  integral  by  a  larger  one 
which  may  be  evaluated. 

i^jieiA-y         I        ~a|eM|e-»  r  n  i         ^       li 

I     iti)/   s  I      J ' \i\dy  <  I      —e- «dy  <  — . 

I  Jo    A  +  iy     ■'I       Jo     \A  +  iy\^    ^    "     Jo    A  A 

These  changes  involve  the  facts  that  the  integral  of  the  absolute  value  is  as  great 
as  the  absolute  value  of  the  integral  and  that  e^-^-v  =  e'''e-  v,  \e''^\  =  \,\A  -\-  iy\>  A, 
e->'<\.  For  the  relations  I  e''' I  =  1  and  |^  +  ij/|  >ji,  the  interpretation  of  the 
quantities  as  vectors  suffices  (§§  71-74) ;  that  the  integral  of  the  absolute  value  is 
as  great  as  the  absolute  value  of  the  integral  follows  from  the  same  fact  for  a  sum 
(p.  154).  The  absolute  value  of  a  fraction  is  enlarged  if  that  of  its  numerator  is 
enlarged  or  that  of  its  denominator  diminished.    In  a  .similar  manner 

dx]  <  I      dx  =  2e-  "  —,        \  I    idy]  <  —  ■ 

,    _i       x  +  iB      '      J-A    li  li  \Jii-A  +  iy        I      A 

X  +  n  7j        I  /« + "  '  dz\  /•"" 

-dz\sf      \n\--^  =  f  \v\d<p, 
■a       Z  I  •>  -II  \Z\  Jo 

/"  +  "  dz  _  r"  re^'id^)  _      _. 

J—  a      Z         Jit 


Furthermore 


re*' 


Then     0=  r -dz=  r''2i^^<iE-7ri+«,        |  R|<  2^  +  2e-^^  +  ir., 
Jq  z  Ja  X  An 

where  e  is  the  greatest  value  of  |i;|  on  the  semicircle.  Now  let  the  rectangle  be 
so  chosen  that  A  =  Bei^  ;  then  |  R|  <  4  e~  ' ''  +  ire.  By  taking  B  sufficiently  large 
c"  i  ^  may  be  made  as  small  as  desired ;  and  by  taking  the  semicircle  sufficiently 

•  It  is  also  possible  to  integrate  along  a  semicircle  from  .1  to  —  A,  or  to  come  hack 
directly  from  iB  to  the  origin  and  separate  real  from  imaginary  parts.  These  variations 
in  nietluKl  may  be  left  as  exercises. 
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small,  e  may  be  made  as  small  as  desired.  This  amounts  to  saying  that,  for  A  suffi- 
ciently large  and  for  a  sufficiently  small,  B  is  negligible.  In  other  words;  by  taking 

A  large  enough  and  a  small  enough   |     may  be  made  to  differ  from  —  by 

as  little  as  desired.  As  the  integral  from  zero  to  infinity  converges  and  may  be 
regarded  as  the  limit  of  the  integral  from  a  to  -4  (is  so  defined,  in  fact),  the  integral 
from  zero  to  infinity  must  also  differ  from  J  ir  by  as  little  as  desired.  But  if  two 
constants  differ  from  each  other  by  as  little  as  desired,  they  must  be  equ^.   Hence 

r"!^=!:.  (6) 

Jo       I         2  ^  ' 

As  a  second  example  consider  what  may  be  had  by  integrating  e^/{z^  +  k^)  over 
an  appropriate  path.  The  denominator  will  vanish  when  z  =  ±  ik  and  there  are 
two  points  to  exclude  in  the  z-plane.  Let  the  integral 
be  extended  over  the  closed  path  as  indicated.  There  is 
no  need  of  integrating  back  and  forth  along  the  double 
line  0  a,  because  the  function  takes  on  the  same  values 
and  the  integrals  destroy  each  other.  Along  the  large 
semicircle  2  =  Be"*  and  dz  =  Bie'^d^.   Moreover 

X"      e'^dx  r~*  e"dx         r^  e-"dx 

.^^TT^  =  -l      ^M^=Jo    i^Tfci        by  elementary  rules. 

Hence       f"   -^^^  +  f'^^^  =  f  '±±^dx  =  2  T^^^^  Ox, 
J-sx^  +  k^     Jo   z2  +  jt2     J„       x^  +  k^  Jo    x^  +  k^      ' 

and     0=r  -^^dz  =  2f''^^^dx+r^f^^^^^^+  f      -^^■ 

Jo  Z>-  +  *2  Jo     12  +  fe2  Jo         B^eS'*  +  k^  Jaa'a  Z^  +  k^ 

Now  \ff^^\  ^  |eiJJ(coB«^  +  tBin^)|  —  I  g— ie ein 4igi£ cos 0 1  —  ^—Rnuit>_ 

Moreover  |  fiSe^**  +  k^  \  cannot  possibly  exceed  fi^  _  fcs  and  can  equal  it  only  when 
<t>  =  \ir.    Hence 


U' 


e<-Be**iJie«*d^l  ^  /.»  Se-Jiiii.«  -.^  Be-ii>in# 


B«e»<*  +  fc2  I  - j„      ^  _  J.,  d0  =  2 j^     — __d0. 
Now  by  Ex.  28,  p.  11,  sin  ^  >  2  ^/tt.   Hence  the  integral  may  be  further  increased. 

I  Jo      BV^o  +  fcsl         Jo        B2_fe2     -fi2_fc2^*~         ^'• 
Moreover,       C      _f!^  =  f      _^  J^  =  f      l^-'  ,  ^     ^ 

Jaa'aZ^  +  k^        Jaa'a  Z  +  ik  Z  -  ik        J«a'a\2ki  /  Z  -  ik' 

where  i;  is  uniformly  infinitesimal  with  the  radius  of  the  small  circle.  But 
A^     _      o_-      „„.,      r        e"dz  2  7re-* 


—  =  —  2iri,     and     / 


Jaa-a  Z^  +  k^  2k 

where  |  i"|  =  2  jrt  if  « is  the  largest  value  of  1 1;  |.   Hence  finally 


+  r, 
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Jo   x^ 


COSZ      ,  IT        .  T         ,        D        ,, 

dx--  e-*  +  f  +  ^_^^(e-«-  1). 


By  taking  the  small  circle  small  enough  and  the  large  circle  large  enough,  the  last 
two  terms  may  be  made  as  near  zero  as  desired.    Hence 


/. 


cos  I    ,        ire-'* 

dx  = (7) 

J"           C'""''          dz                       6 —  * 
=  —  2  iri is  exact 
aa'o  z  +  ki  z  —  ki                2ki 

and  not  merely  approximate,  and  remains  exact  for  any  closed  curve  aboutiz  =  ki 
which  does  not  include  z  =—  ki.  That  it  is  approximate  in  the  small  circle  follows 
immediately  from  the  continuity  of  e''V(z  +  ki)  =  e-*/2ki  +  ij  and  a  direct  inte- 
gration about  the  circle. 

As  a  third  example  of  the  method  let  /      dx  be  evaluated.    This  integral 

«/o  1  +  I 
will  converge  if  0  <  a  <  1,  because  the  infinity  at  the  origin  is  then  of  order  less 
than  the  first  and  the  integrand  is  an  infinitesi- 
mal of  order  higher  than  the  first  for  large  values 
of  X.  The  function  z"-  i/(l  +  z)  becomes  infinite 
at  2  =  0  and  z  =  —  1,  and  these  points  must  be 
excluded.  The  path  marked  in  the  figure  is  a 
closed  path  which  does  not  contain  them.  Now 
here  the  integral  back  and  forth  along  the  line 
a  A  cannot  be  neglected ;  for  the  function  has  a 
fractional  or  irrational  power  z"-'  in  the  nu- 
merator and  is  therefore  not  single  valued.  In 
fact,  when  z  is  given,  the  function  z^-^  is  deter- 
mined as  far  as  its  absolute  value  is  concerned,  but  its  angle  may  take  on  any 
addition  of  the  form  2  irk  (a  —  1)  with  k  integral.  Whatever  value  of  the  function 
is  assumed  at  one  point  of  the  path,  the  values  at  the  other  points  must  be  such 
as  to  piece  on  continuously  when  the  path  is  followed.  Thus  the  values  along  the 
line  aA  outward  will  differ  by  2  tt  (a  —  1)  from  those  along  Aa  inward  because 
the  turn  has  been  made  about  the  origin  and  the  angle  of  z  has  increased  by  2n-. 
The  double  line  6c  and  cb,  however,  may  be  disregarded  because  no  turn  about  the 
origin  is  made  in  describing  cdc.   Hence,  remembering  that  e"  =  —  1, 


0=  C  - dz=    (1— -I d(r,^')=    I      dr+f  ,^."^ 

Jol  +  z  Jo     1+re*'        ^  J»    l  +  J-         Jo      l  +  A&l" 

L—1 e^'idr+ dz  +  I     — — dz. 

A         1  +  re^'"  Jotta  H-  Z  •'cdc  1  +  z 

Now  f'^dr^rq^dr=f'riZL(^-e^,.^-)dr, 

Ja     1  +  r  -J  A       1  +  r  Ja     I  +  r 


I   /•2'r  A'e^'  /•""■    A"  ..    -        - 

I  Jo      l  +  4e*'       I     Jo      ^-11        I 


0    a,a^i         I       /'2<f    a"     ,    _2Ta' 


IJoNmH-Z       I      I  Jjir  1 -t- a€*'        I      •'o      1-a 


l-o 
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dz 


—  1)"-^=—  2  Trie"'-'' -^'>'  =  2irie'"''. 
2  TTyl"      2  Tra" 


Jalc  1  +  2  J  1  +  Z 

/./i  ,-»-!                                             ,    ,      2TrA'' 
Hence     0  =  (1  -  e^""')  /      :; dr  +  2  Trie"'"  +  f,        |r|<-i r  + 

If  A  be  taken  sufficiently  large  and  a  sufficiently  small,  f  may  be  made  as  small 
as  desired.   Then  by  the  same  reasoning  as  before  it  follows  that 

dr  +  2  Trie"",     or    0  =  —  sm  ira  I dr  +  ir, 

0     1  +  r  Jo    1  +  r 

and  f (ic  =  -r^^  •  (8) 

Jo     1  +  I  sin  air 

143.  One  integral  of  particular  importance  is  I     e"^dx.    The  evalu- 

Jo 
ation  may  be  made  by  a  device  which  is  rarely  useful.    Write 

Jf%A  r      r^A  pA  -j}        r     pA     r'A  T 

0  \_^o  Jo  J         \__Jo    Jo 

The  jjassage  from  the  product  of  two  integrals  to  the  double  integral 
may  be  made  because  neither  the  limits  nor  the  integrands  of  either 
integral  depend  on  the  variable  in  the  other.  Now  transform  to  jjolai 
coordinates  and  integrate  over  a  quadrant  of  radius  A. 

f     f   e-^'--  "Mxdi/  =  f  '  f   «"  '''rdriW  +  A>  =  -  t  (1  -  e"  ^')  +  R, 
Jo     Jo  Jo     Jo 

where  E  denotes  the  integral  over  the  area  between  the  quadrant  and 

square,  an  area  less  than  -^  A^  over  which  e"'''  ^  e~^'.    Then 

..I 

IT 


RK^Ah-"*",         j    r     r   <r'^~y"dxd!/-\' 
Jo     Jo 


<\A-' 


Now  A  may  be  taken  so  large  that  the  double  integral  differs  f rom  ^^  tt 
by  as  little  as  desired,  and  hence  for  sufficiently  large  values  of  A  the 
simple  integral  will  differ  from  \  Vtt  by  as  little  as  desired.    Hence  * 


f 

Jo 


-^dx  =  i  V^.  (9.) 


*  It  should  be  noticed  tliat  the  proof  just  given  does  not  require  tlie  tlieoiy  of  infinite 
double  intep;rals  nor  of  change  of  varialile ;  tlie  whole  proof  consists  merely  in  finding 
a  number  l  -^  from  wliidi  tlie  inteirral  may  bo  shown  to  differ  by  as  little  as  desired. 
This  was  also  true  of  the  proofs  in  §  142;  no  theoi-y  had  to  be  developed  and  no  limiting 
processes  were  used.  In  fact  the  evaluations  that  have  been  performed  show  of  them- 
selves that  the  infinite  integrals  converge.  For  when  it  has  been  sh<iwn  that  an  integral 
with  a  large  enough  upper  limit  and  a  small  enough  lower  limit  can  be  made  to  differ 
from  a  certain  constant  by  as  little  as  desired,  it  has  thereby  been  proved  that  that 
integral  from  zero  to  infinity  must  converge  to  the  value  of  that  constant. 
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When  some  infinite  integrals  have  been  evaluated,  others  may  be 
obtained  from  them  by  various  operations,  such  as  integration  by  parts 
and  change  of  variable.  It  should,  however,  be  borne  in  mind  that  the 
rules  for  operating  with  definite  integrals  were  established  only  for 
finite  integrals  and  must  be  reestablished,  for  infinite  integrals.  From 
the  direct  application  of  the  definition  it  follows  that  the  integral  of 
a  function  times  a  constant  is  the  product  of  the  constant  by  the 
integral  of  the  function,  and  that  the  sum  of  the  integrals  of  two 
functions  taken  between  the  same  limits  is  the  integral  of  the  sum 
of  the  functions.  But  it  cannot  be  inferred  conversely  that  an  integral 
may  be  resolved  into  a  sum  as 

[f{x)  +  <l>(x)yx=  I   f{x)dx+l    ^{x)dx 

a  *J  a  U  a 

when  one  of  the  limits  is  infinite  or  one  of  the  functions  becomes 
infinite  in  the  interval.  For,  the  fact  that  the  integral .  on  the  left 
converges  is  no  guarantee  that  either  integral  upon  the  right  will 
converge ;  all  that  can  be  stated  is  that  if  one  of  the  integrals  on  the 
rirjJit  converges,  the  other  will,  and  the  equation  will  be  true.  The 
same  remark  applies  to  integration  by  parts, 

Cf{x)4,\x)dx=    /(x)</,(x)|  -C f{x)^{x)dx. 

If,  in  the  process  of  taking  the  limit  which  is  required  in  the  defi- 
nition of  infinite  integrals,  two  of  the  three  terms  in  the  equation 
approach  limits,  the  third  icill  approach  a  limit,  And  the  equation  will 
be  true  for  the  infinite  integrals. 

The  formula  for  the  change  of  variable  is 

\  f(x)dx=       f[<l>(t)^4>'(t)dt, 

tJ.T=1p{f)  Jt 

where  it  is  assumed  that  the  derivative  <^'(/)  is  continuous  and  does 
not  vanish  in  the  interval  from  ^  to  T  (although  either  of  these  con- 
ditions may  be  violated  at  the  extremities  of  the  interval).  As  these 
two  quantities  are  equal,  they  will  approach  equal  limits,  provided 
they  approach  limits  at  all,  when  the  limit 

f(x)dx=        f[^(f)]<t,'(f)dt 

re<iuired  in  the  definition  of  an  infinite  integral  is  taken,  where  one  of 
the  four  limits  a,  b,  t^,  t^  is  infinite  or  one  of  the  integrands  becomes 
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infinite  at  the  extremity  of  the  interval.    Thu  formula  for  the.  change 

of  variable  is  therefore  applicable  to  infinite  integrals.    It  should  be 

noted  that  the  proof  applies  only  to  infinite  limits  and  infinite  values 

of  the  integrand  at  the  extremities  of  the  interval  of  integration ;  in 

case  the  integrand  becomes  infinite  within  the  interval,  the  change  of 

variable  should  be  examined  in  each  subinterval  just  as  the  question 

of  convergence  was  examined. 

.  , ,          . ,      /■ "  sill  X  J       "■      ,  ^  ,  , 

As  an  example  of  the  change  of  variable  consider  I     "^~n  ^""^  **^^  x=ax  . 

Ji=o         l'  Jx'=o      x'  Jx'=a       x'  Jx'=a         X 

according  as  a  is  positive  or  negative.   Hence  the  results 

Jo        X  2  2 

Sometimes  changes  of  variable  or  integrations  by  parts  will  lead  back  to  a  given 
integral  in  such  a  way  that  its  value  may  be  found.   For  instance  take 

-  0  - 

1=  f"  log  sin  xcbr  =  —  f   logcosydy=  (  ^logco&ydy,        y  =  ~  —  x. 
Jo  Jir  ^a  2 

2 

TT  ir  _ 

Then  27=  /  ^  (log  sin  j:  +  log  cos  i)  di  =  f^log- di 

Jo  Jo  2 

TT 

1  /*"'  TT  /*  2  ^ 

=  -   I     logsinxdx log  2=  I     logsinida; log  2. 

2  Jo  2  Jo  2 

TT 

Hence  1=  (  ^  log  sin  xctr  = log2.  (11) 

Jo  2 

Here  the  first  change  was  y  =  ^-tt  —  x.  The  new  integral  and  the  original  one 
were  then  added  together  (the  variable  indicated  under  the  sign  of  a  definite  inte- 
gral is  immaterial,  p.  26),  and  the  sum  led  back  to  the  original  integral  by  virtue 
of  the  substitution  y  =  2x  and  the  fact  that  the  curve  y  =  log  sin x  is  symmetrical 
with  respect  to  i  =  ^  ir.   This  gave  an  equation  which  could  be  solved  for  J. 

EXERCISES 

1.  Integrate -,  as  for  the  case  of  (7),  to  show   (     ic  =  —  e-*-" 

2.  By  direct  integration  show  that  (     e-<<'-^')^(i2  converges  to  (a— 6i)-i,  when 

Jo 
a  >  0  and  the  integral  is  extended  along  the  line  y  =  0.   Thus  prove  the  relations 

e-'"cosbx(]x  = ,  I     e-<"sinbxdx  = ,        a  >  0. 

0  a2  +  62  Jo  a2  +  62 

Along  what  lines  issuing  from  the  origin  would  the  given  integral  converge  ? 
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J  ft  eo  jpa  —  If^           t\  q\  7r 
=  ^ —  ■  To  integrate  about  z  =  —  1  use  the  binomial 
0    (1  +  xY         sin  air 

expansion  2"-!  =  [-  1  +  1  +  z]"-!  =  (-l)''-i[l  +  (1-  a)(\  +  z)  +  i,(:  +  z)], 

17  small. 

4.  Integrate  e-  ^'  around  a  circular  sector  with  vertex  at  z  =  0  and  bounded  by 
the  real  axis  and  a  line  inclined  to  it  at  an  angle  of  \  ir.   Hence  show 

-  ei"' /""(cosr!  -isinr^)dr  =  C'e-'^dx  =  — ^, 

Jcosz^dx  =  r   sinx^da;  =  -  a/— • 
0  Jo  2  \  2 

5.  Integrate  e-  "='  around  a  rectangle  y  =  0,  y  =  B,  x  =  ±  A,  and  show 

J     e- ^  COB  2  axdx  =  I  Vve-"'',  f   e-^sin2axdx  =  0. 

0  J— a, 

6.  Integrate  z'-'^er-',  0  <  a,  along  a  sector  of  angle  g  <  ^  ir  to  show 

secag  j     x''-ie-^'=°''cos(ising)di 

=  cscaqf   x" -le- =""=»' 9 sin (x sin g) dx  =  r   x''-ie-»dx. 

7.  Establish  the  following  results  by  the  proper  change  of  variable  : 

^   'Jo    i2  +  fc2  2k  Jo       /S  +  x       smoTTT 

0  2a  '  '  Jo  Vx  ^'^ 

ii- 

Jr""       , ,                   vire   4 "'  /•  1      dx  /— 

e-aVcosbxdx= .  a  >  0,         (f)    |  =  Vir, 

0  2  a  •'0   -y/—  logx 

,  ,    /'"cosx,         /-"sinx,  C  ...    fMogidx  ''■i„„o 

(7,)   I      —-rdx=\      -— dx  =  -yt-  W    (      ^ ^=--log2. 

Jo      Vi  Jo      Vx  ^2  ^0   Vl  — x=  2 


8.  By  integration  by  parts  or  other  devices  show  the  following : 

(a)    r'xlogsinxdx  =  --ir2  1og2,  (fi)   f 

Jo  *  0 


"  sin^  X  ,        TT 
-— di  =  — . 


Jf "  sin  X  cos  ax  ,        ir  tt.,  ,i„_nifi„i^i 

'      dx  =  -  if  —  1<  a  <  1,  or  -  if  a  =  ±  1,  or  0  if  I  a  I  >  1, 
0x2  4 

Jr-"  /•"  xsinxdx       ir' 

(tf)    floglx  +  -I =  irlog2,  by  virtue  of  x  =  tany. 

^  '  Jo         \        x/l  +  x^ 
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dx 


9.  Suppose   f  fix)  — ,  where  a  >  0,  converges.   Then  if  p  >  0  ,  2  >  0, 

Jo  X  a  =  o\_Ja  X  J  pa        i  ''qa        i  J 


Show  rf(2±zfMax^iuurnx)'^  = 

Jo  X  a  =  0  *Jpa  X 


1'  ,,  .dx       ,,-,  ,      q 


0 

psinpx-singx^^  ^ ^-"^  ^-^^dx  =  logg  , 

'o  X  '  ''^'  Jo  X  p 

I 

IxP-i  — X3~^  Q  /"=  COS  X  —  COS  ctx 


Jo  logx  p  J'J 


-  dx  =  log  a. 


10.  If /(x)  and/'(i)  are  continuous,  show  by  integration  by  parts  that 

J-'b                                                                     r",,  >  sin  tx  ,        "■,,„, 
/(x)  sin  kxdx  =  0.     Hence  prove      inn    |    /(x) dx  =  -/(O). 

r                  r"^,     sinfcx.        ,,.,  /""sinfcx  ,         r'^f{x)—f{0)    .    ,    ^     1 
Write       I    /(x) di  =/(0)  |     dx  +  I     '-^-^ !^'smfcxdx. 

1_  Jo  X  «/0  J  «/0  X  J 

Apply  Ex.  6,  p.  359,  to  prove  these  formulas  under  general  hypotheses. 

J"  ^         sin  fcx 
f(x) dx  =  0if6>a>0.    Hence  note  that 
..            o                 X 

lim  lim    C  f{x)  ^^ —  dx  -^  liin  lini    f  /(x) dx,     unless    /(O)  =  0. 

A:  =  tx.  a  =  0  «^a  X  a  =  0  A-=  x   J  a  X 

144.  Functions  defined  by  infinite  integrals.  If  the  integrand  of  an 
integral  contains  a  parameter  (§  118),  the  integral  defines  a  function  of 
the  parameter  for  every  value  of  the  parameter  for  which  it  converges. 
The  continuity  and  the  differentiability  and  integrability  of  the  func- 
tion have  to  be  treated.    Consider  first  the  case  of  an  infinite  limit 

f{x,  a)dx  =  I    f(x,  a)  ilx  +  H  (x,  a),  R=  \     f{.c,  a)  dx. 

a  U  a  \J  X 

If  this  integi'al  is  to  converge  for  a  given  value  a  =  a^,  it  is  necessary  that 
the  remainder  It  (x,  aj  can  be  made  Jis  small  as  desired  by  taking  x  large 
enough,  and  shall  remain  so  for  all  larger  values  of  x.  In  like  manner  if 
the  integrand  beeonies  infinite  for  the  value  x=  b,  the  condition  that 

f{x,  a)dx  =  j    /(.-;  a)dx  +R{x,  a),  R=  i    f{x,  a)dx 

converge  is  that  /?  (.t,  a^)  can  be  mndc  ns  small  as  desired  by  taking  x 
near  enough  to  ?/,  and  shall  remain  so  for  nearer  values. 

Now  for  different  values  of  a,  the  least  vnlues  of  ■  which  will  make 
I  fi  (j-,  or)  I  s  £,  when  £  is  assigned,  Avill  ])robably  differ.  The  infinite  inte- 
grals are  said  to  converge  uniformly  for  a  range  of  values  of  a  such  as 
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'r„  =  a  s  n^  when  it  is  possible  to  take  x  so  large  (or  x  so  near  b)  that 
I  It  (.T,  a)  I  <  £  holds  (and  continues  to  hold  for  all  larger  values,  or  values 
nearer  b)  simultaneously  for  all  values  of  a  in  the  range  a  Sa^a . 
The  most  useful  test  for  uniform  convergence  is  contained  in  the 
theorem  :  If  a  positive  function  <f>{x)  can  be  found  such  that 


f 


<^(x)rfx     converges  and     <^{x)  =/(a;,  a) 


for  all  large  values  ofx  and  for  all  values  of  a  in  the  interval  a^a^  a  , 
f/te  integral  of  f(x,  a)  to  infinity  converges  uniforvihj  (and  absolutely) 
for  the  range  of  values  in  a.    The  proof  is  contained  in  the  relation 


\  C  If" 

I     f(x,  a)<lx\^   I    <t> (x) dx  <  £, 

1  tJ  X  I         t/j 


which  holds  for  all  values  of  a  in  the  range.    There  is  clearly  a  similar 
theorem  for  the  case  of  an  infinite  integrand.  See  also  Ex.  18  below. 

Fundamental  theorems  are :  *  Over  any  interval  a^^  ^  a  S  a^  where 
an  infinite  integral  converges  uniformly  the  integral  defines  a  con- 
tinuous function  of  a.  This  function  may  be  integrated  over  any  finite 
interval  where  the  convergence  is  uniform  by  integrating  with  respect 
to  a  under  the  sign  of  integration  with  respect  to  x.  The  function  may 
be  differentiated  at  any  point  a^  of  the  interval.a^S  a  =  a^  by  differ- 
entiating with  respect  to  a  under  the  sign  of  integration  with  respect 
to  X  provided  the  in'tegral  obtained  by  this  differentiation  converges 
uniformly  for  values  of  a  in  the  neighborhood  of  a^.  Proofs  of  these 
theorems  are  given  immediately  below,  t 

To  prove  that  the  function  is  continuous  if  the  convergence  is  uniform  let 

f{a)=  f  f(x,  a)dx  =  f  /(I,  a)cU+  R(x,  a),         a^Sa^  «!, 

^p{a  +  Aa:)=  f  f(x,  a -\-  Aa)dx -\-  R(x,  a  +  Aa), 

Ja 

lAi/^lsl  f\f{x,a  +  Aa)-f{x,  a)-\dx\+  \R(x,  a  +  ^a)\  +  \R{x,  a)\. 

»  It  is  (if  course  assumed  that/(i,  (r)  is  continuous  in  {x,  a)  for  all  values  of  x  and  a 
under  consideration,  and  in  the  theorem  i>u  differentiation  it  is  further  assumed  that 
/^  (x,  a)  is  continuous. 

t  It  should  be  noticed,  however,  that  although  the  conditions  which  have  been 
imposed  are  nufficient  to  establish  the  theorems,  they  are  not  necessary ;  that  is,  it  may 
happen  that  the  function  will  be  continuous  and  that  its  derivative  and  integral  may  be 
obtained  by  operating  under  the  sign  although  the  convergence  is  rot  uniform.  In  this 
case  a  special  investigation  would  have  to  be  undertaken ;  and  if  no  process  for  justifying 
the  i^ontinuity,  integration,  or  differentiation  could  be  devised,  it  might  be  necessary  in 
the  case  of  an  integral  occurring  in  some  application  to  assume  that  the  formal  work  led 
to  the  right  result  if  the  result  looked  reasonable  from  the  point  of  view-of  the  problem 
under  discussion,  —  the  chance  of  getting  an  erroneous  result  would  be  tolerably  small. 
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Now  letx  be  taken  so  large  that  |R|<e  for  all  a's  and  for  all  larger  values  of  x 
—  the  condition  of  uniformity.   Then  the  finite  integral  (§  118) 

f(x,  a)dx    is  continuous  in  a  and  hence      J     [/(i,  a  +  Aa)  —f(x,  or)]  dx 

can  be  made  less  than  c  by  taking  Aa  small  enough.  Hence  |  A^|<3e;  that  is,  by 
taking  Aa  small  enough  the  quantity  |  A^  |  may  be  made  less  than  any  assigned 
number  3  c.   The  continuity  is  therefore  proved. 

To  prove  the  integrability  under  the  sign  a  like  use  is  made  of  the  condition  of 
uniformity  and  of  the  earlier  proof  for  a  finite  integral  (§  120). 

f\(a)da  =  f'  r7(i,  a)dxda  +  f'''Rdx=  C  ["'/{x,  a)dadz  +  f. 

^<r„  Ja„    Ja  Ja^  •'a    J a^ 

NovT  let  X  become  infinite.  The  quantity  f  can  approach  no  other  limit  than  0 ; 
for  by  taking  i  large  enough  B  <  e  and  |  f  |  <  t  («j  —  a„)  independently  of  a.  Hence 
as  X  becomes  infinite,  the  integral  ■  converges  to  the  constant  expression  on  the 

left  and  /•»/•«, 

I     i/(a)da=  \      I     f{x,a)dadx. 

Moreover  if  the  integration  be  to  a  variable  limit  for  a,  then 

^(a)=  rV(«)<ia=  r"  ("/(*.  a)daax=  f    F(x,  a)dx. 

Also  I  f'°F{x,a)dx\  =  \  f"  f°f(x,a)dadx\=\  f  f"f(x,a)dxda\<€{a  -  a„). 

Hence  it  appears  that  the  remainder  for  the  nevp  integral  is  less  than  e(a,  —  a^) 
for  all  values  of  a  ;  the  convergence  is  therefore  uniform  and  a  second  integration 
may  be  performed  if  desired.  Thus  if  an  ivfiniie  integral  converges  uniformly,  it  may 
be  integrated  as  many  times  as  desired  under  the  sign.  It  should  be  noticed  that  the 
proof  fails  to  cover  the  case  of  integration  to  an  infinite  upper  limit  for  a. 
For  the  case  of  differentiation  it  is  necessary  to  show  that 

Jf^(x,  a^)dx  =  <t>'{a^).         Consider  |    f'^{x,a)dx  =  ii>{a). 
n  va 

As  the  infinite  integral  is  assumed  to  converge  uniformly  by  the  statement  of  the 
theorem,  it  is  possible  to  integrate  with  respect  to  a  under  the  sign.   Then 

u,(a)da=   I       I    f'^(x,a)dadx=   j     [f(x,  a) -f{x,  a^)]dx  =  <t>{a)-  <P(at). 

The  integral  on  the  left  may  be  differentiated  with  respect  to  a,  and  hence 
<t>(a)  must  be  differentiable.  The  differentiation  gives  u(a)  =  <t>'{a)  and  hence 
«(arj)  =  ^'(aj).  The  theorem  is  therefore  proved.  This  theorem  and  the  two 
above  could  be  proved  in  analogous  ways  in  the  case  of  an  infinite  integral  due 
to  the  fact  that  the  integrand  /(i,  a)  became  infinite  at  the  ends  of  (or  within) 
the  interval  of  integration  with  respect  to  i ;  the  proofs  need  not  be  given  here. 

145.  The  method  of  integrating  or  differentiating  under  the  sign  of 
integration  may  be  applied  to  evaluate  infinite  integrals  when  the  condi- 
tions of  uniformity  are  properly  satisfied,  in  precisely  the  same  manner  as 
the  method  was  previously  applied  to  the  case  of  iinite  integrals  where 
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the  question  of  the  uniformity  of  convergence  did  not  arise  (§§  119-120). 
The  examples  given  below  will  serve  to  illustrate  how  the  method  works 
and  in  particular  to  show  how  readily  the  test  for  uniformity  may  be 
applied  in  some  cases.  Some  of  the  examples  are  purposely  chosen  iden- 
tical with  some  which  have  previously  been  treated  by  other  methods. 

Consider  first  an  integral  wliich  may  be  found  by  direct  integration,  namely, 

e-^cosftidi  =  — -•  Compare   /     e-<"dx  =  -. 

0  a^  +  62  Jo  a 

The  integrand  e-<"  is  a  positive  quantity  greater  than  or  equal  to  e-<"cos6i 
for  all  values  of  6.  Hence,  by  the  general  test,  the  first  integral  regarded  as  a 
function  of  b  converges  uniformly ^for  all  values  of  6,  defines  n  continuous  func- 
tion, and  may  be  integrated  between  any  limits,  say  from  0  to  !>.   Then 

no      n^  f%  li       /\h 

\      I     e-  "^  cos  hxdxdb  =  l      I    e-"^  cos  hx.dbdi 
Jo  i/O  «/o    Jo 

sinftx  ,         r''     adb  ,  6 

=  taii-i- 


/•'»  sin  ox  ,         r 

—  I     e-'" dx=  I 

Jo  X  Jo   a'  +  b^  a 

T  X         i  •         /•»/•''         sin  bi  ^^ ,         r 

Integrate  again.     |       (    e-*" dbdx  =  I 

Jo    Jo  X  Jo 


' ''         sin  bi  ^^ ,         /■ "         1  —  cos  bx  , 
— ■•■ (2x 


=  6  tan-i  -  -  -  log(a2  +  62). 
u      2 

_                               /• "          1  —  cos  bx  ^           ,       /"»  1  —  cos  bx  - 
Compare  /     e-"" dx    and      (      dx. 

Jo  x^  Jo  x^ 

Now  as  the  second  integral  has  a  positive  integrand  which  is  never  less  than  the  inte- 
grand of  the  first  for  any  positive  value  of  a,  the  first  integral  converges  uniformly 
for  all  positive  values  of  a  including  0,  is  a  continuous  function  of  a,  and  the  value 
of  the  integral  for  a  =  0  may  be  found  by  setting  a  equal  to  0  in  the  integrand.  Then 


r  l^I-^2i^  dx  =  lim  [6  tan-i -^  -  ?  log  (a2  +  62)1  =  1 6 1 
Jo  x^  o  =  oL  a      2  J 


2 


The  change  of  the  variable  to  x'  =  J  s  and  an  integration  by  parts  give  respectively 

J-^sin^bx,        TT,.,            /-"sinftx,         ,  ir               it  ,      .  ,      . 
dx  =  -6,          I     dx  =  +  -    or ,     as    6>0    or    6<0. 
ax"              2  '   '          Jo        X                   2                2 

This  last  result  might  be  obtained  formally  by  taking  the  limit 

/>*  sin  fix  -         /•"sinfrx,       ^        ,6  ir 

hm  I      "-<" dx=  i      dx  =  tan-i-=  ±  77 

a  =  oJo  X  Jo        X  0  2 

after  the  first  integration ;  but  such  a  process  would  be  unjustifiable  without  first 
showing  that  the  integral  was  a  continuous  function  of  a  for  small  positive  values  of  a 
and  for  0.  In  this  case  |  x  -'  e  - ""  sin  6x  ]  S  |  x  -^  sin  1 1,  but  as  the  integral  of  |  x-i  sin  6x  | 
does  not  converge,  the  test  for  uniformity  fails  to  apply.  Hence  the  limit  would  not 
be  justified  without  special  investigation.  Here  the  limit  does  give  the  right  result, 
but  a  simple  case  where  the  integral  of  the  limit  is  not  the  limit  of  the  integral  is 

J'-^sinte,        ,.     /     tN           it       /-" ,.     sin6x        r^O,        . 
ZlL^dx  =  \im{±-)=  ±-^  I     lim dx  /     -dx  =  0. 
0        X              i=o\     2/           2      Jo    bio     X  Jo    X 
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As  a  second  example  consider  the  evaluation  of   I     e    V      tI  dx.  Differentiate. 

Jn 

da  Jo  Jo  \        xj  X 

To  justify  the  differentiation  this  last  integral  must  be  shown  to  converge  uni- 
formly. In  the  first  place  note  that  the  integrand  does  not  become  infinite  at  the 
origin,  although  one  of  its  factor.s  does.  Hence  the  integral  is  infinite  only  by  vii-- 
tue  of  its  infinite  limit.    Suppo.se  a  ^  0  ;  then  for  large  values  of  x 

g    \     xJ   M _\se2a£.-ar2     and      |     c-'^dx     converges  (§  143). 

Hence  the  convergence  is  uniform  when  a  ^  0,  and  the  differentiation  is  justified. 
But,  by  the  change  of  variable  x'  =  —  a/x,  when  a  >  0, 

Jo  x''       Jo  Jo 

Hence  the  derivative  above  found  is  zero  ;  <t>' (a)  =  0  and 

<p(a)=l     e    ^      ^z  (ic  =  const.  =  I     e-^dx  =  iVir; 
Jo  Jq 

for  the  integral  converges  uniformly  when  a  ^  0  and  its  constant  value, may  be 
obtained  by  setting  a  =  0.  As  the  convergence  is  uniform  for  any  range  of  values 
of  a,  the  function  is  everywhere  continuous  and  equal  to  ^  Vw. 

As  a  third  example  calculate  the  integral  <p{b)  =  f    e-  ""^  cos  bxdx.   Now 

Jo 


dip 
db 


=  /     —  ie-<'=^sin6idx  =  — -    e-^-^sinfei I     e- »^^  cos  tedi. 

■'o  2a:2L  Jo       2  a^  Jo 


The  second  step  is  obtained  by  integration  by  parts.  The  previous  differentiation 
is  justified  by  the  fact  that  the  integral  of  le-  "^^,  which  is  greater  than  the  inte- 
grand of  the  derived  integral,  converges.   The  differential  equation  may  be  solved. 


db  2a^  ^  '     Jo  2  a 


2a 


Hence  0(6)  =  0(O)e    ia^  z=  f   e- "'^  cos  bxdx  ■- 

Jo 

In  determining  the  constant  C,  the  function  <p  (b)  is  assumed  continuous,  as  the 
integral  for  (p  (6)  obviously  converges  uniformly  for  all  values  of  6. 

146.    The  question  of  the  integration  under  the  sign  is  naturally 
connected  with  the  question  of  infinite  double  integrals.    The  double 

integral    /  /(x,  y)  dA  over  an  area  A  is  said  to  be  an  infinite  integral 

if  that  area  extends  out  indefinitely  in  any  direction  or  if  the  function 
/(rr,  y)  becomes  infinite  at  any  point  of  the  area.     The  definition  of 
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convergence  is  analogous  to  that  given  before  in  the  case  of  infinite 
simple  integrals.  If  the  area  A  is  infinite,  it  is  replaced  by  a  finite 
area  A'  which  is  allowed  to  expand  so  as  to  cover  more  and  more  of 
the  area  .4.  If  the  function /'(./:,  //)  becomes  infinite  at  a  point  or  along 
a  line  in  the  area  J  ,  the  area  ,1  is  rejilaced  by  an  area  A '  from  which  the 
singularities  of /(.r,  i/)  are  excluded,  and  again  the  area  A'  is  allowed  to 
expand  and  approach  coincidence  with  .1.  If  then  the  double  integral 
extended  over  A'  approaches  a  definite  limit  which  is  independent  of 
how  A'  approaclies  .4,  the  double  integral  is  said  to  converge.    As 

JJf(x,  y)  ,lx,I;,  =jj  I ./  {^^"^  I  f{^,  f)  ,h„h,, 

where  x  =  <^(((,  r),  ij  =  i/f(»,  r),  is  the  rule  for  the  change  of  variable 
and  is  applicable  to  .4',  it  is  clear  that  if  either  side  of  the  equality 
approaches  a  limit  which  is  independent  of  how  A'  approaches  A,  the 
other  side  must  approach  the  same  limit. 

The  theory  of  infinite  double  integrals  presents  numerous  difficulties, 
the  solution  of  which  is  beyond  the  scope  of  this  work.  It  will  be  suffi- 
cient to  point  out  in  a  simple  case  the  questions  that  arise,  and  then 
state  -(Without  ])roof  a  theorem  which  covers  the  cases  which  arise  in 
practice.  Suppose  the  region  of  integration  is  a  complete  quadrant  so 
that  the  limits  for  x  and  y  are  0  and  cc.  The  first  question  is,  If  the 
double  integral  converges,  may  it  be  evaluated  by  successive  integra- 
tion as 

fix.,  y)dA  =  {         /      fix,  y)dydx  =  /         /      /(x,  y)<lxdy? 

*/a:  =  0  Uy  =  0  \Jy=o  tj  1  =  0 

And  conversely,  if  one  of  the  iterated  integrals  converges  so  that  it  may 
be  evaluated,  does  the  other  one,  and  does  the  double  integral,  converge 
to  the  same  value  ?  A  part  of  this  question  also  arises  in  the  case  of  a 
function  defined  by  an  infinite  integral.    For  let 

f(?:,y)dy     and    |     ,i>ix)dx=i         I     fix,y)dydx, 

it  being  assumed  that  <^  (.c)  converges  except  possibly  for  certain  values 
of  X,  and  that  the  integral  of  ^ix)  from  0  to  =o  converges.  The  question 
arises.  May  the  integral  of  <^  (a;)  be  evaluated  by  integration  under  the 
sign  ?  The  proofs  given  in  §  144  for  uniformly  convergent  integrals  inte- 
grated over  a  finite  region  do  not  ai)ply  to  this  case  of  an  infinite  inte- 
gral. In  any  particular  given  integral  special  methods  may  possibly  be 
devised  to  justify  for  that  case  the  desired  transformations.  But  most 
cases  are  covered  by  a  theorem  due  to  de  la  Vallee-Poussin :   If  the 
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function  f(x,  y)  does  not  change  sign  and  is  continuous  except  over  a  finite 
numher  of  lines  parallel  to  the  axes  of  x  and  y,  then  the  three  integrals 

ff(x,y)dA,        f       f    f(x,y)dydx,        f       f    f(x,y)dxdy,    (12) 

cannot  lead  to  different  determinate  results  ;  that  is,  if  any  two  of  them 
lead  to  definite  results,  those  results  are  equal*  The  chief  use  of  the 
theorem  is  to  establish  the  equality  of  the  two  iterated  integrals  when 
each  is  known  to  converge;  the  application  requires  no  test  for  iini- 
formity  and  is  very  simple. 

As  an  example  of  the  use  of  the  theorem  consider  the  evaluation  of 

Jo  Jo 

Multiply  by  «-«'  and  integrate  from  0  to  cc  with  respect  to  a. 

Jo  Jo  Jo     Jo 

Now  the  integrand  of  the  iterated  integral  is  positive  and  the  integral,  being  equal 
to  -I^,  has  a  definite  value.   If  the  order  of  integrations  is  changed,  the  integral 


0     Ju  Jo      1  + 


1      dx      1  , 

—  -  tan  -1  cc  : 


■i2   2        2  4 

is  seen  also  to  lead  to  a  definite  value.   Hence  the  values  I^  and  J  rr  are  equal. 

EXERCISES 

1.  Note  that  the  two  integrands  are  continuous  functions  of  (x,  a)  in  the  whole 
region  OSQ:<ao,  Oskqo  and  that  for  each  value  of  a  the  integrals  converge. 
Establish  the  forms  given  to  the  remainders  and  from  them  show  that  it  is  not  pos- 
sible to  take  X  so  large  that  for  all  values  of  a  the  relation  \R(x,  a)  |  <  c  is  satisfied, 
but  may  be  satisfied  for  all  a's  such  that  0  <  ag=  a.  Hence  infer  that  the  conver- 
gence is  nonuniform  about  a  =  0,  but  uniform  elsewhere.  Note  that  the  functions 
defined  are  not  continuous  at  a  =  0,  but  are  continuous  for  all  other  values. 

ae-'^dx,   R{x,a)=j     ore-'^di  =  e-"^— 1, 

/„>     /""sinoi,       _,        ,       /""sin  ax  ^         /""sini^ 
(/3     /     dx,   B(x,a)=        dx=        dx. 

Jo  X  Jx  X  Jax       X 

2.  Repeat  in  detail  the  proofs  relative  to  continuity,  integration,  and  differ- 
entiation in  case  the  integral  is  infinite  owing  to  an  infinite  integrand  a,tx  =  b. 

*  The  theorem  may  be  generalized  by  allowing  f{x,  y)  to  be  discontinuous  over  a 
finite  number  of  curves  each  of  which  is  cut  in  only  a  finite  limited  number  of  points 
by  lines  parallel  to  the  axis.  Moreover,  the  function  may  clearly  be  allowed  to  change 
sign  to  a  certain  extent,  as  in  the  case  where  /  >  0  when  i  >  o,  and  /  <  0  when  0  <  z  <  a, 
etc.,  where  the  integral  over  the  whole  region  may  be  resolved  into  the  sum  of  a  finite 
number  of  integrals.  Finally,  if  the  integrals  are  absolutely  convergent  and  the  integrals 
of  1/(1,  y)\  lead  to  definite  results,  so  vrill  the  integrals  of/(i,  y). 
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3.  Show  that  differentiation  under  the  sign  is  allowable  in  the  following  cases, 
and  hence  derive  the  results  that  are  given  : 

V^l  ■3..(2n-l) 

-i 


r'          -J         1       IT            r.       r "    .>            -J         Vjr  1  •  8    •  •   2  n 
(a)     I     (-»■'- dj,  =  ~  . /^ ,  <t>0,     I     j-2"c-'"-di  = ^ — : 

J»  2\„  Jo  2  2"a"  +  i 

J"  ^  „  1  r '  •  1  •  2  •  ■  •  II 

0  2  a  Jo  2<f"+i 

r"     dx     _ir    1  J.      A      f"  "^  _  TT  1  -a-  ■■  (2n  — 1) 

^"^^  X     z^^*:"  2  Vfc'      "^    '    •'o     (i^ +  *:)"+' ~^        2»u!*:»  +  4 

a;»(Za;  = ,  n>  — 1,     |    x»(— logi)'»(ir  = -, 

t di  = 0<a<l,    I      — ; =-(ic  = 

II     1 .+  X  sni  air  Jn         1  +  z 


s''  air  —  1 


cos-'  air 


4.  Establish  the  right  to  integrate  and  hence  evaluate  tliese  : 

-,  eo  f*^  g—  ax  —  €~  ^^  h 

(a)     I     e-<"di,   0<  a^Sa,    |      (ir  =  log-,  ?j,  a  =  «oi 

Jo  Jo  J  a 

/.I,  ,  /-ix"—  I*.        ,o+l,        ^ 

(j3)    I    x«dx,    -!<«„<  a,    I dx  =  log-— — -,  b,  a^  a„, 

^    '  Jo  Jo      log  X  0+1 

/. «  ~ai  g-az  _  g-bx  1  62  ^.  ^2 

(7)    f     e-<^coswmix,  0  <  a„  s  a,  cos  wixdx  =  -  log -— - — -, 

Jo  Jo  X  ^  d    -\-  TTi 

(5)     /     e-'^sinmxdz,  0<a„Sa,    (      sin Tnxdx  =  tan-^ tan-i-, 

^    '  Jo  '  "  Jo  I  m  m 

r-  «   _?!  _i' 

(e)    r°e-»^dx  =  — ^,  0<a„S  a,    f    e  x^  -  e    =^2 dx  =  (6 -  a)  Vr. 
Jo  2a  Jo 

5.  Evaluate:  (a)    |     e-"^ !1- dx  =  cot-i - , 

Jo  X  " 

r"         \— cos  ax,         ,  rr-, 5  ,.     r'  — ■r»^'"^°^j^ 

(fl)    I     e-^ di  =  logVl+a2,        (7)    (     e-^ dx, 

^'^'  Jo  X  Jo  I 

-«  _C^  +  ?!'\  V^  _     /■"log(l  +  a2i2)  , 

6.  If  0 < a < 6,  obtain  from  T *e-"^dx  =  -  -»/^  and  justify  the  relations : 

r''5^dr=4=   rV°e— 'sinrdxdr  =  ^  C  f'e-'-'smTdrdx 
Ja     Vr  Vir-'"  -^o  Vir-'"    "^o 

2    r          r"  e-^^x^dx       .    ,  (""e-^'^x^ix 
= sin  a  ( sin  6  I     — — - — r- 

y/~{_  Jo  l    +    I*  Jo  1    +    X* 

+  cosa(     ^_  cost  I     — ; — -   , 

Jo      1  +  X<  Jn      1  +  I*J 

/.rsinr  fir        2    f  /•-c-'^x^dx  ,  ^"  e-'^'dx'] 

r    !l^dr=-x  ---^   sinrf      -  ■  +  cosr  I      y— 5-    • 

Jo     V;  ^2       VirL        Jo       1+x*  •'<'      H-J:*J 
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.,     ,         /"-cosr,            U      2r          /•'e-'^z2(ij        .       /•»  e-'-^dx"! 
Similarly,     |     — -dr=\ cosr         — sinr  I • 

/•"sinr,         /•"  cosr  J  fir        /•«>    .    tt  „,         /•"        "■  oj        1 

^^^°  Jo      Vr  Jo      Vr  \2       Jo  2  Jo  2  2 

1  r* 

7.  Given  that =  2  |      ae-^-d  +  ^-War,  show  that 

J""  1  +  cosTwa;  ,        tt,,             ,          _    /*"  cos7?ix  ,        ir 
— ^^ di  =  -(l  +  e-'»)     and   |      -da;  =  -6-™,    to  >  0. 
0         1  +  x^               2  ^              '             Jo     1  +  x2  2 

— ^  dx,  by  integration  by  parts  and  also  by  substi- 

tuting  i'  for  ax,  in  such  a  form  that  the  uniform  convergence  for  a  such  that 
0  <  a„  S  a  is  shown.   Hence  from  Ex.  7  prove 

;  sin  ax 


Jr-*-  xsm 
0   TT 


dx  =  — e-",         a>0         (by  difierentiation). 

X  ^ 


Show  that  this  integral  does  not  satisfy  the  test  for  uniformity  given  in  the  text ; 
also  that  for  a  =  0  the  convergence  is  not  uniform  and  that  the  integral  is  also 
discontinuous. 

9.  If /(x,  a,  ;3)  is  continuous  in  (z,  a,  j3)  f  or  0  s  i<  oo  and  for  all  points  (a,  p) 

of  a  region  in  the  a/3-plane,  and  if  the  integral  0(a,  p)  =   f  /(x,  a,  p)dx  con- 
Jo 
verges  uniformly  for  said  values  of  (a,  /3),  show  that  0  (a,  j3)  is  continuous  in  (or,  /3). 

Show  further  that  if /^(x,  a,  p)  and/g(x,  a,  /3)  are  continuous  and  their  integrals 

converge  uniformly  for  said  values  of  (a,  /3),  then 

_£°°/;(x,  a,  ^)dx  =  ,^;,         ^°/3(2,  «,  /3)dx  =  ^g, 

and  tf'a-:  03  are  continuous  in  (tr,  |3).   The  proof  in  the  text  holds  almost  verbatim. 

10.  If  /(x,  7)  =/(x,  a  +  i/S)  is  a  function  of  x  and  the  complex  variable 
7  =  or  +  i/3  which  is  continuous  in  (x,  a,  ^),  that  is,  in  (x,  7)  over  a  region  of  the 
7-plane,  etc.,  as  in  Ex.  9,  and  if /^(x,  7)  satisfies  the  same  conditions,  show  that 

0(7)  =  /     /(x,  •i)dx  defines  an  analytic  function  of  7  in  said  region. 

JrtOO 
e-T^dx,  7  =  a:  +  i/3,  a  s  a„  >  0,  defines  an  analytic  func- 
0 
tion  of  7  over  the  whole  7-plane  to  the  right  of  the  vertical  a  =  a^.   Hence  infer 

^(7)  =_{%->^dx  =  \y^^  =  \  V^.         -  -  a„  >  0. 

Prove  r"e-»=^cos;3x^dx  =  iJ^^±^S, 

Jo  "^  2   \2        a2-|-,32 


r"      »,i   •    o  2j         1      Iff  -  a  -I-  VoMT^ 

I     e-  "^  sin  Sx^dx  =  -  a. — ^^-^  • 

Jo  2  N2  a^  +  /32 
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-  e-"^x  cos  /Si^dx  of  Ex.  11  by  parts  with  zcos/Sx^dx  =  du 

to  show  that  the  convergence  is  uniform  at  a  =  0.    Hence  find   f    cos^x^dx. 

Jo 

13.  From  J        cosi^fijr  =  /       cos  (x  +  a)^(ix  =  -»/-  =  I       sin(x  +  a^dx,  with 

X  +  eo  /»  +  ■/= 

cos  z2  sin  2  axdx  —■  I        sin  x''  sin  2  axdx  =  0  due  to  the  fact  that 

sin  X  is  an  odd  function,  establish  the  relations 

I     cos  i-^  cos  2  aida;  = cosl aA,    (     sin  a;'' cos  2  oridi  =  — ^sini  — —  a'l. 

Jo  2  \4  /     Jo  li  \4  / 

14.  Calculate:         (a)    f    e- "'^^ cosh 6j:(ii:,  (/3)    f    se- "^^ cos 6xda:, 
and  (together)              (,)  /^cos  (|  ±  g)  <fa,        (S)  fsin  (|  ±  ^)  <fa. 

15.  In  continuation  of  Exs.  10-11,  p.  368,  prove  at  least  formally  the  relations: 

lim    r"/(x)?i^<ix  =  ^/(0),  limlr°/(x)^^dx=/(0), 

J\     f(x)  cos  kxdxdk  =  I       I   /(x)  cos  kxdkdx  =  f   f  (x) di, 
0     «/— a                                              J—aJa                                                J— a                   X 

-  f  r  " /(I)  cos  fexdzdfc  =  lim  1  r°/(x)?i^dx  =/(0), 
-  r"  r*/{i)cosfci;(ii;d*:=/(0),       -  f"  r*/(i)cos  J:(x- <)<iwM:  =/(«)■ 

TT  Jo       J  —  m  TT  Jo       J-(D 

The  last  form  is  known  as  Fourier's  Integral ;  it  represents  a  function  f{t)  as  a 
double  infinite  integral  containing  a  parameter.  Wherever  possible,  justify  the 
steps  after  placing  suflBcient  restrictions  on  /  (x) . 

e-  '■''  dy  =  -  prove  /     dz  =  log  -  ■   Prove  also 

II  X  Jo  X  a 

Jx«-'^e-^dx   f   x'"-ie-"^di 
0  "'0 

n 

=  2  f   r^n  +  im-ig-r'dr^  f^Rin^B-i^ cos^^-i^d^. 
Jo  Jo 

17.  Treat  the  integrals  (12)  by  polar  coordinates  and  show  that 

ir 

/f(x,y)dA=f^C   f(r cos ^, r sin <l>) rdrdifi 
Jo   Jo 

will  converge  if  |/|<  j— 2-*  as  r  becomes  infinite.  Itf(x,y)  becomes  infinite  at  the 
origin,  but  |/|  <»"''  +  *,  the  integral  converges  as  r  approaches  zero.  Generalize 
these  results  to  triple  integrals  and  polar  coordinates  in  space  ;  the  only  difference 
is  that  2  becomes  3. 

18,  As  in  Exs.  1,  8, 12,  uniformity  of  convergence  may  often  be  tested  directly, 
without  the  test  of  page  369  ;  treat  the  integrand  x-ie-i^sin  fix  of  page  371,  where 
that  test  failed. 


CHAPTER  XIV 

SPECIAL  FUNCTIONS  DEFINED  BY  INTEGRALS 

147.  The  Gamma  and  Beta  functions.    The  two  integrals 

r(w)=    f  x»-ie-^rfa:,         B(m.,n)=    j    x'^~\l  -  x)"-'^dx         (1) 
Jo  J« 

converge  when  ra  >  0  and  to  >  0,  and  hence  define  functions  of  the 
parameters  ti  or  w  and  to  for  all  positive  values,  zero  not  included. 
Other  forms  may  be  obtained  by  changes  of  variable.    Thus 

Tin)  =  2  rf-^e-^'dy,  by     x  =  f,  (2) 

rW=r(logJJW,  by     e-  =  y,  (3) 

B  (to,  n)=   C  2/— XI  -  yTr'  =  B  (n,  to),     by     x  =  l-  y,      (4) 

B(TO,  n)  =  r S~'tL.'  by     x  =  -^ ,      (5) 

Jo     (1  +  3')'""'"  1  +  2/ 

B(to,  n)  =  2  C^  sin^""-^!^  cos''"-^<^<^,  by     a;  =  sin''  <^.      (6) 

If  the  original  form  of  V  (n)  be  integrated  by  parts,  then 

r"  1       1"    1  /"  1 

Jo  ^  \o       ^Jo  n     ^  ' 

The  resultiiig  relation  r(re  +  1)  =  nV(n)  shows  that  the  values  of  the 
r-function  for  n.  +  1  may  be  obtained  from  those  for  n,  and  that  con- 
sequently the  values  of  the  function  will  all  be  determined  if  the  values 
over  a  unit  interval  are  known.    Furthermore 

T{n  +  l)=nT{n)  =  n{n-l)V(n-l) 

=  7i(n  -  1)  ■  •  •  (w  -  k)T(n  -  k)  ^  ^ 

is  found  by  successive  reduction,  where  k  is  any  integer  less  than  n. 
If  in  particular  n  is  an  integer  and  k  =  n  —  1,  then 

r(»i  +  1)  =  n (to  -  1)  •  •  •  2  •  1  ■  r(l)  =  ra  !  r (1)  =  re ! ;  (8) 

378 
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since  when  n=la,  direct  integration  shows  that  T  (1)  =  1.  Thus /or  inte- 
gralvului:s  ofn  the  T-fimction  is  the  factorial ;  and  for  other  than  integral 
values  it  may  be  regarded  as  a  sort  of  generalization  of  the  factorial. 

Both  the  r-  and  B-functions  are  continuous  for  all  values  of  the 
parameters  greater  than,  but  not  including,  zero.  To  prove  this  it  is 
suflBcient  to  show  that  the  convergence  is  uniform.  Let  n  be  any  value 
in  the  interval  d  <  n^ -^  n  S.  N ;  then 

x'^-i^-^dx  S   I  x''<'-'^e-Hx,  I     x^-^e-'^dx  S   /     x^-^e'^dx. 

The  two  integrals  converge  and  the  general  test  for  uniformity  (§  144) 

therefore  applies ;  the  application  at  the  lower  limit  is  not  necessary 

except  when  »  <  1.    Similar  tests  apply  to  B(??i,  n).    Integration  with 

respect  to  the  parameter  may  therefore  be  carried  under  the  sign.    The 

derivatives  /7*r('«^       r" 

^t-  I     x"~'e-^(\ogxfdx  (9) 

may  also  be  had  by  differentiating  under  the  sign;  for  these  derived 
integrals  may  likewise  be  shown  to  converge  uniformly. 

By  multiplying  two  T-f unctions  expressed  as  in  (2),  treating  the 
product  as  an  iterated  or  double  integral  extended  over  a  whole  quad- 
rant, and  evaluating  by  transformation  to  polar  coordinates  (all  of 
which  is  justifiable  by  §  146,  since  the  integrands  are  positive  and 
the  processes  lead  to  a  determinate  result),  the  B-function  may  be 
expressed  in  terms  of  the  T-function. 

r(«)r(m)  =  4  fx^'-h-^dx  f  y^^-'e-^'di/^i  C  x^"-'i/''--e-'^-''*dxdy 
Jo  Jo  J" 

_  4  I     r^n  +  am-ig-'^tir  I  "sin2'"-'<^cos2»-'<^c/<^  =  T{n  +  m)B(m,  n). 
Jo  Jo 

Hence  ^(m,  «)=  ^^^^  =  B(,.,  m).  (10) 

The  result  is  symmetric  in  m  and  n,  as  must  be  the  case  inasmuch 
as  the  B-function  has  been  seen  by  (4)  to  be  symmetric. 

That  r(^)  =  Vtt  follows  from  (9)  of  §  143  after  setting  ji  =  i  in  (2); 
it  may  also  he  deduced  from  a  relation  of  importance  which  is  obtained 
from  (10)  and  (5),  and  from  (8)  of  §  142,  namely,  if  «  <  1, 

IMI(1^  =  B(n,  1  -  .)  =  Cf^  d,j  = 

r(i)  =  i  ^  '        ^    Jo   i  +  y 


SinWTT 

or  r  in)  r  (1  -  «)  =  -r^^^—  •  (11) 
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As  it  was  seen  that  all  values  of  r(w)  could  be  had  from  those  in  a 
unit  interval,  say  from  0  to  1,  the  relation  (11)  shows  that  the  inter- 
val may  be  further  reduced  to  ^  ^  re  s  1  and  that  the  values  for  the 
interval  0  <  1  —  n  <  ^  may  then  be  found. 

148.  By  suitable  changes  of  variable  a  great  many  integrals  may 
be  reduced  to  B-  and  F-integrals  and  thus  expressed  in  terms  of 
F-functions.  Many  of  these  types  are  given  in  the  exercises  below ; 
a  few  of  the  most  important  ones  will  be  taken  up  here.    By  y  =  ax, 


B(7»,  n) 


Ja;'»-i(a.  —  x)"-'dx  =  «"'  +  "-'  /    ^""''(l  —  l/Y'^dy  =  a""*"-' 
0  Jo 

or  r  x—\a  -  a:)"-'  =  «"■  +  "-'  V{m)T{n)  ^         „  -^  q  ^2) 

Jo  T{m+n)  ^     ' 

Next  let  it  be  required  to  evaluate  the  triple  integral 

1=  I  (  j  x'-^i/"'-'^x''-^dxd7/dz,         x  +  1/  +  z^l, 

over  the  volume  bounded  by  the  coordinate  planes  and  .?  ■+  y  +  s  =  1, 
that  is,  over  all  positive  values  of  x,  y,  z  such  that  x  +  y  +  z^l.    Then 

nl-x     r>\~x  —  y 
j  x'-Y'-'s^'^dzdydx 

=  if  f   ^'-'ir-'a-i'-i/Tdydx. 

By  .(12)     r"  V-(l  -  .  -  yydy  =  nn^)^(-  +  ^)  (i  _  ,^™.. 
Jo  T{m  +  n)  ' 

Then  z=£M£(^r,,->(l_,)„.,^ 

^r(m)r(w  +  l)      T(l)T(m  +  n) 
nT{m  +  n)     T{1  +  m  +  n +  1)' 

This  result  may  be  simplified  by  (7)  and  by  cancellation.    Then 

There  are  simple  modifications  and  generalizations  of  these  results  which  are 
sometimes  useful.  For  instance  if  it  were  desired  to  evaluate  I  over  the  range 
of  positive  values  such  that  x/a  +  y/b  +  z/c  S  h,  the  change  x  =  ahi,  y  =  bhi,, 
z  =  cftf  gives 

I=a'tyc'<h'  +  -"  +  '>J'JJ(i-  iy"-if"-i(i{d,^f,        f  +  77  +  f  s  1, 

/=  fffx'-hj—izn-idxdydz^a'b'nc    r(i)r(m)r(n)  _^^       5  .  1^  ,  f^fe 

•^•^•^  T(l  +  m+n+l)  '       a      b      c~ 


FUNCTIONS  DEFINED  BY  INTEGRALS  381 

The  value  of  this  integral  extended  over  the  lamina  between  two  parallel  planes 
determined  by  the  values  h  and  h  +  dh  for  the  constant  h  would  be 

T(l  +  m+n) 
Hence  if  the  integrand  contained  a  function /(/i),  the  reduction  would  be 

r  ((  +  m  +  n)  Jo  ' 

if  the  integration  be  extended  over  all  values  x/a  +  y/b  +  z/c  s  H. 

Another  modification  is  to  the  case  of  the  integral  extended  over  a  volume 

J^fffx'-.y^-.z-^axdydz,         (5)"+  g)'+  Q'  s  k, 

which  is  the  octant  of  the  surface  {x/a)i'  +  (y/b)i  +  {z/cy  =  h.   The  reduction  to 


I       m  _  n 


aib'<'c^hP^i*' ' 


pqr 


•■    fpn    1-1      __1     ;_i 

'JJJ^"     1'     f     iii<ivd^,       «  +  i?  +  f^l, 
is  made  by   ih  =  (^Y,  ,A  =  (y\\  ^h  =  /-Y,  dx  =  ~hl'fi~\  ■■■. 

J=  fffx'-^y'n-iz''-^dxdydz  =  ^!^::^-^LAlL±Li,i^'l*" 

\p       q       r        I 

This  integral  is  of  importance  because  the  bounding  surface  here  occurring  is  of  a 
type  tolerably  familiar  and  frequently  arising  ;  it  includes  the  ellipsoid,  the  surface 
li  4-  yj  +  zi  =  oi,  the  surface  x^  +  yi  +  zt  =  ai.  By  taking  l  =  m  =  n  =  l  the 
volumes  of  the  octants  are  expressed  in  terms  of  the  T-f  unction  ;  by  taking  first 
l  =  3,m,  =  n  =  l,  and  then  m  =  S,  l  =  n  =  l,  and  adding  the  results,  the  moments 
of  inertia  about  the  z-axis  are  found. 

Although  the  case  of  a  triple  integral  has  been  treated,  the  results  for  a  double 
integral  or  a  quadruple  integral  or  integral  of  higher  multiplicity  are  made  obvious. 
For  example, 

rra'-'y°-'dxdy  =  a'6"fe'  +  '°    ^<')^<'">     ,        -  +  y.Sh, 
J  J  T{l  +  m  +  l)  a      b 

x'-^r'-^dxdy  = -f -hP    1,         (-     +    n  SA, 

\p       q        J 

\p       q) 
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aWc^d" 


frrf.<^-iy'-^z^-Hn-^d^ydz^ = ":!^:^  y  y  ^'•^  7 , 

-'■^•^''  i>«"     r  (-  +  -  +  -  + -  +  i) 

■JO  -I 

149.  If  the  product  (11)  be  formed  for  each  of  -  '  -  >  ■  ■  > >  and 

the  results  be  multiplied  and  reduced  by  Ex.  19  below,  then 

,(l\ra\..r{^y(^.  (14) 

The  logarithms  may  be  taken  and  the  result  be  divided  by  n. 

|-K-.)^(l-fJ-— I'T^- 

Now  if  n  be  allowed  to  become  infinite,  the  sum  on  the  left  is  that 
formed  in  computing  an  integral  if  dx  =  1/n.    Hence 

lim  y  log  r  (Xi)  Ax  =  r  log  r  (a;)  dx  =  log  V2^.  (15) 

Then  I    log  r  (a  +  x)dx  =  a  (log  a  —  1)  +  log  V2^  (15') 

may  be  evaluated  by  differentiating  under  the  sign  (Ex.  12  (6),  p.  288). 
By  the  use  of  differentiation  and  integration  under  the  sign,  the 
expressions  for  the  first  and  second  logarithmic  derivatives  of  T(n) 
and  for  log  T  (n)  itself  may  be  found  as  definite  integrals.  By  (9) 
and  the  expression  of  Ex.  4  (a),  p.  375,  for  log  x, 

a;" -'«"■=  log  x(ia;  =  (     x"~'e"^  |     dadx. 

0  Jo  Jo  « 

If  the  iterated  integral  be  regarded  as  a  double  integral,  the  order  of 
the  integrations  may  be  inverted ;  for  the  integrand  maintains  a  posi- 
tive sign  in  the  region  l<x<  oo,  0<a<cio,  and  a  negative  sign  in 
the  region  0<a;<l,  0<o:<ao,  and  the  integral  from  0  to  oo  in  x 
may  be  considered  as  the  sum  of  the  integrals  from  0  to  1  and  from 
1  to  00,  —  to  each  of  which  the  inversion  is  applicable  (§  146)  because 
the  integrand  does  not  change  sign  and  the  results  (to  be  obtained) 
are  definite.    Then  by  Ex.  1(a), 

^  ^      Jo    Jo  «  ^     Jo     V  (1  +  «)7  « 


I  da 


(18) 


(19) 
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r'(«)     d  ^    ^,  ^     r-/  1     \da 

This  value  may  be  simplilied  by  subtracting  from  it  the  particular 
value  -  y  =  r'(l)/r(l)  =  r'(l)  found  for  n  =  1.    Then 

r(w) _  r(i)  ^ IW  .    _  r(  1    _     1     \ ^' 
r(n)     r(i)     r(«)'^^    j„    Vi  +  «     (i +  «)»/«■ 

The  change  of  1  +  «  to  1/a  or  to  e"  gives 

FW+''=i  ^^""=1   -T31=^<^-         (") 

(^  /""    ere"'™ 

Differentiate :  —-^  log  V{n)=  I —  da. 

dnr  J^     1  —  e  " 

To  find  log  r  (n)  integrate  (16)  from  w  =  1  to  w  =  w.    Then 

1      T./  X       Cl/        -IN     a      (l4-a)-i-(l  +  a)-»]rffl 
logr(.)=j^     [in-l)e-'-^         4(1.;«)     ^     J-^ 

since  r(l)  =  1  and  log  r(l)  =  0.    As  r(2)  =  1, 

iogr(2)=o=rr^'-ii±^ic^«, 

^   ^  Jo       L   «  log  (1  +  «)J 

J  ,  T,/ X    r"r'^-i    (1  +  a)-' -  (1 4- a)-°i 

and   log  r(.)  =  J^     y-^,  -  i L^i LJ  .^^  ^^  ^  ^^ 

by  subtracting  from  (19)  the  quantity  (n  —  1)  log  T  (2)  =  0.    Finally 

log  r(.)  =  J^  [5^"  -(n-  l)««j  f  (19') 

if  1  +  tt  be  changed  to  e~  ".    The  details  of  the  reductions  and  the  justi- 
fication of  the  differentiation  and  integration  ■will  be  left  as  exercises. 

An  approximate  expression  or,  better,  an  asymptotic  expression, 
that  is,  an.  expression  with  small  percentage  error,  may  be  found  for 
r  (w  -}- 1)  when  n  is  large.  Choose  the  form  (2)  and  note  that  the  inte- 
grand y'^'+^e""'  rises  from  0  to  a  maximum  at  the  point  jf  =  n-\-^  and 
falls  away  again  to  0.  Make  the  change  of  variable  y  =  Va  -f-  iv,  where 
a  =  71  -f-  ^,  so  as  to  bring  the  origin  under  the  maximum.    Then 

T{n  +  1)  =  2  I        (  V^  -I-  vY''e-''-^^"'-'°\hv, 

J  —  ■\fa 

e         ^       ^>  dir. 

■Ja 

Now        2a  log  (l  +  -^j  -  2  Vaw  S  0,         -  Va  <  a-  <  oc. 


da 
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The  integrand  is  therefore  always  less  than  e"""',  except  when  w  =  0 
and  the  integrand  becomes  1.  Moreover,  as  w  increases,  the  inte- 
grand falls  oif  very  rapidly,  and  the  chief  part  of  the  value  of  the 
integral  may  be  obtained  by  integrating  between  rather  narrow 
limits  for  w,  say  from  —  3  to  +  3.  As  a  is  large  by  hypothesis, 
the  value  of  log(l  +  w/^/a)  may  be  obtained  for  small  values  of  w 
from  Maclaui'in's  Formula.    Then 


r(»  +  1)  =  2  a'e-'  I  e-'-'-^^-'^dio 


is  an  approximate  form  for  r(7i  +  1),  where  the  quantity  e  is  about 
§  (r/ Va  and  where  the  limits  ±  c  of  the  integral  are  small  relative  to  V a. 
But  as  the  integrand  falls  off  so  rapidly,  there  will  be  little  error  made 
ill  extending  the  limits  to  oo  after  dropping  e.    Hence  approximately 

r(ra  +  1)  =  2  (t'e-"  f   e-'"''du'  =  V2TrcCe-'', 

or  r(w  +  1)=  V2^(w  +  |)"+i  e-(»  +  2)(l  +  ,),  (20) 

where  i;  is  a  small  quantity  approaching  0  as  ti  becomes  infinite. 

EXERCISES 

1.  Establish  the  following  formulas  by  changes  of  variable. 

ia)  T{n)=a-'  fx-'-^e-'^dx,   a>0,         (/3)    f  ^  sin-xdx  =  -B  (-  +  -,-)  , 
Jo  Jo  2     \2      2    2/ 

(7)  B(n,  n)  =  2'-2"B(ri,  i)by  (6),  (J)    T'l-'-Hl- i2)»-idx  =  J  B(im,  n), 

Jo       {x  +  a)'"*"  a»(l  +  a)'»      a"(l  + a)"  r  (m  +  n)  x  +  a      l  +  a' 

^^^  /•'  x--i(i-x)-idx  ^    r(m)r(n)      ^^^^^^         by 

Jo    [ax +  6(1 -!)]»'  +  »      a"*"r(TO  +  n)'  a{l-y)  +  by' 

^^^    /•ix"-i(l-x)"-idj:_    B(m,  n)  /-i    x'"dx    _V^r(^n+j) 

Jo        (6  +  cx)'»  +  «  Mb  +  c)'"'       ^  '  Jo    VTZrV2~    2     ran  +  1^ 


(O 


j;W-x').dx=iB(p+i,!!^).  wj; 


6"(6  +  c)-"  Jo    Vl-x2        2     r  (i  n  +  1) ' 

1       di       _  Vt      r  (n-i) 


Vl-x"        n    r(n-i  +  i)' 

2.  From  r  (1)  =  1  and  r  (J)  =  V^  make  a  table  of  the  values  for  every  integer 
and  half  integer  from  0  to  5  and  plot  the  curve  y  =  r{x)  from  them. 

3.  By  the  aid  of  (10)  and  Ex.  1  (7)  prove  the  relations 

V^r  (2  a)  =  22<"-ir  (a)  T  (a  +  J),         V^r  (n)  =  2»-'r  (^  n)  r  (J  n  +  ' ). 

4.  Given  that  T  (1.75)  =  0.9191,  add  to  the  table  of  Ex.  2  the  values  of  r  (n)  for 
every  quarter  from  0  to  3  and  add  the  points  to  the  plot. 
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5.  With  the  aid  of  the  r-fimctioii  prove  these  relations  (see  Ex.  1)  : 

(a)    Hsinn  xdx  =  pcos^xdx  =  ^  -  ^    -^  •••<"-  ^>  !:    or     --^  ■  *  ■  <^  ■  ■  ■  jn- I) 
•^0  Jo  2-4.6--.n        2  l-3-5.-.7i' 

as  71  is  even  or  odd. 

Jo    Vl_x2  2-4.0-..2n        2'       ^'''  J»    Vnr^~'l.3.5.--(2n  +  l)' 

( f )  Find    r  to  four  decimals,  (tj)  Find    f 

''0    VT^i  Jo 


dx 


VI^ 


6.  Find  the  areas  of  the  quadrants  of  these  cui-ves  : 

(a)  zl  +  yi  =  al,  (/3)  xt  +  2/f  =  aS,         (7)  x^  +  y^  =  1, 

(d)  x-/a^  +  y-^/lf^  =  1,         (e)  the  evolute  (ox)?  +  (fc//)3  =  (a^  _  /j2)§. 

7.  Find  centers  of  gravity  and  moments  of  inertia  about  the  axes  in  Ex.  6. 

8.  Find  volumes,  centers  of  gravity,  and  moments  of  inertia  of  the  octants  of 
(a)  xi  +  yi +zi  =  ai,         (/3)  it  +  2/t  +  zf  =  al,         (y)  x'' +  y'' +  z^  =  1. 

9.  (a)  The  sum  of  four  proper  fractions  does  not  exceed  unity  ;  find  the  average 
value  of  their  product.  (|3)  The  same  if  the  sum  of  the  s(juares  does  not  exceed 
unity.    (7)  What  are  the  results  in  the  case  of  k  proper  fractions  ? 

10.  Average  e-'^-^'J'  under  the  supposition  ox''  +  &j^2  ^  ^ 

11.  Evaluate  the  definite  integral  (15')  by  differentiation  under  the  sign. 

12.  From  (18)  and  1  < <  1  +  a  show  that  the  magnitude  of  2)=  log  r  (n) 

1  —  g— «  ■      o        \     / 

is  about  1/n  for  large  values  of  n. 

13.  From  Ex.  12,  and  Ex.  23,  p.  76,  show  that  the  error  in  taking 

logr(n  +  -)     for      /        logr(x)dx    is  about    loKrin  +  -l. 

\        2/  Jn  o     \  '  24  n  +  12     °     \        2/ 

J«  n  +  1  p\ 

logr(i)di  =  (    Iogr(n  +  i)dx  and  hence  compare  (15'), 

(20),  and  Ex.  13  to  show  that  the  small  quantity  ij  is  about  (24  n  +  12)- 1. 

15.  Use  a  four-place  table  to  find  the  logarithms  of  5!  and  10!.  Find  the 
logarithms  of  the  approximate  values  by  (20),  and  determine  the  percentage  errors. 

16.  Assume  n  =  11  in  (17)  and  evaluate  the  first  integral.  Take  the  logarithmic 
derivative  of  (20)  to  find  an  approximate  expression  for  r'(n)/r  (n),  and  in  partic- 
ular compute  the  value  for  ?i  =  11.  Combine  the  results  to  find  7  =  0.578.  By  more 
accurate  methods  it  may  be  shown  that  Euler's  Constant  7  =  0.577,216,665  •  •  • . 

17.  Integrate  (19')  from  n  to  n  -)-  1  to  find  a  definite  integral  for  (15').    Subtract 

\  /*  0    gan gor  ^q. 

the  integrals  and  add  -  log  ji  =  | Hence  find 

2  •/— X       2         oc 

I —      1  /•"   r     1  1      n       da 

logr(7i)-n(logn-l)-logV2n--l- -logn=  j^^  \-^ZZ\~ '^'^  %Y     ^ ' 
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18.  Obtain  Stirling's  approximation,  V  (n  +  1)  =  V2min»e-",  citlier  by  compar- 
ing it  with  the  one  already  found  or  by  applying  the  method  of  the  text,  with  the 
substitution  x  =  n  +  \'2ny,  to  the  original  form  (1)  of  T  (n  +  1). 

t="-i        kir        .    TT   .    2-n-         .     (n— l)ir         n  , 

19.  The   relation       TT     sin  ^  =  sni  -  sni sin =  — —  may   be 

k=i  n  n         n  n  i»    ' 


obtained  from  the  roots  of  unity  (§  72)  ;  for  i»  -  1  =  (x  -  1) 


--[)Jl\i-e     "  ), 


l-ri 


(.1-1)-. 


j.„_l       j-=„-i/  _i^\  k=.-ie''        e  -  1 

150.  The  error  function.  Suppose  that  measurements  to  determine 
the  magnitude  of  a  certain  object  be  made,  and  let  m^,  m.^,  ■■■ .  »;„  be  a 
set  of  n  determinations  each  made  independently  of  the  other  and  each 
worthy  of  the  same  weight.    Then  the  quantities 

which  are  the  differences  between  the  observed  values  and  the  assumed 
value  m,  are  the  errors  committed ;  their  sum  is 

?!  +  ?2  H i-  '/»  =  (^1  +  ?".,  H h  w„)  -  mn. 

It  will  be  taken  as  a  fundamental  axiom  that  on  the  average  the  errors 
in  excess,  the  positive  errors,  and  the  errors  in  defect,  the  negative 
errors,  are  evenly  balanced  so  that  their  sum  is  zero.  In  other  words  it 
will  be  assumed  that  the  mean  value 

nm  =  »i,  +  Mi^  +  •  •  •  +  m„     or     m  =  -  (m^  +  mj  H +  »i„)   (21) 

is  the  most  probable  value  for  m  as  determined  from  m^,  m^,  ■■  ■ ,  w,,. 
Note  that  the  average  value  w  is  that  which  makes  the  sum  of  the 
squares  of  the  errors  a  minimum ;  hence  the  term  "  least  sqiiares." 

Before  any  observations  have  been  taken,  the  chance  that  any  par- 
ticular error  q  should  be  made  is  0,  and  the  chance  that  an  error  lie 
within  infinitesimal  limits,  say  between  tj  and  '/  -|-  dq,  is  infinitesimal ; 
let  the  chance  be  assumed  to  be  a  function  of  the  size  of  the  error,  and 
write  4>  ('/)  dq  as  the  chance  that  an  error  lie  between  q  and  q  +  ilq.  It 
may  be  seen  that  <j)  (q)  may  be  expected  to  decrease  as  q  increases ;  for, 
under  the  reasonable  hypothesis  that  an  observer  is  not  so  likely  to  be 
far  wrong  as  to  be  somewhere  near  right,  the  chance  of  making  an 
error  between  8.0  and  8.1  would  be  less  than  that  of  making  an  error 
between  1.0  and  1.1.  The  function  <f>(q)  is  called  the  error  function. 
It  will  be  said  that  the  chance  of  making  an  error  y;  is  <f>  (y,) ;  to  put  it 
more  precisely,  this  means  simply  that  <l>(q,)dq  is  the  chance  of  making 
an  error  which  lies  between  </,-  and  j,-  +  dq. 
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It  is  a  fundamental  principle  of  the  theory  of  chance  that  the 
chance  that  several  independent  events  take  place  is  the  product  of 
the  chances  for  each  sepai-ate  event.  The  probability,  then,  that  the 
errors  (j^,  <j,^,  ■  ■  ■ ,  ij,^  he  made  is  the  product 

•^('/l)  <^('/J  •  •  •  <t>('/n)  =  </>('"!  -   '")  <t>{'".2  -    »')  •  •  ■</>("'..  -    '")•     (--) 

The  fundamentid  axiom  (21)  is  that  this  probability  is  a  maximum 
when  m  is  the  arithmetic  mean  of  the  measurements  iii.^,  w^,  ■  •  ■ ,  7h„; 
for  the  errors,  measured  from  the  mean  value,  are  on  the  whole  less 
than  if  measured  from  some  other  value.*  If  the  probability  is  a  maxi- 
mum, so  is  its  logarithm ;  and  the  derivative  of  the  logarithm  of  (22) 
with  respect  to  ?«  is 

<j>'(m^-m)       (t>'(>'>-2  —  '»')    , I    'i>'(m„-'m)  ^^ 

<^  (w,  -  w)        <i> {m^  -m)  <i> {iii„  —  m) 

when   ?!  +  ?.^  -I \-1n  =  ('«•!  —  ■m)  +  (m^  —  vi)  -\ 1-  (/«„  —  m)  =  0. 

It  remains  to  determine  <l>  from  these  relations. 

For  brevity  let  F(q)  be  the  function  F=  <t>'/<j>  which  is  the  ratio 
of  <t>'(<j)  *o  <t>(,u)-    Then  the  conditions  become 

F(q^)+F(q.^  +  ---  +  F(q„)  =  0      when      q^  +  q^+...  +  q„  =  0. 

In  particular  if  there  are  only  two  observations,  then 

F(q^)  +  F(q^  =  0     and     q^  +  q^  =  0     or     q^  =  -q^. 
Then  ^(?i)  +  ^(- ?,)  =  0     or     ^(- ?)  =- -fC"?)- 

Next  if  there  are  three  observations,  the  results  are 

^(?i)  +  ^(?a)  +  ■P'(?3)  =  <^     ^"'i     ?i  +  ?2  +  ?8  =  0- 
Hence  ^(9,)  +  F{q^  =  -  F(q^  =  F{-  q,)  =  F(q^  +  q^. 

Now  from  F(x)  +  F(?/)  =  F{x  +  y) 

the  function  F  may  be  determined  (Ex.  9,  p.  45)  as  Fix)  =  Cx.    Then 

F(?)  =  ^  =  Cq,         log  4>  (q)  =  lcq^  +  K, 

and  ^iq)  =  e^^^'^=Ge^'< 

This  determination  of  4,  contains  two  arbitrary  constants  which  may 
be  further  determined.  In  the  first  place,  note  that  C  is  negative,  for 
<^(y)  decreases  as  q  increases.   Let  ^  C  =  -  /;'.    In  the  second  place,  the 

»  The  derivation  of  the  expression  for  <(>  is  physical  rather  than  logical  in  its  argu- 
ment. The  real  justification  or  proof  of  the  validity  of  the  expression  obtained  is  a  pos- 
teriori and  depends  on  the  experience  that  in  practice  errors  do  follow  the  law  (24). 
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error  q  must  lie  within  the  interval  -  oo  <  'y  <  +  oo  which  comprises 
all  possible  values.    Hence 


r'<i>{q)dq=l,  gC 


e 


•iV, 


ilq  =  1.  (23) 


For  the  chance  that  an  error  lie  between  q  and  q  +  dq  is  <t>ilq,  and  if 
an  interval  a^q^b  he  given,  the  chance  of  an  error  in  it  is 

V  ^ (q) dq     or,  better,     lim '^<l>(q)dq=  j    <t> (q) dq, 

and  finally  the  chance  that  ~  ao  <  q  <  +  cc  represents  a  certaintj-  and 
is  denoted  by  1.  The  integiul  (23)  may  be  evaluated  (§  143).  Then 
a  Vtt//.-  =  1  and  G  =  k/^ir.    Hence  * 

Hl)  =  -^e-'-^''-  (24) 

Vtt 

The  remaining  constant  k  is  essential ;  it  measures  the  accuracy  of 
the  observer.  If  k  is  large,  the  function  </>  (q)  falls  very  rapidly  from 
the  large  value  ^/ Vtt  for  q  =  0  to  very  small  values,  and  it  appears 
that  the  observer  is  far  more  likely  to  make  a  small  error  than  a  large 
one ;  but  if  A;  is  small,  the  function  <^  falls  very  slowly  from  its  value 
7.-/ Vtt  for  q  =  0  and  denotes  that  the  observer  is  almost  as  likely  to 
make  reasonably  large  errors  as  small  ones. 

151.  If  only  the  numerical  value  be  considered,  the  probability  that 
the  error  lie  numerically  between  q  and  q  -\-  dq  is 

2k  2k    ri 

—T^e-'^'r'dq,    and    — p=  (    p-'-^'i'dq 
Vtt  VttJo 

is  the  chance  that  an  error  be  numerically  less  than  $.    Now 

is  a  function  defined  by  an  integral  with  a  variable  upper  limit,  and  the 
problem  of  computing  the  value  of  the  function  for  any  given  value  of  ^ 
reduces  to  the  problem  of  computing  the  integral.  The  integrand  may 
be  expanded  by  Maclaurin's  Formula 


™4  „6  „S  ^10„_gi2 


i: 


X'  X'      ,      X' 


(26) 


--'dx  =  x--^  —  -  —  ^--r^-R,         R< 


10      42      216         '  1320 


*  The  reader  may  now  verify  the  fact  that,  with  ^  as  in  (24),  the  product  (22)  is  a 
maximum  if  the  sum  of  the  squares  of  the  errors  is  a  minimum  as  demanded  by  (21). 
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For  small  values  of  x  this  series  is  satisfactory ;  for  x  S  J  it  will  be 
accurate  to  five  decimals. 

The  probable  error  is  the  technical  term  used  to  denote  that  error  $ 
which  makes  i/f(^)  =  J;  that  is,  the  error  such  that  the  chance  of  a 
smaller  error  is  J  and  the  chance  of  a  larger  error  is  also  ^.  This  is 
found  by  solving  for  j'  the  equation 

^1       r.  ..o..        r""     -,,  x'       a-=        x'        x^ 

^.-  =  0.44311=j    e-^dx  =  x--  +  ~--  +  ^^. 

The  first  term  alone  indicates  that  the  root  is  near  x  =  .45,  and  a  trial 
with  the  first  three  terms  in  the  series  indicates  the  root  as  between 
X  =  .47  and  x  =  .48.  With  such  a  close  approximation  it  is  easy  to  fix 
the  root  to  four  places  as 

x  =  /fcf=  0.4769     or     ^  =  0.4769  A:-i.  (27) 

That  the  probable  error  should  depend  on  k  is  obvious. 

For  large  Values  of  a;  =  A:^  the  method  of  expansion  by  Maclaurin's 
Formula  is  a  very  poor  one  for  calculating  1/^(0 ;  too  many  terms  are 
required.  It  is  therefore  important  to  obtain  an  expansion  according 
to  descending  powers  of  x.    Now 


Jt—=^dx=  I      e-'^dx  —  I      «-ar',/.r  =  -  Vtt  —  |      e- 
and  /      f-'^dx  =  I     -  xe~'Mx  =    —  — —       —  7;    I 


^dx 


The  limits  may  be  substituted  in  the  first  term  and  tlie  method  of  in- 
tegration by  parts  may  be  applied  again.    Thus 


1     .  l-3\       1-3-5  r°°  «""'<^: 


2a;  V        ^x"^  2^x')  2"     ^ 


X 


and  so  on  indefinitely.    It  should  be  noticed,  however,  that  the  term 

1.3.5-(2w-l)  <>-''-. 
T^  = 2^;^^; ^  27  <ii^erses  as  n  =  00  . 

In  fact  although  the  denominator  is  multiplied  by  2  x^  at  each  step,  the 
numerator  is  multiplied  by  2  w  —  1,  and  hence  after  the  integrations  by 
parts  have  been  applied  so  many  times  that  n>  x^  the  terms  in  the 
parenthesis  begin  to  increase.  It  is  worse  than  useless  to  carry  the 
integrations  further.    The  integral  which  remains  is  (Ex.  5,  p.  29) 
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l-35--(2  7t  +  l)  f  6-^<h-       l-Z-5-{2n-l)      ^ 
2n+i  I        rr2"  +  ^  2"+^-"''"' 


Thus  the  integral  is  less  than  the  last  term  of  the  parenthesis,  and  it 
is  possible  to  write  the  asymptotic  series 

1     /-      '-"^/i         1      ,1-3      1-3-5,        \         ,„_^ 


/■ 


with  the  assurance  that  the  vahie  obtained  by  using  the  series  will  differ 
from  the  true  value  by  less  than  the  last  term  which  is  used  in  the  series. 
This  kind  of  series  is  of  frequent  occurrence. 

In  addition  to  the  probable  error,  the  average  mmierical  error  and  the 
Tiiean  square  error,  that  is,  the  average  of  the  square  of  the  error,  are 
important.  In  finding  the  averages  the  probability  ^  (q)  dq  may  be  taken 
as  the  weight ;  in  fact  the  probability  is  in  a  certain  sense  the  simplest 
weight  because  the 'sum  of  the  weights,  that  is,  the  sum  of  the  prob- 
abilities, is  1  if  an  average  over  the  whole  range  of  possible  values  is 
desired.    For  the  average  numerical  error  and  mean  square  error 


-       2  k     r-    _^,  1  0.5643 


0.7071  •(^^) 


It  is  seen  that  the  average  error  is  greater  than  the  probable  error,  and 
that  the  square  root  of  the  mean  square  error  is  still  larger.  In  the 
case  of  a  given  set  of  n  observations  the  averages  may  actually  be 
computed  as 

\q\— — 7='  K  =  z= ;=! 

-.   ?l^  +  gl  +  --  +  gl     1  ,       1         • 

^-  n  =2F'  ^  = 

Moreover,  tt  \qf  =  2  p. 


V7'V2 


It  cannot  be  expected  that  the  two  values  of  k  thus  found  will  be  pre- 
cisely equal  or  that  the  last  relation  will  be  exactly  fulfilled ;  but  so 
well  does  the  theory  of  errors  represent  what  actually  arises  in  prac- 
tice that  unless  the  two  values  of  k  are  nearly  equal  and  the  relation 
nearly  satisfied  there  are  fair  reasons  for  suspecting  that  the  observa^ 
tions  are  not  bona  fide. 

152.  Consider  the  question  of  the  application  of  these  theories  to 
the  errors  made  in  rifle  ])raf^tice  on  a  target.     Here  there  are  two 
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errors,  one  due  to  the  fact  that  the  shots  may  fall  to  the  right  or  left 
of  the  central  vertical,  the  other  to  their  falling  above  or  below  the 
central  horizontal.  In  other  words,  each  of  the  coordinates  (x,  y)  of 
the  position  of  a  shot  will  be  regarded  as  subject  to  the  law  of  errors 
independently  of  the  other.    Then 

Vtt  Vtt  "■ 


will  be  the  probabilities  that  a  shot  fall  in  the  vertical  strip  between 
X  and  X  +  dx,  in  the  horizontal  strip  between  y  and  y  +  dy,  or  in  the 
small  rectangle  common  to  the  two  strips.  Moreover  it  will  be  assumed 
that  the  accuracy  is  the  same  with  respect  to  horizontal  and  vertical 
deviations,  so  that  k  =  k'. 

These  assumptions  may  appear  too  special  to  be  reasonable.  In  particular  it 
might  seem  as  though  the  accuracies  in  the  two  directions  would  be  very  different, 
owing  to  the  possibility  that  the  marksman's  aim  should  tremble  more  to  the  right 
and  left  than  up  and  down,  or  vice  versa,  so  that  A;  ^  fc'.  In  this  case  the  shots  would 
not  tend  to  lie  at  equal  distances  in  all  directions  from  the  center  of  the  target, 
but  would  dispose  themselves  in  an  elliptical  fashion.  Moreover  as  the  shooting  is 
done  from  the  right  shoulder  it  might  seem  as  though  there  would  be  some  inclinea 
line  through  the  center  of  the  target  along  which  the  accuracy  would  be  least,  and 
a  line  perpendicular  to  it  along  which  the  accuracy  would  be  greatest,  so  that  the 
disposition  of  the  shots  would  not  only  be  elliptical  but  inclined.  To  cover  this 
general  assumption  the  probability  would  be  taken  as 

Ge-*^^'-2Aai(-*'V(iid!/,     with     gC    '  fe-'^-^'^'v-'^'Vdxdy  =  1 

as  the  condition  that  the  shots  lie  somewhere.   See  the  exercises  below. 

With  the  special  assumptions,  it  is  best  to  transform  to  polar  coor- 
dinates. The  important  quantities  to  determine  are  the  average  distance 
of  the  shots  from  the  center,  the  mean  square  distance,  the  probable 
distance,  and  the  most  probable  distance.  It  is  necessary  to  distinguish 
carefully  between  the  probable  distance,  which  is  by  definition  the  dis- 
tance such  that  half  the  shots  fall  nearer  the  center  and  half  fall  farther 
away,  and  the  most  probable  distance,  which  by  definition  is  that  dis- 
tance which  occurs  most  frequently,  that  is,  the  distance  of  the  ring 
between  r  and  r  +  dr  in  which  most  shots  fall. 

The  probability  that  the  sHot  lies  in  the  element  rdrd^  is 

-  e-*^rdrd<l,,     and     2k^e->^rdr, 

obtained  by  integrating  with  respect  to  <t>,  is  the  probability  that  the 
shot  lies  in  the  ring  from  r  to  r  +  dr.    The  most  prohnhle  distance  r^,  is 
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that  which  makes  this  a  maximum,  that  is, 

d  1  0.7071  ,„., 

-(«-.-.)  =  0     o.     ,,  =  _  =  ^-.  (.SO) 

The  mean  distance  and  tlie  mean  square  distance  aie  respectively 

V^  _.      0.8862 


r=         2'k^e-^i^dr  = 


2k'         •  k 


2  k^e-'^J^dr  =  tj  '  V  j-^  =  — 

The  probable  distance  r^  is  found  by  solving  the  equation 


(30') 


1       n,,,,    ,...   ,        1  ,..  Vl^^      0.8326 

-  =  I       2  AV-'-'-jy/r  =  1  -  f-'  'I ,  /'J  = r^—  -  — ^-       (.SO  ) 

Hen(te  r^  <  Cj  <  r  <  V  v". 

The  chief  importance  of  these  considerations  lies  in  the  fact  that, 
owing  to  Maxwell's  assumption,  analogous  consideiutions  may  be  applied 
to  the  velocities  of  the  molecules  of  a  gas.  Let  v,  v,  ic  be  the  compo- 
nent velocities  of  a  molecule  in  three  perpendicular  directions  so  that 

V  =  (u^  -f-  v^  +  w^-  is  the  actual  velocity.  The  assumption  is  made  that 
the  individual  components  w,  v,  w  obey  the  law  of  errors.  The  proba- 
bility that  the  components  lie  between  the  respective  limits  u  and  u  -f-  du, 

V  and  V  +  dv,  w  and  iv  +  dw  is 

pi  z-s 

,  e-'-^'-'^^'—i^'dudvdw,     and     ^  e-k^r-y^  gj,^  0,n'd0d<j> 


TTWTT  TtVtT 

is  the  corresponding  expression  in  polar  coordinates.  There  will  then 
be  a  most  probable,  a  probable,  a  mean,  and  a  mean  square  velocity. 
Of  these,  the  last  corresponds  to  the  mean  kinetic  energy  and  is  subject 
to  measurement. 

EXERCISES 

1.  If  fc  =  0.04475,  find  to  three  places  tlie  probability  of  an  error  f  <  12. 

2.  Compute  I    e-=^dx  to  three  places  for  {a)  x  =  0.2,  (j3)  i  =  0.8. 

Jo 

3.  State  how  many  terms  of  (28)  should  be  taken  to  obtain  the  best  value  for 
the  integral  to  z  =  2  and  obtain  that  value. 

4.  How  accurately  will  (28)  determine  (    e-^dz  — iVr?   Compute. 

Jo 

5.  Obl^in  these  asymptotic  expansions  and  extend  them  to  find  the  general  law. 
Show  that  the  error  introduced  by  omitting  the  integral  is  less  than  the  last  term 
retained  in  the  series.  Show  further  that  the  general  term  diverges  when  «  be- 
comes infinite. 
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(a)        cosx^dx  =  -  \- -\ 1- (     cosx2— , 

' -'o  2  \2        2i         22i8         22   Ji  j;* 

(^)    (    smx^dx  =  -  \ /     8111x2— , 

^   '  Jo  2\2         2i  22x8^   2^-  Jx  X* 

(7)  j     dx,  I  large,        (J)    i    I 1  dx,  i  large. 

6.  (or)  Find  the  value  of  the  average  of  any  odd  power  2  n  +  1  of  the  error ; 
(fi)  also  for  the  average  of  any  even  power ;  (7)  also  for  any  power. 

7.  The  observations  195,  225»,  190,  210,  205,  180*,  170*,  190,  200,  210,  210,  220», 
175*,  192  were  obtained  for  deflections  of  a  galvanometer.  Compute  k  from  the 
mean  error  and  mean  square  error  and  compare  the  results.  Suppose  the  observa- 
tions marked  *,  which  show  great  deviations,  were  discarded ;  compute  k  by  the 
two  methods  and  note  whether  the  agreement  is  so  good. 

8.  Find  the  average  value  of  the  product  qq'  of  two  errors  selected  at  random 
and  the  average  of  the  product  |g|  ■  |g'|  of  numerical  values. 

9.  Show  that  the  various  velocities  for  a  gas  are   Vp  =  ~  ,    Vt  =  — , 

^_     2     _  1.1284       /y^_   V^        1.2247  '^  ^ 


\Gk  ^  V2A-  * 

10.  For  oxygen  (at  0°  C.  and  76  cm.  Hg.)  the  square  root  of  the  mean  square 
velocity  is  462.2  meters  per  second.  Find  k  and  show  that  only  about  13  or  14 
molecules  to  the  thousand  are  moving  as  slow  as  100  m./sec.  What  speed  is  most 
probable  ? 

11.  Under  the  general  assumption  of  ellipticity  and  inclination  in  the  distri- 
bution of  the  shots  show  that  the  area  of  the  ellipse  k-x"^  +  2Xxj/  -1-  kfh/'^  =  H  is 
■irH{k^k^  —  X^)"  J,  and  the  probability  may  be  written  Ge-  ^v(k^k"^  —  \-)~  idH. 

12.  From  Ex.  11  estoblish  the  relations        (a)  G  =  -  Vt^f^  _  x^, 

TT 


2(Jc'k^-\-)  2(k^k^-\^)  ''  2(fc2fc^-X2) 

13.  Find  Hp,  Hf  =  0.693,  S,  H^  in  the  above  problem. 

14.  Take  20  measurements  of  some  object.  Determine  k  by  the  two  methods 
and  compare  the  results.   Test  other  points  of  the  theory. 

153.  Bessel  functions.  The  use  of  a  definite  integral  to  define  func- 
tions which  satisfy  a  given  differential  equation  may  be  illustrated  by 
the  treatment  of  xy"  -\-  (2  n  +  l)i/'  +  xi/  =  0,  which  at  the  same  time 
will  afford  a  new  investigation  of  some  functions  which  have  pre- 
viously been  briefly  discussed  (§§  107-108).  To  obtain  a  solution  of 
this  equation,  or  of  any  equation,  in  the  form  of  a  definite  integral,  some 
special  type  of  integrand  is  assumed  in  part  and  the  remainder  of  the 
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integrand  and  the  limits  for  the  integral  are  then  determined  so  that 
the  equation  is  satisfied.    In  this  case  try  the  form 

!/(x)=  f  e"'  Tdt,         y'=  f  ite"'  Tdt,         y"  =  f  -  C'e^  Tdt, 

where  7'  is  a  function  of  t,  and  the  derivatives  are  found  by  differen- 
tiating under  the  sign.  Integrate  y  and  y"  by  parts  and  substitute  in 
the  equation.    Then 

(1  -  ^  -  e'*    -  re'^[r'(l  -f)-{2n-  l)tT'\dt  =  0, 

where  the  bracket  after  the  first  term  means  that  the  difference  of  the 
values  for  the  upper  and  lower  limit  of  the  integral  are  to  be  taken; 
these  limits  and  the  form  of  T  remain  to  be  determined  so  that  the 
expression  shall  really  be  zero. 

The  integral  may  be  made  to  vanish  by  so  choosing  T  that  the 
bracket  vanishes  ;  this  calls  for  the  integration  of  a  simple  differential 
equation.    The  result  then  is 


(1 


ff-^,  (l-iy  +  i-e^l=0. 


The  integral  vanishes,  and  the  integrated  term  will  vanish  provided 
i  =  ±  1  or  e"*  =  0.  If  a;  be  assumed  to  be  real  and  positive,  the  expo- 
nential will  approach  0  when  t  ^1  +  iK  and  K  becomes  infinite.  Hence 

y(x)=C    e'-'il-fy-^dt     and     z(x)=C        e'^il  -  f)''-'^dt    (31) 

are  solutions  of  the  differential  equation.  In  the  first  the  integral  is  an 
infinite  integral  when  n  <  +  ^  and  fails  to  converge  when  n  ^  —  ^. 
The  solution  is  therefore  defined  only  when  n  >  —  ^.  The  second  in- 
tegral is  always  an  infinite  integral  because  one  limit  is  infinite.  The 
examination  of  the  integrals  for  uniformity  is  found  below. 

Consider  f     ff^{l  —  (2)"-icK  with  n<  ^  so  that  the  integral  is  infinite. 

From  considerations  of  symmetry  the  second  integral  vanishes.   Then 

\f*  e^'(l  -  «2)"-icK|  =  I  r  "^^1  -  ty-i  coaxtdtl  S  f  ^\l  -  tyidt. 

This  last  integral  with  a  positive  integrand  converges  when  n  >  —  J,  and  hence  the 
given  integral  converges  uniformly  for  all  values  of  x  and  defines  a  continuous 
function.   The  successive  differentiations  under  the  sign  give  the  results 
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~  f-i  (^-'■T'^tsinxUU,        -  f^\\-t'')" -i t^  cos xtdt. 

These  integrals  also  converge  uniformly,  and  hence  the  differentiations  were  justi- 
fiable.  The  second  integral  (31)  may  be  written  with  t  =  1  +  iu,  as 

\if     e"a+'»)(l  -  1  +  iu^)"-  idul  ^  r"e-""(4u2  +  u<)i"-idu. 

I     «'u=0  I         Jo 

This  integral  converges  for  allvalues  of  i  >  0  and  n>—  \.  Hence  the  given  inte- 
gral converges  uniformly  for  all  values  of  a;  a  x„  >  0,  and  defines  a  continuous 
function  ;  when  z  =  0  it  is  readily  seen  that  the  integral  diverges  and  could  not 
define  a  continuous  function.   It  is  easy  to  justify  the  differentiations  as  before. 

The  first  form  of  the  solution  may  be  expanded  in  series. 
y(x)=    C    e'-'il  -  fy- i dt  =   C \l- tyi  cos xtdt 

=  2  f  (l-f)°-icos  xtdt  (32) 

Jo 

=  2jV-0-*(l-f +  ^-^  +  <?ff)rf.,    0<|<?|<1. 

The  expansion  may  be  carried  to  as  many  terms  as  desired.  Each  of 
the  terms  separately  may  be  integrated  by  B-  or  T-f unctions. 

T(2k  +  l)V{n  +  k  +  l)       2"r(A:  +  l)T{n  +  k  +  l)' 

is  then  taken  as  the  definition  of  the  special  function  ./i/o"),  where  the 
expansion  may  be  carried  as  far  as  desired,  with  the  coefficient  6  for 
the  last  term.  If  w  is  an  integer,  the  F-functions  may  be  written  as 
factorials. 

154.   The  second  solution  of  the  differential  equation,  namely 

z{x)  =  y,(r)  +  inlx)  =J'^"-2e^(l  -  0""^^«,  (31') 

where  the  coefficient  —  2  has  been  inserted  for  convenience,  is  for  some 
purposes  more  useful  than  the  first.  It  is  complex,  and,  as  the  equation 
is  real  and  x  is  taken  as  real,  it  affords  two  solutions,  namely  its  real  part 
and  its  pure  imaginary  part,  each  of  which  must  satisfy  the  equation.  As 
2/  (x)  converges  for  x  =  0  and  z  ( j)  diverges  for  a:  =  0,  so  that  y^{x)  or 


Q 
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^^(x)  diverges,  it  follows  that  y  (x)  and  1/^(3:)  or  y  (x)  and  yjC^)  must  be 
independent ;  and  as  the  equation  can  have  but  two  independent  solu- 
tions, one  of  the  pairs  of  solutions  must  constitute  a  com- 
plete solution.    It  will  now  be  shown  that  y.^(x)  =  y  (x) 
and  that  Ay(x)  +  Bi/Jx)  is  therefore  the  complete  solu- 
tion of  xy"  +  (2n  +  l)  y'  +  xy  =  0. 

Consider  the  line  integral  around  the  contour  0,  1  —  e, 

1  +  d,  1  +  aoi,  cci,  0,  or  OPQRS.  As  the  integrand  has  a 
continuous  derivative  at  every  point  on  or  within  the 
contour,  the  integral  is  zero  (§  124).    The  integrals  along 

the  little  quadrant  PQ  and  the  unit  line  RS  a.t  infinity  may  be  made  as 
small  as  desired  by  taking  the  quadrant  small  enough  and  the  line  far 
enough  away.  The  integral  along  SO  is  pui-e  imaginary,  namely,  with 
t  =:  iu, 

f  -2  6^(1  -  e)'-kh  =  21  f  e-"(l  -I-  iiy-^du. 
J  so  Jo 

The  integral  along  OP  is  complex,  namely 

-2  6^=^(1- ff-^dt 

=  _  2  r   (1  -  ff'^cosxtdt  -2iC   (1  -  f)'-^  sinxtdt. 
Jo  Jo 

Hence    0  =  -2f  (1 -f)"-^  cosxtdt -2  I  f  (l-fy-isinxtdt  +  l^ 

Jo  Jo 

+  f  -2  e-'(l  -  t'^'-'^dt  +  l^  +  2i  f  e-"\l  +  u')"-'Uu, 
Jq  Jo 

where  t,^  and  ^^  are  small.  Equate  real  and  imaginary  parts  to  zero 
separately  after  taking  the  limit. 

2 J     (1  -  i^)""^  cos  j-fdf  =  y(.r)  =  /]^r^"-2  ^-'(1  -  a^'^-idt  =  y^(x), 

2  r  (1  -  f)''-hmxtdt  -2  f   ^--"(1  -I-  vy-'^dv 
Ja  Jo 

The  signs  yp  and  J  are  used  to  denote  respectively  real  and  imaginary 
parts.  The  identity  of  y(x)  and  y^{x)  is  established  and  the  new  solu- 
tion y^{x)  is  found  as  a  difference  of  two  integrals. 


/ 

•J  OP 
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It  is  now  possible  to  obtain  the  important  expansion  of  the  solutions 
U(x)  and  2/2  (*)  in.  descending  powers  of  x.    For 

X  1+130  /^  »  , 

-2e'^{l-fy-^dt=  \      -2ie"-'^(u^-2iu)"-idu,    t=^l  +  iu. 

Since  a;  =jfc  0,  the  transformation  ux  =  v  is  permissible  and.  gives 

The  expansion  by  the  binomial  theorem  may  be  carried  as  far  as  de- 
sired ;  but  as  the  integration  is  subsequently  to  be  performed,  the 
values  of  v  must  be  allowed  a  range  from  0  to  00  and  the  use  of 
Taylor's  Formula  with  a  remainder  is  required  —  the  series  would  not 
converge.    The  result  of  the  integration  is 

e(x)  =  2"  +  ix-"-ir('''^^'*e  L""v""'^)jJ[7>(a;)  +  iQ(x)2,  (34) 

wneie  ui{x)         2a.  3!(2x)'  ^       ' 

^y^)-^  2\{2xf  4!(2x)* 

Take  real  and  imaginary  parts  and  divide  by  2"x~"V^r(n  +  i).    Then 

•^»^*)  =  ^)^[^^'■^ '°'  ("^ "  ('' + ^)^)  ~  '^^'■^ '"'  ("^  ~  ("  ^  ^)  i)] ' 
^'«(^) = a|;I[^^'>  ^^''^  ("  -  ('^ + ^)  I) + ''^">  '"^  (--(-+ 1)  1)] 

are  two  independent  Bessel  functions  which  satisfy  the  equation  (35) 
of  §  107.  If  »  +  i  is  an  integer,  P  and  Q  terminate  and  the  solutions 
are  expressed  in  terms  of  elementary  functions  (§108);  but  if  ra  +  ^ 
is  not  an  integer,  P  and  Q  are  merely  asymptotic  expressions  which  do 
not  terminate  of  themselves,  but  must  be  cut  short  with  a  remainder 
term  because  of  their  tendency  to  diverge  after  a  certain  point;  for 
tolerably  large  values  of  x  and  small  values  of  n  the  values  of  ./„(ar) 
and  K„{x)  may,  however,  be  computed  with  great  accuracy  by  using 
the  first  few  terms  of  P  and  Q. 
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The  integration  to  find  P  and  Q  ofEers  no  particular  difficulty. 

f  'e- V- 2  +*"dt)  =  T(n  +  i  +  k)  =  (n+k-  i)(n  +  fc -§)•■•  (n  +  i) r(n  +  J). 
Jo 

The  factors  previous  to  r  (n  +  i)  combine  with  n—  J,  n— |,---,  n  —  fc  +  i,  which 
occur  in  the  fcth  term  of  the  binomial  expansion  and  give  the  numerators  of  the 
terms  in  P  and  Q.  The  remainder  term  must,  however,  be  discussed.  The  integral 
form  (p.  57)  will  be  used. 

,..,.(._!):.^(._.,i)(±)'(.,it)-'-'. 

Let  it  be  supposed  that  the  expansion  has  been  carried  so  far  that  n  —  i:  —  J  <  0. 

Then  (1  +  tn/2i)"~*~  ^  is  numerically  greatest  when  v  =  0  and  is  then  equal  to  1. 
Hence 

IB  i<  r  '■'"'  i("-i)---("-*^  +  i)idi-"'i("-^>---<"-^  +  i)i 

'    *'     Jo    {k-l)\  (2i)*  fcl  (2a)* 

and  |XV».»-^R.4.|<^ £_1___^^  r  (n  +  1) . 

It  therefore  appears  that  when  k>  n  —  ^  the  error  made  in  neglecting  the  remain- 
der is  less  than  the  last  term  kept,  and  for  the  maximum  accuracy  the  series  for 
P  +  iQ  should  be  broken  off  between  the  least  term  and  the  term  just  following. 

EXERCISES 

1.  Solve  xy"  +  {2n  +  l)y'  —  xy  =  0  hj  trying  Tef"  as  Integrand. 

2.  Expand  the  first  solution  in  Ex.  1  into  series  ;  compare  with  y{ix)  above. 

3.  Try  T(l  -  tx)''  on  x{l  -  x)y"  +  [y  -  (a  +  fi  +  l)x]y'  -  a^y  =  0. 
Onesolutionis    r  ts-i(l_  t)v-P-i(i_te)-<'(a,        j3  >  0,        7  >  j3,        |x|<l. 

4.  Expand  the  solution  in  Ex.  3  into  the  series,  called  hypergeometric, 

I         1-7  1-27(7  +  1) 

^   g(a+l)(g  +  2)^(^  +  l)(^  +  2)^,  -| 

1-2.  37(7  +  1)  (7 +  2)  +---J- 

5.  Establish  these  results  for  He.ssel's  ./-functions  : 

((t)J„(a-)  = — I     sin2"0cos(xsin0)d0,        n  >  _  i 

2»  VwT  (n  +  i)  -^o 

(P)  Jn{x)  =  -  ~— — ^ r"  sin2«  0  cos  (xsin  «)d0,        n  =  0, 1,  2,  3  ■  ■  •  . 

ir  6  •  a-  • '  {Zn  —  \)  Jn 
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1   r'" 


6.  Show  -  I     cos  (n0  —  x  sin  0)  dip  satisfies 

Z         \  X^l  TT       \x         x/ 

7.  Find  the  equation  of  the  second  order  satisfied  by  (    {1  — l')''~i  sin  xtdi. 

Jo 

8.  ShoyfJJ2x\  =  l-x^  +  — ?!_  +  _?' 5^+.... 

"^      '  (2  !)2      (3  !)2  ^  (4  !)2       (6  !)2 

9.  Compute  Jo(l)  =  0.7652  ;  ^^(2)  =  0.2239  ;  J„(2A05)  =  0.0000. 

10.  Prove,  from  tlie  integrals,  J„'(x)  =  —  Ji(x)  and  [x-"i7„]'  =  —  x-"J„  +  j. 

11.  Show  that  four  terms  in  the  asymptotic  expansion  of  P  +  iQ  wlienn  =  0 
give  the  best  result  when  i  =  2  and  that  the  error  may  be  about  0.002. 

12.  From  the  asymptotic  expansions  compute  Jg(S)  as  accurately  as  may  be. 

13.  Show  that  for  large  values  of  x  the  solutions  of  J„{x)  =  0  are  nearly  of  the 
form  kir—\Tr  and  the  solutions  of  K„(x)  =  0  of  the  form  kir  -^  \ir. 

14.  Sketch  the  graphs  of  v  =  t7|j(x)  and  y  =  J,^(x)  by  using  the  series  of  ascend- 
ing powers  for  small  values  and  the  asymptotic  expressions  for  large  values  of  x. 

15.  From /Ji)  =  -   I     cos  (x  cos 0)d(^  show    (     e-<"JJbx)dx  =  —  • 

T  J  a  Jo  y/gi  +  fta 

16.  Show    I     e-'"JfXx)dx  converges  uniformly  when  a  ^  0. 

•/o 

17.  Evaluate  the  following  integrals  :  (a)    (     J^(bx)dx  =  h-\ 

Jo 

J**  *  dx      w  fit 

sin  axJ^{bx)  —  =  ^  or  sin-  i-asa>6>0orb>a>0, 

<y)   f    sin  axJg(bx)dx  =  — ^=  or  0  as  o=  >  6^  or  6=  >  «", 
•'o  Vo*  —  6^ 

(«)    f    cos  ax  Jg  (bx)  dx  =  — or  0  as  V^  >  a^  or  a"  >  ¥. 

Jo  Vi)^  —  a^ 

18.  If  u  =  V^,(ax),  show  ^  +  /o2  -  "^^^y  =  0-   "  "  =  ^xJ„(6x), 

L^_„^]*=(62_a2)  r'xJn(ax)J„(ta)dx. 
L   dx         ox  Jo  "'o 

19.  With  the  aid  of  Ex.  18  establish  the  relations : 

(a)  bJ,(a)J„  +  j{b)  -  aJn{h)J„  +  i{a)  =  (5=  -  a^)£  xJ„(ax),7„(6i)dx, 

iP)  flfc/j(a)  =  d^J  x,Tg{cu)dx  =  J^  xJ(,(i)dx, 

(7)  J,(a)  J„+i(a)  4-  a[J„(a)  J„'+,(a)  -  ,/»,/„ +i(a)]  =  2a£  x[J.{ax)]^. 

2    r '  sin  a::***  tt  /  ^      2    f »  cos  xWt 

20.  ShowJ„(x)==-  I         , .        Ko{x)  =  -  f  — -• 


CHAPTER  XV 
THE  CALCULUS  OF  VARIATIONS 
155.  The  treatment  of  the  simplest  case.    The  integral 

Jr-B  pB 

F{x,  y,  y')dx=      I     *(.x,  y,  dx,  dy),  (1) 

A  cJ  A 

where  <b  is  homogeneous  of  the  first  degree  in  dx  and  dy,  may  be  evalu- 
ated along  any  curve  C  between  the  limits  A  and  B  by  reduction  to  an 
ordinary  integral.    For  if  C  is  given  by  y  =f(x), 

1=     f   F(x,  y,  y')dx=  f  V(.r,  /(.t),  f'(x))  dx  ; 

cJa  J  x^ 

and  if  C  is  given  by  x  =  ^if)-,  y  =  ^if), 

/  =      (    ^(x,y,  dx,  dy)  =  I  '^{.f,,^,  <!>',  4,')dt. 

cJ  A  Jl„ 

The  ordinary  line  integral  (§  122)  is  merely  the  special  case  in  which 
$  =  Pdx  +  Qdy  and  F  =  P  -\-  Qy'.  In  general  the  value  of  /  will  depend 
on  the  path  C  of  integration ;  the  problem  of  the  calculus  of  variations 
is  to  find  that  path  which  u-ill  make  I  a  maximitm  or  m.inimum  relative 
to  neighboring  paths. 

If  a  second  path  C^  be  y  =  f(x)  +  ■q{x),  where  Tqix)  is  a  small  quan- 
tity which  vanishes  at  x^  and  a-j,  a  whole  family  of  paths  is  given  by 

y=f{x)  +  ar,{x),  -ISa^l,  ^  (a,  j  =  ,  (^^)  =  q, 

and  the  value  of  the  integral 


I{a)  =  r  V(.7-,/+  a,,/'  -f  ay,')dx,         (1') 


Y 

f +1  n 

0 

Xo           Xi   X 

taken  along  the  different  paths  of  the  family,  be- 
comes a  function  of  a;  in  particular  7(0)  and  7(1) 
are  the  values  along  C  and  C, .  Under  appropriate  assumptions  as  to 
the  continuity  of  F  and  its  partial  derivatives  F'^,  F,%  F,',,,  the  function 
f(a)  will.be  continuous  and  have  a  continuous  derivative  whicli  may 
be  found  by  differentiating  under  the  sign  (§  119)  ;  then 

t'iV  =  /     \vKi=^,f+  «r,,f'  +  ay,')  +  r,'F:,(x,f+  ar,,f'  +  ar,')yx. 

400 


CALCULUS  OF  VARIATIONS  401 

If  the  curve  C  is  to  give  I{n)  a  maximum  or  minimum  value  for  all 
the  curves  of  this  family,  it  is  necessary  that 


^'(0)  =   r  \r,F;{x,  y,  y')  +  r,'F-,(,;  y,  y')]dx  =  0 ; 


(2) 


and  if  C  is  to  make  /  a  maximum  or  minimum  relative  to  all  neighboring 
curves,  it  is  necessary  that  (2)  shall  hold  for  any  function  r/  (j')  which  is 
small.  It  is  more  usual  and  more  suggestive  to  write  ij  (r)  =  Sy,  and  to 
say  that  8y  is  the  variation  of  y  in  passing  from  the  curve  C  or  y  =f(x) 
to  the  neighboring  curve  C  or  y  =f{x)  +  ■q{x).   From  the  relations 

>y  =  n^),     >/  =  /'(■'■)  +  y(^)>     s^'  =  vc^o  =  £8y, 

connecting  the  slope  of  C  with  the  slope  of  C^,  it  is  seen  that  the  variation 
of  the  derivative  is  the  derirative  of  the  variation.  In  differential  nota- 
tion this  is  dhy  —  Sdy,  where  it  should  be  noted  that  the  sign  8  applies 
to  changes  which  occur  on  passing  from  one  curve  C  to  another  curve  C  , 
and  the  sign  d  applies  to  changes  taking  place  along  a  particular  curve. 
With  these  notations  the  condition  (2)  becomes 


r  V;8y  +  F^,hy')dx  =  f  'sFdx  =  0, 


(3) 


where  8F  is  computed  from  F,  Sy,  8y'  by  the  same  rule  as  the  differential 
dF  is  computed  from  F  and  the  differentials  of  the  variables  which  it 
contains.  The  condition  (3)  is  not  sufficient  to  distinguish  between  a 
maximum  and  a  minimum  or  to  insure  the  existence  of  either ;  neither 
is  the  condition  ff'(x)  =  0  in  elementary  calculus  sufficient  to  answer 
these  questions  relative  to  a  function  g{x);  in  both  cases  additional  con- 
ditions are  required  (§  9").  It  should  be  remembered,  however,  that 
these  additional  conditi<pn.3  were  seldom  actually  applied  in  discussing 
maxima  and  minima  of  g  (x)  in  practical  problems,  because  in  such  cases 
the  distinction  between  the  two  was  usually  obvious ;  so  in  this  case 
the  discussion  of  sufficient  conditions  will  be  omitted  altogether,  as  in 
§§58  and  61,  and  (3)  alone  will  be  applied. 

An  integration  by  parts  will  convert  (3)  into  a  differential  equation 
of  the  second  order.    In  fact 

£/'"■'»'''■'•  =[/-  i  ''"'■'■  =  [^<^^]^^  -£'"  i  ^-'^^• 

Hence         P  (F;,&y  +  F-,Sy') dx  =f  '  (f'  -  £  F^/j&ydx  =  0,  (3') 
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sinct;  tlie  assumption  tliat  8y  =  rj  (r)  vanishes  at  x^  and  x^  causes  the 
integrated  term  [-PJ-Sy]  to  drop  out.    Then 

d      ,    _dF        o'F         c-F     ,       8^F 
dx  ^'■''~Jy~  dxdij'      cijcy'  ^       dif 


^.K  =  -t.-i±-.-i±.<y'--^.'f-^.         (4) 


For  it  must  be  remembered  that  the  function  lij  =  t]  ix)  is  any  function 

that  is  small,  and  if  F'y  —  —  F'^,  in  (3')  did  not  vanish  at  every  point 

of  the  interval  x^^x  -^  x^,  the  arbitrary  function  8//  could  be  chosen 
to  agree  with  it  in  sign,  so  that  the  integral  of  the  product  would  neces- 
sarily be  positive  instead  of  zero  as  the  condition  demands. 

156.  Tht  viethod  of  rendering  an  integral  (1)  a  minimum  or  maximum 
is  therefore  to  set  up  the  differential  equation  (4)  of  the  second  order 
and  solve  it.  The  solution  will  contain  two  arbitrar}-  constants  of  inte- 
gration which  may  be  so  determined  that  one  particular  solution  shall 
pass  through  the  points  A  and  B,  which  are  the  initial  and  final  points 
of  the  path  C  of  integration.  In  this  way  a  path  C  which  connects  A 
and  B  and  which  satisfies  (4)  is  found  ;  under  ordinary  conditions  the  in- 
tegral will  then  be  either  a  maximum  or  minimum.   An  example  follows. 

Let  it  be  required  to  render  1=1    '  -  Vl  +  y"^6x  a  maximum  or  minimum. 


V                        dy          y-  W      V  Vl  +  y"^ 

Hence    -  1  Vl  +  y-^  +  '-(     /^         y- -I 1 ^r  =  0     or     yy"  +  y'^  J,  \  =  a 

is  the  desired  equation  (4).   It  is  fexact  and  the  integration  is  immediate. 

(2/2/')'  -1-1  =  0,        2/2/'  -t- 1  =  Cj,        ?/  -t-  (X  -  Ci)2  =  Cj. 

The  cui-ves  are  circles  witli  tlieir  centers  on  tlie  i-axis.  From  tliis  fact  it  is  easy 
by  a  geometrical  construction  to  determine  the  curve  which  pa.sses  through  two 
given  points  A  (x„,  y^  and  iJ(Xj,  2/1);  the  analytical  determination  is  not  difficult. 
The  two  points  A  and  B  must  lie  on  the  same  side  of  the  x-axis  or  the  integral  I 
will  not  converge  and  the  problem  will  have  no  meaning.  The  question  of  whether 
a  maximum  or  a  minimum  has  been  determined  may  be  settled  by  taking  a  curve 
Cj  which  lies  under  the  circular  arc  from  ^  to  ii  and  yet  has  the  same  length. 
The  integrand  is  of  the  form  (is/2/  i^nd  the  integral  along  C\  is  greater  than  along 
the  circle  C  if  2/  is  positive,  but  less  if  y  is  negative.  It  therefore  appears  that  the 
integral  is  rendered  a  minimum  if  A  and  li  are  above  the  axis,  but  a  maximum  if 
they  are  below. 

For  many  pnihlems  if  is  mori'  /■onri'nimt  not  to  make  the  rhoife  of  x 
or  y  as  indejjendnit  variable  in  tlie  first  ybice,  hut  to  operate  symmetri- 
iiilly  u-ith  both  variables  upon  the  second  form  0/ (1).  Suppose  that,  the 
integral  of  the  variation  of  *  be  set  equal  to  zero,  as  in  (3). 
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/    s*  =  I    [*;&;•  +  <i>;s//  +  $;,Wj  +  ^:,Mi/l  =  0. 

Let  the  rules  SJx  =  t/B.r  luul  St/y  =  i/Si/  be  applied  and  let  the  terms 
which  contain  dBx  and  <%  be  integrated  by  parts  as  before. 

8*  =  J  ^  [(4.;  -  ./<!>;,,)  &r  +  (*;  -  r/<t.;,„)8y]  +  [<!>■,&,•  +  *;,„8//]  ^  =  0. 

As  A  and  B  are  fixed  points,  the  integrated  term  disai)i)ears.  As  the 
variations  &z  and  hij  may  be  arbitrary,  reasoning  as  above  gives 

*;  -  iW,,  =  0,         *;  -  t?*^^  =  0.  (4') 

If  these  two  e(]uations  can  be  shown  to  be  essentially  identical  and  to 
reduce  to  the  condition  (4)  previously  obtained,  the  justification  of  the 
second  method  will  be  complete  and  either  of  (4')  may  be  used  to  deter- 
mine the  solution  of  the  problem. 

Now  the  identity  *(j,  y,  dx,  dy)  =  F(x.  y,  dy/dx)dx  gives,  on  differentiation, 

*;  =  F;da:,     *;  =  F;(it,     *;,„  =  f;,,     *;,,  =  -F;g  +  F 

by  the  ordinary  rules  for  partial  derivatives.    Substitution  in  each  of  (4')  gives 

*;  -  <?*:,„  =  F;dx  -  dF;  =  (f;  - 1  f;)  dx  =  o, 

*;  -  d*:,^  =  F^dx  -d{F-  F;,y')  =  F'^dx  -  dF  +  F'^dy'  +  y'dF'^ 
=  F^dj;  -  F'^dx  -  F'^dy  -  F'^,dy'  +  F'^,dy'  +  y'dF'^, 

=  -  F'^dy  +  y'dF'^,  =  -(f;-~  F;)  dy  =  0. 

Hence  each  of  (4')  reduces  to  the  original  condition  (4),  as  was  u>  be  proved. 

/ds        p  "vdjii"  -(-  dw^ 
—  =1  —  ■  Then 
V       -^           y 

/    ds  _   r    Vdx^  +  dy^  _   r  rdxSdx  +  dyidy      (is  ,  "l 
y      J  y  J  \_  yds  y^     J 

J  t   yds  \    yds      y'J     J' 

where  the  transformation  has  been  integration  by  parts,  including  the  discarding 
of  the  integrated  term  which  vanishes  at  the  limits.   The  two  equations  are 

,  dj       „  ,  dy      ds      ^  ,     di       1 

d-— =  0,         d-f  +  -  =  0;     and     — -  = - 

yds  yds      y-  yds      c^ 

is  the  obvious  first  integral  of  the  first.  The  integration  may  then  be  completed  to 
find  the  circles  as  before.  The  integration  of  the  second  equation  would  not  be  so 
simple.  In  some  instances  the  advantage  of  the  choice  of  one  of  the  two  equations 
offered  Iry  this  method  of  dlreH  operation  is  viarked. 
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EXERCISES 

-  1.   The  shortest  distance.   Treat  /  (1  +  2/'-)2  dj  f  or  a  minimum. 

2.  Treat  (  Vdr^  +  r'^d<p^  for  a  minimum  in  polar  coordinates. 

3.  The  brachistochrone.  If  a  particle  falls  along  any  curve  from  ^  to  jB,  the 
velocity  acquired  at  a  distance  h  below  ^1  is  «  =  V29A  regardless  of  the  path  fol- 
lowed.   Hence  the  time  spent  in  passing  from  A  to  B  is  T  =  I  ds/v.   The  path  of 

quickest  descent  from  ^  to  B  is  called  the  brachistochrone.    Show  that  the  curve 
is  a  cycloid.   Take  the  origin  at  ^-1. 

4.  The  mininnim  surface  of  revolution  is  found  by  revolving  a  catenary. 

5.  The  curve  of  constant  density  which  joins  two  points  of  the  plane  and  has  a 
mininmm  moment  of  inertia  with  respect  to  the  origin  is  c-yir'  =  sec  (3  0  +  c„).  Note 
that  the  two  points  nnist  subtend  an  angle  of  less  than  60°  at  the  origin. 

6.  Upon  the  sphere  the  mininmm  line  is  the  great  circle  (polar  coordinates). 

7.  Vpon  the  circular  cylinder  the  minimum  line  is  the  helix. 

8.  Find  the  minimum  line  on  the  cone  of  revolution. 


9.  Minimize  the  integral   |     -ml  —  1   +-n'x''\dt. 
J   L2      \dt/       2        J 
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157.  Variable  limits  and  constrained  minima.  This  second  method 
of  operation  has  also  the  advantage  that  it  suggests  the  solution  of  tJie 
problem  of  making  an  integral  between  variable  end-puints  a  maximum 
or  minimum.  Thus  suppose  that  the  curve  C  which 
shall  join  some  point  A  of  one  curve  r^,  to  some 
point  B  of  another  curve  T^,  and  which  shall  make 
a  given  integral  a  minimum  or  maximum,  is  desired. 
In  the  first  jilace  C  must  satisfy  the  condition  (4) 
or  (4')  for  fixed  end-points  because  C  will  not  give 
a  maximum  or  minimum  value  as  compared  with 
all  other  curves  unless  it  does  as  compared  merely  with  all  other  curves 
which  join  its  end-points.  There  must,  however,  be  additional  condi- 
tions which  shall  serve  to  determine  the  points  A  and  B  which  C  con- 
nects.   These  conditions  are  precisely  that  the  integrated  terms, 

WaM  +  *rf,,Syl^  =  0,         for  A  and  for  B,  (5) 

which  vanish  identically  when  the  end-points  are  fixed,  sliall  vanish  at 
each  point  A  or  B  provided  8.r  and  &y  are  interpreted  as  differentials 
along  the  curves  r,,  and  Tj. 
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—  =  (   —  treated  above,  tlie  integrated 

ii     J         y 

terms,  which  were  discarded,  and  the  resulting  conditions  are 

ViliSx      dyiyl"  djix -\- dySyl" _  dx5x  +  dyiy'\ 

L  (/(/«        ydx  \  A  yds        J  '  ydts        J  .1 

Here  dx.  and  dy  are  differentials  alnnj;  the  circle  C  and  Sx  and  Sy  are  to  be  inter- 
preted as  differentials  along  the  curves  r^  and  r,  which  respectively  pass  through 
A  and  B.  The  conditions  therefore  show  that  the  tangents  to  G  and  r,,  at  A  are 
perpendicular,  and  similarly  for  C  and  Tj  at  li.  In  other  words  the  curve  which 
renders  the  integral  a  minimum  and  has  its  extremities  on  two  fixed  curves  is  the 
circle  which  has  its  center  on  the  ar-axis  and  cuts  both  the  curves  orthogonally. 

To  prove  the  rule  for  finding  the  conditions  at  the  end  points  it  will  be  suffi- 
cient to  prove  it  for  one  variable  point.    Let  the  equations 

C:x  =  ,t>{l),  y  =  ^{t),  (\:x  =  4>(t)  +  Ul),  y  =  ^(l)  +  n{t), 

f  (««)  =  ';  (W  =  0.         i(U)  =  a,         V  («i)  =  '' ;        Sx  =  f  (O,         5y  =  v  {t), 

determine  C  and  C^  with  the  common  initial  point  A  and  different  terminal  points 
Ji  and  B'  upon  Tj.    As  parametric  equations  of  Tj,  take 

x  =  Xj,  +  al{s),        y  =  y+bm{s);        -^  =  ar(,s),        -^  =  6m'(s), 
"  "  Ss  OS 

where  s  represents  the  arc  along  Tj  measured  from  B,  and  the  functions  l(s)  and 
m{s)  vary  from  0  at  B  to  1  at  B'.    Next  form  the  family 

x  =  0(«)  +  i{s)fw.     ■//  =  <AW  +  ™W'7W,     I' =  </>' -1- fr,     y'  =  r  +  mv\ 

which  all  pass  through  A  for  t  =  <„  and  which  foi-  i  =  t^  describe  the  curve  Fj. 
Consider 

g  (.s)  =  f'%(x  +  l  (s)  f,  y  +  m  (.1)  r,,   r'  +  if,  y'  +  mV)  dt,  (0) 

which  is  the  integral  taken  from  A  to  Tj  along  the  curves  of  the  family,  where 
X,  y,  x',  y'  are  on  the  curve  d  corresponding  to  ,s  =  0.    Differentiate.   Tlien 

;,'(s)  =  f''ri'(s)f4-'^  +  m'(s)7,*;  -I-  l'(s)^'K,  +  vi'(s)v'*'„yu, 
•''0 

where  the  accents  mean  differentiation  with  regard  to  s  when  upon  g,  I,  or  m,  but 
with  regard  to  t  when  on  x  or  y,  and  partial  differentiation  when  on  *,  and  where 
the  argument  of*  is  as  in  («).  Now  if  y(s)  has  .1  niaxinnnn  or  niininuun  when 
s  =  0,  then 

y'(0)  =  f ''[r(0)f*:.(j,  y,  X',  y')  +  m'(0)iri>;  +  >-'(^)iX'  +  in'if))r,'*',,,']dt  =  0  ; 

The  change  is  made  as  usual  by  integration  by  parts.   Now  as 

ii(x,y,x\y')dt  =  i{x,y,dx,dy\    so    *;di  =  *;,        *;.  =  *;ir.  etc- 
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Hence  the  parentheses  under  the  integral  sign,  when  multiplied  by  dl,  reduce  to 
(4')  and  vanish  ;  they  could  be  seen  to  vanish  also  for  the  reason  that  f  and  rj  are 
arbitrary  functions  of  t  except  at  t  =  t„  and  i  =  tj,  and  the  integrated  term  is  a 
constant.   There  remains  the  integrated  term  which  must  vanish, 

('(0)f((,)*;,  +  m'(0),(y*;,  =  [^^*;„  +  ^*;'J'  =  \*',iJ^  +  *rf,«2/]''  =  «■ 

The  condition  therefore  reduces  to  its  appropriate  half  of  (5),  provided  that,  in 
interpreting  it,  the  quantities  Sx  and  Sy  be  regarded  not  as  a  =  f  (tj)  and  6  =  ij{tj) 
but  as  the  difierentials  along  Tj  at  B. 

158.  In  many  cases  one  integral  is  to  be  made  a  maximum  or  minimum 
subject  to  the  condition  that  another  integral  shall  have  a  fixed  value, 

^(^'V'y')'^'^  nia.^'         ■^^1      ''' (3;  y,  ?/'y-v  =  const.    (7) 

For  instance  a  curve  of  given  length  might  run  from  A  to  B,  and  the 
form  of  the  curve  which  would  make  the  area  under  the  curve  a  maxi- 
mum or  minimum  might  be  desired ;  to  make  the  area  a  maximum  or 
minimum  without  the  restriction  of  constant  length  of  arc  would  be 
useless,  because  by  taking  a  curve  which  dropped  sharply  from  A ,  in- 
closed a  large  area  below  the  a--axis,  and  rose  sharply  to  B  the  area 
could  be  made  as  small  as  desired.  Again  the  curve  in  which  a  chain 
would  hang  might  be  required.  The  length  of  the  chain  being  given, 
the  form  of  the  curve  is  that  which  will  make  the  potential  energy  a 
minimum,  that  is,  will  bring  the  center  of  gravity  lowest.  The  prob- 
lems in  constrained  maxima  and  minima  are  called  isoperimetric  prob- 
lems because  it  is  so  frequently  the  perimeter  or  length  of  the  curve 
which  is  given  as  constant. 

If  the  method  of  determining  constrained  maxima  and  minima 
by  means  of  undetermined  multipliers  be  recalled  (§§58,  61),  it  will 
appear  that  the  solution  of  the  isoperimetric  problem  might  reasonably 
be  sought  by  rendering  the  integral 

r  +  \J=f  \f(x,  y,  y<)  +  \Cr  (x,  y,  y-)]  dx  (8) 

a  maximum  or  minimum.  The  solution  of  this  problem  would  contain 
three  constants,  namely,  \  and  two  constants  c^,  c,^  of  integration.  The 
constants  c^,  c^  could  be  determined  so  that  the  curve  should  pass  through 
A  and  B  and  the  value  of  \  would  still  remain  to  be  determined  in  such 
a  manner  that  the  integral  ./  should  have  the  desired  value.  This  is 
the  method  of  solution. 
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To  justify  the  method  in  tlie  case  of  fixed  end-points,  which  is  the  only  case 
that  will  be  considered,  the  procedure  is  like  that  of  §  155.  Let  C  be  given  by 
y  —fix) ;  consider 

y  =f(x)  +  a-n  (X)  +  /3f  (X),         '(o  =  '!i  =  fo  =  f,  =  0, 
a  two-parametered  family  of  curves  near  to  C.   Then 

ff(a,  /3)  =  r'F(x,  y  +  a,  +  /3f,  y'  +  ay,'+  /Sf')dx,         (/(O,  0)  =  I 

f^(o:,  P)=  f  '(^{x,  y  +  o:v  +  /3f,  y'  +  ari'  +  p^')dx  =  J=  const. 

would  be  two  functions  of  the  two  variables  a  and  p.  Tlie  conditions  for  the  mini- 
mum or  maximum  of  ;/  (a,  ji)  at  (0,  0)  .subject  to  tlie  condition  that  h  (a,  fi)  =  const, 
are  required.    Hence 

.(/;(0,  0)  -I-  X///,(0,  0)  =  0,         f/^(0,  0)  H-  X/,;,(0,  0)  =  0, 
or  / %  (f;  -I-  \(Q  +  V(^;  +  xr;;)  jx  =  o, 

^\(n  +  xo;)  -H  r(i^;  +  ^o:,,)dx  =  0. 

By  integration  by  parts  either  of  these  equations  gives 

(F-f-XG);-£(F-HXG);,  =  0;  (9) 

the  rule  is  justified,  and  will  be  applied  to  an  example. 

Required  the  curve  which,  when  revolved  about  an  axis,  will  generate  a  given 
volume  of  revolution  bounded  by  the  least  surface.   The  integrals  are 

J  =  2  TT  I     yds,  min.,        J  =  t  I     y'^dx,  const. 
[yds  +  \y^dx)  min.     or      |     5  (yds  +  \y^dx)  =  0. 
f^'s  {i/d.t  +  \y^dx)  =  J  ''  \syda  +  y  ^^^^^V^^V  _|_  g  \ySydx  +  \y^Sdx\  =  0 
^j-[.x{-.d(y^)-dy^),.y{d.-dy^^..yd.)]. 

Hence  Xd(!/)  +  d?^  =  0    or    ds- d?^  +  2Xyda;  =  0. 

ds  ds 

The  .second  method  of  computation  has  been  used  and  the  vanishing  integrated 
terms  have  been  discarded.   The  first  equation  is  simplest  to  integrate. 

The  variables  are  separated,  but  the  integration  cannot  be  executed  in  terms  of 
elementary  functions.    If,  however,  one  of  the  end-points  is  on  the  i-axis,  the 
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values  Xg,  0,  y'f,  or  Xj,  0,  y[  must  satisfy  the  equation  and,  as  no  term  of  tlie  equa- 
tion can  become  infinite,  Cj  must  vanish.   The  integration  may  then  be  performed. 

^'^'^^      =dx,        1  -  K-ir  =  X- (-r  -  'd-    "'•    <-f  -  ''^f  +  '/---■ 


Vi  -  x^ij^  '  '  -  X- 

In  tliis  special  case  the  curve  is  a  circle.  The  constants  Cj  and  X  may  be  deter- 
mined from  the  other  point  (x^,  y^)  through  which  the  curve  passes  and  from  the 
value  of  J  =  v;  the  equations  vyill  also  determine  the  abscissa  x„  of  the  point  on 
the  axis.  It  is  simpler  to  suppose  Xf,  =  0  and  leave  ij  to  be  determined.  With  this 
procedure  the  equations  are 

c!  =  I .        (Xi  -  c,Y  +  2/f  =  ^, .         l^x^^l  ^-^  '  "  '^  "'■"'  +  -'  '■'^'^' 

TT  Z  X-, 

and  I,  =  ir-y[(3r+  ■\/9v- +  ■ir-i/})^  +  {Sv  -  -vWT^r^)^]. 


EXERCISES 

1.  Show  that  {a)  the  minimum  line  from  one  curve  to  another  in  the  plane  is 
their  common  normal  ;  (fi)  if  the  ends  of  the  catenary  which  generates  the  mini- 
mum surface  of  revolution  are  constrained  to  lie  on  two  curves,  the  catenary  shall 
be  perpendicular  to  the  curves ;  (y)  the  brachistochrone  from  a  fixed  point  to  a 
curve  is  the  cycloid  which  cuts  the  curve  orthogonally. 

2.  Generalize  to  show  that  if  the  end-points  of  the  curve  which  makes  any  inte- 
gral of  the  form  I  F(x,  y)ds  a,  maximum  or  a  minimum  are  variable  upon  two 
curves,  the  solution  shall  cut  the  curves  orthogonally. 

3.  Show  that  if  the  integrand  *(i,  y,  dx,  dy,  ij)  depends  on  the  limit  Xj,  the 
condition  for  the  limit  B  becomes    *^j.5x  +  i',,,.Sy  +  Sx  i    '*^      =  0. 

4.  Show  that  the  cycloid  which  is  the  brachistochrone  from  a  point  A,  con- 
strained to  lie  on  one  curve  r„,  to  another  curve  T^  must  leave  r^  at  the  point  A 
where  the  tangent  to  r^  is  parallel  to  the  tangent  to  Tj  at  the  point  of  arrival. 

5.  Prove  that  the  curve  of  given  length  which  generates  the  minimum  surface 
of  revolution  is  still  the  catenary. 

6.  If  the  area  under  a  curve  of  given  length  is  to  be  a  maximum  or  minimum, 
the  curve  must  be  a  circular  arc  connecting  the  two  points. 

7.  In  polar  coordinates  the  sectorial  area  bounded  by  a  curve  of  given  length  is 
a  maximum  or  minimum  when  the  curve  is  a  circle. 

8.  A  curve  of  given  length  generates  a  maximum  or  minimum  volume  of 
revolution.   The  elastic  curve 

B  =  <l+i:!l!  =  -A  or  rfx=    (y'-'^^)^y  _■ 
y"  ^y  Vx2  -  (2/2  -  Ci)2 
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9.  A  chain  lies  in  a  central  field  of  force  of  which  the  potential  per  unit  mass  is 
V{r).   If  the  constant  density  of  the  chain  is  p,  show  that  the  form  of  the  curve  is 


r                dr 
+  Cj  =    / 


10.  Discuss  the  reciprocity  of  I  and  /,  that  is,  the  questions  of  making  7  a  maxi- 
mum or  minimum  when  /  is  fixed,  and  of  making  J  a  minimum  or  maximum  when 
I  is  fixed. 

11.  A  solid  of  revolution  of  given  mass  and  uniform  density  exerts  a  maximum 
attraction  on  a  point  at  its  axis.  Ans.  2X(j-  +  2/2)i  +  z  =  0,  if  the  point  is  at  the 
origin. 

159.  Some  generalizations.    Suppose  that  an  integral 

r  =  j     F(JC,  !/,  y',  z,z',--.)dx=  C   ^{.r,  ,lr,  y,  dy,  z,  <1~.,  ■  ■  •)       (10) 

(of  which  the  integrand  contains  two  or  more  dependent  variables 
y,  z,  ■  ■  ■  and  their  derivatives  y',  z',  ■  ■  ■  with  respect  to  the  independent 
variable  x,  or  in  the  symmetrical  form  contains  three  or  more  variables 
and  their  differentials)  were  to  be  made  a  maximum  or  minimum.  In 
case  there  is  only  one  additional  variable,  the  .problem  still  has  a  geo- 
metric interpretation,  namely,  to  find 

y  =  f{x),         z  =  g(x),     or     a;  =  <^  (t),         y  =  ./^(«),         z  =  x(0> 

a  curve  in  space,  which  will  make  the  value  of  the  integral  greater  or 
less  than  all  neighboring  curves.  A  slight  modification  of  the  previous 
reasoning  will  show  that  necessary  conditions  are 

^'-i^'^'='  -^  ^=-£^'=«  (11) 

or        «.;-rf*rf,  =  o,       $;-rf$;,„  =  o,       4.;  -  <7<i.;^  =  o, 

where  of  the  last  three  conditions  only  two  are  independent.  Each  of 
(11)  is  a  differential  equation  of  the  second  order,  and  the  solution  of 
the  two  simultaneous  equations  will  be  a  family  of  curves  in  space 
dependent  on  four  arbitrary  constants  of  integration  which  may  be  so 
determined  that  one  curve  of  the  family  shall  pass  through  the  end- 
points  A  and  B. 

Instead  of  following  the  previous  method  to  establish  these  facts,  an 
older  and  perhaps  less  accurate  method  will  be  used.  Let  the  varied 
values  of  y,  z,  y\  z',  be  denoted  by 

y  +  By,    z  +  Sz,    y'  +  Sy',    z'  +  hz',     Sy'  =  (8y)',     8^' =  (&)'. 
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The  difference  between  the  integral  along  the  two  curves  is 

A/  =  f\F{x,  y  +  8y,  y'  +  8y',  :  +  Sv,  z'  +  W)  -  F{:r,  y,  y\  z,  z')]d.r 

=  r  'aFcIx  =  r  '(F'^Sy  +  F^Sy'  +  FJS.-  +  F:,Sz')  dx  +  ---, 

where  F  has  been  expanded  by  Taylor's  Formula*  for  the  four  variables 

y,  y',  s,  z'  which  are  varied,  and  "  ^ "  refers  to  the  remainder  or  the 

subsequent  terms  in  the  development  which  contain  the  higher  powers 
of  iy,  h/,  Ss,  8s'. 

For  sulfieiently  small  values  of  the  variations  the  terms  of  higher 
order  may  be  neglected.  Then  if  A/  is  to  be  either  positive  or  nega- 
tive for  all  small  variations,  tlit^  terms  of  the  first  order  which  change 
in  sign  when  the  signs  of  the  variations  are  reversed  must  vanish  and 
the  condition  becomes 

r\Fyhy  +  f;%'  +  F'^iz  +  F'Jz')dx  =  i  'hFdx  =  0.         (12) 
Integrate  by  parts  and  discard  the  integrated  terms.    Then 

*  In  the  simpler  case  of  §  155  this  lormal  development  would  run  as 
A/  =  r  "XF'iy+FLSy-)  dx  +  ^  f  "'(F'^'/v^  +  2  F'J^,iySy'  +  F;^^,Sy'^)dx+  higher  terms, 

and  with  the  expansion  AI=St+—  S^I  H 53/  +  ■ .  •  it  would  appear  that 

«/=  r\F'^ty  +  F'^,iyyix,        5^1=  CXF^ySy^ +  2F';„,my' +  K'v'W)>lr, 

m=  r\F'^^iy»  +  3F^,Sy^Sy'  +  ZF'^nSySy"'  +  F'^%Sy'>)dz,  ■■■. 

The  terms  37,  Ifil,  S^I,  ■  ■  ■  are  called  the  Jirst,  second,  third,  ■  ■  ■  variations  of  the  integral 
/  in  the  case  of  fixed  limits.  The  condition  for  a  maximum  or  minimum  then  becomes 
dl  =  0,  just  as  d9  =  0  is  the  condition  in  the  case  nf  g  (r).  In  the  case  of  variable  limits 
there  are  some  modifications  appropriate  to  the  limits.  This  method  of  procedure  sug- 
gests the  reason  that  Sz,  ty  are  frequently  to  be  treated  exactly  as  differentials.  It  also 
suggests  that  IPI  >  0  and  PI  <  0  would  be  criteria  for  distinguishing  between  maxima 
and  minima.  The  same  results  can  be  had  by  differentiating  (1')  repeatedly  under  the 
sign  and  expanding  7 (a)  into  series;  in  fact,  SI=  /'(O),  S^I=  /"(O),  •  •  • .   No  emphasis 

has  been  laid  in  the  text  on  the  suggestive  relations  SI=  f  SFdx  for  fixed  limits  or 
5/  =  /  34>  for  variable  limits  (variable  in  x,  y,  but  not  in  0  because  only  the  most  ele- 
mentary results  were  desired,  and  the  treatment  given  has  some  advantages  as  to 
modernity. 
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As  Si/  and  &-  are  arbitrary,  either  may  in  particular  be  taken  equal  to 
0  while  the  other  is  assigned  the  same  sign  as  its  coefficient  in  the 
parenthesis ;  and  hence  the  integral  would  not  vanish  unless  that  coeifi- 
cient  vanished.  Hence  the  conditions  (11)  are  derived,  and  it  is  seen 
that  there  would  be  precisely  similar  conditions,  one  for  each  variable 
I/,  z,  ■■ ;  no  matter  how  many  variables  might  occur  in  the  integrand. 

Without  going  at  all  into  the  matter  of  proof  it  will  be  stated  as  a 
fact  that  the  condition  for  the  maximum  or  minimum  of 

/  4>(.r,  dx,  //,  (///,  ~,  dz, ...)     is      I  8$  =  0, 

which  may  l>e  transformed  into  the  set  of  differential  equations 

of  which  any  one  in:iy  be  discarded  as  dependent  on  the  rest ;  and 

*dxS.i-  +  *rfySy  +  $;,&-  H =  0,         at  J  and  at  B, 

where  the  variations  ai'e  to  be  interpreted  as  differentials  along  the  loci 
upon  which  A  and  B  are  constrained  to  lie. 

It  frequently  happens  that  the  variables  in  the  integrand  of  an  inte- 
gral which  is  to  be  made  a  maximum  or  minimum  are  connected  by  an 
equation.    For  instance 


/  *(x,  d.r,  y,  dy,  z,  dz)  min.,         S(x,  y,  z)  =  0. 


(14) 


It  is  possible  to  eliminate  one  of  the  variables  and  its  differential  by 
means  of  8=0  and  proceed  as  before ;  but  it  is  usually  better  to 
introduce  an  undetermined  multiplier  (§§58,  61).     From 

S{x,  y,  z)  =  0     follows     5;&r  -f  S',fy  +  S'^Sz  =  0 

if  the  variations  be  treated  as  differentials.    Hence  if 

J'[(<i.;  -  rf*;,)&r  +  (*;  -  rf*;j8y  +  (<!.;  -  rf*;,)&^]  =  o, 

/"[(«.;  -  rf*;,  +  XS',)8x  +  (*;  -  d<i>',^  4-  \.%)Sy 

+  (*:-(/*i,  +  A.<:)8s]  =  o 

no  matter  what  the  value  of  X.  Let  the  value  of  X  be  so  chosen  as  to 
annul  the  coefficient  of  8z.  Then  as  the  two  remaining  variations  are 
independent,  the  same  reasoning  as  above  will  cause  the  coefficients  of 
&r  and  Sy  to  vanish  and 

*;-'■'*,;.  + A5;  =  0,  $;-(/*;,  + x.s;  =  0,  *:--/*;,,  + xs;  =  o  (i5) 
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will  hold.    These  equations,  taken  with  5  =  0,  will  determine  y  and  z 
as  functions  of  x  and  also  incidentally  will  fix  \. 

Consider  the  problem  of  determining  the  shortest  lines  upon  a  surface 
S(x,  y,  s)  =  0.    These  lines  are  called   the  geodesies.    Then 


r„.^„=*»i±i?ft±i?5f£j_J 


/ 


.,|  +  X.s;)^  +  (,(g  +  X,s;)8y  +  (.f +.«)!.. 0. 


,  dx        ,  dy        ,  dz 
d—       d^       d  — 

,aa;    ,    ^   „         ,  rf//   ,    ,  ^.,        ,  "'^    ,    >  .-       n      a         ds  ds  d.i 

d—  +  X.s,  =  d-f  +  X\  =  fZ  "  +  X6,  =  0,     and     .—.  =  __  =  __  • 
ds  ds  ds  5;  5y  S, 

In  the  last  set  of  equations  \  has  been  eliminated  and  the  equations, 
taken  with  5  =  0,  may  be  regarded  as  the  differential  equations  of  the 
geodesies.  The  denominators  are  proportional  to  the  direction  cosines 
of  the  normal  to  the  surface,  and  the  numerators  are  the  components  of 
the  differential  of  the  unit  tangent  to  the  curve  and  are  therefore  pro- 
portional to  the  direction  cosines  of  the  normal  to  the  curve  in  its  oscu- 
lating plane.  Hence  it  appears  that  the  osculating  plane  of  a  geodesic 
curve  contains  the  normal  to  tlie  surface. 

The  integrated  terms  dxSx  +  dySy  +  dzSz  =  0  .show  that  the  least  geodesic  which 
connects  two  curves  on  the  surface  will  cut  both  curves  orthogonally.  These  terms  , 
will  also  suffice  to  prove  a  number  of  interesting  theorems  which  establish  an  analogy 
between  geodesies  on  a  surface  and  straight  lines  in  a,  plane.  For  instance  :  The 
locus  of  points  whose  geodesic  distance  from  a  fixed  point  is  constant  (a  geodesic 
circle)  cuts  the  geodesic  lines  orthogonally.   To  see  this  write 

J^P  pi'  /•!■  fV  VP 

d»  =  const.,      A  I    ds  =  0,      a  (    ds  =  0,       I     Sds  =  0  =  dxSx  +  dySy  -)-  dziz\   . 
o  Jo  Jo  Jo  I 

The  integral  in  (16)  drops  out  because  taken  along  a  geodesic.  This  final  equality 
establishes  the  perpendicularity  of  the  lines.  The  fact  also  follows  from  the  state- 
)nent  that  the  geodesic  circle  and  its  center  can  be  regarded  as  two  curves  between 
which  the  shortest  distance  is  the  distance  measured  along  any  of  the  geodesic 
radii,  and  that  the  radii  must  therefore  be  perpendicular  to  the  curve. 

160.  The  most  fundamental  and  important  single  theorem  of  mathe- 
matical physics  is  Hamilton's  Principle,  which  is  expressed  by  means 
of  the  calculus  of  variations  and  affords  a  necessary  and  sufficient  con- 
dition for  studying  the  elements  of  this  subject.  Let  T  be  the  kinetic 
energy  of  any  dynamical  system.  Let  A',,  F,,  Z^  be  the  forces  which 
act  at  any  point  a;;,  ;/,-,  s,-  of  the  system,  and  let  Sx;,  8^,-,  Ss,-  represent 
displacements  of  that  point.    Then  the  work  is 


hW 


=  ^  {Xfix,  +  l-,8//,.  -f  Z,8.",V 


CALCULUS  OF  VARIATIONS  413 

Hamilton's  Principle  states  that  the  time  integral 

f  \bt  +  SW)dt  =  f  \&T  +  V  (A'Sx  +  YSij  +  ZSz)]dt  =  0     (17) 

ranisJies  fur  the  actual  motion  of  the  system.    If  in  particular  there  is 
a  potential  function  V,  then  Sir  =  —  SF  and 


f'8(T-  V)dt  =  h  f  \t-  V)dt=0, 


(17') 


and  the  thne  integral  of  the  difference  between  the  kinetic  and  potential 
energies  is  a  maximum  or  minimum  for  the  actual  motion  of  the  system 
as  compared  with  any  neighboring  motion. 

Suppose  that  the  position  of  a  system  can  be  expressed  by  means  of  n  independ- 
ent variables  or  coordinates  q-^,  q^,  ■  ■  •,  Hn-    Let  the  kinetic  energy  be  expressed  as 

^=  ^  ini,!)?  =  Jj«2dTO  =  r(3i,  92,  •  •  •,  9»,  «i,  72.  •  •  •.  9n), 

a  function  of  the  coordinates  and  their  derivatives  with  respect  to  the  time.  Let 
the  work  done  by  displacing  the  single  coordinate  qr  be  5  W  =  Q.J^r,  so  that  the  total 
work,  in  view  of  the  independence  of  the  coordinates,  is  Qi59i+  Q2''92+  •  ■  ■  +  Qndqn- 
Then 

(S=j\&T+SW)dt  =j\r^iq^  +  r^Sq^  +  •  •  •  +  T'^bq,,  +  r/^S^j  +  T-iq^ 

+  ■  •  •  +  ^^„«?n  +    <il^Ul  +  Q2S«2  +  ■  ■  •  +  qMn)dt. 

Perform  the  nsual  integration  by  parts  and  discard  the  integrated  terms  which 
vanish  at  the  limits  i  =  to  ^^nd  t  =  ij.   Then 

In  view  of  the  independence  of  the  variations  Si/i,  Siy.j,  •  •  •,  5y„, 

dcT       cT_  dcT       cT_  d?T       cT_ 

dl  cq^       C9,  dt  cq^       dq^  dl  cqn      cq„ 

The.se  are  the  Lagrangian  equations  for  the  motion  of  a  dynamical  system.*  If 
there  is  a  potential  function  V  (q^,  q^,  ■  ■  ■,  ?„),  then  by  definition 

cq, 

d  cL      cL 

Hence 

dt  dqi      cqi 

The  equations  of  motion  have  been  expressed  in  terms  of  a  single  function  L,  which 
is  the  difference  between  the  kinetic  energy   T  and  potential  function  V.   By 

"^  Compare  Ex.  19,  p.  112,  for  a  deduction  of  (1»)  by  transformation. 


.Hi, 

cq^' 

-,     e»  = 

dq„  '^      cq^       dtf2 

..  =  ^  =  0. 

ciln 

„      d  cL 
dt  cq„ 

ill 

d  cL       ?i  _  Q 
dl  tq„      dqn 

L=T-  V. 
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coiiipariiig  the  etjuations  with  (17')  it  is  seen  that  the  dynamics  of  a  system  which 
may  be  specified  by  n  coordinates,  and  which  has  a  potential  function,  may  be  stated 
as  the  problem  of  rendering  the  integral  /  Ldt  a  maximum  or  a  minimum  ;  both  the 
kinetic  energy  T  and  potential  function  V  may  contain  the  time  t  without  chang- 
ing the  results. 

For  example,  let  it  be  required  to  derive  the  equations  of  motion  of  a  lamina 
lying  in  a  plane  and  acted  upon  by  any  forces  in  the  plane.  Select  as  coordinates 
the  ordinary  coordinates  (i,  y)  of  the  center  of  gravity  and  the  angle  0  through 
which  the  lamina  may  turn  about  its  center  of  gravity.  The  kinetic  energy  of  the 
lamina  (p.  318)  will  then  be  the  sum  {ilv'  +  J/w^.  Now  if  the  lamina  be  moved  a 
distance  Si  to  the  right,  the  work  done  by  the  forces  will  be  XSi,  where  A'  de- 
notes the  sum  of  all  the  components  of  force  along  the  x-axis  no  matter  at  what 
points  they  act.  In  like  manner  YSy  will  be  the  work  for  a  displacement  Sy.  Suj)- 
pose  next  that  the  lamina  is  rotated  about  its  center  of  gravity  through  the  angle 
S</) ;  the  actual  displacement  of  any  point  is  r50  where  r  is  its  distance  from  the 
center  of  gravity.  The  work  of  any  force  will  then  be  lirdcf)  where  B  is  the  com- 
ponent of  the  force  perpendicular  to  the  radius  r ;  but  lir  =  *  is  the  moment  of 
the  force  about  the  center  of  gravity.    Hence 

T  =  ^  if  (i2  -)-  iji)  +  1 1,^2,         h  W  =  Xix  +  Ydy  -(-  *50 

and  M — r  =  A,         M — -=1,         I — =  *, 

dl^  df'  dt" 

by  substitution  in  (18),  are  the  desired  equations,  where  X  and  1'  are  the  total 
components  along  the  axis  and  *  is  the  total  moment  about  the  center  of  gravity. 
A  particle  glides  without  friction  on  the  interior  of  an  inverted  cone  of  revo- 
lution ;  determine  the  motion.  Choose  the  distance  r  of  the  particle  from  the  ver- 
tex and  the  meridional  angle  0  as  the  two  coordinates.  If  I  be  the  sine  of  the 
angle  between  the  axis  of  the  cone  and  the  elements,  then  ds^  =  dr^  +  r-Pd<p^  and 
v^  =  f^  +  r'^P^'^.  The  pressure  of  the  cone  against  the  particle  does  no  work ;  it  is 
normal  to  the  motion.  Por  a  change  50  gravity  does  no  work;  for  a  change  ir  it 
does  work  to  the  amount  —  mg  Vl  —  P-ir.    Hence 


T=\m(i---^  r^P<t>'^),  5W  =  -  in^rVl  -  PSr     or     1-'  =  Hi^Vl  -  Pr. 

Then        !^^_.p(^y=_,VT3p,        l(,..p^Uo    or    ^^^=0. 
dt^  \dt/  "  "        dl\       dtj  dt 

The  remaining  integrations  cannot  all  be  effected  in  terms  of  elementary  functions. 
161.  Suppose  the  double  integral 


-// 


Pi-';  y,'^,  ih  '/) d.xihj,     P  =  -^'     '^  ="  g7 '        0-^) 


extended  over  a  certain  area  of  the  a-y-plane  were  to  be  made  a  maxi- 
mum or  minimum  by  a  surface  z  =  z(x,  y),  which  shall  pass  through  a 
given  curve  upon  the  cylinder  which  stands  ujjon  the  bounding  curve 
of  the  area.    This  problem  is  analogous  to  the  problem  of  §  155  with 
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fixed  limits ;  the  procedure  for  finding  the  partial  diiferential  e(iuation 
which  z  shall  satisfy  is  also  analogous.    Set 

JjSF,/.T,/;,  =  CC{F',hz  +  Fl^p  +  F^Sq)dxihj  =  0. 
Write  &p  —  -r^ ,  S'/  =  -^  and  integrate  by  parts. 

^F;  ^  dxdy  =  jF;8.Ly  -JJ '^  Szdxd;,. 

The  limits  A  and  11  for  which  the  first  term  is  taken  are  points  upon 
the  bounding  contour  of  the  area,  and  8s  =  0  for  A  and  B  by  virtue  of  the 
assumption  that  the  surface  is  to  pass  through  a  fixed  curve  above 
that  contour.  The  integration  of  the  term  in  8'j  is  similar.  Hence  the 
condition  becomes 

dz       dx  dp       dy  dq         '  K"    I 

by  the  familiar  reasoning.    The  total  differentiations  give 

K  -  K  -  Fy',,  -  Kp  -  Ki  -  Kv''  -  2  ^;>-  -  F'^t'  =  0- 

The  stock  illustration  introduced  at  this  point  is  the  minimum  surface, 
that  is,  the  surface  which  spans  a  given  contour  with  the  least  area  and 
which  is  physically  represented  by  a  soap  film.  The  real  use,  however, 
of  the  theory  is  in  connection  with  Hamilton's  Principle.  To  study  the 
motion  of  a  chain  hung  up  and  allowed  to  vibrate,  or  of  a  piano  wire 
stretched  between  two  points,  compute  the  kinetic  and  potential  energies 
and  apply  Hamilton's  Principle.  Is  the  motion  of  a  vibrating  elastic 
body  to  be  investigated  ?  Apply  Hamilton's  Principle.  And  so  in 
electrodynamics.  In  fact,  with  the  very  foundations  of  mechanics  some- 
times in  doubt  owing  to  modern  ideas  on  electricity,  the  one  refuge  of 
many  theorists  is  Hamilton's  Principle.  Two  problems  will  be  worked 
in  detail  to  exhibit  the  method. 

Let  a  uniform  chain  of  density  p  and  length  X  be  suspended  by  one  extremity 
and  caused  to  execute  small  oscillations  in  a  vertical  plane.  At  any  time  the  shape 
of  the  curve  is  j/  =  y  (i),  and  y  =  y{i,  t)  will  be  taken  to  represent  the  shape  of  the 
curve  at  all  times.  Let  y'  =  Sy/dx  and  y  =  dy/ct.  As  the  oscillations  are  small, 
the  chain  will  rise  only  slightly  and  the  main  part  of  the  kinetic  energy  will  be  in 
the  whipping  motion  from  side  to  side  ;  the  assumption  dx  =  ds  may  be  made  and 
the  kinetic  energy  may  be  taken  as 
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The  potential  energy  is  a  little  harder  to  compute,  for  it  is  necessary  to  obtain  the 
slight  rise  in  the  center  of  gravity  due  to  the  bending  of  the  chain.  Le't  X  be  the 
shortened  length.   The  position  of  the  center  of  gravity  is 

j:--h = -^ =  i\-i  /     i-\--i]y'^dx. 

^~     rK  r>^      ^  2         X^o    \4         2    / 

(    (l+^2/'2)dx  X+  /    \y'^^ 

Jo  Jo 

Here  ds  =  Vl  +  y'^dx  has  been  expanded  and  terms  higher  than  y^  have  been 
omitted. 

Then  j\T-  V) ^*  =  X;X '[^ KlF'^  "  i "^'^  "  ^^ (2)1 '^^'  '''' 

provided  X  be  now  replaced  in  V  by  I  which  differs  but  slijrhtly  from  it. 

Hamilton's  Principle  states  that  (21)  must  be  a  maximum  or  minimum  and  the 
integrand  is  of  precisely  the  form  (19)  except  for  a  change  of  notation.    Hence 

dxl     '^  ex]      dl\   HI  get-  ci^      ex 

The  change  of  variable  l  —  x=  ifi,  which  brings  the  origin  to  the  end  of  the  chain 
and  reverses  the  direction  of  the  axis,  gives  the  differential  equation 

chj      Idy      ic'y  d-P      1  dP      4n2  .     . 

L-i  -I ^  = °     or 1 1 P  =  0     if     y  =  P(u)  cos nl. 

cu^      ucu      g  cV^  du'      u  du        g 

As  the  equation  is  a  partial  differential  equation  the  usual  device  of  writing  tlie 
dependent  variable  as  the  product  of  two  functions  and  trying  for  a  .special  type 
of  solution  has  been  used  (§  194).  The  equation  in  P  is  a  Be-ssel  equation  (§  107) 
of  which  one  solution  P{u)  =  AJ^{2Tig~iu)  is  finite  at  the  origin  u  =  0,  while  the 
other  is  infinite  and  must  be  discarded  as  not  representing  possible  motions.   Thus 

y{x,i)  =  A  J„ (2  no~ i u)  cos ni,     with     y(l,t)  =  AJ„{2ng~hl)  =  0 

as  the  condition  that  the  chain  .shall  be  tied  at  the  original  origin,  is  a  pofwible 
mode  of  motion  for  the  chain  and  consists  of  whipping  back  and  forth  in  the  peri- 
odic time  2ir/n.  The  condition  J„(2ng~ili)  =  0  limits  n  to  one  of  an  infinite  set 
of  values  obtained  from  the  roots  of  J^. 

Let  there  be  found  the  equations  for  the  motion  of  a  medium  in  which 

-i-^///[(ir-(i)'-(r]-* 

V  =  ^  lifff  (p  +  g^  +  hA  dxdydz 
are  the  kinetic  and  potential  energies,  where  A  and  B  are  constants  and 

iTTJ  = 1  iirq  = ,  4  wh  =- 

cij      ez  ez       Ix  dx      cy 
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are  relations  connecting/,  g,  h  with  the  displacements  {,  7;,  f  along  the  axes  otx  y  z 
Then  ' 

^^^^ "        "       '" "'        "  (22) 


////«[i^  ({'  +  v''  +  f^)  -  \B  (P  +  92  +  A2)]  dxdydzdt  =  0 


is  the  expression  of  Hamilton's  Principle.  These  integrals  are  more  general  than 
(19),  for  there  are  three  dependent  variables  |,  ^,  f  and  four  independent  variables 
X,  v,  z,  t  of  vfhich  they  are  functions.  It  is  therefore  necessary  to  apply  the  method 
of  variations  directly. 

After  taking  the  variations  an  integration  by  parts  will  be  applied  to  the  varia- 
tion of  each  derivative  and  the  integrated  terms  will  be  discarded. 

////«  i  ^  (^2  +  ii2  +  t^)dxdydzdt  =  ffff^  im  +  vSv  +  tst)dxdydzdt 

=  -  ffff^  (i^^  +  vSn  +  tSi-)dxdydzdt. 
ffff^i^^f''  +  3^  +  lfi)dxdydzdt  =  JJJJ  li{fSf  +  gig  +  hSh)dxdydzdl 

=////f,Wf-S)-'(S-S)-KS-^')]-'"' 

"////f,[S-i)«-(i-i)'-(l-i)«]-"-. 

After  substitution  in  (22)  the  coefficients  of  S?,  St;,  5f  may  be  severally  equated  to 
zero  because  5f,  5rj,  5f  are  each  arbitrary.    Hence  the  equations 

a«2  \cy      dz/  cf^  \cz       dxl  ci^  \cx       cyl 

With  the  proper  determination  of  A  and  H  and  the  proper  interpretation  of  f ,  jj,  f, 
/,  g,  h,  these  are  the  equations  of  electromagnetism  for  the  free  ether. 

EXERCISES 

1.  Show  that  the  straight  line  is  the  shortest  line  in  space  and  that  the  shortest 
distance  between  two  curves  or  surfaces  will  be  normal  to  both. 

2.  If  at  each  point  of  a  curve  on  a  surface  a  geodesic  be  erected  perpendicular 
to  the  curve,  the  locus  of  its  extremity  is  perpendicular  to  the  geodesic. 

3.  With  any  two  points  of  a  surface  as  foci  construct  a  geodesic  ellipse  by  tak- 
ing the  distances  FP  +  F'P  =  2  a  along  the  geodesies.  Show  that  the  tangent  to 
the  ellipse  is  equally  inclined  to  the  two  geodesic  focal  radii. 

/.p 

4.  Extend  Ex.  2,  p.  408,  to  space.    If    1     F(i,  ?/,  z)ds  =  const.,  show  that  the 

•Jo 
locus  of  P  is  a  surface  normal  to  the  radii,  provided  the  radii  be  curves  which 

make  the  integral  a  maximum  or  minimum. 

5.  Obtain  the  polar  equations  for  the  motion  of  a  particle  in  a  plane. 

6.  Find  the  polar  equations  for  the  motion  of  a  particle  in  space. 

7.  A  particle  glides  down  a  helicoid  (z  =  k^  in  cylindrical  coordinates).  Find 
the  equations  of  motion  in  (r,  <p),  (r,  z),  or  (z,  (p),  and  carry  the  integration  as  far 
as  possible  toward  expressing  the  position  as  a  function  of  the  time. 
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8.  If  z  =  az^  +  Ijy-  +  ■  ■  ■ ,  with  a  >  0,  6  >  0,  is  the  Maclaurin  expansion  of  a 
surface  tangent  to  the  plane  z  =  0  at  (0,  0),  find  and  solve  the  equations  for  the 
motion  of  a  particle  gliding  about  on  the  surface  and  remaining  near  the  origin. 

9.  Show  that  r(l  +  g2)  ^  t(i  -)-  p-i)  _  2pqs  =  0  is  the  partial  differential  equa- 
tion of  a  minimum  surface  ;  test  the  helicoid. 

10.  If  p  and  S  are  the  density  and  tension  in  a  uniform  piano  wire,  show  that 
the  approximate  expressions  for  the  kinetic  and  potential  energies  are 

Obtain  the  differential  equation  of  the  motion  and  tiy  for  solutions  y  =  P{x)  cos  id. 
H.  If  i,  ri,  fare  the  displacements  in  a  uniform  elastic  medium,  and 

ex  dy  cz  \dy      dz/  \cz      dxj  \cx      ty] 

are  six  coniliinations  of  the  nine  po.ssible  first  partial  derivatives,  it  is  assumed  that 
r  =  \  \  \  Fdxdydz,  where  F  is  a  liomogeneous  quadratic  function  of  a,  b,  c,f,  g,  h, 
with  constant  coefficients.    Establish  the  equations  of  the  motion  of  the  medium. 

p2|  _    f2£         ^ip^  f2F  f2,  _    f2f  fSJr  eSF 

cV      cxca      cych      czcy  dP       cxch      cycb      czdf 

f2f         fip  fif  ^ip 

P  4  =  r-^  +  :^Z7  +  r^  ■ 
cl-      excg      cycj       czcc 

12.  Establish  the  conditions  (11)  by  the  method  of  the  text  in  §  155. 

13.  By  the  method  of  §  159  and  footnote  establish  the  conditions  at  the  end 
points  for  a  minimum  of   \  F(x,  y,  y')dx  in  terms  of  F  instead  of  *. 

14.  I'rove  Stokes's  Formula  7  =    TF.dr  =   frVxF.dS  of  p.  345  by  the  calculus 

of  variations  along  the  following  lines  :  First  compute  the  variation  of  I  on  pass- 
ing from  one  closed  curve  to  a  neighboring  (larger)  one. 

SI=S  f  F.dr  =  f  {SF.dr  -  dF.Jr)  +  f  d(F-5r)  =  f  (VxF).(5rxdr), 

•'o  -Jo  •'o  Jq 

wliere  the  integi-al  of  cZ(F.5r)  vanishes.  Second  interpret  the  last  expres.sion  as 
the  integral  of  VxF^dS  over  the  ring  formed  by  one  position  of  the  closed  curve 
and  a  neighboring  position.  Finally  sum  up  the  variations  il  which  thus  arise  on 
passing  through  a  succession  of  closed  curves  expanding  from  a  point  to  final  coin- 
cidence with  the  given  closed  curve. 

15.  In  case  the  integrand  contains  y"  show  by  successive  integrations  by 
parts  that 

•^'o  L  dx      Jo     J,„  \  dx        dx-  / 

where  Y  =  —  ,        \"  =  — ,        Y-'  =  ~,        « =  5«. 

By  dy-  Sy"  " 


PAKT  IT.    THEORY  OF  FUNCTIONS 

CHAPTER   XVI 
INFINITE   SERIES 
162.  Convergence  or  divergence  of  series.*   Let  .i  series 

X"=  "o  +  "i  +  "2  +  •  •  •  +  «„_1  +  "„  +  •  •  ■ ,  (1) 

0 

the  terms  of  which  are  constant  but  infinite  in  number,  be  given.    Let  the 

sum  of  the  first  n  terms  of  the  series  be  written 

11-1 

\  =  «o  +  u^  +  %+---+  "„_i  =  X  n.  (2) 

Then  5^,  ■'^;,  ^3,  ••■,5„,  S„^„...  ' 

form  a  definite  suite  of  numbers  which  may  approach  a  definite  limit 
lim  S„  =  S  when  n  becomes  infinite.  In  this  case  the  series  is  said  to 
converge  to  the  value  S,  and  S,  which  is  the  limit  of  the  sum  of  the  first 
n  terms,  is  called  the  sum  of  the  series.  Or  5„  may  not  approach  a  lim  it 
when  n  becomes  infinite,  either  because  the  values  of  S„  become  infinite 
or  because,  though  remaining  finite,  thej^  oscillate  about  and  fail  to 
settle  down  and  remain  in  the  vicinity  of  a  definite  value.  In  these 
cases  the  series  is  said  to  diverge. 

The  necessary  and  sufficient  condition  that  a  series  converge  is  that  a 
value  of  n  may  he  found  so  large  that  the.  numencal  value  of  S„^p  —  5„ 
shall  he  less  than  any  assigned  value  for  every  value  of  p.  (See  §21, 
Theorem  3,  and  compare  p.  356.)  A  sufficient  condition  that  a  series 
diverge  is  that  the  terms  u„  do  not  approach  the  limit  0  when  n  becomes 
infinite.  For  if  there  are  always  terms  numerically  as  great  as  some 
number  r  no  matter  how  far  one  goes  out  in  the  series,  there  must 
always  be  successive  values  of  S„  which  differ  by  as  much  as  r  no 
matter  how  large  n,  and  hence  the  values  of  5„  cannot  possibly  settle 
down  and  remain  in  the  vicinity  of  some  definite  limiting  value  S. 

*  It  will  be  u.seful  to  read  over  Chap.  II,  §§  18-22,  and  Exercises.  It  is  also  advisable 
to  compare  many  of  the  results  for  infinite  series  with  the  corresponding  results  for 
infinite  integrals  (Chap.  XIII). 

419 
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A  series  in  wliioh  the  terms  are  alternatelj'  positive  and  negative  is 
called  an  ultcrruitlng  series.  An  altematiny  series  in  which  the  terms 
approach  0  as  a  limit  ichen  n  becomes  infinite,  each  term  being  less  than 
its  jjredecessor,  will  converge  and  the  difference  beticeen  the  sum  S  of  the 
series  and  the  sum  S„  of  the  first  n  terms  is  less  than  the  next  term  ii„. 
This  follows  (p.  39,  Ex.  3)  from  the  fact  that|5„^.„  -  S„|  <  //„  and  m„  ^  0. 

For  example,  consider  the  alternating  series 

1  —  1=  +  2  j:<  —  3 16  H h  (—  l)"nx2"  +  ■  •  • . 

If  |a;  I  =  1,  the  individual  terms  in  the  series  do  not  approach  0  as  n  becomes  infinite 
and  tlie  series  diverges.   If  \x\  <  1,  the  individual  tenns  do  approach  0  ;  for 

,•  .,         1-         1  1-  1 

lim  Tur^"  =  Inii  =  lim =  0. 

v=c  n=m  J-2"  H  =  x   —  2  j;-2nlogX 

And  for  sufficiently  large*  values  of  ji  the  successive  terms  decrease  in  magnitude 

since                                                                             ,                                  . 
,N    ,      o       •           1  —  1        o                         1 
jii-"  <  (n  —  ])i-"-2    gives     >  X-    or    n> 

n  \  —  ir 

Hence  the  series  is  seen  to  converge  for  any  value  of  x  numerically  less  than  unity 
and  to  diverge  for  all  other  values. 

The  (Comparison"  Test.  If  the  terms  of  a  series  are  all  jjositive  (or  all 
negatire)  and  each  term,  is  numericalli/  less  than  the  corresjMnding  term 
of  a  series  of  jjoxitire  terms  which  is  hnoivn  to  conrerge,  the  series  con- 
verges  and  the  difference  S  —  5„  i.v  less  than  the  corresponding  difference 
for  the  series  known  to  converge.    (Cf.  p.  355.)    Let 

"u  +  "i  +  "i-^ h  "„-i  +  i'„-\ 

and  «;,  +  v{  +  »^  -I h  ?/;,_!  +  «;  H 

be  respectively  the  given  series  and  the  series  known  to  converge. 
Since  the  terms  of  the  first  are  less  than  those  of  the  second, 

Sn+p  -s„  =  y„-\ h  «„+„-,  <  <-\ h  <+p_,  =  s;+^  -  s'„. 

Now  as  the  second  quantity  S'„_^j,  —  .S,',  can  be  made  as  small  as  desired, 
so  can  the  first  quantity  S„+p  —  S,„  which  is  less ;  and  the  series  must 
converge.    The  remainders 

-Rn  =  ■§  -  S„  =  «„  +  "„+i  H =2^  1(, 

n 

K  =  S'  —  S'„  =  u'„  +  ?<,+!  H =2)  u 

n 

*  It  should  be  remarked  that  the  behavior  of  a  series  near  its  beginning  is  of  no  con- 
sequence in  regard  to  its  convergence  or  divergence;  the  first  jV terms  may  be  added 

and  considered  as  a  finite  sum  Sy  and  the  series  may  be  written  SLsSy+Ui^+  Mjv-+i  H ; 

it  is  the  properties  of  Vy+  «  v+i  H which  are  important,  that  is,  the  ultimate  behavior 

of  the  series. 
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clearly  satisfy  tlie  stated  relation  U„  <  A';,.    The  series  which  is  most 
frequentlj-  used  for  coinparisou  with  a  given  series  is  the  geometric, 


a  +  or  +  (11^  +  iir  + 


A'.  = 


(></■<  1, 


which  is  known  to  converge  lor  all  values  of  r  less  than  1. 


(3) 


For  example,  consider  the  series 


"^     "'"2"^2-3"'"2.3-4 


+  •■ 


and 


,      1         1  1 

^  +  2  +  272  +  27^  +  - 


+  ^.  +  ' 


+  ^i  +  ' 


Here,  after  the  first  two  terms  of  the  first  and  tlie  firet  term  oi  the  second,  each 
term  of  the  second  is  greater  tlian  tlie  corresponding  term  of  the  first.  Hence  the 
firet  series  converges  and  the  remainder  after  the  term  l/u  !  is  less  than 


T.        1  1  1 

A'„  < 1 4-  .  . .  =  _ 

2"      2"  +1  2» 


1 


A  better  estimate  of  the  remainder  after  the  term  1/n  !  may  be  had  by  comparing 
1  1  ..,1.1.1 


1!.,  = 


+  - 


with 


:  + 


(n  +  l)!(n  +  l)  n\n 


(n  +  1):   ■   (71  +  2)!  (n  +  1): 

163.  As  the  convergence  and  divergence  of  a  series  are  of  vital  im- 
portance, it  is  advisable  to  have  a  number  of  tests  for  the  convergence 
or  divergence  of  a  given  series.  The  test 
by  comparison  with  a  series  known  to  con- 
verge requires  that  at  least  a  few  types  of 
convergent  series  l>e  known.  For  the  estab- 
lishment of  such  types  and  for  the  test 
of  many  series,  the  terms  of  which  are 
positive,  Canchif's  integral  test  is  useful. 
Suppose  that  the  terms  of  the  series  are 
decreasing  and  that  a  function  f{n)  which  decreases  can  be  found  such 
that  i<,  =./■(")■  ^°'^^'  ^^  ^^^  terms  u,  be  plotted  at  unit  intervals  along 
the  w-axis,  the  value  of  the  terms  may  be  interpreted  as  the  area  of 
certain  rectangles.  The  curve  i/=f{n)  lies  above  the  rectangles  and 
the  area  under  the  curve  is 


i: 


f(n)  rfw  >  M,  -h  "3  H h  "„•  (4) 

Hence  if  the  integral  converges  Avhich  in  practice  means  that  if 

ff{n)dn  =  F{n),     then      C   f(n)  =  F(x>)  -  F(l)  is  finite), 
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it  follows  that  the  series  must  converge.    For  instance,  if 

be  given,  then  m„  =/(«)  =  i/n'',  and  from  the  integral  test 

provided  p  >  1.  Hence  the  series  converges  if  p  >  1.  This  series  is 
also  very  useful  for  comparison  with  others ;  it  diverges  if  p  ^  1 
(see  Ex.  8). 

The  Ratio  Tkst.  Jf  flie  ratio  of  tirn  siifccssive  terinx  in  a  serifs  ufposi- 
fiite  terms  approaches  a  limit  wJiich  is  less  than  1,  flie  series  nmiwrges ; 
if  the  ratio  approaches  a  limit  which  is  greater  than  one  or  if  tlie  ratio 
becomes  infinite,  the  series  diverges.    That  is 

if  lim  -^'^  =  y  <  1,  the  series  converges, 

»=«    "ii 

if  lim  -^^^  =  y'  >  1,  the  series  diverges. 

For  in  the  first  case,  as  the  ratio  approaches  a  limit  less  than  1,  it  must  be  pos- 
sible to  go  so  far  in  the  series  that  the  ratio  shall  be  as  near  to  7  <  1  as  desired, 
and  hence  shall  be  less  than  r  if  r  is  an  assigned  number  between  7  and  1.   Then 

«„+i<ru„,        u„  +  2<ra„+i  <»-2u„,  ... 

and  u„  +  u„+i  +  u„  +  2  +  •••  <  u„(l  +  r  +  r^  +  ■■■)  =  u„- 

\  —  r 

The  proof  of  the  divergence  when  m„+i/u„  becomes  infinite  or  approaches  a  limit 
greater  than  1  consists  in  noting  that  the  individual  terms  cannot  approach  0.  Note 
that  if  the  limit  of  the  ratio  is  1,  no  information  relative  to  the  convergence  or 
divergence  is  furnished  by  this  test. 

If  the  series  of  numerical  or  absolute  values 

l«„|  +  |«J  +  |wJ+...  +  |7,„|  +  --- 

of  the  terms  of  a  series  which  contains  positive  and  negative  terms 
converges,  the  series  converges  and  is  said  to  converge  absolutely.  For 
consider  the  two  sums 

•S„+p-S„  =  M„H |-M„+p-i     and    |m„|H |-|m„+p_i|. 

The  first  is  surely  not  numerically  greater  than  the  second ;  as  the 
second  can  be  made  as  small  as  desired,  so  can  the  first.  It  follows 
tlierefore  that  the  given  series  must  converge.   The  converse  proposition 
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that  if  a  series  of  positive  and  negative  terms  converges,  then  the  series 
of  absohite  values  converges,  is  not  true. 

As  an  example  on  convergence  consider  the  binomial  series 

where  \}h^\  JjH^^^^,         li„,  lif!i±il  =  |x|. 

|«ni  n  +  1  „  =  «   |u„| 

It  is  therefore  seen  that  the  limit  of  the  quotient  of  two  successive  terms  in  the 
series  of  absolute  values  is  |x|.  This  is  less  than  1  for  values  of  x  numerically  less 
than  1,  and  hence  for  such  values  the  series  converges  and  converges  absolutely. 
(That  the  series  converges  for  positive  values  of  x  less  than  1  follows  from  the  fact 
that  for  values  of  n  greater  than  m  +  1  the  series  alternates  and  the  terms  approach 
0  ;  the  proof  above  holds  equally  for  negative  values.)  For  values  of  x  numerically 
greater  than  1  the  series  does  not  converge  absolutely.  As  a  matter  of  fact  when 
|i|  >  1,  the  series  does  not  converge  at  all ;  for  as  the  ratio  of  successive  terms  ap- 
proaches a  limit  greater  than  unity,  the  individual  terms  cannot  approach  0.  For 
the  values  i  =  ±  1  the  test  fails  to  give  information.  The  conclusions  are  there- 
fore that  for  values  of  |x|<l  the  binomial  series  converges  absolutely,  for  values 
of  |t|>1  it  diverges,  and  for  |x|  =  1  the  question  remains  doubtful. 

A  word  about  series  with  complex  terms.    Let 

«o  +  "i  +  «2  H 1-  "»-i  +  '"n-\ 

=  "o  +  Ml  +  "2  H \-  K-i  +  "n  H 

-I- 1  («;'  +  v';  +  v'^-\ 1-  u';_  ,  +  v'^^ — ) 

be  a  series  of  complex  terms.  The  sum  to  n  terms  is  S^  =  S'^  +  iS',l. 
The  series  is  said  to  converge  if  S„  approaches  a  limit  when  n  becomes 
infinite.  If  the  complex  number  S„  is  to  approach  a  limit,  both  its  real 
part  S'„  and  the  coefficient  S',[  of  its  imaginary  part  must  approach  limits, 
and  hence  the  series  of  real  parts  and  the  series  of  imaginary  parts 
must  converge.  It  will  then  be  possible  to  take  n  so  large  that  for  any 
value  of  ^  the  simultaneous  inequalities 

I^Up.-  -^^"I  <  i'    and    |s;'^„  -  s';\  <  \^, 

where  e  is  any  assigned  number,  hold.    Therefore 

Hence  if  the  series  converges,  the  same  condition  holds  as  for  a  series 
of  real  terms.    Now  conversely  the  condition 

I  Sn+p  -  '"^n I  <  «   implies   |  s; +„  -  s; |  <  ^,      | s';^^  -s';\<  £. 

Hence  if  the  condition  holds,  the  two  real  series  converge  and  the  com- 
plex series  will  then  converge. 
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164.  As  Cauchy's  integral  test  is  not  easy  to  apply  except  in  simple  cases  and 
the  ratio  test  fails  when  the  limit  of  the  ratio  is  1,  other  sharper  tests  ior  conver- 
gence or  divergence  are  sometimes  needed,  as  in  the  case  of  the  binomial  series 
when  X  =  ±  1.    Let  there  be  given  two  series  of  positive  terms 

"0  +  «i  +  ■  •  •  +  «n  +  •  •  •     and     Bo  +  Hi  +  •  •  •  +  B,i  +  •  •  • 

of  which  the  first  is  to  be  tested  and  the  second  is  known  to  converge  (or  diverge). 
//  the  ratio  of  two  succesxive  terms  u„^i/Un  ultimately  becomes  and  remains  less  {or 
greater)  than  the  ratio  Dji  +  i/u,,,  the  first  series  is  also  convergent  (or  divergent).    For  if 

".1  +  1  ^  "/.tl  _  "7-  +  2        »n  +  2  jjjgj^       Mn        "n  + 1        "«  +  2 

Hence  if     w,,  =  p!)„,        then     M„  +  i<p!)„  +  i,         i(„  +  .2  <  p«„  +  2,         •■•. 

ilU'l  "n  +  "n  +  l  +  «7.  +  2+  •••<p(''n-|-  Dn  + I  +  «,i  +  2  +  ■■••)• 

As  the  D-series  is  known  to  converge,  the  pv-series  serves  as  a  comparison  series 
for  the  u-series  which  must  then  converge.  If  u„  +  i/u„  >  v„  +  i/v„  and  the  ji-series 
diverges,  similar  reasoning  would  show  that  the  u-series  diverges. 

This  theorem  serves  to  establish  the  useful  lest  due  to  Raabe,  which  is 

if    limn( — 1)>  1,  S„  converges;       if   limnf-^^^ 1  )<  1,  S„  diverges. 

»  =  x      \«n+l  /  „  =  3„      \"n+l  / 

.\gain,  if  the  limit  is  1,  no  information  'is  given.  This  test  need  never  be  tried 
except  when  the  ratio  test  gives  a  limit  1  and  fails.   The  proof  is  .simple.    For 

— ; = is  finite 

ii(logn)"  +  ''  fr(logn)''J 

=  log  logn  I    is  infinite, 

n  log  n         '  J 

''^"■^^   o/iJou^.+    -+r7Tj^T7T^  +  -     and     _l_  +  ...+ 


2(log2)i+''  n(logn)i  +  »  2(log2)  n(logn) 

are  respectively  convergent  and  divergent  by  Cauchy's  integral  test.   Let  these  be 
taken  as  the  »-series  with  which  to  compare  the  u-series.   Then 

Jn_  _  "  +  1  (^°S{n±})Y  +  ''_  L       1\  /log(l.+  K)y+» 
"n  +  i  n     \      logn      /        "~\        n/\     logn      / 

and  "-    -/i  I   iy"g(l  +  n) 

"n  +  i       \        n/       logn 

in  the  two  respective  cases.   Next  consider  Raabe's  expression.    If  first 

limn(-^-l)>l,     then  ultimately    n(-^-l\>y>l    and    -!^>1  +  1. 
"  =  "     \"»+i        '  \Un  +  l        /  it„+i  n 
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where  e  is  arbitraiily  .small.    Hence  ultimately  if  7  >  1, 

\        >i/  \      logn      /  n         11-  n 

C  V„/Vn  +  I  <  M„/U„  +  1       or      U„  +  i/Un  <  D„  +  i/u„, 

and  the  «-series  converges.    In  like  manner,  secondly,  if 

lim  nj-^^^' l)<l,     then  ultimately     -?^<1  +  ?, 

>!=/:        \M„  +  1  /  '(,,+1  )i 

and  l  +  2</:  +  i\L°gll±.«)     or     ^  <  ^^     or    ""tJ^: 

"      \        "/       losrn  ?(„  +  ]      r„j.i  !(„ 


7<l; 


Hence  as  the  u-series  now  diverges,  the  M-series  must  diverge. 

.Suppose  this  test  applied  to  the  binomial  series  for  x  =  —  1.   Then 

Wn         n  +  1  ,.         /n  +  1       ,\       ,.      m+  1 

—  ■  "  im   =  wi  +  1. 


lini  71 1 M  =  ''" 

,1  =  X     \n  —  m        /      >i  = 


v„  +  \      n  —  111  7,  =  x     \n  —  m        /      » = »  in 

n 

It  follows  that  the  series  will  converge  if  m  >  0,  but  diverge  if  m  <  0.  If  i  =  +  1, 
the  binomial  series  becomes  alternating  for  n>  m  +  1.  If  the  series  of  absolute 
values  be  considered,  the  ratio  of  successive  terms  |u„/u,i  +  i|  is  still  (n  +  l)/(n  —  m) 
and  the  binomial  series  converges  absolutely  if  ro  >  0 ;  but  when  m  <  0  the  series 
of  absolute  values  diverges  and  it  remains  an  open  question  whether  the  alternat- 
ing series  diverges  or  converges.   Consider  therefore  the  alternating  series 

1  I  m  I  '"<'"~^)  I  rn(m-1)(m-2)  m{m-l)- ■ -{m-n  +  1)  ^ 

1-2  1-2.3  -^  ■■■■*■  l.2.-.n  ^"' 

This  will  converge  if  the  limit  of  u„  is  0,  but  otherwise  it  will  diverge.  Now  if 
m  =  —  1,  the  successive  terms  are  multiplied  by  a  factor  |7n  —  n  +  l|/n  s  1  and 
they  cannot  approach  0.  When  —  1  <  to<  0,  let  1  +  m  =  S,  a  fraction.  Then  the 
nth  term  in  the  series  is 

K,  =  (i-^)(i-0-(i-9 
-  log|«„|=-  log(l  -  (9)-  log^l  -  ^^ log^l-  ^). 


and 


Each  successive  factor  diminishes  the  term  but  diminishes  it  by  so  little  that  it  may 
not  approach  0.   The  logarithm  of  the  term  is  a  series.   Now  apply  Cauchy's  test. 

r*-  log[l  -  -\ dn  =  [-  nlog/l  --\  +  e  log{n  -  6)Y  =  ». 

The  series  of  logarithms  therefore  diverges  and  lim|u„|=e-»  =0.  Hence  the 
terms  approach  0  as  a  limit.  The  final  results  are  therefore  that  when  x  =  —  1  the 
binomial  series  converges  if  wi  >  0  but  diverges  if  to<  0 ;  and  when  a;  =  +  1  it  con- 
verges (absolutely)  if  m  >  0,  diverges  if  7re<  —  1,  and  converges  (not  absolutely)  if 
—  1  <  jn  <  0. 
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EXERCISES 

1.  State  the  number  of  terms  which  must  be  taken  in  these  alternating  series  to 
obtain  the  sum  accurate  to  tliree  decimals.  If  the  number  is  not  greater  than  8, 
compute  the  value  of  the  series  to  three  decimals,  carrying  four  figures  in  the  work  : 

^"^^  3  "  2~32  "•"  3  ■  33  ~  iTsi  "^  '  ■ ' '         ^^*  2  ■"  'JTT^  "''  ¥^^  "  TJ*  '*'  ■ '  ■ " 

2.  Find  the  values  of  x  for  which  these  alternating  series  converge  or  diverge: 

11  I^  3.4  /r6 

J.8         j6  -j7  a-3        2°         K' 

^^'  3!5!7!  '  ^  '  35        7 

j,2      3.4       3.6  23i8      2'>i''      2' I'  , 

<')^-D;  +  ^.-3^  +  ----  (f)2x_— +  —-  —  +  ..., 

1111  1  2  2'^  2' 

'x~iTl      H-2~a;  +  3        "'  x~  x  +  1      x  +  2  ~  1  + 3 

3.  Show  that  these  series  converge  and  estimate  the  error  after  n  terms  : 

,       ,       111  ,,11-2      1-2-3 

<-)l  +  ^  +  3i  +  45+-'  <^^3  +  3-6  +  375:^  +  ---' 

,,11  1  1  ,„  /1\2      /I -2X2     /1.2-3V 

From  the  estimate  of  error  state  how  many  terms  are  required  to  compute  the 
series  accurate  to  two  decimals  and  make  the  computation,  carrying  three  figures. 
Test  for  convergence  or  divergence  : 

(t)  sinl  +  sin-  +  sin-  +  •  ■  •,  (f)  sin^  1  +  sin^-  +  sin^-  +  •  •  •, 

^  o  2  o 

(i))  tan-1 1  +  tan-i  -  +  tan-i  - -\ ,     (S)  tan  1  +  —  tan  -  H =  tan  -  +  •  ■  • , 

2  3  V2        2      V3        3 

1  +  1      2  +  V2      3  +  V3  22-]-'      6^-2^      42-3^ 

,,,   1       2       2-3      2.34  ,1       V2      ^'3      <^i 

X      i^        zs  J.4  ^  '  J       a.-2        J.3        X* 

4.  Apply  Cauchy's  integral  to  determine  the  convergence  or  divergence  : 

,   ,  ,      log2      log3      log4  ,1  1  1 

(or)  1  +  —2-  +  —5-  +  --5_  + .  .  . ,       (fl)  1  + 1 1- +  •  •  •, 

2*'  3p  4)'  '  '         2(log2)J'      3(1()?3)"      4(log4)p 
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(■^■'l+y-i r—i (5)1+ V ^- . 

•^  n  log  n  log  log  n  ^  n  log  n  (log  log  n)p 

(e)  cot-il  +  cot-i2  +  ...,  (f)  l  +  ^_  +  _J_  +  . 


22  +  1      32  +  2      42  +  3 

5.  Apply  the  ratio  test  to  determine  convergence  or  divergence  : 

,    >   1   ,    2        3        4  2=       2'        2* 

<")i  +  2-5  +  ^3  +  2-4  +  ---'  <^)     ^o  +  3To  +  iro  +  ---' 

,    ,   2  !       3 !       4 !       5 !  2^       38       44 

<^>^  +  3^+43+5^  +  ---  (*>2-l  +  3-+r!  +  --- 

(O  Ex.  3(«r),  (P),  (7),  (5) ;  Kx.  4(a),  (f),         (f)  ^^  +  !^  +  1^  +  . . ., 

2        3       4  a      a''       a' 

6.  Where  the  ratio  test  fails,  discuss  the  above  exercises  by  any  method. 

7.  Prove  that  if  a  series  of  decreasing  positive  terms  converges,  lim  nUn  =  0. 

8.  Formulate  the  Cauchy  integral  test  for  divergence  and  check  the  statement 
on  page  422.   The  test  has  been  used  in  the  text  and  in  Ex.  4.   Prove  the  test. 

9.  Show  that  if  the  ratio  test  indicates  the  divergence  of  the  series  of  absolute 
values,  the  series  diverges  no  matter  what  the  distribution  of  signs  may  be. 

10.  Show  that  if  vm,,  approaches  a  limit  less  than  1,  the  series  (of  positive 
terms)  converges ;  but  if  V u„  approaches  a  limit  greater  than  1,  it  diverges. 

11.  If  the  terms  of  a  convergent  series  u^  +  u^  +  u^  +  ■  ■■  of  positive  terms  be 
multiplied  respectively  by  a  set  of  positive  numbers  a„,  aj,  a^,-  ■  ■  all  of  which  are 
less  than  some  number  6,  the  resulting  series  af^Ug  +  a,ui  +  a„U2  +  •  •  ■  converges. 
State  the  corresponding  theorem  for  divergent  series.  What  if  the  given  series  has 
terms  of  opposite  signs,  but  converges  absolutely  ? 

,  _    „,  ,        ,  .     sin  I      sin  2  z      sin  3 1      sin  4 1  , 

12.  Show  that  the  senes  — 1 1-  ■  •  •  converges  abso- 

12  22  32  4* 

lutely  for  any  value  of  j,  and  that  the  series  1  +  i  sin  S  + 1^  sin  2  S  +  z'  sin  3  ^  +  •  •  • 
converges  absolutely  for  any  x  luinierically  le.ss  than  1,  no  matter  what  0  piay  be. 

13.  If  Og,  a,,  Oj, •  ■  •  are  any  suite  of  numbers  such  that  "v|a^|  approaches  a 
limit  less  than  or  equal  to  1,  show  that  the  series  ra,,  +  a,x  +  Oji"  +  •  •  •  converges 
absolutely  for  any  value  of  x  numerically  less  tlian  1.  Apply  this  to  .show  that  the 
following  series  converiie  absolutely  when  |x|  <  1 ; 

(a)  l  +  lx2  +  l:ii*  +  llJljT6  +  ...,     (|3)  l-2.r  + 3x^-4x3  +  .... 

(7)  1  +  x  +  2pz2  +  3pi«  +  4px*  +  --,       (5)  1  -  xlogl  +  i21og4-iaiog9  +  ■  •  •. 
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14.  Show  that  in  Ex.  10  it  will  he  sufficient  for  convergence  if  -\/u^  becomes 
and  remains  less  than  7  <  1  without  approaching  a  limit,  and  sufficient  for  diver- 
gence if  there  are  an  infinity  of  values  for  n  such  that  -\/u„  >  1.  Note  a  similar 
generalization  in  Ex.  13  and  state  it. 

15.  If  a  power  series  a,,  +  a,x  +  a^x^  +  a^x^  +  ■  ■  ■  converges  for  i  =  X> 0,  it 
converges  absolutely  for  any  i  such  that  |i|  <  X,  and  the  series 

a„a;  +  i  a,i2  +  J  a^x^  +  ■  ■  ■     and     a,  +  2  Oji  +  3  a^x^  +  ■  •  • , 

obtained  by  integrating  and  differentiating  term  by  tenn,  also  converge  absolutely 
for  any  value  of  x  such  that  |i|  <  X.  The  same  result,  by  the  same  proof,  holds  if 
the  terms  a„,  OjX,  a^X^,  ■  ■  ■  remain  less  than  a  fixed  value  G. 

16.  If  the  ratio  of  the  successive  terms  in  a  series  of  positive  terms  be  regarded 
as  a  function  of  1/n  and  may  be  expanded  by  Maclaurin's  Formula  to  give 

— —  =  a  +  p — l--(-)i        M  remaining  finite  as  -  =  0, 
"„  +  i  n      2  W  n 

the  series  converges  if  a  >  1  or  or  =  1,  /3  >  1,  but  diverges  if  a  <  1  or  a  =  1,  ^  =  1. 
This  test  covers  most  of  the  series  of  positive  terms  which  arise  in  practice.  Apply 
it  to  various  instances  in  the  text  and  previous  exercises.  Why  are  there  series  to 
which  this  test  is  inapplicable  ? 

17.  If  pg,  p, ,  pj, .  •  •  is  a  decreasing  suite  of  positive  numbers  approaching  a 
limit  X  and  &'„,  Sj,  S^,-  ■  ■  is  any  limited  suite  of  numbers,  that  is,  numbers  such 
that  |Sn|  s  G,  show  that  the  series 

(Po  -  Pi)  *'o  +  (Pi  -  P2)  *■'!  +  (P2  -  Ps)  ^2  +  ■    ■  converges  absolutely. 


and 


SG(p„-\). 


2)(P"-P«+>)«n 
0 

18.  Apply  Ex.  17  to  show  that,  p„,  pj,  p^,  ■  .  .  being  a  decreasing  suite,  if 

«o  +  "1  +  "2  +  ■  •  •  converges,        p^u^  +  p^u^  +  p^u^  +  ■  ■  ■  will  converge  also. 
N.B.     p„Ug  +  pjUj  +  . .  .  +  p„u„  =  p^S^  4.  pj  (S^  _  Sj)  +  •  • .  +  p„  (i\  + 1  -  1S„) 

=  'Si(Po-  Pi)  +  ■  •  ■  +  «»(Pn-i  -  P-)  +  pA  +  i- 

19.  Apply  Ex.  18  to  prove  Ex.  15  after  showing  that  p„Ug  +  p^u,  +  ■  ■  ■  must 
converge  absolutely  ii  p^  -\-  p^  +  ■  ■  ■  converges. 

20.  If  Oj,  Oj,  a,,  ■ .  • ,  II n  are  n  positive  numbers  less  than  1,  show  that 

(1  +  flj)  (1  +  ttj)  ■  ■  •  (1  +  a„)  >  1  +  fij  +  a^  +  .  •  •  +  a,, 

and  (1  -  a,)  (1  -  a^)  ■ .  ■  (1  -  a„)  >  1  -  Oi  -  a„ a„ 

by  induction  or  any  other  method.   Then  since  1  +  n,  <  1/(1  —  Oj)  show  that 

1 

>  (1  +  ai)  (1  +  rt„)  ■ .  •  (1  +  0,,)  >  1  +  (ai  +  o„  +  . .  ■  +  an), 


l-(ai  +  a^  +  --  +  an)' 

1 

1  +  (ttj  +  a^  +  •  •  ■  +  a„) 


>  (1  -  a,)  (1  -  Oi,)  •  •  •  (1  -  a„)  >  1  -  (a,  +  a,  +  .  •  •  +  a„), 
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if  ftj  +  Oj  +  •  •  •  +  On  <  1-   Or  if  TT  be  the  symbol  for  a  product, 

l-2^«)    >Tr(l  +  a)>l+^a,       (i  +  X")   >Tr(i-<')>i-2^"- 

21.  Let  Tt(l  +  "i)(l  +  Uj)-  --(l  +w„)(l  +«„  +  ])•  •■  be  an  infinite  product  and 
lot  Pn  be  the  product  of  the  first  n  factors.  Show  that  |  Z\  + ,,  —  P„  |  <  c  is  the  neces- 
saiy  and  sufficient  condition  that  P„  approach  a  limit  when  n  becomes  infinite. 
Show  that  Un  must  approach  0  as  a  limit  if  P„  approaches  a  limit. 

22.  In  case  P„  approaches  a  limit  different  from  0,  show  that  if  t  be  assigned, 
a  value  of  n  can  be  found  so  large  that  for  any  value  of  p 

|^t^-l|  =  |"fr"(H-u.)-l|<£     or    "it  (1  +  u.)  =  1  +  ^,        |7,1<€. 

Conversely  show  that  if  this  relation  holds,  P„  must  approach  a  limit  other  than  0. 
The  in/inUe  product  is  said  to  converge  when  P„  approaches  a  limit  otlier  than  0  ;  in 
all  other  cases  it  is  said  to  diverge,  including  the  case  where  lim  P„  =  0. 

23.  By  combining  Exs.  20  and  22  show  that  the  necessary  and  sufficient  con- 
dition that 

P„  =  (1  +  aj)  (1  +  Oi,) •  • .  (1  +  O     and     q„  =  (I  -  a{)  {1  -  a„)- ■  ■  {1  -  a,) 

converge  as  n  becomes  infinite  is  that  the  series  a^  +  d.,  +  ■  ■  ■  +  Un  +  ■  ■  ■  shall  con- 
verge. Note  that  P„  is  increasing  and  Q„  decreasing.  Show  that  in  case  Sa  diverges, 
P„  diverges  to  oo  and  Q„  to  0  (provided  ultimately  a,-  <  1). 

24.  Define  absolute  convergence  for  infinite  products  and  show  that  if  a  product 
converges  absolutely  it  converges  in  its  original  form. 

25.  Test  these  products  for  convergence,  divergence,  or  absolute  convergence  : 

(7)  ■n'[^~(,^)"]'  ^^^  (i  +  x)(i  +  xw  +  x^)(i  +  x>)---. 

1  j,2  1  1  iu^ 

26.  Given  ^ or  -  u^  <  u  _  log  (1  +  «)  <  _  1,2  „,•  -2 according  as  u  is  a  po.si- 

1+u       2  2  1+u 

tive  or  negative  fraction  (see  Kx.  29,  p.  11).   Prove  that  if  Su^  converges,  then 

!/„+!  -1-  1^+2  +  ■••  +  Itn  +  p-l0g(l  -|-M„  +  l)(l  +  M«  +  2)--- (!+"«+/>) 

=  (S„+p-S„)-(logP„+p-l0gP„) 

can  be  made  as  .small  as  desired  by  toking  n  large  enough  regardless  of  p.  Hence 
prove  that  if  Xu^  converges,  TT  (1  +  «»)  converges  if  2u„  does,  but  diverges  to  oo 
if  Zun  diverges  to  +  00  ,  and  diverges  to  0  if  2«„  diverges  to  -  00  ;  whereas  if  Su^ 
diverges  while  2u„  converges,  the  product  diverges  to  0. 
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27.  Apply  Ex.  26  to:       (a)  (l  +  ^)(l  -  ^)(l  +  ^)(l  -  ^)  •  •  •  • 

28.  Suppose  the  integrand /(x)  of  an  infinite  integral  oscillates  as  x  becomes  in- 
finite. What  test  might  be  applicable  from  the  construction  of  an  alternating  series  ? 

165.  Series  of  functions.    If  the  terms  of  a  series 

S  {x)  =  u^  (a-)  +  u^  (^)  +  . . .  +  „„  (.,.)  +  . . .  (6) 

are  functions  of  -x,  the  series  defines  a  function  Sir)  of  x  for  every 
value  of  X  for  which  it  converges.  If  the  individual  terms  of  the  series 
are  continuous  functions  of  x  over  some  interval  a  ^  x  S  b,  the  sum 
5„  (a;)  of  n  terms  will  of  course  be  a  continuous  function  over  that  interval. 
Suppose  that  the  series  converges  for  all  points  of  the  interval.  "Will  it 
then  be  true  that  S(x),  the  limit  of  S„(x),  is  also  a  continuous  function 
over  the  interval  ?    Will  it  be  true  that  the  integral  term  by  term, 

Jf^b  /^b  y^b 

u^ (x) dx  +  j    Mj (x) dx  +  ■  ■  ■,     converges  to       /    i" (a-) dx ? 
a  U  a  c/ a 

Will  it  be  true  that  the  derivative  term  by  term, 

«o  (•'■)  +  "i  (*■)  +  ••■'     converges  to     S'  {x)  ? 

There  is  no  a  -priori  reason  why  any  of  these  things  should  be  true  ;  for 
the  proofs  which  were  given  in  the  case  of  finite  sums  will  not  apply 
to  the  case  of  a  limit  of  a  sum  of  an  infinite  number  of  tejrms  (cf.  §  144). 

These  questions  may  readily  be  thrown  into  the  form  of  questions  concerning 
the  possibility  of  inverting  the  order  of  two  limits  (see  §  44). 

nb  nb 

For  integration  :  Is  /     limS„(z)dx=  lim  (    6'„(i)(ir? 

For  difierentiation :  Is  —  lim  S„{x)  =  lim  —  .S„(x)? 

dx  II  =r.  n=rcdx 

For  continuity :  Is  lim   limS„(x)=  lim   lim  S„{x)? 

As  derivatives  and  definite  integrals  are  themselves  defined  as  limits,  the  existence 
of  a  double  limit  is  clear.  That  all  three  of  the  questions  must  be  answered  in  the 
negative  unless  some  re.'striction  is  placed  on  the  way  in  which  S„  (x)  converges  to 
S  (x)  is  clear  from  some  examples.    Let  0  s  j-  s  i  and 

S„  (x)  =  xn^e- •",     then      1  im  .S'„  { j-)  =  0.     or    .s(x)  =  0. 

71=:  00 

No  matter  what  the  value  of  x,  the  limit  of  S„(x)  is  0.  The  limiting  function  is 
therefore  continuous  in  this  case  ;  but  from  the  manner  in  which  S„  (x)  converges 
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to  !>(i)  it  is  apparent  that  uiulur  suitable  conditions  the  limit  would  not  be  con- 
tinuous. The  area  under  the  limit  6'  {x)  =  0  from  0  to  1  is  of  course  0  ;  but  the 
limit  of  the  area  under  i'„  (-r)  is 


lim   /    xtfie-'^dx  =  lini     e-" 

11=  x*^0  u  =  x  \_ 


(-nx-l) 


]:= 


1. 


Y 

I^Ax) 

/     ■* 

u;" 

y 

W\ 

S,{x) 

\/j^ 

V 

O 

M 

« 

1      X 

The  derivative  of  the  limit  at  the  point  j  =  0  is 
of  course  0  ;  but  the  limit, 

lim     —  (iri'^e-'") 
=  lim     )i^e-'"(l  —  Tij)  =  lim  n-  =  oo, 

«  =  «    L  _1j-='I  »I  =  X 

of  the  derivative  is  infinite.    Hence  in  this  case  two  of  the  questions  have  negative 
answers  and  one  of  them  a  positive  answer. 

If  a  suite  of  functions  such  as  S^  (r),  S,^  (x),  ■  ■  • ,  >S„  (x),  ■  ■  ■  converge  to  a 
limit  S  (x)  over  an  interval  a  ^  x  ^  h,  the  conception  of  a  limit  requires 
that  when  t  is  assigned  and  x^  is  assumed  it  must  be  possible  to  take  n 
so  large  that  |i'„(a-j)|  =  \S{x^  —  •S„(a-^)|  <  e  for  this  and  any  larger  n. 
The  suite  is  said  to  coni'erge  vnifot-vilij  toward  its  limit,  if  this  condition 
can  be  satisfied  simultaneously  for  all  values  of  a-  in  the  interval,  that  is, 
if  when  e  is  assigned  it  is  possible  to  take  n  so  large  that  |  i?„  (x)  |  <  c 
for  every  value  of  x  in  the  interval  and  for  this  and  any  larger  n.  In 
the  above  example  the  convergence  was  not  uniform ;  the  figure  shows 
that  no  matter  how  great  n,  there  are  always  values  of  x  between  0  and 
1  for  which  S„  (x)  departs  by  a  large  amount  from  its  limit  0. 

The  uniform  convergenre  of  a  continuous  function  S„(x)  to  its  limit  is 
sufficient  to  insure  the  continuity  of  the  limit  S{x).  To  show  that  S(x)  is 
continuous  it  is  merely  necessary  to  show  that  when  c  is  assigned  it 
is  possible  to  find  a  Ax  so  small  that  |  S  (x  -f  Ax)  —  S  (x)  |  <  e.  Hut 
I S  (x  +  Ax)  -  5(x)  I  =  I  S„  (.r  +  Ax)  -  S„  (x)  +  7.'„  (.-•  +  Ax)  -  i?„  (x)  |;  and 
as  by  hypothesis  R„  converges  uniformly  to  0,  it  is  possible  to  take  n 
so  large  that  1 11  „  (x  +  Ax)  |  and  |  R„  (x)  \  are  less  than  ]^  c  irresi)ective  of  x. 
Moreover,  as  .S,,  (x)  is  continuous  it  is  possible  to  take  Ax  so  small  that 
1 5^^  (,r  -f  Ax)  —  S„  ( x)  I  <  ^  c  irrespective  of  x.  Hence  |  .s'  (x  +  Ax)  —  5  (x)  |  <  t, 
and  the  theorem  is  proved.  Although  the  uniform  convergence  of  5„  to  N 
is  a  sufficient  condition  for  the  continuity  of  S,  it  is  not  a  necessary  con- 
dition, as  the  above  example  shows. 

The  unifonn  conn-rijrnn-  "/\(x)  to  its  limit  injures  tliut 


.V„  (x)  (Ix  =  j    S  (x)  dx. 
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For  in  the  first  place  S{.r)  must  be  continuous  and  therefore  integrable. 
And  in  the  second  place  when  e  is  assigned,  n  may  be  taken  so  large 
that  I  n„  (a-)  |<  e/(b  -  a).    Hence 

I   rs(x)dx  -  Cs,{x)dx\  =  I   r  R^{x)dx\  <  f  j^  dx  =  £, 

and  the  result  is  proved.  Similarly  if  S'^ix)  is  continuous  and  converges 
uniformly  to  a  limit  T(x),  then  T(x)  =  S' (x).  For  by  the  above  result 
on  integrals, 


JT(x)dx=\im    I    S'„(x)dx  =\im 


'%('■)-  S,,(a) 


=  S(x)  -  S(n). 


Hence  T(x)  =  S'(3-).    It  should  be  noted  that  this  proves  incidentally 

that  if  S'^{x)  is  continuous  and  converges  uniformly  to  a  limit,  then 

S(x)  actually  has  a  derivative,  namely  T(x). 

In  order  to  apply  these  results  to  a  series,  it  is  necessary  to  have  a 

test  for  the  unifurmitij  of  the  convergence  of  the  series  ;  that  is,  for  the 

uniform  convergence  of  S,^{x)  to  S(x).    One  such  test  is   Weierstruss's 

M-test :   The  series 

u^(x)+u^{x)  +  ---  +  u^{x)  +  ---  (7) 

will  converge  uniformly  provided  a  convergent  series 

i/„  +  .1/,  +  .-.  +  7t/„  +  ---  (8) 

of  positive  terms  may  he  found  such  that  ultimately  |?(,(a')|  ^  jl/..  The 
proof  is  immediate.    For 

\R„(x)\  =  \v„{x)  +  «„  +  ,(a:)  +  •  ■  -I  s  .l/„  +  M,^,  +  ■■■ 

and  as  the  il/-series  converges,  its  remainder  can  be  made  as  small  as 
desired  by  taking  n  sufficiently  large.  Hence  any  series  of  continuous 
functions  defines  a  continuous  function  and  may  be  integrated  term  by 
term  to  find  the  integral  of  that  function  provided  an  A/-test  series  may 
be  found ;  and  the  derivative  of  that  function  is  the  derivative  of  the 
series  term  by  term  if  this  derivative  series  admits  an  M-test. 

To  apply  the  work  to  an  example  consider  whether  the  series 
., ,  ,      cos  I      cos  2  a;      cos  3  a;  cosru; 

defines  a  continuous  function  and  may  be  integrated  and  differentiated  term  by 

term  as  .  .    ^  .    „ 

J"^_,  .       smi      sin2x      sin3i  smni  ,.,„ 

„«W  =  l^  +  -^  +  ^^  +  ---  +  ^^  +  ---  (H 

(f    ,,  ,  sin  I      sin2x      sin3i  sin  ru;  ,_ , 

and  --  S  ix)  = •  ■  • ••  • .  n"'\ 

dx    ^  '  1  2  3  „  ^      ' 
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As  |cosx|s  1,  the  convergent  series  l  +  -  +  _  +  . ..+!  +  ...  may  be  taken  as 

an  Jlf -series  (or  S{x).  Hence  S(x)  is  a  continuous  function  of  x  for  all  real  values 
of  J,  and  the  integral  of  S  (x)  may  be  taken  as  the  limit  of  the  integral  of  6'„  (x), 
that  is,  as  the  integral  of  the  series  term  by  term  as  written.  On  the  otlier  hand, 
an  3f-series  for  (7'")  cannot  be  found,  for  the  series  1  +  J  -).  J  +  . . .  is  not  conver- 
gent. It  therefore  appears  that  S'  (i)  may  not  be  identical  with  the  term-by-term 
derivative  of  S  (x) ;  it  does  not  follow  that  it  will  not  be,  —  merely  that  it  may  not  be. 

166.  Of  series  with  variable  terms,  the  power  series 

/(«)=«o  +  «'i(^-«)  +  «2(«-«)'+---  +  "„(;t -«)"  +  ■••  (9) 
is  perhaps  the  most  important.  Here  z,  a,  and  the  coefficients  a^  may 
be  either  real  or  complex  numbers.  This  series  may  be  written  more 
simply  by  setting  x  =  z  —  a;  then 

fix  +  a)  =  4,{jr)  =  a^  +  a^x  +  a.^x'  +  ■■■  +  a„x"  +  ■■■  (9') 

is  a  series  which  surely  converges  for  x  =  0.  It  may  or  may  not  eon- 
verge  for  other  values  of  x,  but  from  Ex.  15  or  19  above  it  is  seen 
that  if  the  series  converges  for  A",  it  converges  absolutely  for  any  x 
of  smaller  absolute  value ;  that  is,  if  a  circle  of  radius  A'  be  drawn 
around  the  origin  in  the  complex  plane  for  x  or  about 
the  point  a  in  the  complex  plane  for  z,  the  series  (9) 
and  (9')  respectively  will  converge  absolutely  for  all 
complex  numbers  which  lie  within  these  circles. 

Three  cases  should  be  distinguished.  First  the 
series  may  converge  for  any  value  x  no  matter  how 
great  its  absolute  value.  The  circle  may  then  have 
an  indefinitely  large  radius  ;  the  series  converge  for  all  values  of  a;  or  g 
and  the  function  defined  by  them  is  finite  (whether  real  or  complex) 
for  all  values  of  the  arguinent.  Such  a  function  is  called  an  integral 
function  of  the  complex  variable  z  or  x.  Secondly,  the  series  may  con- 
verge for  no  other  value  than  x  =  0  oi-  z  =  a  and  therefore  cannot  define 
any  function.  Thirdly,  there  may  be  a  definite  largest  value  for  the 
radius,  say  A',  such  that  for  any  point  within  the  respective  circles  of 
radius  R  the  series  converge  and  define  a  function,  whereas  for  any  point 
outside  the  circles  the  series  diverge.  The  circle  of  radius  R  is  called 
the  circle  of  convergence  of  the  series. 

As  the  matter  of  the  radius  and  circle  of  convergence  is  important,  it  will  be 
well  to  go  over  the  whole  matter  in  detail.   Consider  the  suite  of  numbers 

\/ki,    ■■•,    viori, 


i- 

/^ 

(    ^ 

yy 

~0 

i- 

Let  them  be  imagined  to  be  located  as  points  with  coordinates  between  0  and  -(-  oo 
on  a  line.   Three  poasibilities  as  to  the  distribution  of  the  points  arise.    First  they 
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may  be  uulimited  above,  that  is,  it  may  be  possible  to  pick  out  from  the  suite  a  set 
of  numbers  which  increase  without  limit.  Secondly,  the  numbers  may  converge  to 
the  limit  0.  Thirdly,  neither  of  these  suppositions  is  true  and  the  numbers  from  0 
to  +  00  may  be  divided  into  two  classes  such  that  every  number  in  the  first  class  is 
less  than  an  infinity  of  numbers  of  the  suite,  whereas  any  number  of  the  second 
class  is  surpassed  by  only  a  finite  number  of  the  juunbers  in  the  suite.  The  two 
classes  will  then  have  a  frontier  number  which  will  be  represented  by  1/K 
(see§§19ff.). 

In  the  first  case  no  matter  what  x  may  be  it  is  possible  to  pick  out  members 
from  the  suite  such  that  the  set  "v^|ai|,  \/|aj|,  \/far|,-  ■  ■,  with  i<j<k-  ■ ,  increases 
without  limit.  Hence  the  set  v|a,||i|,  Vfaylli],-  •  •  will  increase  without  limit ;  the 
terms  a,-x'  o/iy,  •  ■  •  of  the  series  (9')  do  not  approach  0  as  their  limit,  and  the  series 
diverges  for  all  values  of  i  other  than  0.  In  the  second  case  the  series  converges 
for  any  value  of  z.  For  let  «  be  any  number  less  than  l/|z|.  It  is  possible  to  go  so 
far  in  the  suite  that  all  subsequent  numbers  of  it  shall  be  less  than  this  assigned  e. 
Then 

|a„+pi»+J'|<e"+i'|a;|''+P     and    f«|a:|"+ f"  +  i|i|»+i  h ,        e|z|<l, 

serves  as  a  comparison  series  to  insure  the  absolute  convergence  of  (9').  In  the 
third  case  the  series  converges  for  any  z  such  that  |z|  <  R  but  diverges  for  any 
z  such  that  |z|>R.  For  if  |z|  <iJ,  take  £<  JB  -  |z|so  that|z|  <  R  -  c.  Now  proceed 
in  the  suite  so  far  that  all  the  subsequent  numbers  shall  be  less  than  \/(li  —  e), 
which  is  greater  than  1/R.   Then 

|Z|"  +  P  ^  |3-|"+P 

|a,+pX»+p|<-J:ii-— -  <1,     and     "^      l^' 


will  do  as  a  comparison  series.   If  |z|  >  R,  it  is  easy  to  show  the  terms  of  (90  do  not 
approach  the  limit  0. 

Let  a  circle  of  radius  r  less  than  R  be  drawn  concentric  with  the 
circle  of  convergence.  Then  within  the  circle  of  radius  r  <  R  the  power 
series  (9')  converges  uniformly  and  defines  a  continuous  function  ;  the 
integral  of  the  function  vuii/  he  had  by  integrating  the  series  term  by 
term, 

XI  1  1 

<l.(x)dx  =  «„«  +  -  a,/2  +  -a^' +...  +  -  a„_,x»  +  ■  •  •  ; 

and   the  series  of  derirn fines  converges  uniformly  and'  represents  the 
derivative  of  the  fiinrtitm, 

'!>'(■'')  =  ",  +  2  a,p-  +  3  ,i^x'  -\ i-  M«„T»-'  -\ 

To  prove  these  theorems  it  is  merely  necessary  to  set  u])  an  .1/-series 
for  the  series  itself  and  for  the  series  of  derivatives.  Let  A'  \w.  any 
number  between  r  and  R.    Then 

l«ol  +  l«J  A-  +  \a,\X-'  +■■■  +  |»„|.Y»  +  .  . .  (10) 
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oon verges  liecause  A'  <  li ;  and  fui-thermore  |«„a;"|  <  \n„\X"  holds  for  any 
-.  such  that  |a"|  <  .Y,  that  is,  for  all  points  within  and  on  the  circle  of 
radius  r.    jNloreovcr  as  \.r\  <  A', 

-'I -I"  i-/tl\"    'a"<|«,|A" 


l"4(?) 


holds  for  sufKciently  large  values  of  n  an'd  for  any  x  such  that  |a;|  ^  r. 
Hence  (10)  serves  as  an  il/-series  for  the  given  series  and  the  series  of 
derivatives  ;  and  the  theorems  are  proved.  It  should  be  noticed  that  it 
is  incorrect  to  say  that  the  convergence  is  uniform  over  the  circle  of 
radius  R,  although  the  statement  is  true  of  any  circle  within  that  circle 
no  matter  how  small  R  —  t:  For  an  apparently  slight  but  none  the 
less  important  extension  to  include,  in  some  cases,  some  points  upon 
the  circle  of  convergence  see  Ex.  5. 

An  immediate  corollary  of  the  above  theorems  is  that  amj  power 
series  (9)  in  the  complex  variable  which  converges  for  other  values  than 
z  =  a,  and  hence  has  a  finite  circle  of  convergence  or  converges  all  over 
the  complex  plane,  defines  an  annlijtic  f  unction  f{z)  of  z  in  the  sense  of 
§§  73,  126;  for  the  series  is  differentiable  within  any  circle  within  the 
circle  of  convergence  and  thus  the  function  has  a  definite  finite  and 
continuous  derivative. 

167.  It  is  now  possible  to  extend  Taylor's  and  Maclaurin's  Formulas, 
which  developed  a  function  of  a  real  variable  x  into  a  polynomial  plus 
a  remainder,  to  infinite  series  known  as  Taylor's  and  Maclaurin's  Series, 
which  express  the  function  as  a  power  series,  provided  the  remainder 
after  n  terms  converges  uniformly  toward  0  as  n  becomes  infinite.  It 
will  be  sufficient  to  treat  one  case.    Let 

f(x)  =/(0)  +f\o)x  +  ^f"iO)x^  +  ■■■  +.(;rri)!-^'"""(^^''""'  +  ■^»' 

lim  En(x)  =  0  uniformly  in  some  interval  —  h  ^  x  ^  h, 

where  the  first  line  is  Maclaurin's  Formula,  the  second  gives  differnet 
forms  of  the  remainder,  and  the  third  expresses  the  condition  that  the 
remainder  converges  to  0.    Then  the  series 

./■(0)+/'(0)rr  +  |-,/"(0)a;' 
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converges  to  the  value /(z)  for  any  x  in  the  interval.  The  proof  con- 
sists merely  in  noting  that/(x)  —  A'„(a')  =  ^nC?")  is  the  sum  of  the  lii-st 
n  terms  of  the  series  and  that  | iXJ^x) \  <  i. 

In  the  case  of  the  exponential  function  e^  the  nth  derivative  is  e*,  and  the  re- 
mainder, taken  in  the  first  form,  becomes 

B„(x)  =  ^e«-x»,        \R„{x)\<  —  M',        \x\^h. 

As  n  becomes  infinite,  K„  clearly  approaclies  zero  no  matter  what  the  value  of  h ; 
and  ^2       ^8  ^„ 

is  the  infinite  series  for  the  exponential  function.    The  series  converges  for  all 

values  of  x  real  or  complex  and  may  be  taken  as  the  definition  of  e^  for  complex 

values.  Tliis  definition  may  be  shown  to  coincide  witli  that  obtained  otherwise  (§  74). 

For  the  expansion  of  (1  +  x)"'  the  remainder  may  be  taken  in  the  second  form. 

R„{x)  =  — 5^ 5^ J—J-x^l — )       (14-te)'»-i, 

^  '  1  ■  2  ••  ■  (n  -  1)  \l  +  6x/       ^    ^      ' 

,_   ,  ,,     lm(m  — 1).  • -(m  —  n -t- 1)1,    ,, 

'    "^''^'^1  1.2...(n-l)  r"^    "*"  ^^"'"  ' 

Hence  when  A  <  1  the  limit  of  R„  (x)  is  zero  and  the  infinite  expansion 

1  +  x)"'  =  i  +  mx+  —5 L  x2  +  — !^ U 1 13  4-  .  .  . 

2!  3! 

is  valid  for  (1  +  x)™  for  all  values  of  x  numerically  less  than  unity. 
If  in  the  binomial  expansion  x  be  replaced  by  —  x*  and  m  by  —  J , 

1  ■,   ,  1    ,  .   1-3   ,   .   1-3-5   ,      1-3-5-  7   . 

,  =1+  -X^+  X*  +  Z8  +  18  -f  •  ■  •- 

Vl~^i  2  2-4  2.4.6  2.4.6.8 

This  series  converges  for  all  values  of  x  numerically  less  than  1,  and  hence  con- 
verges uniformly  whenever  |x|  ^  A  <  i.    It  may  therefore  be  integrated  term  by 

*®™'  .      ,  lz»      l-3ic      1.3-5X'      1-3.5.7x9 

sm-ix  =  x  + 1 1-  ■  ■  • . 

23       2-45       2.4.672-4.6-89 

This  series  is  valid  for  all  values  of  x  numerically  less  than  unity.  The  series  also 
converges  f or  x  =  ±  1,  and  hence  by  Ex.  5  is  uniformly  convergent  when  —  1  ^  x  s  i . 

But  Taylor's  and  Maclaurin's  series  may  also  be  extended  directly  to 
functions /(«)  of  a  complex  variable.  lif(s)  is  single  valued  and  has 
a  definite  continuous  derivative  /'  (z)  at  every  point  of  a  region  and  on 
the  boundary,  the  expansion 

f(z)  =f(a)  +f'(a) (z-a)  +  ...  +/(-i)(a)^^  ~_<;'  +  i?„ 
has  been  established  (§  126)  with  the  remainder  in  the  form  • 


l«n(«)l  = 


(g  -  g)"  r        f(t)dt  ^  J_  »^    ML 

'2t     X(t  -  a)"(t  -z)   -27r  p'-p-r 
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for  all  points  z  within  the  circle  of  radius  ?•  (Ex.  7,  p.  306).  As  n  becomes 
intinite,  7.',,  approaches  zero  uniformly,  and  hence  the  infinite  series 

f{z)  =  f{a)  +  f\a)  (s  -  a)  +  . . .  +  p>Ha)  ^''  ~  "^"  +  •  ■  ■        (12) 

is  valid  at  all  points  within  the  circle  of  radius  r  and  upon  its  circum- 
ference. The  expansion  is  therefore  convergent  and  valid  for  any  z 
actually  within  the  circle  of  radius  p. 

Even  for  real  expansions  (11)  the  significance  of  this  result  is  great 
because,  except  in  the  simplest  cases,  it  is  impossible  to  compute  /*"'  (x) 
and  establish  the  convergence  of  Taylor's  series  for  real  variables.  The 
result  just  found  shows  that  if  the  values  of  the  function  he  considered 
for  complex  values  z  in  addition  to  real  values  a-,  the  circle  of  conver- 
gence will  extend  out  to  the  nearest  point  where  the  conditions  imposed 
on  f(z)  break  down,  that  is,  to  the  nearest  point  at  which /(«)  becomes 
infinite  or  otherwise  ceases  to  have  a  definite  continuous  derivative /'(,t). 
For  example,  there  is  nothing  in  the  behavior  of  the  function 

(1  -f  a-=)->  =  1  -  a-^  +  j:^  -  »■"  +  a-' , 

as  far  as  real  values  are  concerned,  which  should  indicate  why  the  expan- 
sion holds  only  when  |a:|  <  1 ;  but  in  the  complex  domain  the  function 
(1  -f  ,v-)"'  becomes  infinite  at  s  =  ±  t,  and  hence  the  greatest  circle 
about  s  =  0  in  which  the  series  could  be  expected  to  converge  has  a  unit 
radius.  Hence  by  considering  (1  +  ,t'^)"'  for  complex  values,  it  can  be 
predicted  without  the  examination  of  the  wth  derivative  that  the  Mac- 
laurin  development  of  (1  +  a--')"'  will  converge  when  and  only  when  x 
is  a  proper  fraction. 

EXERCISES 

1 .  (a)  Does  x  +  x{\  —  x)  +  x{\  —  x)'^  +  ■  ■  ■  converge  uniformly  when  0  S  x  s  i  ? 

1                    1  -  A;      (1  -  A;)  (1  -  2  *:) 
(/3)  Does  the  series  (1  -I-  *:)*  =  1  -|- 1  +  — -  + y; ■  +  ■■■  converge  uni- 
formly for  small  values  of  fc  ?   Can  the  derivation  of  the  limit  e  of  §  4  thus  be  made 
rigorous  and  the  value  be  found  by  setting  fc  =  0  in  the  series  ? 

2.  Test  these  series  for  uniform  convergence  ;  also  the  series  of  derivatives  •. 

(a)  l-f-zsin*-n2sin2e-|- a;»sin3e-t- ■■•,         |i|sx<l, 
sinx      sin^x      sin'x  ,  sin^z  i,i-=  v, 


1  ^         -=     T-^ 

_<-ySxS-l<«'i 

2  ~ 


0<7Sx  =  A'<oo. 
(e)  Consider  complex  as  well  as  real  values  of  the  variable. 


438  THEOKY   OF   FUNCTIONS 

3.  Determine  the  radius  of  convergence  and  draw  the  circle.   Note  that  in  prac- 
tice the  test  ratio  is  more  convenient  than  the  theoretical  method  of  the  text; 

,       >     ™  1    -•:?     1      I    -;i  1    ..-i     I  ffit\    'r  1    r3  _L   i  T^  —    1x7 


(7 

(f 

(1 

(9 

(' 
(At 


I  -  •  j;-  +  J  /■'  -  3  J-'  +  •  •  ■ ,  ip)  x-ifX'+ix''-  IJ-'  +  ■■■, 

ir,        hx       h^x\    h''x\  1  ,j,    ,  ..,X*        /«        l6 

aLaia  J  2!3!4! 

1 X  -  u  +  j)/=  +  (I  +  i  +  i)j;'  -  (i  +  i  +  5  +  i)a:'  +  •  •  • . 

3' +  3^       3^  +  3      ffl  +  3^ 

4-2!  4-4!        4.6! 

1  -  a;  +  i<  -  1=  +  i8  _  js  +  ii2  _  iia  +  . . . , 

(j;  -  1)1  -  H-r  -  J)=  +  H-f  -  1)' -  H-t  -  ir  +  •  •  ■ - 

(m  -  1)  (m  +  2)    3  ^  (»i  -])(»!-  3)  (m  +  2)  (?;t  +  4)  ^ 


3! 


■X3   + 


1 ? +  ? 

22(m  +  l)      2''-2!(m-|- l)(m  +  2)      2ii  ■  3  ^m  +  1)  (m  +  2)  (m  +  3) 
x"  I* 


2«(2  !)• 


1^2 


/I     i\        i«     /I     1     i\        x'     n     \     1     i\ 

\T  "*"  2/  "''  26(3!)2  il  "^  2  "''  3/  "  28(4  !)2  \T  "^  2  "^  3  """  4/  "*"  ' 


1  ,  ^x  .  «(g  + 1)^0  +  1)^0  ,  a(a  +  ma  +  2)p(fi  +  l){fi  +  2) ^^ 
1-7  1-2. 7(7  +  1)  l-2-3-7(7  +  l)(7  +  2) 

4.  Establish  the  Maclaurin  expansions  for  the  elementary  functions: 

(a)  log  (1  —  x),         (j3)  sin  x,  (y)  cos  i,  (5)  cosh  x, 

(e)  a*,  (f)  tan- 'I,         (?;)  sinh-^x,         (^)  tanh-ii. 

5.  AbeVs  Theorem.  If  the  infinite  series  a,,  +  a^x  +  02!^  +  Oji'  +  •  •  ■  converges 
for  the  value  X,  it  converges  uniformly  in  the  interval  0  s  j  s  X.  Prove  this  by 
showing  that  (see  Exs.  17-19,  p.  428) 

|R„(i)|  =  |a„i»  +  a„+,z"+>  +  •••!<  (-^YlanX"  +  ■■■  +  a„  +  pA'n+P\, 

when  p  is  rightly  chosen.  Apply  this  to  extending  the  interval  over  which  the 
series  is  uniformly  convergent  to  extreme  values  of  the  interval  of  convergence 
wherever  possible  in  Exs.  4  (a),  (f),  (0). 

6.  Examine  sundry  of  the  series  of  Ex.  3  in  regard  to  their  convergence  at  ex- 
treme points  of  the  interval  of  convergence  or  at  various  other  points  of  the  circum- 
ference of  their  circle  of  convergence.    Note  the  significance  in  view  of  Ex.  6. 

_  j^ 

7.  Show  that/(i)  =  e  x^,  /(O)  =  0,  cannot  be  expanded  into  an  infinite  Mac- 

_2_ 
laurin  series  by  showing  that  R„  =  e   i",  and  hence  that  R„  does  not  converge 
uniformly  toward  0  (see  Ex.9,  p.  66).    Show  this  also  from  the  consideration  of 
complex  values  of  x. 

8.  From  the  consideration  of  complex  values  determine  the  interval  of  con- 
vergence of  the  Maclaurin  series  for 

sin  z  X 

(a)ta.nx  =  - — ,        (U)  -,        (7)  tanhz,        (J)  log(l -(- e«). 

cos  X  ef  —  1 


r>l 
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9.  Show  that  if  two  similar  infinite  power  series  represent  the  same  function 
ill  iiiiy  interval  the  coefficients  in  the  series  must  lie  equal  (cf.  §32). 

10.   Fruin  1  +  ■_>  rcnxx  +  r-  =  (1  +  rC>)  (1  +  re")  =  r-  /l  +  !Li!\  /]  +  'lL"\ 

I  r-  1-3  \ 

jirove         hi^  (1  +  lie  cos  J  +  r^)  =  2  /  rcis  j  —       cos  li  j-  +  ~  cos3j  —  ■•■), 

r  <  1 

J^T                                                                                    /                           ,.2                             ^  \ 

loa;  (1  +  2  )■  cos  x  +  r^)  dx  =  2  I  r  sin  j sin  2  .r  H sin  3  j  —  ■  •  • )  : 
II                                                       \                 2-                  S'^  / 

,,,,,,  ,     „,       ,,         ,  .^/cosx      cos  2  J      cos  3  J-  \ 

and       loi;  (1  +  2  r  cos  x  +  r-)  =  2  loi;  r  +  2  ( 1 .  •  . ) 

\    r  2  f-  3r^  I 

C'\      /,   ,  ..  ,     .n  ,        .1     ,  .    ,/siiiJ'      sin  2  J      sin3x  \ 

I      lou  (1  +  2  r  cos  ,r  +  )•-)  <U-  =  2  .r  Im;  r  +  2 A ...  1 

.'„  \    (■  2-I--  3-^ri  / 

los  (1  +  sin  a  cos  x)  dx  =  2x  los;  cos  — h  2  ( tan  —  sin  j  —  tan^ 1-  ■  •  •  1  • 

II  '  2  \        2  2      2-i  / 

11.  P,over'^^=i-^+-i:±--iiii^+...=  r'_^_-. 

Jii     ^   1  4_  J.J  2-5      2  ■  4  .  il       2  ■  4  .  () .  13  Ji     ^  '^;^* 

12.  Evaluate  these  integrals  by  expansion  into  series  (see  Ex.  23,  p.  452) 

/"»(•-«■■■  .sin  rr  ,        r       1 /r\^      1 /'A'*  ,       .J" 

^    '  Jo  X  q      3\q/       b  V//  9 

/•"■  loc(l  +  tcosj-)  ,  .      ,,  ,  ,     r"   J  sin  J      ,        71^ 

(S)     I         '^^      ^dx  =  TTSin-U,         (7)     /     —  dx  =  — , 

^   '  Jo  cosx  ^  '  J,i    1  +  cos^i  4 

(J)     r'°t-«Vcos2^X(ix  =  — e~V;),  (()     r  "log  (l  +  2r  cosx +  r2)dx. 

Jo  2  a  </o 


f-  "^  cos  2  jSxtix  =  -^  e 
Jo 

13.  By  formal  multiplication  (§  168)  show  that 

1-  a' 


1  +  2  rt  cos  X  +  2  IT-  cos  2  X  +  •  •  • , 
a  sin  X  +  a^  sin  2  x  +  •  •  •  . 


1  —  2  a  cos  X  +  a^ 

n  sin  X 
1  —  2  a  cos  X  +  a- 

14.  Evaluate,  by  use  of  Ex.  13,  these  definite  integrals,  m  an  integer: 

'"        jsinxdx 


r'        cosmxdx         _    ^ct^  (" ^^sinxdx ^^Tlogd  +  a), 

Jo    1 -2a cosx  +  a-       1  -  a=  Jii   1  -  2acosx  +  a»      a 

/" "     sin  X  sin  TMxdx  ir 

(■y)     /      =  -a'»-', 

^  '  Jo    1  —  2  a  cosx  +  a-      2 

/> "  sin*  xdx 

^*^  Jo   (1  -  2  a  cos  X  +  a^){l  -  2  ;9  cos x  +  iS^) ' 

15.  In  Ex.  14  (7)  let  a  =  1  -  h/m  and  x  =  z/m.    Obtain  by  a  limiting  process, 
and  by  a  similar  method  exercised  upon  Ex.  14  (a) : 

J- *  z  sin  zdz  _  IT      ^  r  "  cos  zdz  _  ir  ^_  ^ 

,1      AS  +  z2  ~  2*^    '■         Jo     AS  +  z-~2 

Can  the  use  of  these  limiting  processes  be  readily  justified  ? 
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16.  Let  h  and  x  be  less  tlian  1.   Assume  the  expansion 

/(I,  h)  =  ^  =  1  +  hP^(x)  +  h^P4x)  +  ■■■  +  ft»P„(i)  +  •  ■  ■ . 

Vl-2xA  + A^ 

Obtain  therefrom  the  following  expansions  by  differentiation : 

1/;  = ^- =  p;  +  AP-^  +  A^p-a  +  •  •  •  +  A»  -ip;  +  ■  •  • , 

"■  (l-2iA  +  A2)i 

■/;  = ^^ =  P,  +  2AP2  +  Sh^P^  +  ...  +  nh'-^P,  +  ■■■. 

(l-2iA  + A2)i 

Hence  establish  the  given  identities  and  consequent  relations : 

^y^  =       xp[  +  A  (xK  -  p^)  + . . .  +  A»-i(xp;  -  p;_,)     + . . .  = 

/j=  Pi  +  A(2P2)  +...  +  /i»-i(„p„)  +.... 

(i±^^_/=  _  1  +  p;  +  A(p;  _  P^)  + . . .  +  ,,»(p;^^  +  p;_^  _  p„)  + . .  _ 

2iA/=  A(2i)  +■■•  + A»(2xP„_i). 

Or  nP„  =  xP',-P'„_^  and    J^„  ^^  +  P;  _i  -  P„  =  2  xP; . 

Hence        xP'„  =  P',  ^-^  -  (n  +  1)  P„    and     (x^  _  l)p;  =  „(j;P„  _  P„_i). 

Compare  the  results  with  Exs.  13  and  17,  p.  252,  to  identify  the  functions  with  the 
Legendre  polynomials.    Write 

1  1 1 

(1  -  2  xA  +  h^)i      (1  -  2  A  cos  e  +  h^)i      (1  -  Ae'«)2  (1  -  Ae-  •»)* 

=  (1  +  lAe'«+  l-?A2e2'«+  •  ■  ■)  (l  +  -he-«i+~k^e-"s  +  -  ■  ■), 
\        2  2-4  /\        2  2-4  / 

and  show  P„(cos  6)  =  2         '    '      "  ~    '  -t  cos  nS  + ^^?^ cos  (n  —  2)  ^  +  • . .  I . 

2-4--2n       \  1  .(271-1)        ^  '  J 

168.  Manipulation  of  series.    If  an  infinite  series 

S  =  «o  +  «i  +  M^  +  •  ■  •  +  «„_i  +  «„  +  •■■  (13) 

converges,  the  series  obtained  by  grouping  the  terms  in  parentheses  with- 
out altering  their  order  vill  also  converge.    Let 

5'=  [/„+  t;, +  ...+  [7„,_,+  t7„,+    --  (IS") 

and  S{,S'^,...,s:,,--- 

be  the  new  series  and  the  sums  of  its  first  n'  terms.  These  sums  are 
merely  particular  ones  of  the  set  5^,  5^,  ■■•,  5„,  ■  ■•,  and  as  ra'  <  re  it 
follows  that  n  becomes  infinite  when  n'  does  if  n  be  so  chosen  that 
^n  =  S^n"  As  5„  approaches  a  limit,  S'^,  must  approach  the  same  limit. 
As  a  corollary  it  appears  that  if  the  series  obtained  by  removing  paren- 
theses in  a  given  series  converges,  the  value  of  the  series  is  not  affected 
by  removing  the  parentheses. 
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If  tiro  cnnvergent  infinite  series  he  given  ns 

■S  =  «o  +  "i  "I '      "'^      ^'  =  "o  +  t'l  H ) 

then  (A.M„  +  iiv^)  +  (A.«,  +  /xcj  +  •  ■  • 

will  converge  to  the  limit  \.S  +  fiT,  and  will  converge  absolutely  provided 
both  the  given  series  converge  absolutely.  The  proof  is  left  to  the  reader. 
If  a  given  series  converges  absolutely,  the  series  foi-med  by  rearranging 
the  terms  in  any  order  without  omitting  any  terms  will  converge  to  the 
same  value.    Let  the  two  arrangements  be 

-S  =  "o  +  "j  +  "2  ■! ^'  "«-i  +  "»  H — 

and  .S  =  v^,  +  «,,  +  11,^  H h  »„,_  j  +  v„,  +  •  •  • 

As  5  converges  absolutely,  n  may  be  taken  so  large  that 

|«„|  +  |"„+i|H —  <  «; 

and  as  the  terms  in  S'  are  identical  with  those  in  S  except  for  their 
order,  n'  may  be  taken  so  large  that  S'„,  shall  contain  all  the  terms  in 
5„.    The  other  terms  in  S'^,  will  be  found  among  the  terms  w„,  ?'„ 4.1,  •  •  •■ 

Hence  |s;,  -  S„|  <  |-,„|  +  |«,^,|  +        <  e. 

As\S  —  S„|  <  £,  it  follows  that  1 6'  —  S^,|  <  2£.  Hence  S'^,  approaches  S 
as  a  limit  when  n'  becomes  infinite.  It  may  easily  be  shown  that  S'  also 
converges  absolutely. 

The  theorem  is  still  true  if  the  rearrangement  of  S  is  into  a  series  some 
of  whose  terms  are  themselves  infinite  series  of  terms  selected  from   S. 

Thus  let         ^,^  u^^u^+U.,+  ---+l\,_^+  [/„.  +  •■•, 

where  Ui  may  be  any  aggregate  of  terms  selected  from  S.  If  [7,  be  an 
infinite  series  of  terms  selected  from  S,  as 

the  absolute  convergence  of  f/,-  follows  from  that  of  S  (of.  Ex.  22  below). 
It  is  possible  to  take  n'  so  large  that  every  term  in  .9„  shall  occur  in  one 
of  the  terms  U„,  U^,---,  U„,_,.    Then  if  from 

S-l\-U^ U„._,  (14) 

there  be  canceled  all  the  terms  of  S„,  the  terms  which  remain  will  be 
found  among  «„,  w„  +  i,  •  •  • ,  and  (14)  will  be  less  than  c.  Hence  as  n' 
becomes  infinite,  the  difference  (14)  approaches  zero  as  a  limit  and  the 
theorem  is  proved  that 
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If  a  series  of  real  terms  is  convergent,  but  not  absolutely,  the  number  of  posi- 
tive and  the  number  of  negative  terms  is  infinite,  the  series  of  positive' terms  and 
the  series  of  negative  terms  diverge,  and  tlie  given  series  may  be  sn  reai-ranged  as 
to  comport  itself  in  any  desired  manner.  Tliat  the  number  of  terms  of  each  sign 
cannot  be  finite  follows  from  the  fact  that  if  it  were,  it  would  be  p<iK.sible  to  go  so 
far  in  the  series  that  all  subsequent  tenns  would  have  the  same  sign  and  the  series 
would  therefore  converge  absolutely  if  at  all.  Con.sider  next  tlie  sum  ,%  =  Pi—  A',„, 
i  +  m  =  71,  of  n  terms  of  the  series,  where  /'/  is  the  sum  of  tlie  positive  terms  and 
Nm  that  of  the  negative  terms.  If  both  Pi  and  JV^„  converged,  then  Pi  +  N^  would 
also  converge  and  the  series  would  converge  absolutely ;  if  only  one  of  the  sums 
Pi  or  JV„,  diverged,  then  S  would  diverge.  Hence  both  sums  must  diverge.  The 
series  may  now  be  rearranged  to  approach  any  desired  limit,  to  become  positively 
or  negatively  infinite,  or  to  oscillate  as  desired.  For  suppose  an  arrangement  to 
approach  i  as  a  limit  were  desired.  First  take  enough  positive  terms  to  make  the 
sum  exceed  L,  then  enough  negative  terms  to  make  it  less  than  L,  then  enough 
positive  terms  to  bring  it  again  in  excess  of  i,  and  so  on.  But  as  the  given  series 
converges,  its  terms  approach  0  as  a  limit;  and  as  the  new  arrangement  gives  a 
sum  which  never  differs  from  L  by  more  than  the  last  term  in  it,  the  difference 
between  the  sum  and  L  is  approaching  0  and  L  is  the  limit  of  the  sum.  In  a  similar 
way  it  could  be  shown  that  an  arrangement  which  would  comport  itself  in  any  of 
the  other  ways  mentioned  would  be  possible. 

If  two  absolutely  convergent  series  be  Tnultiplied,  as 

5  =  ?/(,  +  ?(!  +  Mj  -I h  «„  H , 

r  =  •«„  +  w,  +  r^  H \-v„-\ , 

and  W  =  H„r„  +  u^v^  +  u^v^  -\ 1-  u^Vg  H 

+  i<o>\  +  ih^i  +  u^Vi  + h  u„Vi  H 

+  

+  I'oK  +  ''hv„  +  u^v„  H \-  u„v„  H 

+         •         •         ■         • 
and  if  the  terms  in  W  be  arranged  in  a  simple  series  as 

Vo  +  ("l^'o  +  "I'-l  +  'V'l)  +  (Wj^'o  +  Vl  +  "2''2  +    "l''2  +  "o''2)  +   •  •  • 

or  in  any  other  manner  whatsoever,  the  series  it  absolutely  convergent 
and  converges  to  the  value  of  the  product  ST. 

In  the  particular  arrangement  above,  S^T^,  S^T^,  S„T„  is  the  sum  of 
the  first,  the  first  two,  the  first  n  terms  of  the  series  of  parentheses.  As 
lim  S„T„  =  ST,  the  series  of  parentheses  converges  to  .ST.  As  S  and  T 
are  absolutely  convergent  the  same  reasoning  could  be  applied  to  the 
series  of  absolute  values  and 

l«oll"ol  +  l",ll"ol+l",ll"ll  +  |«„l|^l|  +  |"2ll"ol+--- 

would  be  seen  to  converge.    Hence  the  convergence  of  the  series 

«o«'o  +  "i^'o  +  "i'\  +  ",/■,  +  "-/-o  +  "■/■.  +  ",'•,  +  ii,r,^.+  v,r^  +  •  •  • 
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is  absolute  and  to  the  value  ,s7'  when  the  i>ai-entheses  are  omitted. 
Moreover,  any  other  arrangement,  such  in  particular  iis 

"o^'o  +  ("i''o  +  "o'-,)  +  {"-/o  +  ","1  +  "o^J  +  •  •  ■  > 
would  give  a  series  converguig  absolutely  to  ,s'7'. 

The  ecjuivalence  of  a  function  and  its  Taylor  or  Maclaurin  infinite 
series  (wherever  the  series  converges)  lends  inii>ortance  to  the  operations 
of  multiplication,  division,  and  so  on,  which  may  be  performed  on  the 
series.    Thus  if 

./■(•'■)  =  "0  +  "i-^  +  "■.■'•'  +  "a-'-'  +  ■  ■  ■,  |.<'|  <  A',, 

,/  (.r)  =  b^  +  Iy  +  /,,^.r'  +  h^.v^  +  ...,  |,.|  <  A'^, 

the  multiplication  may  be  i)erformed  and  the  series  arranged  as 

f(3-)(/(j-)  =  «/„  +  iaj>^  +  aj>^)x  +  {aj>^  +  »/,  +  aj.^jx'  +  ■■■ 

according  to  ascending  powers  of  jp  whenever  x  is  numerically  less  than 
the  smaller  of  the  two  radii  of  convergence  R^,  7.'.,,  because  both  series 
will  then  converge  absolutely.  Moreover,  Ex.  5  above  shows  that  this 
form  of  the  product  may  still  be  applied  at  the  extremities  of  its  inter- 
val of  convergence  for  real  values  of  x  provided  the  series  converges 
for  those  values. 

As  an  example  in  the  multiplication  of  series  let  tlie  product  sinx  cos  j  be  found, 

sini  =  I x»  H £'  —  ■■■,        cosx  =  1 j^H x* 1°  +  --- 

3 !  5 !  :.'  !  4 !  6 ! 

The  product  will  contain  only  odd  powers  of  j:.   The  first  few  terms  are 

The  law  of  formation  of  the  coefficients  gives  as  the  coefficient  of  x^'^  +  i 

^~  ^^   L(2fe  +  1)!  "*"  {•2k-l)<.2\  "•"  (2fc-3)!4!  +  ' ' '  +  3!(2fc-2)!  "*"  (2tV.J~ 
(-l)t     r        {•2k  +  l)2k      (2k+l){2k){2k-i){2k-2)  ,   (2t  +  l)-| 

(2Jt  +  l)!L  2!  ^  4!  ■      ^        1!       J' 

But     2-^*  +  i  =  (1  +  IV-i^  +  i  =  1  +  (2t  +  1)  +  ^'^±±}1^  +  .  . .  +  (2A-  +  1)  +  1. 

Hence  it  is  seen  that  the  coefficient  of  j^*  +  i  takes  every  other  term  in  this  synnnet- 
rical  sum  of  an  even  number  of  terni.s  and  must  therefore  be  eijual  to  half  the  sum. 
The  product  may  then  be  written  as  the  series 


snix  cosx 


ir           (2x)'      (2x)^  "1      1    .    ., 

_  _    •>  J  _  5      '    +  ^ — '- .  . .    =  -sin2j 

~2L  3!     ^     5!  J      2 


444  THEORY  OF  FUNCTIONS 

169.  If  a  function  /(x)  be  expanded  into  a  power  series 

fix)  =  a„  +  a(x  +  a.^^  +  a^r""  +  •  •  • ,  {■•■\<R,  (16) 

and  if  X  =  a  is  any  point  within  the  circle  of  convergence,  it  viay  he 
desired  to  transform  the  series  into  one  whi^li, proceeds  according  to  powers 
of  (x  —  a)  and  converges  in  a  circle  about  the  point  x  =  a.  Let  t  =  x  —  a. 
Then  x  =  a  +  t  and  hence 

x^  =  a'  +  2at  +  f\         x^=a^  +  3a^t  +  Sat'  +  f, 

fix)  =  «,  +  r/j  («  +  t)  +  ,r  (a'  +  2at  +  t-)  +  ---  (15') 

Since  \a\  <  R,  the  relation  \a\  + 1^|  <  iJ  will  hold  for  small  values  of  t, 
and  the  series  (16')  will  converge  for  x  =  \(i:\  +  \t\.    Since 

"o+«a(i«i+i^i)+"2(i«r+2i«ii'i+i'r)+--- 

is  absolutely  convergent  for  small  values  of  t,  the  parentheses  in  (16') 
may  be  removed  and  the  terms  collected  as 

f{x)  =  <t>it)  =  («„  +  a^a  +  a.jx-  +  a^  +■•■)  +  (",  +  2  a^a  +  3  n^a'  +  ---)t 

+  (a,  +  3  a^a  +  ..:)f  +  (r/3  +  ...)f  +  ..., 

or         fix)  =  <t> ix  -n)  =  A,  +  A ^ (x-  -  n)  +  AJ .,■  -  nf 

+  Ajx-ay+-..,  (16) 

where  A^,  A^,  A.,,  ■■  ■  are  infinite  series  ;  in  fact 

^„  =/(«),  A  =/'(«)>  ^  =  1^ /"(«)>_       ^,  =  |j /'"(«),■•- 

The  series  (16)  in  a;  —  a  will  surely  converge  within  a  circle  of  radius 
/i  —  |a|  about  x  =  a;  but  it  may  converge  in  a  larger  circle.  As  a  matter 
of  fact  it  will  converge  within  the  largest  circle  whose  center  is  at  a  and 
within  which  the  function  has  a  definite  continuous  derivative.  Thus 
Maclaurin's  expansion  for  (1  +  .t-)"^  has  a  unit  radius  of  convergence ; 
but  the  expansion  about  a-  =  ^  into  powers  of  a;  —  ^  will  have  a  radius 
of  convergence  equal  to  ^  V5,  which  is  the  distance  from  x  =  ^  to  either 
of  the  points  x  =  ±  i.  If  the  function  had  originally  been  defined  by 
its  development  about  x  =  0,  the  definition  would  have  been  valid  only 
over  the  unit  circle.  The  new  development  about  x  =  \  will  therefore 
extend  the  definition  to  a  considerable  region  outside  the  original 
domain,  and  by  repeating  the  process  the  region  of  definition  may  be 
extended  further.  As  the  function  is  at  each  step  defined  by  a  power 
series,  it  remains  analytic.  This  process  of  extending  the  definition  of 
a  function  is  called  analytic  continuation. 
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Consider  the  expansion  of  a  function  of  a  function.    Let 

^  =  'i>{u)  =  K  +  hy  +  ^y  +  *y  +  •  ■  •.     I,'/|  <  ih^ 

and  let  |^.J  <  ij^  so  that,  for  sufficiently  small  values  of  y,  the  point  x 
will  still  lie  within  the  circle  7.\.  liy  the  theorem  on  multiplication,  the 
series  for  x  may  be  squared,  cubed,  •  ■  •,  and  the  series  for  x-,  x^,  ■  ■  ■  may 
be  arranged  according  to  powers  of  //.  Tliese  results  may  then  be  sub- 
stituted in  the  series  for  f(x)  and  the  result  may  be  ordered  according 
to  powers  of  ij.  Hence  the  ex])ansion  ior  f[<t>(y)]  is  obtained.  That 
the  expansion  is  valid  at  least  for  small_  values  of  y  may  be  seen  by 
considering 

l«ol  +  l«J^  +  k'.l^  +  l''3l^'  +  ----  i<P^r, 

^  =  K'ol  +  IM|y|  +  K'J|.'/r  +  ---         |z/|small, 

which  are  series  of  positive  terms.  The  radius  of  convergence  of  the 
series  for/[<^(y)]  may  be  found  by  discussing  that  function. 

For  example  consider  the  problem  of  expanding  6="=^  to  five  terms. 
ey  =  l  +  y+-li/^  +  iy^  +  ^\y*  +  ...,         y  =  cossf  =1  -  {x^  +  ^\x*  +  ■  ■  ■ , 

y^=l-x^  +  ix* ,      i/  =  l-|a:2+ Jj< ,      y"  =  1- 2a;2  +  Ijx* , 

e'J  =  l  +  (l-ix'^  +  ^'^x* )+  i(l-x'-  +  ix* )  -f  1  (1  _  3  J.2  ^.  7  x< ) 

+  ,V(l-2i2  +  lfx* )  +  ■■• 

=  (1  +  1  +  J-  +  i  +  ,V  +  •  ■  ■)  -  (i  +  i  +  i  +  T>5  +  •  •  •)-r' 

gi,  _  eco.i  =  2J  J  —  1  j  1^2  +  I J  a;4 _ 

It  should  be  noted  that  the  coefficients  in  this  series  for  6"="'=^  are  really  intinite 
series  and  the  final  values  here  given  are  only  the  approximate  values  found  by 
taking  the  first  few  terms  of  each  series.  This  will  always  be  the  case  when 
y  =  h„  +  6,x  +  ■  •  •  begins  with  &„  ^  0  ;  it  is  also  true  in  the  expansion  about  a  new 
origin,  as  in  a  previous  paragraph.  In  the  latter  case  the  difficulty  cannot  be 
avoided,  but  in  the  case  of  the  expansion  of  a  function  of  a  function  it  is  some- 
times possible  to  make  a  preliminary  change  which  materially  simplifies  the  final 
result  in  that  the  coefficients  become  finite  series.   Thus  here 

gco«x  =  ei+=  =ee',         z  =  cosx  —  1  =—  ^x'^  +  ^x*  —  ~ij,x^  +  ■  ■  ■ , 
z^  =  ^x*-^\x^  +  ---,        z3=- Jj;6  +  ...,        z',z',z^  =  0+---, 
e'  =  H-  (-  ix2  -(.  ^jx*  -^i^x^  +  ...)  +  i  (\x*  _  ^i6  +...)  +  ^  (_  ia6  +  ...)  +  ... , 
gcosi  =  ee'  =  e(l  —  ix''  +  {x*  —  -Vtt^^  "I )• 

The  coefficients  are  now  exact  and  the  computation  to  x^  turns  out  to  be  easier 
than  to  z2  by  the  previous  method ;  the  advantage  introduced  by  the  change  would 
be  even  greater  if  the  expansion  were  to  be  carried  several  terms  farther. 
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TJie  quotient  of  t)ro  j'ower  series  /'(»')  f'//  ff  (■''),   if  ff(0)  =^  0,  niai/  he 
obtained  by  the  ordiminj  algorism  of  division  as 

For  in  the  first  place  as  g{0)  ^  0,  the  quotient  is  analytic  in  the  neigh- 
borhood of  a-  =  0  and  may  be  developed  into  a  power  series.    It  there-    i 
fore  merely  remains  to  show  that  the  coefficients  e^^  .  j,  c.,,  •  •  ■  are  those 
tliat  would  be  obtained  by  division.    Multiply 

(»„  4-  a^x  +  (/^2  +  ■■•)  =  ('•„  +  '■/  +  '•/■'+•■•)  (/'o  +  b^v  -f  /7^,t"-  +  . . .) 
and  then  equate  coefficients  of  equal  jjowers  of  x.    Then 

% = Vo'    «i  =  ^'•o + Vi.    «2 = ''/o + ^/'i + V-.'  ■  ■  ■ 

is  a  set  of  equations  to  be  solved  for  c„, .  j,  f^,  •  •  •  The  terms  in  f(j-)  and 
(j{x)  beyond  x"  have  no  effect  upon  the  values  of  -„, '  j,  •  ■  •,  <„,  and  hence 
these  would  be  the  same  if  &„  + 1 ,  i„  +  2 ,  ■  •  •  were  replaced  by  0,  0,  ■  •  • ,  and 
"n+i.  «n  +  2.  ■■■■>  a2»,  aj.  +  ii'  •  by  such  values  « '„  +  j ,  « '„  ^.  j ,  ••,  „\^,  0,  ■•■ 
as  would  make  the  division  come  out  even ;  the  coefficients  1:  ,i-  ,■■■ ,  ,„ 
are  therefore  precisely  those  obtained  in  dividing  the  series. 
If  ,(/  is  developed  into  a  power  series  in  a-  as 

y  =f{^)  =  "0  +  "i-^  +  ajx'  H ,         ",  ^  0,  (17) 

then  X  may  be  developed  into  a  power  series  in  //  —  «   as 

a:  =f-HiJ-  «o)  =  b^{,j  -  «„)  +  /,^(y  _  ,:^f  +  . . ..  (18) 

For  since  a^  ^  0,  the  function  f(x)  has  a  nonvanishing  derivative  for 
a;  =  0  and  hence  the  inverse  function  /-^  (y  -  a  J  is  analytic  near  a;  =  0 
or  y  =  a„  and  can  be  developed  (p.  477).  The  method  of  undetermined 
coefficients  may  be  used  to  find  b^,  h^,---  This  process  of  finding 
(18)  from  (17)  is  called  the  reversion  of  (17).  For  the  actual  work  it  is 
simpler  to  replace  (y  —  f'^)/a^  by  t  so  that 

t  =  x  +  iK^r-  -f-  „;,■'  +  „\x*  -\ ,         a'i  =  <(./„^, 

and        x  =  t  +  b'f  -I-  b\e  4-  j;«^  -f  . . . ,  y.  =  j_^,  j . 

Let  the  assumed  value  of  a;  be  substituted  in  the  series  for  t  ■  rearrange 
the  terms  according  to  powers  of  t  and  equate  the  corresponding  coef- 
ficients.   Thus 

t  =  t  +  (b:.  +  „'^)t^  +  (b'^  -\.  2  b'„a;  +  ffig)  t^ 

+  (b',  +  2  b',n',  +  b'^^a'^  +  3  by^  +a',)f  +  ... 
or     b'^  =  ~a'^,         b',  =  2u'i-u'^,         b',  =z  -  5 'rj>  + 5  »:.>': -,/„■■■. 
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170.  For  some  few  purposes,  wliieh  are  tolerably  important,  a  formal 
iiperiitlonul  vietlmd  of  treating  series  is  so  useful  as  to  be  almost  indis- 
pensable.   If  the  series  be  taken  in  the  form 

with  tlie  factorials  which  occur  in  Maclauriu's  development  and  with 
unity  as  the  initial  term,  the  series  naay  be  written  as 

e'«  =  1  +  «U'  +  ^  .,-  +  ^  x-a  +  . . .  +  :!!  ,.«  +  . . . , 

])rovi(led  tliat  a'  be  interpreted  as  the  formal  equivalent  of  a^.    The 
product  of  two  series  would  then  formally  suggest 

e'^e"-'  =  «'"  +  '"■'■  =  1  +  (/(  +  hfx  +  —  («  +  hfx-  +  •  • . ,  (19) 

and  if  the  coetKcients  be  transformed  by  setting  a^b^.  =  afij,  then 

=  1  +  («,  +  \)-'-  +    -        ^Y       -  u,-^  4-  •  •  ■  . 

This  as  a  matter  of  fact  is  the  formula  for  the  product  of  two  series 
and  hence  justifies  the  suggestion  contained  in  (19). 
For  example  suppose  that  the  development  of 

were  desired.    -Vs  the  development  begins  with  1,  the  formal  method 
may  be  applied  and  the  result  is  found  to  be 


e^  —  1 

x  =  r  +  l(B  +  lf-H^f^  +  [_(B  +  \f-l^Y^^+---,        (21) 

(B  +  1)^  -  B'-  =  0,  (B  +  1)'  -  5*  =  0,  ■  •  • ,  (B  +  \f  _  JS*  =  0,  ■  ■  ■ , 
or2£,  +  l  =  0,  3/J,+  3Bj  +  l  =  0,  4  7?^,+ (>/i,+ 4  7:!,  +  1  =  0,  •  ■  ■ , 
or  £,  =  -i         B.^  =  l,         B^  =  0,         £,  =  -gV>---- 

The  formal  method  leads  to  a  set  of  equations  from  which  the  suc- 
cessive B's  may  quickly  be  determined.    Note  that 

^31  +  2  =  2731  =  2  ^""'2=-2'^°^H"2J  ^"^ 
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is  an  even  function  of  x,  and  that  consequently  all  the  £'s  with  odd 
indices  except  B^  are  zero.  This  will  facilitate  the  calculation.  The 
first  eight  even  B's  are  respectively 

51  35)       '4J)  351       5Fl  57351       5l  5T5  •  K'''^) 

The  numbers  5,  or  their  absolute  values,  are  called  the  BernnuU'um 
numhers.  An  independent  justification  for  the  method  of  formal  cal- 
culation may  readily  be  given.  For  observe  that  e^e*^  =  e'-s+i)^  of  (20) 
is  true  when  B  is  regarded  as  an  independent  variable.  Hence  if  this 
identity  be  arranged  according  to  powers  of  B,  the  coefficient  of  each 
power  must  vanish.  It  will  therefore  not  disturb  the  identity  if  any 
numbers  whatsoever  are  substituted  for  B^,  E^,  B^,  ■  •  • ;  the  particular 
set  £j,  B^,  Bg,  •  •  •  may  therefore  be  substituted ;  the  series  may  be  rear- 
ranged according  to  powers  of  r,  and  the  coefficients  of  like  powers  of 
X  may  be  equated  to  0,  —  as  in  (21)  to  get  the  desired  equations. 
If  an  infinite  series  be  written  without  the  factorials  as 

1  +  Oj./-  +  ii^^T-  4-fl^a;'  H \-  a„x"  -\ , 

a  possible  symbolic  expression  for  the  series  is 

T- =  1  +  a^x  +  aV  -f-  aV  +  •  •  • ,  '('  =  o,-. 

1—  ax  ' 

If  the  substitution  y  =  x/(l  +  x)  or  aj  =  y/(l  —  y)  be  made, 

1        _  1  _         1-y 

!-'«     i_„^^~i-(i  +  ")y'  (24) 

Xow  if  the  left-hand  and  right-hand  expressions  be  expanded  and  a  be 
regarded  as  an  independent  variable  restricted  to  values  which  make 
ja.r|  <  1,  the  series  obtained  will  both  converge  absolutely  and  may  be 
arranged  according  to  powers  of  .,-.  Corresponding  coefficients  will  then 
be  ecjual  and  the  identity  will  therefore  not  be  disturbed  if  a,-  replaces 
a'.    Hence 

l  +  a^x+a^  +  ---  =  (l-  „)  [1  +  (1  -f  n)  y  +  (1  +  aff  +...], 
provided  that  both  series  converge  absolutely  for  «,.  =  <i\    Then 

1  +  a^x  +  11,/'  +  tt^j-"  -I =  1  -I-  „y  +  „  (1  -)-  a)i/  4-  «  (1  -f-  „)Y  -\ 

=  1  +  ",y  +  («,  +  a.^)if  +  (.,,  +  2  ..,  +  <g/  +  . . . , 
or  „^.r  +  "./■'  +  't,x'  -(-...  =  rt^y  -H  (rr^  -f  «„)/ 

+  {„^  +  2,,.,  +  a^)f  +  ....  (25) 
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This  transformation  is  known  as  Eidei's  tramfonnntion.  Its  great 
advantage  for  computation  lies  in  the  fact  that  sometimes  the  second 
series  converges  much  more  rapidly  than  the  first.  This  is  especially 
true  when  the  coefficients  of  the  first  series  are  such  as  to  make  the 
coefficients  in  the  new  series  small.    Thus  from  (25) 

log  (1  +  a-)  =  a;  —  i  x'  +  ^  a,-"  —  4  x'  +  ^  a^  —  ^  .r «  -\ 

= !/  +  hf  +  i  '/  +  i  V*  +  iy'  +  W  +  ■■■■ 

To  compute  log  2  to  three  decimals  from  the  first  series  would  require 
several  hundred  terms  ;  eight  terms  are  enough  with  the  second  series. 
An  additional  advantage  of  the  new  series  is  that  it  may  continue  to 
converge  after  the  original  series  has  ceased  to  converge.  In  this  case 
the  two  series  can  hardly  be  said  to  be  equal ;  but  the  second  series  of 
course  remains  equal  to  the  (continuation  of  the)  function  defined  by 
the  first.  Thus  log  3  may  be  computed  to  three  decimals  with  about  a 
dozen  terms  of  the  second  series,  but  cannot  be  computed  from  the  first. 

EXERCISES 

1.  By  the  multiplication  of  series  prove  the  following  relations: 

(or)  (1  +  X  +  x»  +  x3  +  •  •  .)^  =  (1  +  2x  +  3x2  +  4x8  +  •  ■  •)  =  (1  -  x)-2, 
(^)  cos^  I  +  sin2  X  =  1,        (7)  e^ev  =  e='  +  »,        (8)  2  sin^  x  =  1  -  cos  2 1. 

2.  Find  the  Maclaurin  development  to  terms  in  xfi  for  the  functions: 

(a)  e'^cosx,        (/3)  e^sinx,        (7)  (1  +  x)log(l  +  x),        («)  cosxsin-'x. 

3.  Group  the  terms  of  the  expansion  of  cosx  in  two  different  ways  to  show  that 
cos  1  >  0  and  cos  2  <  0.    Why  does  it  then  follow  that  cos  |  =  0  where  1  <  J  <  2  ? 

4.  Establish  the  developments  (Peirce's  Nos.  786-789)  of  the  functions: 

(a)  e"'"-',        (/3)  e<»n^         (7)  e•'■'"'^         («)  e"""^'^. 

5.  Show  that  if  g{x)  =  b„,x'"  +  /),„  +  ix"'  +  '  +  ■  ■  •  and/(0)  ^  0,  then 

/(x)  ^    ffl„  +  a,x  +  a^-'  +  ■■■   ^  £::»  ^  ^•-"■  +  '  +  . . .  +  £rl  +  Co  +  CjX  +  •  ■  ■ 
g(x)      5„x'"  +  bm+iX"'  +  »  +  ---       x™        x'"-i  x 

and  the  development  of  the  quotient  has  negative  powers  of  x. 

6.  Develop  to  terms  in  x^  the  following  functions: 

(«)  sin(itsinx),        (^)  log  cosx,        (7)  V^^,        (8)  (1  -  f^  sin^xr^ 

7.  Carry  the  reversion  of  these  series  to  terms  in  the  iifth  power: 

(<r)  j/  =  sinx  =  x-iJ:3  +  ,..,  (^)  ;/ =  tan-i  x  =  x  -  J  x^  +  •  ■  •, 

(^)  y  =  £-  =  l  +  x  +  ix2  +  ...,         (8)  i/  =  2x  +  3x=  +  4x8  +  5x*  +  ---. 
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8.  Find  the  smallest  root  of  these  scries  by  the  method  of  reversion: 


dx 


Jo   V(l-x^)(l-ix2) 

9.  By  the  formal  metliod  obtain  the  general  e<iuations  for  the  coefficients  in  the 
developments  of  these  functions  and  compute  the  first  Jive  that  do  not  vanish : 

(„)^,         (^)-^,         (,) 


e'  —  l  e'  +  l  1  — 2xe^+e2»^ 

10.  Obtain  the  general  expressions  for  the  following  developments: 

(„)  eothx  =  -  +  ---  +  --...  +  -^^-.... 


X      3      45      945  (2n)!x 

,    ,    ,         .  ,  x2         X*  x6  B2„(2X)2'' 

(7^  logsmi  =  logi •■•  +  (—  1)" ^ •  •  •, 

"-"      ^  *=  6       180      2835  '    2n.  (2ji)  ! 

.  ,       .   ^         ,  x2       I*         x«  B2„(2x)2» 

IS)  logsmhx  =logxH 1 +  -^^ — . 

^    '      '=  ^6       180      2835  2n-{2n)! 

11.  The  Eulerian  numbers  Eo„  are  the  coefficients  in  the  expansion  of  sechi. 
Kstablish  the  defining  equations  and  compute  the  first  four  as  —  1,  5,  —  61,  1385. 

12.  Write  the  expansions  for  sec  x  and  log  tan  (^ir  +  ^  x). 

13.  From  the  identity = derive  the  expansions: 

(XT  _  ]      e--'  —  1      e"^  +  1 


('f) 


(/3) 


fjX  1  J  7.8  ^271  —1 

— ^—  =  -  +  B„(22  -  1)  —  +  BA2*  ^  1)  _  +  . . .  +  B.2„(22»  -  1) +  .  . 

e-T  +  l      2         ^^  '2!         *^  'i'.  ^  '  2nl 

11  X  x'  3-2  n-l 

=  -  -  5^(22  -  1)  —  -  BA2*  -  1) U2„(2i"  -  1) +  •  ■ 

e»:  +  1       2         ^  2!         ^  4!  2n! 


(7)  tanh I  =  (22-1)22^2^  +  (2*-  1)2*B,^  +  •  . .  +  (22»-  l)22nB2„^  +  •  •  ■ , 
2  I  4 !  2n ! 

j3       2x''       17x'  X2>i-l 

(J)  tanx  =  x  +  --  +  — +  — -  +  •••+  (-1)"-M22»-I)22"ij.2„ -——  +  ■■•, 
■i        15         dlo  2n! 

(€)    logcosx=   _^-^_^ (-])»-l(22«-l)22"ii2,.        ^^" 


2        12      45  >        '        ^  '  "'2)i-2n! 

(f)  logtanx  =  logx  +  ~+  ^  +  ■■■  +  (- l)"-i(2-'"-' -  l)22"yJ:i„ -^!-^  +.... 
•■>        "0  ?i  ■  2  n  ! 

(,)  cscx  =  1  (cot|  +  tan  0  =  1  +  ^  +  .  .  .  +  (_  i)..-x  2(22"-i  _  l)^^,,  ~  , 
(S)  log  cosh  X,         (i)  logtanhx,         (k)  cschi,         (X)  sec=x. 
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Observe  that  the  Bernoullian  numbers  afford  a  general  development  for  all  the 
trigonometric  and  hyperbolic  functions  and  their  lojiarithms  with  the  exception  of 
the  sine  and  cosine  (which  have  known  developments)  and  the  secant  (wliicli  rc- 
(juires  the  Kulerian  numbers).  The  importance  nf  these  numbers  is  therefore 
iipparent. 

14.   The  coefficients  J\{l/),  l'.2(!/),  ■  ■  ■  ■  ''.,(.'/)  in  Ihc  development 

f.'M  _  1 


1 


:  y  +  P^(y)x  +  Vo(y)s'  +  ■  ■  ■  +  P„(y)i"  +  • 


are  called  Bernoulli's  polynomials.   Show  that  (n  +  1) !  P„(y)  =  (B  +  ?/)»+•  —  K"  +  i 
and  thus  compute  the  first  six  polynomials  in  y. 

15.  If  2/  =  iV^  is  a  positive  integer,  the  quotient  in  Ex.  14  is  simple.    Hence 

n  !  P„(JV)  =  1  +  2"  +  3"  +  ■  •  •  +  (iV  -  1)" 
is  easily  shown.    With  the  aid  of  the  polynomials  found  above  compute: 
(a)  1  +  2*  +  3*  +  •  •  •  +  lOS  ,        (/3)  1  +  2=  +  S^^  +  •  ■  ■  +  9=, 

(7)  1  +  22  +  32  +  .  .  .  +  (iV-  1)2,         (5)  1  +  2S  +  .33  +  .  .  .  +  (N-  1)3. 

11  1     r    1  in    .o«"+'-'^+^ 

16.  Interpret -  — =  > ; z». 

1— ail—  to      x(a—b)\_l—  ax      a  —  raj      •^V       a  —  u 

g-(i-<uE)idj  = establish  formally 

0  1  —  oi 

1  +  0,1  +  a„x2'+  a~t^  +  •  ■•  =  f'°e-'F(xt)dt  =  -  C' e'^F(u)du, 

where  F(u)  =  1  +  OjU  +  —  a^u^  +  ^  "s"'  +  ■  • '  • 

Show  that  the  integral  will  conyerge  when  0  <  x  <  1  provided  |a,|  s  1. 

18.  If  in  a  series  the  coefficients  o,-  =  |    t'f(t)dt,  show 

Jo 

l  +  a,x  +  a^x^  +  ajX'  +  ■  •  ■  =£^^di. 

19.  Note  that  Exs.  17  and  18  convert  a  series  into  an  integral.   Show 

W  ^  +  2"      3?      4)'  r (J)) Jo        \-xt  nP       Jo 


_±_  +  ^  +  _^  +  ...  =  -r'-'^^^'*     by-i-=    rV"fsini 
1  +  12      1  +  22      1  +  3'^  Jo     1-xt  1  +  n^      Jo 


(7)   1  +  ,,^  +  ,,(,,  +  1)  I>(IJ  +  1)  C'  +  2) 


r(b) r'f-Mi-0''-°-\,, 


(n)  r('>-a)Jo 


r(n)  r('>-a)Jo  l-x« 
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20.  In  case  the  coefficients  in  a  series  are  alternately  positive  and  negative  show 
that  Euler's  transformed  series  may  be  written 

a^x  -  OiX^  +  asjs  -  a^'^  +  ■  ■  ■  =  a^y  +  ^  a^y^  +  A%iy3  +  h?aiy*  +  ■  •  ■ 
where   Aai  =  01-05,   A^oi  =  Aai  -  Aoj  =  Oi  -  2  o^  +  ag,  •  ■  ■    are   the   successive 
first,  second,  •  ■  ■  differences  of  the  immerical  coefficients. 

21.  Compute  the  values  of  these  series  by  the  method  of  Ex.  20  with  a;  =  \,y  =  \. 
Add  the  first  few  terms  and  apply  the  method  of  differences  to  the  next  few  as 
indicated : 

(q.)  i_i  +  l__^ =  0.6931.5,  add  8  terms  and  take  7  more, 

(|3)  1 1 _  +  .  . .  =  0.0049,  add  .5  terms  and  take  7  more, 

\/2     Vs     Va 

i.y\  !r  =  i_l  +  l_l  +  ...=  0.78.5.3081.3,         add  10  and  take  11  more, 
^"4  3      5      7 

(a)Prove(l+l+l  +  l+...)=     ''-'     (1-I  +  J--I  +  ...) 
^   '  \        2p      Zp      iv  I      •2p-^-\\        2p      .3"      Ap  I 

and  compute  forp  =  1.01  with  the  aid  of  five-place  tables. 

22.  If  an  infinite  .series  converges  absolutely,  show  that  any  infinite  series  the 
terms  of  which  are  selected  from  the  terms  of  the  given  series  must  al.so  converge. 
What  if  the  given  series  converged,  but  not  absolutely  ? 

23.  Note  that  the  proof  concerning  term-by-term  integration  (p.  432)  would  not 
hold  if  the  interval  were  infinite.  Discuss  this  case  with  especial  references  to 
justifying  if  possible  the  formal  evaluations  of  Exs.  12  (a),  (5),  p.  439. 

24.  Check  the  formula  of  Ex.  17  by  termwise  integration.    Evaluate 

-   /     e   ^JJbu)(lii  =  1  -  i62j.2  +  1  .  3.  _:: =  (1  +  y'x^-i 

X  Jo  "    2  !• 

by  the  inverse  transformation.    See  Exs.  8  and  15,  p.  399. 


;/( 
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SPECIAL  INFINITE  DEVELOPMENTS 

171.  The  trigonometric  functions.     If  w  is  an  odd  integer,  say 
=  2  ?t  +  1,  ])e  Moivie's  Tlieoreni  (§  72)  gives 

VI  sill  <f)  M  -r  f'  -r         ,  \J-J 

where  In-  virtue  of  the  relation  eos''<^  =  1  —  siii'-<^  the  right-hand  niein- 
her  is  a  polynomial  of  degree  n  in  sin'''<^.  From  the  left-hand  side  it  is 
seen  that  the  value  of  the  iiolynomial  is  1  when  sin  <^  =  0  and  that  the 
n  roots  of  the  polj-noiuials  are 

sin'-'  v/m,         sin^  2  tt/ih,         •  ■  • ,         sin'  mr/m. 

Hence  the  polynomial  ma^-  be  factored  in  the  form 

sin  m<l,  ^  L  sin"  <t>   \/^  si"'  <t>     V  . .  /^  ^in-  <^     \ 

7«  sin  <^       \         sin'^Tr/?/// \        sixi'-'iir/iii)        \        sin^ mr/inj'         ' 

If  the  substitutions  <^  =  x/»i  and  <f>  =  u-/m  be  made, 

sina-       _ /-i        sm^a-/iii\/  sin^r/m  \         /  sin"a-/w 


■III  sin  x/ III       \        sin-^Tr/w/y         sin  2  7r/?»./        \        swi^mr/mj    ^ 
sinha;      _  /        sinh'^x/^/tX  A       sinh-./-/»A        /        sinh'-^  :c/»i\ 


m  sinh  x/m      \         sin' 

Now  if  m  be  allowed  to  become  infinite,  passing  through  successive 
odd  integers,  these  equations  remain  true  and  it  would  appear  that  tlie 
limiting  relations  would  hold  : 

«i"-  =  /l_r^^)(l_-_)...  =  TT(l-^J,  (4) 


sinh  X       I ^    ,    x'^ 


,x  /  ,r       1  a-' 


6  wi' 


sin^—  ( t;— +• 

since  lim  —  =  lim 

m  =  oD      .     o  ^ "" 

Sin''  — 


Cf-J©*-)  '■' 
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In  this  way  tin'  fisrpansions  into  infinite  jjroducts 

si"-=-'  7(1 -£-.)'         smlia-  =  rfr(l  +  ^.)  (5) 

would  be  found.  As  tlie  theorem  that  the  limit  of  a  jn-oduct  is  the  prod- 
uct of  the  limits  holds  in  general  only  for  finite  products,  the  process 
here  followed  must  be  justified  in  detail. 

For  the  justification  the  consideration  of  sinhz,  which  involves  only  positive 
quantities,  is  simpler.   Take  the  logarithm  and  split  the  sum  into  two  parts 


sinh  X 
log 


sinh^— \        „  /        sinli^  — ' 

'  \  sill- /       ('  +  1  \  Slll^ I 


)n  sinh  — 

m  \  m  '  \  vi 

As  los  (1  -H  «)  <  «,  the  second  sum  may  be  further  transformed  to 

/        sinh2-\        „    sinh2- 
7,-=yiog     1-h -\<V  ^  =  .,inh^iV_L_. 


sin'  —  /      J'+i  sin'' —  /'  +  '  sin'- 

m 


Now  as  n  <  J  m,  the  angle  kir/m,  is  less  than  I  ir,  and  sin  |  >  2  f /rr  for  {  <  ^  tt,  by 
Ex.  28,  p.  11.    Hence 


R< 


sinh*  -   >    —  =  —  sinh2  —   >    _  <  —  sinh'  —  /      — . 
m^^ik^       i      _     "i,;7',*^^       4  mJ,,     k^ 


•  t.  p     /        sinh2-\ 

Ti  1        Sinn  I        -r-v  I  ,  ml      m'    .   ,  „  x 

Hence  log Z^  U  + <  -  sinh'-. 

■   ,  X      ■*-'  1  .   „i7r  I      4p  m 

m  sinh  —        1     \         sin'  —  / 
m  \  m  / 

Now  let  m  become  infinite.   As  the  sum  on  the  left  is  a  finite,  the  limit  is  simply 
sinh  X     -^ 


los- 


?_y(l  +  ZL\<^;andlog^^=y(l  +  ^\ 


then  follows  easily  by  letting  p  become  infinite.    Hence  the  justification  of  (4'). 
By  the  differentiation  of  the  series  of  logarithms  of  (5), 

sin  ^      -o  1      /1         a"^  \  1      sinh  a-      ^  ,       /^         a-''  \ 

the  expressions  of  cot  x  and  coth  x  in  series  of  fractions 

cot  a;  =  -  -  >   y:~r, ^  >         coth  ./•  =  -+>;  -  -,-,^ ^  (7) 
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are  found.  And  the  differentiation  is  legitimate  if  these  series  converge 
uniformly.  For  the  hyperbolic  function  the  uniformity  of  the  conver- 
gence follows  from  the  Af-test 

^VT^^<fcV'    ^""^    S^.  converges. 

The  accuracy  of  the  series  for  cot  x  may  then  be  inferred  by  the  substi- 
tution of  It  for  x  instead  of  by  direct  examination.    As 

-2r  11  t^       1 

Tin '•  ~ ~i — I — T~r~ '        cot  x  =  > •  (8) 

k'-tr  —  a-      .1  —  ATT      x-\-k'ir  ^  y  —  J^n-  ^  ^ 

In  this  expansion,  however,  it  is  necessary  still  to  associate  the  terms 
for  A-  =  +  ra  and  k  =  —  n\  for  each  of  the  series  for  ^  >  0  and  for 
/•  <  0  diverges. 

172.  In  the  series  for  cotha  replace  a-  by  Jr.    Then,  by  (22),  p.  447, 


r°"^2=^+?4^fc-^=i+?^-fe-       («) 

If  the  first  series  can  be  arranged  according  to  powers  of  x,  an  expres- 
sion for  B.2„  will  be  found.    Consider  the  identity 

which  is  derived  by  division  and  in  which  ^  is  a  proper  fraction  if  t  is 
positive.    Substitute  t  =  a;y4  kV ;  then 


■  x'"     Xy     AkVJ      **v     ikv) 


4:kV 


"1       11 

Let  X/:^=l  +  2^  +  357"'        ~  '^2p- 

^coth|-l  =  -2|.^=|J-2..,„(^y. 

*  The  6  is  still  a  proper  fraction  since  each  6t  is.  The  interchange  of  the  order  of 
summation  is  legitimate  because  the  series  would  stUl  converge  if  all  signs  were  positive, 
since  lie  ^'  is  convergent. 
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As  San  approaches  1  when  n  becomes  infinite,  the  last  term  approaches 
0  if  ,r  <  2  TT,  and  the  identical  expansions  are 

Hence  i^^.  =  (-  1)" ''  ^|^  ^-^^  (H) 

and  ^°*l^^  =  l+S^^''|^  +  ^^-|S-         (^2) 

The  desired  expression  for  B^^  is  thus  found,  and  it  is  further  seen 
that  the  expansion  for  ^  x  coth  \  x  can  be  broken  off  at  any  term  with 
an  error  less  than  the  first  term  omitted.  This  did  not  appear  from  the 
formal  work  of  §  170.  Further  it  may  be  noted  that  for  large  values  of 
n  the  numbers  B^^  are  very  large. 

It  was  seen  in  treating  the  F-function  that  (Ex.  17,  p.  385) 

log  T{n)  =  (w  —  i)  log  n  —  re  +  log  V27r  +  u>(n), 

/"  /x  X         \       dx 

f-coth--lje'"^- 

As  r  x^-e-dx  =  fx^-e—dx  =  ^-^^—^  =  |^ ' 

the  substitution  of  (12),  and  the  integration  gives  the  result 

"W-   1.2  +   3.4  ^""^  (2p-3)i2p-2)'^  {2p-l)2j/  ^^'^■> 

For  large  values  of  n  this  development  starts  to  converge  very  rapidly, 
and  by  taking  a  few  terms  a  very  good  value  of  a>  (n)  can  be  obtained ; 
but  too  many  terms  must  not  be  taken.    Compare  §  §  151,  154. 


1.  Prove  cosx  : 


EXERCISES 

sin  2 1       •   /  4i2 


2  sin  I 


:fr(i ^-^-\ 

oV        (2fc  +  l)2W 


2.  On  the  assumption  that  the  product  for  sinhi  may  be  multiplied  out  and 
collected  according  to  powers  of  j,  show  that 

(a)yl  =  !L',        (^)yyJ_  =  Zl,    wheret^i, 
(t)x^7-:  =  — '        (^)7     7   ^:z.  =  — ■    if  fc  may  equal  i. 


(-l)*2z 
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3.  l!y  aid  of  Ex.  21  (5),  p.  452,  show  :    (a)  1  +  i-  +  1  +  1  +  . . .  =  "' , 

32     52     r-  8        ^"       22    32     42  12 

4.  Prove:     (a)    r'i2^dx  =  -^,        (^)    ^  "^i^  d^  =  _  ![! . 

•'o    1  —  I  6  Jo     1  +  J  12 

'    '  Jo    l-x2  8  ^  '  Jo      °l-£  J        4 

(1     \           ^*             1 
/ TT  I    =  —  ^  
2    /           ^x-(ft  +  i),r 

show  CSC  X  =  1  (cot?  +  tan  ?U  V  i^il^  =  ^  V  iull! 

—  00  1 

6.  From        -— ■  =  V  (-  x)*  +  (-  1)»-^  ^V  (-  x)*  +  (-  l)«te» 

^  +  -^       0  i  +  *     "T 

Jr«lja— 1               .^^  (^  2)'-"  1 
dx  =  >  ^^ ,  and  compute  for  a  =  -  by  Ex.  21,  p.  452. 
ol  +  j.           V"  +  '^                                          ^-^  ''^ 

7.  If  a  i.s  a  proper  fraction  so  that  1  —  a  is  a  proper  fraction,  show 

(or)    I     =  >  ^^^ r  =   I     <^i         (/3)    I     dx  = 

Jol  +  i       ^a  —  k       Jil  +  x  Jol  +  i  sinoTT 

8.  When  71  is  largeB2n  =  (— l)"~'4V7ni( — 1    approximately  (Ex.  13). 

9.  Expand  the  terms  of  -  coth  -  =  1  +  >  by  division  when  x  <  2  tt 

2  2  ■^4A:V2  +  x2    ■' 

and  rearrange  according  to  powers  of  i.   Is  it  easy  to  justify  this  derivation  of  (11)  ? 

10.  Find  <a'(n)  by  differentiating  under  the  sign  and  substituting.    Hence  get 

£M  =  io<.„_JL-A- A ^2p-2         es,^ 

Tin)         "         2n      2  n^      4n-*  (2y-2)n2*-2      2pn^i' 

TUn)  /*  ^  1 a^~^ 

11.  From  — ^— ^  +7=1     da  of  §  149  show  that,  if  n  is  integral, 

r  (n)  Jo       1  —  « 

EM+7  =  i  +  l  +  l  +  ...  +  _J_,     and    7  =  - ?^^  =  0.5772156649 ■• . 
r  (n)  2      3  71-1  r  (1) 

by  taking  n  =  10  and  using  the  necessary  number  of  terms  of  Ex.  10. 

12.  Prove  log  r  (n  +  i)  =  n(logji  -  1)  +  log  V27r  +  w^  (n),  wliere 

u,(n)=f    (- ^je-^  —  ,        «i(n)  =  u(n)- w(2ji), 

^^  '     J-«\x      e^  — 1/        X 

"^<'')=t:T('-2J  +  T:Ti'-W  +  T76-l'    W+    ■ 
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13.  Show  „  :  -.  ^/^  Q\^'    or    V2I;  (^^J^K'"^'.     NDtethatthe 

results  of  !)  14!»  arc  now  obtained  risoroiisly. 

1  "ri  (--"•'  '^  p-  (7.-1) J  ,     ,      , 

14    From =>  e-'i^H =>  t-'^+O ,  and  the lormnlas 

1  -c-^     -^  1  -  c-'      '7  •£ 

of  S  149.  prove  the  expan.sioiis 

(.)h.ro,  +  i)  +  ..=l;(^-.o.ii±^),    (^)i^=-Y(^nP 

173.  Trigonometric  or  Fourier  series.    If  the  series 

f(x)  =  i  "0  +X  ("i'  ^°^  ^^  +  **  ^^°  ^^^ 

'  (14") 

=  J  (7|j  +  r^j  nos  .T  -|-  rr^  cos  2  r  +  a^  COS  3  x  +  ■  ■■  ^     ' 

+  6j  sin  a-  +  6._j  sin  2  a;  +  ij  sin  3  a;  H 

converges  over  an  interval  of  length  2  tt  in  ar,  say  0  S  x  <  2  tt  or 
—  TT  <  .-  ^  TT,  the  series  will  converge  for  all  values  of  x  and  will  de- 
fine a  periodic  function  /(a-  +  2  tt)  =  /(a:)  of  period  2  tt.    As 

T'"       ,       •     ,    7         «         .3        r^'cos^ajcoste  ,         .  ,._, 

I      cos  /i^a;  sm  Ixdx  =  0     and       I         .     ,       .     ,    ax  =  0  or  tt     (15) 
J„  Jo       sinA:xsinZx 

according  as  A;  =7!=  Z  or  Z-  =  Z,  the  coefficients  in  (14)  may  be  determined 
formally  by  multiplying /'(x)  and  the  series  by 

1  =  cos  0  X,         cos  X,         sin  x,         cos  2  x,         sin  2  x,  •  •  • 

successively  and  integrating  from  0  to  2  tt.  By  virtue  of  (15)  each  of 
the  integrals  vanishes  except  one,  and  from  that  one 

1    r-"  1    /"" 

=  —    /      f  (a-)  cos  A-xrfx,  l>k  =  ~    I      f{x)  sin  kxdx.      (16) 

Conversely  if /(x)  be  a  function  which  is  defined  in  an  interval  of 
length  2  tt,  and  which  is  continuous  except  at  a  finite  number  of  points 
in  the  interval,  the  numbers  a,,  and  h^.  may  be  computed  according  to 
(16)  and  the  series  (14)  may  then  be  constructed.  If  this  series  con- 
verges to  the  value  of /(x),  there  has  been  found  an  expansion  of  /(x) 
over  the  interval  from  0  to  2  tt  in  a  trigonometric  or  Fourier  series.* 
The  question  of  whether  the  series  thus  found  does  really  converge  to 

*  By  special  devices  some  Fourier  expansions  were  foimd  in  Ex.  10,  p.  439. 


"k 
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the  value  of  the  function,  and  whether  that  series  can  be  integrated  or 
differentiated  term  by  term  to  find  the  integral  or  derivative  of  tlie 
function  will  be  left  for  special  investigation.  At  present  it  will  be 
assumed  that  the  function  may  be  represented  by  the  series,  that  the 
series  may  be  integrated,  and  that  it  may  be  differentiated  if  the  differ- 
entiated series  converges. 

For  example  let  fF  be  developed  in  the  interval  from  0  to  2  tt.    Here 


.  2  If  1        /.  2  irt 


at  =  -  I      e'cx&kuix  —  —   (        ^cosydy  = 
IT  Jo  ktr  Jo 


e*'  /t  sill  y  +  cosy\ 


at  =  - 


w  \       A-2  +  1 
1  1       1 


i-2  +  1  TT  fc2  +  1 


and  bit  =  -  I      e^  sin  kxdx  = e^ " 1 

a-  Jo  v        fc2  +  1       TT  A:2  +  1 

Te"^  1  1  1  „  1  „ 

Hence  =  -  +  — cosj  +  — cos2x  + cos3x  +  •  •  • 

eS'-l      2      12  +  1  22  +  1  32  +  1 

1        .  2       .    „  3        .    „ 

sm  X sin  2  J sin  3 1  +  •  ■ . . 

12  +  1  22  +  1  32  +  1 

This  expansion  is  valid  only  in  the  interval  from  0  to  2  tt  ;  outside  that  interval  tlie 
series  automatically  repeats  that  portion  of  the  function  which  lies  in  the  interval. 
It  may  be  remarked  that  the  expansion  does  not  hold  for  0  or  2  ir  but  gives  the 
point  midway  in  the  break.  Note  further  that  if  the  series  were  differentiated  the 
coefficient  of  the  cosine  terms  would  be  1  +  1/k^  and  would  not  approach  0  when 
k  became  infinite,  so  that  the  series  would  apparently  oscillate.  Integration  from 
0  to  I  would  give 

17(6^— 1)       1  1        .  1       sin  2 1  1       sin3x 

_1 i  =  - 1  + sm  X  H —  +  — \-  ■■■ 

e*"  - 1        2         12  + 1  22  +  1      2  32  +  1      3 

H cos  X  H cos  2 1  H cos  3 1  +  •  •  • , 

12  +  1  22  +  1  32  +  1 

and  the  term  ^  x  may  be  replaced  by  its  Fourier  series  if  desired. 

As  the  relations  (15)  hold  not  only  when  the  integration  is  from  0 
to  2  TT  but  also  when  it  is  over  any  interval  of  2  tt  from  «  to  a  +  2  tt, 
the  function  may  be  expanded  into  series  in  the  interval  from  -i  to 
a  +  2-rr  by  using  these  values  instead  of  0  and  2  tt  as  limits  in  tin- 
formulas  (16)  for  the  coefficients.  It  may  be  shown  that  u  function 
may  be  expanded  in  only  one  way  into  a  trigonometric  series  (14)  valid 
for  an  interval  of  length  2  7r;  but  the  proof  is  soiuewliiit  intricate  un<l 
will  not  be  given  here.  If,  however,  the  expansion  of  the  function  is 
desired  for  an  interval  a<x<  ^  less  than  2  7r.  there  are  an  infinite 
number  of  developments  (14)  which  will  answer;    for  if  <^(.r)  be  a 
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function  which  coincides  with  /(.r)  during  the  interval  a  <  .r  <  p, 
over  which  the  expansion  of  f{x)  is  desired,  and  which  has  any  value 
whatsoever  over  the  remainder  of  the  interval  /3  <  J'  <  a  +  2  tt,  the 
expansion  of  </>  (x)  from  a  to  a  +  2  tt  will  converge  to  f(x)  over  the 
interval  a  <x  <  ft. 

In  practice  it  is  frequently  desirable  to  restrict  the  interval  over 
which  f(x)  is  expanded  to  a  length  tt,  say  from  0  to  tt,  and  to  seek  an 
expansion  in  terms  of  sines  or  cosines  alone.  Thus  suppose  that  in  the 
interval  0  <  a;  <  tt  the  function  <t>(x)  be  identical  with  f(x),  and  that 
in  the  interval  —  tt  <  cr  <  0  it  be  equal  to  /'(~  ^)  !  ^^^^  i^;  *^®  tmic- 
tion  <f>  (a-)  is  an  even  function,  <t>(x)  =  <j}  (—  x),  which  is  equal  to  f(x) 
in  the  interval  from  0  to  tt.    Then 

<i>  (x)  COS  kxdx  =  2   I     <^  (x)  COS  A;a;cZa;  =  2   |     f(x)  cos  kxdx, 

jr  i/O  -Jo 

<j>  {x)  sin  kxdx  =  j     </>  (x)  sin  A-rrfZa-  —   l     <^  (a-)  sin  A'XfZx  =  0. 

Hence  for  the  expansion  of  <^  (a")  from  —  tt  to  +  tt  the  coefficients  h,.  all 
vanish  and  the  expansion  is  in  terms  of  cosines  alone.  As  f{x)  coin- 
cides with  ^  (r)  from  0  to  tt,  the  expansion 

"  2    f" 

f(x)  =2j  "t  "^os  ^'-'')         ''*■  =  "    I     /W  cos  kxdx  (17) 

of  f{x)  in  terms  of  cosines  alone,  and  valid  over  the  interval  from  0  to 
TT,  has  been  found.    In  like  manner  the  expansion 

/(a:)  =V  i^sin /cj!,         **  =  — ■    I     f(x)  sin  kxdx  (18) 

1  ^    c/ 0 

in  term  of  sines  alone  may  be  found  by  taking  <^  (x)  equal  to  f(x)  from 
0  to  TT  and  equal  to  — /(—  a)  from  0  to  —  tt. 

Let  ^  I  be  developed  into  a  series  of  sines  and  into  a  series  of  cosines  valid  over 
the  interval  from  0  to  -ir.   For  the  series  of  sines 

"  1  ,  „:.,  i,w,  _      (-!)'■  ==_-^    ,   sill  fee 


6i.  =  —  I      -  z  sm  kxdx  =  — — ,        -  =  >    + 

IT  Jo    2  k  2      4rl 


k 


or  Ji  =  sini— ^  sin2i  +  ^  sinSi— Jsin4i  4- ■  •  ■ .  (A) 

„  ,  -  ,  ( 0,  k  even 

.1  2     /■"]       ,  TT  2     /""l  ,      ,  I      ' 

Also       a„  =  -   (     -  xiir  =  -  ,        aj.  =  -   I     -x  cos  fcr(ic  =  -;        2     ,     ,  , 
"      ttJo     2  2  TT  Jo    2  I .  A:  odd. 

„  1         IT      2  r  cos  .3  X      cos  .5  jc      cos  7  j  T  „ 

Hence  -x  = cosiH 1 1 !-••••  (B) 

2         1      irL  32  .52  7-=  J  ^   ' 
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Although  the  two  expansions  define  the  same  function  J  x  over  the  interval  0  to  tt, 
they  will  define  different  functions  in  the  interval  0  to  —  tt,  as  in  the  figure. 
The  development  for  Ji^  ^ay  be  had  by  integrating  either  series  (A)  or  (B). 


i3;2  =  1-  cosi  -  i(l-  cos2x)  +  J(l-  cos3i)-  5)5(1-  cos4i)  + 

IT         2  r  .         .  sin  3  x      cos  5  X  T 

4         ttL  38  53  J 


These  are  not  yet  Fourier  series  because  of  the  terms  J  m  and  the  various  I's.  For 
J  TTX-  its  sine  series  may  be  substituted  and  the  terms  1  —  J  +  i may  be  col- 
lected by  Ex.  3,  p.  457.   Hence 


4  12 


—  cos  X  +  -  cos  2  X cos  3  X  H cos  4  x  —  ■  •  ■ 


9 


16 


(AO 


1    „       2r/ir2        \    .  T^    .     „  /ir2        1\    .     „  ir^   .     .  1     ,„„ 

or  -x''  =  -    I llsinx sin2x  +  ( )sin3x sin4x+---I.  (B  ) 

4  7rL\4         /  2  \12      3V  4  J 

The  differentiation  of  the  series  (A)  of  sines  will  give  a  series  in  which  the  individual 
terms  do  not  approach  0  ;  the  differentiation  of  the  series  (B)  of  cosines  gives 

^  jr  =  sin  X  +  ^  sin  3  X  +  ^  sin  5  X  +  ^  sin  7 1  +  •  ■  • 

and  that  this  is  the  series  for  7r/4  may  be  verified  by  direct  calculation.  The  differ- 
ence of  the  two  series  (A)  and  (B)  is  a  Fourier  series 


/(■c) 


=  4-^L' 


cosSx 

cos  x  H -I- 

32 


■]-[' 


sin  2x 

sin  X -I- 


(C) 


which  defines  a  function  that  vanishes  when  0  <  x  <  ir  but  is  equal  to  —  i  when 

0  >X  >    —  IT. 

174.  For  discussing  the  convergence  of  the  trigonometric  series  as  formally 
calciflated,  the  sum  of  the  first  2  n  +  1  terms  may  be  written  as 

S„=-   f   'V-+  <•<«(« -x)-f-  cns2(«-x)  +  ••■  +  cosn(t-x)  \f{l)dt 

t  —  X 
sill  (2  71  -I-  1)  — -  I  ■    ,..      .  ,x 

1     /.2)r  2  1    /-"-i   ,  ,      sni(2ii-f-l)u  , 

IT  Jo            ..   ■    t-i        ^'  7rJ-f  smu 

2  sni " 
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where  the  first  step  was  to  combine  at  cos  fcx  and  bt  sin  kx  after  replacing  j:  in  the 
definite  integrals  (16)  by  (  to  avoid  confusion,  then  summing  by  the  formula  of 
Ex.  9,  p.  30,  and  finally  changing  the  variable  to  u  =  \(t  —  x).  The  sum  6'„  is 
therefore  represented  as  a  definite  integral  whose  limit  must  be  evaluated  as  n 
becomes  infinite. 

Let  the  restriction  be  imposed  upon  f(x)  that  it  shall  be  of  limited  variation  in 
the  interval  0  <  x  <  2  ir.  As  the  function  f(x)  is  of  limited  variation,  it  may  be 
regarded  as  the  difference  P(z)  —  N(x)  of  two  positive  limited  functions  which 
are  constantly  increasing  and  which  will  be  continuous  wherever  f(x)  is  continu- 
ous (§  127).  If  f(x)  is  discontinuous  at  i  =  i^,  it  is  still  true  that  f{x)  approaches 
a  limit,  which  will  be  denoted  by  f(x^  —  0)  when  x  approaches  x^  from  below  ;  for 
each  of  the  functions  P(i)  and  N(x)  is  increasing  and  limited  and  hence  each 
must  approach  a  limit,  and  /(x)  will  therefore  approach  the  difference  of  the  limits. 
In  like  manner  /(i)  will  approach  a  limit  f{x^  +  0)  as  i  approaches  x„  from  above. 
Furthermore  as  /(x)  is  of  limited  variation  the  integrals  required  f or  S„ ,  a* ,  it  will 
all  exist  and  there  will  be  no  difl&culty  from  that  source.   It  will  now  be  shown  that 

limS„(x„)  =  lim  -  r;V(a:„+2u)?i^^i^2L±ili^<iu=l[/(.ro  +  0)-/(x„-0)]. 

This  will  show  that  the  series  converges  to  the  function  wherever  the  function  U  con- 
tinuous and  to  the  mid-point  of  the  break  wherever  the  function  is  discontinuous. 

T   <-     .f/      ,  .1   ,  sin(2n  +  1)1/               ,  o    >     "    sin(2n  +  l)u       ^,  ^sinku 
Let    /(!(,  +  2  u) ^ '—  =f(Xg  +  2  u)  -^ ^ —  =  F{u) , 


then    6„(X(|)  =  -       J.    ^  F{u) du  =  -   I     F{u) du,  -  ■n-<  a  <0<6<7r. 

■tJ--£  U  it  J  a  U 

As  f(x)  is  of  limited  variation  provided  — ir<a^u'^h<Tr,  so  must  /(i„  +  2  u) 
be  of  limited  variation  and  also  F{u)  =  u//sin  u .  Then  F{u)  may  be  regarded  as 
the  difference  of  two  constantly  increasing  positive  functions,  or,  if  preferable,  of 
two  constantly  decreaising  positive  functions  ;  and  it  will  be  sufficient  to  invt'stigate 
the  integral  of  F(u)u-^smku  under  the  hypothesis  that  F(u)  is  constantly  de- 
creasing.  Let  n  be  the  number  of  times  2  ir/k  is  contained  in  h. 

=f\r\...+  r-'  Fl^-jnidu+r:  F(u)'j^du. 

Jo  J"-^  J-Zi„-\-,n       \kl      U  J^^       ^    '         u 

As  F(u)  is  a  decreasing  function,  so  is  u-'^F{u/k),  and  hence  each  of  the  inteirrals 
which  extends  over  a  complete  period  2ir  will  be  positive  because  the  negative  ele- 
ments are  smaller  than  the  corresponding  positive  elements.  The  intejrral  from 
2  nir/k  to  6  approaches  zero  as  k  becomes  infinite.    Hence  for  large  values  of  k, 

/•''_,,  .sinfeu  r'^P'^luXsmu  ^  ^      , 

I    F(u) du<  \        F(-) du,        p  fixed  and  less  than  n. 

Jo  u  Jo  \k/    u 
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Again,    I    F(u) du  =  j     +  j      +  | 

Jo  U  Jo  Jn  JSir 

Fl-) dm-  l,„      ,,    F<u) du. 

k 

Here  all  the  terms  except  the  first  and  last  are  negative  because  the  iief?ative  ele- 
ments of  the  integrals  are  larger  than  the  positive  elements.    Hence  for  k  large, 

/'''„,,  sinfcu  J         /•<2p-i)'r     /u\sinu  ,  „      , 

(    F(u) du  >  I  F{') du,        p  fixed  and  less  than  n. 

Jo  u  Jo  \k/    u 

In  the  inequalities  thus  established  let  A;  become  infinite.    Then  u/k  =  0  from 
above  and  F{u/k)  =  F{+  0).   It  therefore  follows  that 

„       „    /■(-'•- D" sin u  ,         ,.        t't,,  ^sintu,        ^,      _   /■-/"'sinu, 

F(+ 0)  I  du  <lim    (     F(u) du<F{+0)l        du. 

Jo  u  j  =  »Jo  u  Jou 

Although  p  is  fixed,  there  is  no  limit  to  the  size  of  the  number  at  which  it  is  fixed. 
Hence  the  inequality  may  be  transformed  into  an  equality 

li,n    rV(u)?i^du  =  F(+0)r"5i^d«=^F(+0). 
i  =  »Jo  u  Jo       u  2 

/""„,  .sinfcUj         ,,,     „,  /■«sin»  ,        tt  „,     „^ 
Likewise         lim    /    F(u) du  =  F{-  0)         du  =  -  ?  (-  0). 

l=^Ja  U  Jo  W  -J 

Hence  lim    f  V(u)  ?^^du  =  ^  [F(-f  0) -(- F(- 0)] 

*■=»  Ja  U  2 

or  lim  1   r::  V(.o  +  2u)?l^ll?iL±^"du  =  l[/K  +  0)+/(.„-0)]. 

„  =  »irJ-J  smu  2 

Hence  for  every  point  x„  in  the  interval  0<i<27r  the  series  converges  tn  the 
function  where  continuous,  and  to  the  mid-point  of  the  break  where  discontinuous. 
As  the  function  f(x)  has  the  period  2 ir,  it  is  natural  to  suppose  that  the  loii- 
vergence  at  J  =  0  and  x  =  2v  will  not  differ  materially  from  that  at  any  other 
value,  namely,  that  it  will  be  to  the  value  J  [/(-(-  0)  -|-/(27r  -  0)].  This  may  In- 
shown  by  a  transformation.    If  k  is  an  odd  integer,  2  n  -1-  1. 

sin  (2  n  -I-  1)  u  =  sin  (2  n  -I-  1)  (ir  -  u)  =  sin  (2  n  -(-  1) «', 
H„    rV(u)^'"<^"  +  ^^"du  =  lim    r-'F(u'r'^"'-^'^"'du'  =  ^F(u'=  +  0). 

Hence        lim    r>(„)!!lL<^^L±2)Jf  du  =  lim /°+   r''=  |  [F(+ 0)  +  F(.  -  0)]. 

n  =  «.  Jo  U  "=«  JO  Jb  I 

Now  for  ..  =  0  or  X  =  2  ,r  the  sum  S„  =  -   f  '/(^  u)  ^.');^- ^  "  ''"^  =^"'1  'Le  limit 
will  therefore  be  \  [/(+  0)  -|-/(2ir  -  0)]  as  predicted  above. 
The  convergence  may  be  examined  more  closely.    In  fact 


1    r'-^  „    V    "    sinfcu,        1    r'^^^vr  „^®'"' 


sin  fcu  , 
du. 


464  THEORY  OF  FUNCTIONS 

Suppose  0<aSjS^<27rsn  that  the  least  possible  upper  limit  b  (i)  is  tt  —  ^  ^ 
and  the  greatest  possible  lower  limit  a  (j)  is  —  \  ex.  Let  n  be  the  number  of  times 
2  ir/k  is  contained  inir  —  i  /3.   Then  for  all  values  oi  i  in  aSx^p, 

J,.C2j>-i)>T     /     uNsinu,                r^^^^-c       .sinfcu 
F/j:,-) du  +  i<\        F{i.u) du 
0                  \     kl     u                    Jo                        u 

Jr^P'^  /     «\  sinu  , 
Fix,-) dit  +  7),        p<n, 
0           \     kl     u 

where  e  and  ij  are  the  integrals  over  partial  periods  neglected  above  and  are  uni- 
formly small  for  all  j's  of  <r  s  j  s  /S  since  F{i,  u)  is  everywhere  finite.  This 
shows  that  the  number  p  may  be  chosen  uniformly  for  all  I's  in  the  interval  and 
yet  ultimately  may  be  allowed  to  become  infinite.  If  it  be  now  assumed  that  f(z)  is 
continuous  for  a  s  i  s  (S,  then  F  (x,  u)  will  be  continuous  and  hence  uniformly 
continuous  in  (x,  u)  for  the  region  defined  hj  a'^i  =  p  and  — ii  =  M=fl'— Jj. 
Hence  F(x,  u/k)  will  converge  uniformly  to  F{x,  +  0)  as  fc  becomes  infinite.    Hence 

^,  „,    /■"sinu  ,         ,       r''^^>„,       ,sinfcu^        _,  _    r"  smu  _,     .     , 

Fix,  +0)1      du  +  e'<  F{x,u) du<F{x,+0)  du  +  t,' 

Jo        u  Jo  u  Jo        u 

where,  if  5  >  0  is  given,  K  may  be  taken  so  large  that  |  e'  |  <  J  and  \ri'\<S  for  k>K; 
with  a  similar  relation  for  the  integration  from  a  {x)  to  0.  Hence  in  any  interval 
0<asi^j3<27r  over  which  f(x)  is  continuous  S„ (x)  converges  uniformly 
toward  its  limit /(i).  Over  such  an  interval  the  series  may  be  integrated  term  by 
term.  If  f{x)  has  a  finite  number  of  discontinuities,  the  series  may  still  be  inte- 
grated term  by  term  throughout  the  interval  0  s  i  s  2  jr  because  S„  (x)  remains 
always  finite  and  limited  and  such  discontinuities  may  be  disregarded  in  integration. 


EXERCISES 

1.  Obtain  the  expansions  over  the  indicated  intervals.    Integrate  the  series. 
Also  discuss  the  differentiated  series.   Make  graphs. 

,   .      ■^^         11  1        .         1        o         1        . 

(a)  = cosx  +  -cos 2 1 cosSi  H cos4x  —  .  .  . 

2sinhTr      2      2  5  10  17 

—  IT  to    -I-  IT, 

.1.  2.„  3.„  4., 

-)--sinx sin2iH sinSx sin  4 1  -f-  •  •  ■ , 

2  5  10  17 

(.P)  Jt,  as  sine  series,  0  to  t,  (7)  jir,  as  cosine  series,  0  to  ir, 

...     .  4  ri      cos2x      cos4x      cos6x  1    ^ 

{S)  sm I  = ,  0  to  ff, 

7rL2        1-3  3-5  5-7  J 

(c)  cosz,  as  sine  series,  0  to  tt,  (f)  e',  as  cosine  series,  0  to  tt, 

(17)  xsini,  —  IT  to  ff,         (0)  xcosx,  —  n-  to  ir,         (i)  ir  +  x,  —  n  to  -jr, 

(k)  sinfe,  —  TT  to  IT,  6  fi-actional,         (X)  cos  fix,  —  tt  \,o  ir,  0  fractional, 

/    ^   /•/   ^        r  i  TT,  0  <  X  <  ir,     ,  ,    ,,   ,        f  i  TT,  0  <  X  <  J  ir,  .  . 

(^)/(x)  =  |J_  .<x<2.;     <'')-^<^)=V-^,  >.<x<.,=^^^""-^'-''-'0^°'^' 

(0)   —  log(2sin-)  =  cosx -I- -co.s2x -(- -cos3x  + -cos4x  +  •  ■  ■,  0  to  ir. 
\  2/  2  3  4 
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(tt)  X,  —  1  it  to  I  it,         (p)  sin  J  I,  —  ^  tt  to  I  ir,         {<r)  cos  ^x,  —  |  tt  to  ^  ir, 

(t)  from  (o)  find  expansions  for  log  cos  ^x,  log  vers  x,  log  tan  J  x.  Xote  that  in 
these  cases,  as  In  (o),  the  function  does  not  remain  finite,  but  its  integral  does. 

2.  What  peculiarities  occur  in  the  trigonometric  development  from  —  ir  to  tt 
for  an  odd  function  for  which  f{x)  =/(ir  —  x)  ?  for  an  even  function  for  which 
/(x)=/(5r-x)? 

3.  Show  tliat /(i)  =  ^'^isin with  '<*  =  -    (    /(x)  sin dx  is  the  trigo- 

iiometric  sine  series  for/(i)  over  the  iiitenal  0<x<c  and  that  the  function  thus 
defined  is  odd  and  of  period  2  c.  Write  the  corresponding  results  for  the  cosine 
series  and  for  the  general  Fourier  series. 

4.  Obtain  Nos.  808-812  of  Peirce's  Tables.    Graph  the  sum  of  Nos.  809  and  810. 

5.  Let  e (x)  =  f(x)  —  ^  a,,  —  aj  cos  x a„  cos  nx  —  6j  sin  x 6„  sin  tix 

be  the  error  made  by  taking  for/(i)  the  first  2  n  +  1  terms  of  a  trigonometric  series. 

1     />  +  " 
The  mean  value  of  the  square  of  e(x)  is  —  j       [e{x)]^dx  and  is  a  function 

F{aa,  a, ,  •  •  ■ ,  a-n,  \,  ■  ■  ■ ,  K)  of  the  coefficients.  Show  that  if  this  mean  square 
error  is  to  be  as  small  as  possible,  the  constants  a^,  Oj,  •  •  • ,  o„,  ftj,  ■  •  • ,  6,  must  be 
precisely  those  given  by  (16) ;  that  is,  show  that  (16)  is  equivalent  to 

6.  By  using  the  variable  X  in  place  of  x  In  (16)  deduce  the  equations 
/(i)  =  -i-   r'7(X)cosO(X-x)(lX  +  -y   r  7(X)cosfe(X-x)dX 

and  hence  infer       /(x)  =^  arte'*^-,        ""^^i  'f(x)e^'^dx. 

—  OS 

7.  Without  attempting  rigorous  analysis  show  formally  that 

r  4,(a)da=   lim  [■  -  ■  +  0(- n- Aa)Aa  +  0(-n  +  l-Aa)Aa  + •  •  •  + «(-lAa)Aa 
'^"°         +  0(0- A«)Aa  + 0(1- Aa)Aa  +  ---  +  0(nAar)Aa+ •••] 


=    lim  T0(*:Aa)Aa:=  I'my^f*^^); 

Show  /(x)= f^ t  r/<^)^'^""'"'^^ =h%  /->^" 

is  the  expansion  of /(x)  by  Fourier  series  from  -  r  to  r.    Hence  infer  that 


^tv-^M  1      -^      r^„..  ,      *— f^-''*^(£X 
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is  an  expression  for/(x)  as  a  double  integral,  which  may  be  expected  to  hold  for 
all  values  of  i.    Reduce  this  to  the  form  of  a  Fourier  Integral  (Ex.  15,  p.  377) 

f(x)  =  -   f  f    f  {\)  cos  a  (X  —  x)d\da. 

8.  Assume  the  possibility  of  expanding /(x)  between  —  1  and  +  1  as  a  series  of 
Legendre  polynomials  (Exs.  13-20,  p.  252,  Ex.  16,  p. 440 )  in  the  form 

/(I)  =  OoPo  (I)  +  ajPi  (X)  +  aJP^  (j)  +  ■  •  •  +  aj-n  (i)  +  ■  •  •  ■ 

2*:  +  l    r^ 

Bytheaidof  Ex.  19,  p.  253,  determine  the  coefficients  as  at  = /    f{x)Pt(x)dx. 

2      v—\ 

For  this  expansion,  form  e  (i)  as  in  Ex.  5  and  show  that  the  determination  of  the 
coefficients  a,-  so  as  to  give  a  least  mean  square  error  agrees  with  the  determi- 
nation here  found. 

9.  Mote  that  the  expansion  of  Ex.  8  represents  a  function  f{x)  between  the 
limits  ±  1  as  a  polynomial  of  the  nth  degree  in  i,  plus  a  remainder.  It  may  be 
shown  that  precisely  this  polynomial  of  degree  ti  gives  a  smaller  mean  square  error 
over  the  interval  than  any  other  polynomial  of  degree  n.   For  suppose 

gn(l)  =  C„  +  CiJ  +  .  ■  ■  +  c^"  =  6o  +  6iPi  +  ■  ■  •  +  'J„P,. 

be  any  polynomial  of  degree  n  and  its  equivalent  expansion  in  terms  of  Legendre 
polynomials.  Now  if  the  c's  are  so  determined  that  the  mean  value  of  \_f(x)  —  ffn(i)]'^ 
is  a  minimum,  so  are  the  6's,  which  are  linear  homogeneous  functions  of  the  c's. 
Hence  the  6's  must  be  identical  with  the  a's  above.  Note  that  whereas  the  Maclaurin 
expansion  replaces /(j)  by  a  polynomial  in  j  which  is  a  very  good  approximation 
near  jr  =  0,  the  Legendre  expansion  replaces  f(x)  by  a  polynomial  which  is  the 
best  expansion  when  the  whole  interval  from  —  1  to  -(- 1  is  considered. 

10.  Compute  (cf .  Ex.  17,  p.  252)  the  polynomials  Pj  =  i,  P,  =  —  ;  +  ?  j2, 

Pz  =  -ii  +  i^\       p,  =  |- V-f'  +  ¥--cS       P5  =  V-x-¥-i'  +  -¥--r*- 

/.I                               2  /          6  \        2 
Compute    I    J" sin Tractc  =  0,  -  ( 1 r  1,  0, -,  0  when  i  =  4,  3,  2,  1,  0.   Hence  show 

•/-I  TT  \  tr- 1  IT 

that  the  polynomial  of  the  fourth  degree  which  best  represents  sin  wx  from  —  1 
to  +  1  reduces  to  degree  three,  and  is 


3 

sm  irx  =  -  J 


-J(3=^)(^'-^)=^■«^^-2•«^^■ 


Show  that  the  mean  square  error  is  0.004  and  compare  with  that  due  to  Maclaurin's 
expansion  if  the  term  in  x*  is  retained  or  if  the  term  in  i^  is  retained. 

11.  Expand  sin-in  =  —  P, I  \\p^-  1.553X  -  0.562x8. 

^  IT  TT       \7r^  / 

12.  Expand  from  —  1  to  +  1,  as  far  as  indicated,  these  functions  ; 

(a)  cosirx        toP^,         (/3)  e^  toP^,         (7)log(l  +  x)     to  P^, 

(5)  Vl-i2    toP^,         (f)  cos-ix       toP^,         (f)  tan-ix  to  P5, 

(")  ^==  ,    toPj,  (g)      ,    •*  tOPg,  (<)  ^ 


Vl+x'  Vl-X2  Vl  +  i 

What  simplifications  occur  if  f(x)  is  odd  or  if  it  is  even  ?  ■ 


SPECIAL  IXnXITE  DEVELOPMENTS  467 

175.  The  Theta  functions.  It  has  been  seen  that  a  function  with  the 
period  2  tt  may  be  expanded  into  a  trigonometric  series ;  that  if  the 
function  is  odd,  the  series  contains  only  sines ;  and  if,  furthermore, 
the  function  is  symmetric  with  respect  to  a;  =  J  tt,  the  odd  multiples 
of  the  angle  will  alone  occur.    In  this  case  let 

/(.'• )  =  2  [«„  sin  i'  —  «j  sin  3  J-  H h  (—  1)"  a„  sin  (2  n  +  1)  a;  H ]. 

As  2  sill  v.r  =  —  ('  (e""'  —  e-"^),  the  series  may  be  written 

/(^)  =2^^  (-  1)X  sin  (2  w  +  l)x  =  -  i  y  (-  l)»r,„e(=i-  +  i)",  a_„  =  «„_,. 

This  exponential  form  is  very  convenient  for  many  purposes.  Let  ip 
be  added  to  x.    The  general  term  of  the  series  is  then 

a  6'^""'"^"'''''''=   a  g-(2n-l)Pg-2lig(2n  +  l)xi 

Hence  if  the  coefficients  of  the  series  satisfy  «„_!«"''"'•  =  a„,  the  new 
general  term  is  identical  with  the  succeeding  term  in  the  given  series 
multiplied  by  —  e'>e~-"    Hence 

f{x  +  ip)  =  -e'-e-^''f{j')     if     .(„_!  =  a.e^'r 

The  recurrent  relation  between  the  coefficients  will  determine  them 
in  terms  of  a^.    For  let  q  =  e~''.   Then 

«n  =  ttn-i?'"  =  "n-2q'"q^'-'  =  ■■■  =  a^q^^q^'-'  ■  ■  ■  q^  =  «„9''  +  ", 

%  —  a_i  =  a_2?"^  =  tt-8?"^?"*  =  ■  •  •  =  a_„_,7-"'-". 

The  new  relation  on  the  coefficients  is  thus  compatible  with  the  original 
relation  a_„  =  a„_i.    If  a„  =  q*,  the  series  thus  becomes 

/(a;)  =  2?^sinx-2?*sin3xH |-(-l)"2r/i''"'^'''sin(2«  +  l)a; +  ■   •, 

f{x  +  2',r)=f{x\     f{x  +  -tr)  =  -f{x),    f{x  +  ip)  =  -q-'e-^''f(x). 

The  function  thus  defined  formally  has  important  properties. 

In  the  first  place  it  is  important  to  discuss  the  convergence  of  the 
series.    Apply  the  test  ratio  to  the  exponential  form. 


2  II  „- 2X1 


«n  +  l/"»  =  y'V",  «_„_,/('_„  =  '/ 

For  any  x  this  ratio  will  approach  the  limit  0  if  j  is  numerically  less 
than  1.  Hence  the  series  converges  for  all  values  of  x  provided  |5'|  <  1. 
Moreover  if  |a;|  <  ^G,  the  absolute  value  of  the  ratio  is  less  than  |j|''"e'', 
which  approaches  0  as  n  becomes  infinite.  The  terms  of  the  series 
therefore  ultimately  become  less  than  those  of  any  assigned  geometric 
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series.  This  establishes  the  uniform  convergence  and  consequently  the 
(•ontinuity  of /(.r)  for  all  real  or  complex  values  of  ,-■.  As  tlit^  series  for 
/■'  {x)  may  be  treated  similarly,  the  function  has  a  continuous  derivative 
and  is  everj-where  analytic. 

By  a  change  of  variable  and  notation  let 

H(u)=f{^),         ?  =  «-"^',  (19) 

7/(«)  =  2yisin|J-2vtsin|^  +  2,ysin|^-...       (20) 

The  function  II{u)j  called  eta  of  n,  has  therefore  the  jDroperties 

- —tP 
II (u  +2K)=-  H(u),         H(u  +  2  IK')  =  -  ./"  V   *'  //(«),    (21) 

H(u  +  2  mK  +  2  inK')  =  (—  l)'"  +  "<7-"e~'^"//(«),      vi,  n  integers. 

The  quantities  2  K  and  2  iK'  are  called  the  periods  of  the  function.  They 
are  not  true  periods  in  the  sense  that  2  tt  is  a  jjeriod  of /(x)  ;  for  when 
2  K  is  added  to  u,  the  function  does  not  return  to  its  original  value,  but 
is  changed  in  sign ;  and  when  2  iK'  is  added  to  ti,  the  function  takes 
the  multiplier  written  above. 

Three  new  functions  will  be  formed  by  adding  to  u  the  quantity  K 
or  iK'  or  iiT  +  iK',  that  is,  the  half  periods,  and  making  slight  changes 
suggested  by  the  results.  First  let /fj(«)  =  If  («  +  A").  By  substitution 
in  the  series  (20), 

H»=2,icosf|  +  2,tcos|^  +  2,Veos|^  +  ...      (22) 

By  using  the  properties  of  H,  corresponding  properties  of  H^, 

H^(u  +  2  A')  =  -  H^(u),         H^(u  +  2  iK')  =  +  q-'e' ^" H^{,i),  (23) 
are  found.    Second  let  iK'  be  added  to  n  in  H{ii)-    Then 

q  e  -  =ry  f  "c  "^ 

is  the  general  term  in  the  exponential  development  of  H{ii.  +  iK') 
apart  from  the  coefficient  ±  i.    Hence 

7/(»  +  ZA-')=t' J(-1)V 

—  X 
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Let.  0(„)  =  _  /,/V-^-"w(»  +  ;k')  =  ^{-  lf,/'\""^'' 

The  ilevclopiiieiit  of  ©((^  and  further  properties  are  evidently 

0OO  =  l-2,ycos|^  +  2,/eosi^-L>,/cos'i^+..,       (24) 

®{u+2K)  =  ®  («),  © („  +  2  iK')  =  —q- ',-'r'  ®  (m).  (25) 

Finally  instead  of  adding  K  +  iK'  to  n  in  //(»),  add  A"  in  ©  (w). 

©,(*/)  =  1  +  2  ,/  eos  1^  +  2  ./  cos  i^  +  2  ,/  cos  ?^'  +  . . . ,      (26) 

®,("  +  2  A-)  =  ©,(")>         0,("  +  2  iK')  =  +  ,/- '.-  '^"  ©^(„).         (27) 
For  a  tabulation  of  properties  of  the  four  functions  see  Ex.  1  below. 

176.  As  H(u)  vanishes  for  n  =  0  and  is  reproduced  except  for  a 
finite  multiplier  when  2  niK  +  2  n'lK'  is  added  to  u,  the  table 

H (m)  =  0  for  u  =  2  niK  +  2  nlK', 

H^{it)  =  0  for  u  =  (2  m  +  1)  A"  +  2  nlK', 

©  (h)  =  0  for  u  =  2  mK  +  (2  «  +  1)  iK', 

©,((0  =  0  for  n  =  (2  m  +  1)  A"  +  (2  n  +  1)  iK", 

contains  the  known  vanishing  points  of  the  four  functions.    Now  it  is 
possible  to  form  infinite  products  which  vanish  for  these  values.   From 
such  products  it  may  be  seen  that  the  functions  have  no  other  vanish- 
ing points.    Moreover  the  products  themselves  are  useful. 
It  will  be  most  convenient  to  use  the  function  ©,(m).    Now 

eK  '  =  —  q'--"-*-^),  —  oc  <  ra  <  oc  . 

iir  iff 

Hence        ^a"  +  ,y-(="+i)     and     e"Jf"  +  </"<="+>>,         n  S  0, 

are  two  expressions  of  which  the  second  vanishes  for  all  the  roots  of 
©j()0  for  which  n  ^  0,  and  the  first  for  all  roots  with  ii  <  0.    Hentie 

X     /  in    \  /  iffM\ 

TT  =  C  TT(1  +  q-"+'<''^l  [1  +  q-"*h-ir) 

is  an  infinite  product  which  vanishes  for  all  the  roots  of  ©;(").  The 
product  is  readily  seen  to  converge  absolutely  and  uniformly.  In  par- 
ticular it  does  not  diverge  to  0  and  consequently  has  no  other  roots 
than  those  of  ©j(")  above  given.  It  remains  to  show  tliat  the  product 
is  identical  with  ©,(*')  with  a  proper  determination  of  C. 
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in- 

Let  Oj(u)  be  written  in  exponential  fonn  as  follows,  with  z  =  e       : 

4>(z)  =  e,(u)  =  i  +  <J  (z  +  ^  +  g^  U  +  ^  +  ■  ■  ■  +  q"'  (i"  +  ^  +  ■  ■■ , 
i'{z)  =  r-'TK")  =  (1  +  9Z)(1  +  9°z)(l  +  9'z)-  •  ■(!  +  ?»»-i2)-  •  • 

A  direct  substitution  will  show  that  0 (^^z)  =  q~^z-^<t> (z)  and  ^ (g^'z)  =  g-  'z- 1^  (z). 
In  fact  this  substitution  is  equivalent  to  replacing  u  by  m  +  2  iE'  in  Qi.  Next  con- 
sider the  inrst  2  m  terms  of  ^  (z)  written  above,  and  let  this  finite  product  be  ^n(z)- 
'J'hen  by  substitution 

(52  »  +  qz)<p„(qH)  =  (1  +  g2»  +  iz)Vn(z). 

Now  f„(2)  is  reciprocal  in  z  in  such  a  way  that,  if  multiplied  out, 

xp„{z)  =  S  +  ai(z  +  -j  +  o^/z^  +  -W  ■  •  ■  +  a„/z»  +  -Y         a„  =  ?«'. 

n  n 

Then        (q'"'  +  (/z)  ^  a,(52'z'  +  q-^'z-')  =  (1  +  ^^n  +  iz)  V  ai{z'  +  z-'), 
0  0 

and  the  expansion  and  equation  of  coefficients  of  z'  gives  the  relation 

qi^  fr  (l_g2»-2*  +  2) 
(ti  =(ii-i ^ or    a,-  =  a„  —. 

1  _  rt2n  +  2i  0     i-l 

'  TT  (l-g2"  +  2*  +  2) 

t  =  0 

n-1  7i-( 

77    (l_g2»  +  2i  +  2)  (y.-^    "U    (1  _g2n  +  2f  +  2t) 

From    a„  =  (f',        a„  =  ^^^^^ ,        a,-  = =^i— ^ 

jy{i-q^t)  Va-s") 

t=i  1=1 

Now  if  n  be  allowed  to  become  infinite,  each  coefficient  oj  approaches  the  limit 

lim a.-  =  ^,        C  =  fr  (1  -  ?^")  =  (1  -  ?2)  (1  -  g4)  (1  _  g6). . .  . 

O  1 

Hence  ei(u)  =  TT(1  -  7^")  ■  TTU  +  9^"  +  ^e^"Al  +  S^'  +  'e"^  A 

1  0 

provided  the  limit  of  ^n(2)  may  be  found  by  taking  the  series  of  the  limits  of  the 
terms.  The  justification  of  this  process  would  be  similar  to  that  of  §  171. 

The  products  for  0,  H^,  H  may  be  obtained  from  that  for  ©^  by  sub- 
trafitiug  K,  iK\  K  +  iK'  from  u  and  making  the  needful  slight  altera- 
tions to  conform  with  the  definitions.  The  products  may  be  convei-ted 
into  trigonometric  form  by  multiplying.    Then 

HO')  =  C  2  q^  sin  ^.  Y  (1  -  2  q"  cos  1^  +  r/»),  (28) 
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H^(„)  =  C  2  qi  cos  If.  TT  (l  +  2  y»-  cos  ^  +  q*\  ^29) 

®(")  =  rf^{l-2  ./»"  +  '  cos  1^  +y4-  +  »y  ^;:J0) 

®,(")  =CJt(i+-2  </"+'  cos  ~  +  ,/"  +  A,  (31) 

r  =  fr  a  -  'r")  =  (1  -  ?»)  (1  -  ?;)  (1  -  o  ■  ■  ■  ■  (■■^-') 

//,(0)  =  f  2  -yi  fr  (1  +  >i^'Y\      ®  (0)  =  r  -n"  (1  -  ,/"+>)-, 


ii\()) 


=  r  ■>„! 


1 

TT 


-  V'  .77-  TT  (1  -  f/»)^  ©,(0^  =  r  TT  (1  +  y«"  +  >V' 

-    "     I  0 


The  value  of  [{'{O)  is  found  by  dividing  i/(iO  bv  «  and  lettinsj  «  =b  0 
Then 

W'(0^  =  ^3^.  /^/O)®  (0)0,(0)  (33) 

follows  by  direct  substitution  and  cancellation  or  combination. 
177.  Other  functions  may  l>e  built  from  the  theta  functions.    Let 

'     &^K)     e,(0)         ^^      ®,(0)'       Na-~h,^0)'   ^'^"*' 
1   //((') 


A-' H,()/)  ,  /77®i('0 

^'/■  <-'H'0  \X-  ®(»)  ©((()       ^ 

The  functions  sn  ii.  cn  ii,  dn  »  ai-e  called  elliptic  functions*  of  v.  As  // 
is  the  only  odd  theta  function,  sn  ii  is  odd  but  cn  ti  and  dn  u  are  even. 
.1//  f/inr  fiiiK'tii'iis  hint'  tiro  artitiil j)eriiuL<  in  the  same  sense  that  sin.r 
and  cos .(  have  the  period  2  v.  Thus  dn  ii  has  the  periods  2  A'  and  4  IK' 
by  (,2."">'i,-  {'2~^:  mid  sn  ii  hiis  the  i>erioils  4  A'  and  2  iK'  by  (25),  (21). 
That  cn  ii  has  4  A"  and  2  A'  +  2  iK'  as  periods  is  also  easily  verified. 
The  \ahu's  of  II  which  make  the  functions  ^'anish  ai-e  known;  they  ai-e 
those  which  make  the  numeratoi"S  v-anish.  In  like  manner  the  values 
of  II  for  which  the  thi-ee  functions  liecome  iniinit-e  are  the  known  roots 
(if  ®{ii). 

If  ij  is  known,  the  \'alues  of  V^  and  VF'  may  be  found  from  their 
definitions.    Conversely  the  expression  for  VA', 

®,(0)      1  +  2,/ +  2/ +  2^'+  ^ 

•  The  study  of  the  elliptic  functions  is  continueii  in  Ch.ipter  XIX. 
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is  readily  solved  for  q  by  reversion.  If  powers  of  q  higher  than  thp 
first  are  neglected,  the  approximate  value  of  q  is  found  by  solution,  as 

Hence     ?  =  2  I^^^  +  iT^IWr-r  2^  U  +  Va-'J  +  ^''^ 

is  the  series  for  q.  For  values  of  k'  near  1  this  series  converges  with 
great  rapidity;  in  fact  if  V^  ^  ^,k'  >  0.7,  Vk'  >  0.82,  the  second  term 
of  the  expansion  amounts  to  less  than  1/10^  and  may  be  disregarded 
in  work  involving  four  or  five  figures.  The  first  two  terms  here  given 
are  sufficient  for  eleven  figures. 

Let  *  denote  any  one  of  the  four  theta  series  H,  H^,  ©,  ©j.   Then 

,%\u)  =  ,j>{z)  =  ^  h^z",         z^e'x"  (38) 

— » 

may  be  taken  as  the  form  of  development  of  ^'f^;  this  is  merely  the 
Fourier  series  for  a  function  with  period  2  K.  But  all  the  theta  func- 
tions take  the  same  multiplier,  except  for  sign,  when  2  iK'  is  added  to  « ; 
hence  the  squares  of  the  functions  take  the  same  multiplier,  and  in  par- 
ticular ^(<fz)  =  q~'^z~^<f>(z).   Apply  this  relation. 

2;  byv  =  q-'z-'  -^  b^z",      by-+'  =  b„_„_. 

It  then  is  seen  that  a  recurrent  relation  between  the  coefficients  is  found 
which  will  determine  all  the  even  coefficients  in  terms  of  b^  and  all  the 
odd  in  terms  of  b^.   Hence 

^\u)  =  b^<^{z)  +  bj*(z),         b^,  &j,  constants,  (38') 

is  the  expansion  of  any  'J^  or  of  any  function  which  may  be  developed 
as  (38)  and  satisfies  <^{(fz)  =  q--z-^<t>(z).  Moreover  *  and  *  are  iden- 
tical for  all  such  functions,  and  the  only  difference  is  in  the  values  of 
the  constants  b^,  by 

As  any  three  theta  functions  satisfy  (38')  with  different  values  of  the 
constants,  the  functions  $  and  *  may  be  eliminated  and 

«*i  («)  +  y3*|(«)  -f-  y*|(")  =  0, 
where  a,  /3,  y  are  constants.    In  words,  the  squares  of  any  three  theta 
functions  satisfy  a  linear  homogeneous  equation  with  constant  coeffi- 
cients.   The  constants  may  \ie  determined  by  assigning  particular  values 
to  the  argument  u.   For  example,  take  H,  H^,  ®.    Then* 

*  For  brevity  the  parenthesis  about  the  aigimients  of  a  function  will  frequently  be 
omitted. 
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nH-(„)  +  fillf  i^u)  =  y®^(«),  y8«fO  =  y&%  nll'K  =  y&'K, 

&'/<  H-{ii)        0-0  Hf(„) 

H'K  @\n)  +  7If()  W^,,,)  =  ^'  "''  **"'  "  +  '■"'  "  =  1-  '•^«) 

l!y  treating  //,  0^,  0  in  a  similar  manner  may  lie  proved 

A-  sn- 11  +  dn^  m  =  1     and     /.■'•'  +  A-"  =  1.  (40) 

The  function  ^(i(),f(i,  -  ,,),  where  a  is  a  constant,  satisfies  the  rela- 
tion <^(7-;:)  =  (/---.--(•<!>{::)  if  log  C  =  iirii/K.  Eeasoning  like  that  used 
for  treating  d^  then  shows  that  between  any  three  such  ex))ressions 
there  is  a  linear  relation.    Hence 

aH(;it)H(u  -u)  +  pH^{u)H^(i,  -  a)  =  y®(i()®(u  -  «), 
11  =  0,  pH^(0)H^(a)  =  y®{0)®{a), 

V  =  A',  aH^ (0)  H^(a)  =  y®^ (0) 0,  (a), 

@0@fi@,<iH(i,)H(v  -<i)        &^0  Hj{ii)H,(ic  -a)        ®OH,n 
//fO0«0((O0("-")  H{0    ®{u)®(u-a)    ~'Hfi~®^' 

or  dn  a  sn  11  sn  (11  —  r/)  +  en  »  en  (ti  —  a)  =  en  a.  (41) 

In  this  relation  replace  n  by  —  r.    Then  there  results 
en  II  en  («  -f  r)  +  sn  n  dn  r  sn  (11  +  c)  =  en  v, 
or  en  ji  en  («  +  r)  +  sn  c  dn  u  sn (m  +  c)  =  en  «, 

,  ,  .        cn^  11  —  cn^  V  =  sn"  ?•  —  sn''  u  , ,  „ 

and  sn  («  +  v)  = ^ — ,  (42) 

sn  r  en  11  dn  u  —  sn  «  en  c  dn  i'  ^     ' 

» 

by  symmetry  and  by  solution.  The  fraction  may  be  reduced  by  multiply- 
ing numerator  and  denominator  by  the  denominator  with  the  middle 
sign  changed,  and  by  noting  that 

sn"  V  en-  ((  dn-  u  —  sn"  u  en"  v  dn'  c  =  (sn"  v  —  sn- 11)  (1  —  /:"  sn"  v  sn"  v). 

sn  II  im  r  dn  r  +  sn  v  en  11  dn  11  . ,  _^ 

Then  sn  (»  -|-  r)  = r^-^ ^ .  (43) 

^  ^  1  —  k^  sn'  u  sn-"  (•  ^     ' 

sn  )/  en  c  dn  r  —  sn  c  en  11  dn  ?^ 

and  sn  (a  —  r)  = :, —; — 5 :; > 

^  ^  1  —  /.-  sn''  (?  sn-  '• 

2sni'cni/dn«  , 

and  sn  (11  +  r)  —  snni  —  r)  = rr — ^ —  ■  (44) 

^  ^  ^      1  —  /v"  sn-"  II  sn-  /■  ^     ' 

Tlie  last  result  may  be  used  to  differentiate  sn  11.    For 

sn(<>  +  All)  —  SUV  _  sn  ^  A»  en  (»  -h  ^  A»)dn(i<.  -f  ^A»)  _ 
A«  ""     JA»     1  — /.•"sn"J  A»sn"(M  +  ^A/() 

'/  T  ,.     sn?(  ,,. 

—  sn  II  =  q  cu  It  dn  v,         g  =  Inn (*o) 

ihi  uio     " 
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Here  g  is  called  the  multiplier.    By  definition  of  snw  and  by  (33) 

0^(0)  /f '10)^^  f45') 

•''      //^(O)  0(0)       2K    ^^  '  ' 

The  periods  2  A',  2  iK'  have  been  independent  up  to  this  pohit.  It  will, 
liowever,  be  a  convenience  to  have  g  =  1  and  thus  simplify  the  formula 
for  differentiating  snw.    Hence  let 


^  =  1, 


^ 


"Ji  =  ®m  =  \  +  2q  +  2q'  +  ---.  (46) 

IT  ' 


Now  of  the  five  quantities  A',  K',  I.;  /.',  q  only  one  is  independent. 
If  Y  is  known,  then  k'  and  A'  may  be  computed  by  (36),  (46);  k  is  de- 
termined by  /."  +  k'-  =  1,  and  A"  by  ttK'/K  =-\ogq  of  (19).  If,  on  the 
other  hand,  //  is  given,  q  may  be  computed  by  (37)  and  then  the  other 
(luantities  may  be  determined  as  before. 

EXERCISES 

in  in 

1.  With  the  notations  \  =  q~-'e   ^i:  .  ^  =  q-'e    -^     establish: 
;/(-«)=_  H(u),       II(u  +  -JK)  =  -  II(u}.  H{u  +  2iK')=-  iiH(u), 

//j(_  H)  =  +  //,(«).     7/,(H  +  L'A')=- //,(«).  H^{u  +  2iK')=+ ^iE^(u), 

e(-H)  =  +9(")^       e(«  +  2A')  =  + e(«),  e(u  +  2iE')=- ^e{u), 

ei(- ")  =  +  «! («)■     H,(H +  2A-)  =  +  ei(«).         e^{u  +  2iE')  =  +  pie^(u), 

ii(„  +  K)  =  +  //,(«).     //("  +  /A")  =  ;xe(H).       //(«  +  A'  +  iA")  =  +  xei(u), 

//j  (a  +  A )  =  -  //  (u),  // ,  («  +  iK')  =  +  AOi  («  *  //i  (u  +  A'  +  lAT')  =  -  ixe (u), 
e(u+  A')  =  + «i(u).  H(«+ (7v")  =  i\7/(«).  0(u  + K +  iK')  =  +\H^(u), 
e^(u  +  E)  =  +0(u).        Hi(h  +  ,A")=+ \H'i(u),     ei(u  +  A"  +  iA'')  =  + iXir(u). 

2.  Show  that  if  u  is  real  and  (/  =  5,  the  first  two  trigonometric  terms  in  the 
series  for  H,  H^.  Q.  Gj,  give  four-place  accuracy.  Show  that  with  q  S  0.1  these 
terms  give  about  six-place  accuracy. 

3.  Use —   -'  —  -  ,  =  <i  sill  ir  +  1/2  .sin  2  (r  +  i?^  sin  3  a  -|-  •  ■  •  to  prove 

\  —  iq  cos  a  +  7- 

(.      TTU            „     .      2  irU            ,     .      3  TTU 
o  sm  —      g-'  sm q'  sm 
^H- ^  + ^  +  . 
]  _  ^2            1  _  q,4              1  _  g« 

4.  Prove  the  double  periodicity  of  cnu  and  show  that : 

sn  («  -I-  iK')  = ,         sn  (it  -(-  a:  -I-  iK')  = , 

A;  sn  u  K  en  u 

cn(M  +  iA'0  =  ~^^"",         cn{u  +  K  +  iK')  =  ^::-^, 
fc  sn  u  K  en  u 

dn(i/-f  A-)  =  -^,         dn(u+iK')  =  -i^^,        dn{u  +  K  +  iK')  =  ik'^^. 
dn  u  sn  u  en  u 


sn 

(» 

+  A-)  = 

en  « 
dnu 

en 

(u 

+  a:)  = 

—  fc'  sn  u 

dnu 

k' 
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5.  Tabulate  the  values  of  sn  u,  en  u,  dn  u  at  0,  K,  iK\  K  +  iA''- 

6.  Compute  fc'  and  k^  for  g  =  J  and  g  =  0.1.  Hence  show  that  two  trigonometric 
terms  in  the  theta  series  give  four-place  accuracy  if  k'  ^  \. 

en  u  en  t!  —  sn  u  sn  u  dn  u  dn  d 


7.  Prove  cn(u  +  ») 


and  dn  (u  +  u)  : 


\—  k^  sn^  u  sn^  v 

dn  u  dn  »  —  A:^  sn  u  sn  B  en  u  en  v 
\  —  k"^  sn'^  u  sn''  v 


8.  Prove  —  cnu=— snudnu,        — dnu  =— fc^snucnu,        9  =  1. 

du  du 

9.  Prove  sn-'u  =  I     — ^1==^:^=:^=^  from  (45)  with  g  =  1. 

'''>    V(l-  u^)(l-k^u^) 

10.  If  3  =  1,  compute  A,  fc',  A',  K',  for  g  =  0.1  and  q  =  0.01. 
H.  If  3  =  1,  compute  k',  q,  K,  A",  for  k^  =  I,  f ,  ^. 

12.  In  Exs.  10,  11  write  the  trigonometric  expressions  which  give  sn  u,  en  u,  dn  u 
with  four-place  accuracy. 

13.  Find  sn  2  u,  en  2  u,  dn  2  u,  and  hence  sn  J  «,  en  J  u,  dn  J  u,  and  show 

sii^K  =  {l  +  k^-i,         enJA-  =  Vr(l-i- fc')-i,         dniA'  =  VP. 

14.  Prove  —  fc  fsn  u  dn  =  log  (dn  u  +  kcnu);  also 

e^(0)H{ii  +  a)H{u  -  a)  =  e2(a)H2(u)  -  H'^(a)e^u), 
e2(0)e(u  -1-  a)e(u  -  a)  =  e^(u)e^{a)  -  H^(u)H^a). 


CHAPTER  XVIII 

FUNCTIONS  OF  A  COMPLEX  VARIABLE 

178.  General  theorems.  The  complex  function  »  (./■,  //)  +  ir  (;?-,  y), 
where  u  (or,  ij)  and  r  (,r,  ij)  are  single  valued  real  functions  continuous 
and  differentiable  partially  with  respect  to  v  and  ?/,  has  been  defined 
as  a  fimction  of  the  complex  variable  z  =  x  -\-  iy  when  and  only  when 
the  relations  w^  =  c^,  and  wj,  =  —  v\  are  satisfied  (§73).  In  this  case 
the  function  has  a  derivative  with  respect  to  z  which  is  independent 
of  the  way  in  which  t^x  approaches  the  limit  zero.  Let  w  =  fiz)  be  a 
function  of  a  complex  variable.  Owing  to  the  existence  of  the  deriva- 
tive the  function  is  necessarily  continuous,  that  is,  if  e  is  an  arbitrarily 
small  positive  number,  a  number  8  may  be  found  so  small  that 

|/(^)-/(^o)l<'     ^hen     \z-z^\<l,  (1) 

and  moreover  this  relation  holds  uniformly  for  all  points  z^  of  the 
region  over  which  the  function  is  defined,  provided  the  region  includes 
its  bounding  curve  (see  Ex.  3,  p.  92). 

It  is  further  assumed  that  the  derivatives  ii'^,  u',j,v'^,  v'y  are  continuous 
and  that  therefore  the  derivative  f  {z)  is  continuous.*  The  function 
is  then  said  to  be  an  analytic  function  (§  126).  All  the  functions  of  a 
complex  variable  here  to  be  dealt  with  are  analytic  in  general,  although 
they  may  be  allowed  to  fail  of  being  analytic  at  certain  specified  points 
called  singular  points.  The  adjective  "analytic"  may  therefore  usually 
be  omitted.    The  equations 

w  =  f{z)     or     ,<  =  u  (a-,  ,j),         „  =  ,■  {jc,  y) 

define  a  transformation  of  the  a-y-plane  into  the  wy-plane,  or,  briefer,  of 
the  2-plane  into  the  w-plane ;  to  each  point  of  the  former  corresponds 
one  and  only  one  point  of  the  latter  (§  63).    If  the  Jacobian 


=  (":/  +  (":)'  =  I. /•'(^)r  (2) 


*  It  may  be  proved  that,  in  the  case  of  functions  of  a  complex  variable,  the 
continuity  of  the  derivative  follows  from  its  existence,  but  the  proof  will  not  be 
given  here. 

47fi 
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of  the  transformation  does  not  vanish  at  a  point  i„,  the  equations  may 
be  solved  in  the  neighborhood  of  that  point,  and  hence  to  each  point 
of  the  second  plane  corresponds  only  one  of  the  first: 

x=x{u,r),         1/ =  1/(11,  c)     or     ^  =  </,(«;). 

Therefore  it  is  seen  that  if  w  =  f{z)  is  analytic  in  the  neighborhood 
"Z®  =  %>  "W*^  if  the  derivative  f'{z^  does  not  vanish,  the  function  may  he 
sol  red  as  z  —  ^{ir),  where  <^  is  the  inverse  function  of/,  and  is  like- 
wise analytic  in  the  neighborhood  of  the  i)oint  u-  —  w^.  It  may  readily 
he  shown  that,  as  in  the  case  of  real  functions,  the  derivatives /'(s)  and 
<^'("')  iii'«  reciprocals.  Moreover,  it  may  be  seen  that  the  transfoniio- 
fion  is  confonmd,  that  is,  that  the  angle  between  any  two  curves  is 
unchanged  by  the  transformation  (§  63).    For  consider  the  increments 

^^"  =  [/'  (^0)  +  «]  A^  =  /'  (^„)  [1  +  i/f  (^„)]  Az.        f  («„)  ^  0. 

As  As  and  Aiv  are  the  chords  of  the  curves  before  and  after  transforma- 
tion, the  geometrical  interpretation  of  the  equation,  apart  from  the  infin- 
itesimal I,  is  that  the  chords  Az  are  magnified  in  the  ratio  |/'(«„)|  to  1 
and  turned  through  the  angle  of  f'(z^)  to  obtain  the  chords  Aw  (§  72). 
In  the  limit  it  follows  that  the  tangents  to  the  w-curves  are  inclined  at 
an  angle  equal  to  the  angle  of  the  corresponding  s-curves  plus  the  angle 
oif'(z^).    The  angle  between  two  curves  is  therefore  imchanged. 

The  existence  of  an  inverse  function  and  of  the  geometric  interpre- 
tation of  the  transformation  as  conformal  both  become  illusory  at  points 
for  which  the  derivative  /'(-)  vanishes.  Points  where /'(«)  =  0  are 
called  critical  points  of  the  function  (§  183). 

It  has  further  been  seen  that  the  integral  of  a  function  which  is  anar 
lytic  over  any  simply  connected  region  is  independent  of  the  path  and 
is  zero  around  any  closed  path  (§  124)  ;  if  the  region  be  not  simply  con- 
nected but  the  function  is  analytic,  the  integral  about  any  closed  path 
which  may  be  shrunk  to  nothing  is  zero  and  the  integrals  about  any 
twb  closed  paths  which  may  be  shrunk  into  each  other  are  equal  (§  125). 
Furthermore  Cauchy's  result  that  the  value 

■A^)  =  2il/S'^'  (^) 

of  a  function,  which  is  analytic  upon  and  within  a  closed  path,  may  be 
found  by  integration  around  the  path  has  been  derived  (§  126).  By  a 
transformation  the  Taylor  development  of  the  function  has  been  found 
whether  in  the  finite  form  with  a  remainder  (§  126)  or  as  an  infinite 
series  (§  167).    It  has  also  been  seen  that  any  infinite  power  series 
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which  converges  is  differentiable  and  hence  defines  an  analytic  function 
within  its  circle  of  convergence  (§  166). 

It  has  also  been  shown  that  the  suni,  difference,  product,  and  (juotient 
of  any  two  functions  will  be  analytic  for  all  points  at  which  l)otli  func- 
tions are  analytic,  except  at  the  points  at  which  the  denominator,  in  the 
case  of  a  quotient,  may  vanish  (Ex.  9,  p.  163).  The  result  is  evidently 
extensible  to  the  case  of  any  rational  function  of  any  number  of  analytic 
functions. 

From  the  possibility  of  development  in  series  follows  that  if  two 
functions  are  analytic  in  the  neighborhood  of  a  point  and  hare  identical 
values  upon  any  curve  drawn  tlirougli  that  jjoint,  or  even  ujion  any  set 
of  points  which  approach  that  point  as  a  limit,  theii  the  f unctions  are 
identically  equal  u-ithin  their  rommon  circle  of  com'ergence  and  over  all 
regions  which  can  he  reached  by  (§  169)  continuing  the  functions  analyti- 
cally. The  reason  is  that  a  set  of  points  converging  to  a  limiting  point 
is  all  that  is  needed  to  prove  that  two  power  series  are  identical  pro- 
vided they  have  identical  values  over  the  set  of  points  (Ex.  9,  p.  439). 
This  theorem  is  of  great  importance  because  it  shows  that  if  a  function 
is  defined  for  a  dense  set  of  real  values,  any  one  extension  of  the  defi- 
nition, which  yields  a  fraction  that  is  analytic  for  those  values  and  for 
complex  values  in  their  vicinity,  must  be  equivalent  to  any  other  such 
extension.  It  is  also  useful  in  discussing  the  princijilc  of  permanence  of 
form;  for  if  the  two  sides  of  an  equation  are  identical  for  a  set  of 
values  which  possess  a  point  of  condensation,  say,  for  all  real  rational 
values  in  a  given  interval,  and  if  each  side  is  an  analytic  function,  then 
the  equation  must  be  true  for  all  values  which  may  be  reached  by  ana- 
lytic continuation. 

For  example,  the  equation  sin  x  =  cos  (J  ir  —  i)  is  known  to  hold  for  the  values 
0  s  I  s  J  jr.  Moreover  the  functions  sin  z  and  cos  z  are  analytic  fi.ir  all  values  of  z 
whether  the  definition  be  given  as  in  §  74  or  whether  the  functions  be  considered 
as  defined  by  their  power  series.  Hence  the  equation  must  hold  for  all  real  or 
complex  values  of  x.  In  like  manner  from  the  equation  (P^e"  =  e^  +  y  which  holds 
for  real  rational  exponents,  the  equation  e^e"  =  e'  +  «'  holding  for  all  real  and  im- 
aginary exponents  may  be  deduced.  For  if  y  be  given  any  rational  value,  the 
functions  of  x  on  each  side  of  the  sign  are  analytic  for  all  values  of  x  real  or  com- 
plex, as  may  be  seen  most  easily  by  considering  the  exponential  as  defined  by  its 
power  series.  Hence  the  equation  holds  when  x  has  any  complex  value.  Next 
consider  i  as  fixed  at  any  desired  complex  value  and  let  the  two  sides  be  con- 
sidered as  functions  of  y  regarded  as  complex.  It  follows  that  the  equation  must 
hold  for  any  value  of  y.   The  equation  is  therefore  true  for  any  value  of  z  and  w. 

179.  Suppose  that  a  function  is  analytic  in  all  points  of  a  region  ex- 
cept at  some  one  point  within  the  region,  and  let  it  be  assumed  that 
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the  function  ceases  to  be  analytic  at  that  point  because  it  ceases  to  be 
continuous.  The  discontinuity  may  be  either  finite  or  infinite.  In  I'ase 
the  discontinuity  is  finite  let  |/(2)|<  <i  in  the  neighborhood  of  the 
point  X  =  a  of  discontinuity.  C'ut  the  point  out 
with  a  small  circle  and  apply  Cauchy's  Integral  to 
a  ring  surrounding  the  point.  The  integral  is  appli- 
cable because  at  all  points  on  and  within  the  ring 
the  function  is  analytic.  If  the  small  circle  be 
replaced  by  a  smaller  circle  into  which  it  may  be 
shrunk,  the  value  of  the  integral  will  not  be  changed. 


/(^)  =  A- 


XS-X^ 


m 


dt 


1,2, 


Now  the  integral  about  -y,-  which  is  constant  can  be  made  as  small 
as  desired  by  taking  the  circle  small  enough  ;  for  |  f{t)  |  <  G  and 
I*  —  s|  >  |a  —  ^1  —  »■,-,  where  ?•,•  is  the  radius  of  the  circle  y,.  and  hence 
the  integral  is  less  than  2  Tn\G/[\z  —  a\—  r,].  As  the  integral  is  con- 
stant, it  must  therefore  be  0  and  may  be  omitted.  The  remaining  inte- 
gral about  C,  however,  defines  a  function  which  is  analytic  at  s  =  o. 
Hence  if  /(«)  be  chosen  as  defined  by  this  integral  instead  of  the 
original  definition,  the  discontinuity  disappears.  Finite  d'lscontinulties 
may  therefore  he  considered  as  due  to  had  judgment  in  defining  a 
function  at  some  point;  and  may  therefore  be  disregarded. 

In  the  case  of  infinite  discontinuities,  the  function  may  either  become 
infinite  for  all  methods  of  approach  to  the  point  of  discontinuity,  or  it 
n\?iy  become  infinite  for  some  methods  of  approach  and  remain  fnite  fur 
other  methods.  In  the  first  case  the  function  is  said  to  have  a  pole  at 
the  j)oint  ^  =  ./  of  discontinuity;  in  the  second  case  it  is  said  to  have 
an  essential  singiilarifg.  In  the  case  of  a  pole  consider  the  reciprocal 
function 

The  function  F{z)  is  analytic  at  all  points  near  z  =  a  and  remains 
finite,  in  fact  approaches  0,  as  z  approaches  ((.  As  V{(i)  =  0,  it  is  seen 
that  F{z)  has  no  finite  discontinuity  at  g  =  a  and  is  analytic  also  at 
z  =  a.    Hence  the  Taylor  expansion 

F{z)  =  ajz  -  «)•»  +  a„+i(^  -  a)'»+'  +  ■  ■  ■ 

is  proper.  If  E  denotes  a  function  neither  zero  nor  infinite  at  s  =  a, 
the  following  transformations  may  be  made. 
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y-X.)  =  (.  _  f,)'" /•:,(,-.■),      /'(■-)  =  (-  -  '0""E^ix), 

In  other  words,  a  fvmction  which  has  a  pole  at  z  =  a  may  be  written 
as  the  product  of  some  power  (z  —  a')-'"  by  an  ^-function;  and  as  the 
/i-function  may  be  exjianded,  the  function  may  be  expanded  into  a 
power  series  which  contains  a  certain  number  of  negative  powers  of 
(;;  _  „y  The  oriler  m  of  the  highest  negata-c  poirer  is  called  the  order 
of  the  ])ole.    Compare  Ex.  5,  p.  449. 

If  the  function  f{z)  be  integrated  around  a  closed  curve  lying  within 
the  circle  of  convergence  of  the  series  C'„  +  C^{z  —  <')  +  •••,  then 

+  f  [C„+  C^iz  -  a)  +  ■  ■  yz  =  27rlC_„ 
Jo 

(z)dz  =  2  7rlC_,;  (4) 


Jo 


for  the  first  vi  —  1  terms  may  be  integrated  and  vanish,  the  term 
C_-y/{z  —  a)  leads  to  the  logarithm  C_ilog(s  —  «)  which  is  multiple 
valued  and  takes  on  "the  increment  2  7riC_i,  and  the  last  term  vanishes 
because  it  is  the  integral  of  an  analytic  function.  The  total  value  of 
the  integral  of  fix)  about  a  small  circuit  surrounding  a  pole  is  there- 
fore 2  •7rtC_i.  The  value  of  the  integral  about  any  larger  circuit  within 
which  the  function  is  analytic  except  at  s  =  a  and  which  may  be  shi'unk 
into  the  small  circuit,  will  also  be  the  same  quantity.  The  coefficient 
C_i  of  the  term  (z  —  a)"^  is  called  the  residue  of  the  jiole  ;  it  cannot 
vanish  if  the  pole  is  of  the  first  order,  but  may  if  the  pole  is  of  higher 
order. 

The  discussion  of  the  behavior  of  a  function  /'(s)  when  x  becomes 
infinite  may  be  carried  on  by  making  a  transformation.    Let 

«'  =  ;'      -  =  l^      /(^)=/(J)  =  ^(-')-  (5) 

To  large  values  of  z  correspond  small  values  of  z' ;  if  /(,-)  is  analytic 
for  all  large  values  of  .-,  then  F(z')  will  be  analytic  for  values  of .-'  near 
the  origin.  At  z'  =  0  the  function  F(z')  may  not  be  defined  by  (5)  ;  but 
if  F{z')  remains  finite  for  small  values  of  z',  a  definition  may  be  given 
so  that  it  is  analytic  also  at  s'  =  0.    In  this  case  F(0)  is  said  to  be  the 
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value  of  /(-■)  when  s  is  infinite  and  tlie  notation  /(ao)  =  F{0)  may 
he  used.  If  F{z')  does  not  remain  finite  but  li;is  a  i)ole  at  s'  =  0,  then 
/(s)  is  said  to  have  a  pole  of  the  same  order  at  z  =  x;  and  if  F{z') 
lias  an  essential  singularity  at  z'  =  0,  then  f(z)  is  said  to  have  an  essen- 
tial singularity  at  s  =  oc.  Clearly  if  f(z)  has  a  i)ole  at  z  =  oo,  the  value 
of  f(z)  must  become  indefinitely  great  no  matter  how  z  becomes  infi- 
nite; but  if  f(z)  has  an  essential  singularity  at  s  =  cc,  there  will  be 
some  ways  in  which  z  may  become  infinite  so  that  f(z)  remains  finite, 
while  there  are  other  ways  so  that  /(-)  becomes  infinite. 

Strictly  speaking  there  is  no  point  of  the  s-plane  which  corresponds 
to  z'  =  0.  Nevertheless  it  is  convenient  to  speak  as  if  there  were  such 
a  point,  to  call  it  tlie  jxilnt  at  infinltij,  and  to  designate  it  as  «  =  oo.  If 
then  F(z')  is  analytic  for  s'  =  0  so  that  f{z)  may  be  said  to  be  analytic 
at  infinity,  the  exjjansions 

F{z')  =  C\  +  C-'  +  ry^  +...  +  c\z"^  +  ...= 

are  valid  ;  the  function  /(,-)  has  been  expanded  about  the  point  at  infin- 
ity into  a  descending  2""i^er  series  in  z,  and  the  series  will  converge  for 
all  points  z  outside  a  circle  |s|  =  R.    For  a  pole  of  order  m  at  infinity 

f{z)  =  C_„.s"'  +  C'_,„^,^-»-i  +  . . .  +  C_,z  +  c-„  +  ^  +  ^  +  . . .  . 

Simply  because  it  is  convenient  to  introduce  the  concept  of  the  point 
at  infinity  for  the  reason  that  in  many  ways  the  totality  of  large  values 
for  z  does  not  differ  from  the  totality  of  values  in  the  neighborhood  of 
a  finite  point,  it  should  not  be  inferred  that  the  point  at  infinity  has 
all  the  properties  of  finite  points. 

EXERCISES 

1.  Discuss  sin  (x  +  y)  =  sin  x  cos  y  +  cos  i  sin  y  for  permanence  of  form. 

2.  If  f{z)  lias  an  essential  singularity  at  «  =  a,  show  that  l//{z)  has  an  essential 
singularity  at  z  =  a.  Hence  infer  that  there  is  some  method  of  approach  to  z  =  o 
such  that  /(z)  =  0. 

3.  By  treating  /(z)—  c  and  [/(z)—  c]-'  show  that  at  an  essential  singularity  a 
function  may  be  made  to  approach  any  a.ssignert  value  c  by  a  suitable  method  of 
approaching  the  singular  point  z  =  «. 

4.  Find  the  order  of  the  poles  of  these  functions  at  the  origin  : 

(a)  cot  z,         (/3)  csc2  z  log  (1  -  z),         (7)  z  (sin  z  -  tan  z)-i. 
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5.  Show  that  if  /(z)  vanishes  at  z  =  a  once  or  n  times,  the  quotient  f'(z)/f(z)  has 
the  residue  1  or  n.  Show  that  if  /(z)  has  a  pole  of  the  mth  order  at  z  =  a,  the 
quotient  has  the  residue  —  m. 

6.  From  Ex.  5  prove  the  important  theorem  that ;  If  /(z)  is  analytic  and  does 
not  vanish  upon  a  closed  curve  and  has  no  singularities  other  than  poles  within 
the  curve,  then 

-—.   I    -77—  dz  =  n.  +  n^  +  ■  ■  ■  +  vii  —  m.  —  ?n., mi  =  N  —  M, 

2inJo  f(z) 

where  N  is  the  total  number  of  roots  of  f(z)  =  0  ^vithin  the  curve  and  M  is  the 
sum  of  the  orders  of  the  poles. 

7.  Apply  Ex.  6  to  1/P(z)  to  show  that  a  polynomial  P(z)  of  the  nth  order  has 
just  n  roots  within  a  sufficiently  large  curve. 

8.  Prove  that  e"  cannot  vanish  for  any  finite  value  of  z. 

9.  Consider  the  residue  of  zf'(z)/f(z)  at  a  pole  or  vanishing  point  of  f(z).  In 
particular  prove  that  if  /(z)  is  analytic  and  does  not  vanish  upon  a,  closed  curve 
and  has  no  singularities  but  poles  within  the  curve,  then 

1      r  2f'(z) 

-—,       -7-^dz  =  rijOj  +  n„a„  + h  run*  -  m^b^  -  mjb^ mfii, 

Zin  *Jo  j{z} 

where  Oj,  a^,  ■  •  ■ ,  a*  and  rij,  rij,  ■  •  • ,  n*  are  the  positions  and  orders  of  the  roots, 
and  6j,  b^,  ■  ■  ■ ,  bi  and  nij,  m^,  •  ■  ■ .  ni;  of  the  poles  of /(z). 

10.  Prove  that  ej(2),  p.  469,  has  only  one  root  within  a  rectangle  2  A'  by  2iK'. 

11.  State  the  behavior  (analytic,  pole,  or  essential  singularity)  at  z  =  00  for : 

(a:)z2  +  2z,         (;8)  e^         (7)  z/(l  +  2),         (5)z/(z^  +  l). 

12.  Show  that  if /(z)  =  (2  —  a)''E{z)  with  —  1<  t  <  0,  the  integral  of /(z)  about 
an  infinitesimal  contour  surrounding  z  =  a  is  infinitesimal.  What  analogous  theo- 
rem holds  for  an  infinite  contour  ? 

180.  Characterization  of  some  functions.  The  study  of  the  limita- 
tions which  are  put  upon  a  function  when  certain  of  its  properties  are 
known  is  important.  For  example,  a  function  which  is  una  lytic  for  all 
values  of  z  including  also  z  =  aa  is  a  constant.  To  show  this,  note  that 
as  the  function  nowhere  becomes  infinite,  |  /(«)  |  <  G.  Consider  the  dif- 
ference f{z^)  — /(O)  between  the  value  at  any  point  z  =  z^  and  at  the 
origin.  Take  a  circle  concentric  with  s  =  0  and  of  radius  R  >\z„ 
Then  by  Cauchy's  Integral 


01' 


fiz^)-f(o)=^ifi(^dt-  ff%<it]=^.  r,-#^, 

or  I  /(2 )  -  f(0)\  <  ^      ^"^^^      =     ^'i^ol    ■ 

By  taking  R  large  enough  the  difference,  which  is  constant,  may  be 
made  as  small  as  desired  and  hence  must  be  zero;  hence  /(s)  =/(0). 
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Any  rational  function /(s)  =  P(g)/Q(«),  where  P(z)  and  Q{z)  are 
polynomials  in  z  and  may  be  assumed  to  be  devoid  of  common  factors, 
can  have  as  singularities  merely  poles.  There  will  be  a  pole  at  each 
point  at  which  the  denominator  vanishes;  and  if  the  degree  of  the 
numerator  exceeds  that  of  the  denominator,  there  will  be  a  pole  at  in- 
finity of  order  equal  to  the  difference  of  those  degrees.  Conversely  it 
may  he  shown  that  any  function  wh  ich  has  no  other  singularity  than  a 
pole  of  the  vith  order  at  infinity  must  be  a  polynomial  of  the  m.th  order; 
that  if  the  only  singularities  are  a  finite  number  of  poles,  whether  at  in- 
finity or  at  other  points,  the  function  is  a  rational  function ;  and  finally 
that  the  knowledge  of  the  zeros  and  poles  with  the  multiplicity  or  order 
of  each  is  sufficient  to  determine  the  function  except  for  a  constant 
multiplier. 

For,  in  the  first  place,  if  f(z)  is  analytic  except  for  a  pole  of  the  mth  order  at 
infinity,  the  function  may  be  expanded  as 

/(z)  =  a-,„z^  + h  a_iz  +  %  +  OjZ-i  +  a^z-^  -\ , 

or  /(z)  -  [a_,„z"  + h  a_iz]  =  a„  +  a.^z-'^  +  a^z-'-  +  ■  •  ■ 

The  function  on  the  right  is  analytic  at  infinity,  and  so  must  its  equal  on  the  left 
be.  The  function  on  the  left  is  the  difference  of  a  function  which  is  analytic  for 
all  finite  values  of  z  and  a  polynomial  which  is  also  analytic  for  finite  values. 
Hence  the  function  on  the  left  or  its  equal  on  the  right  is  analytic  for  all  values 
of  z  including  z  =  »,  and  is  a  constant,  namely  a^.    Hence 

/(z)  =  Oq  +  a_iz  +  •  ■  •  +H_,„z"'     is  a  polynomial  of  order  m. 

In  the  second  place  let  Zj,  z„,  •  •  • .  zj,  oo  be  poles  of /(z)  of  the  respective  orders 
TOj,  Tjij,  •  •  • ,  »!*,  rn.  The  function 

0  (z)  =  (z  -  z^^'^z  -  z„f^-  ■  ■  •  (z  -  z*)'"*/(z) 

will  then  have  no  singularity  but  a  pole  of  order  m^  +  m^  +  •  •  ■  +  mt  +  m 
at  infinity;  it  will  therefore  be  a  polynomial,  and  /(z)  is  rational.  As  the 
numerator  0(z)  of  the  fraction  cannot  vanish  at  Zj,  Zj,  •••,  z*,  but  must  have 
m,  +  m„  +  ■  •  •  +  nii  +  TO  roots,  the  knowledge  of  these  roots  will  determine  the 
numerator.  0  (z)  and  hence  /(z)  except  for  a  constant  multiplier.  It  should  be 
noted  that  if  /(z)  has  not  a  pole  at  infinity  but  has  a  zero  of  order  m,  the  above 
reasoning  holds  on  changing  m  to  —  m. 

When  f{z)  has  a  pole  at  «==a  of  the  mth  order,  the  expansion  of 
f(z)  about  the  pole  contains  certain  negative  powers 

r>/  \  C_„  C-m  +  l  I  I        ^-1 

^(^-«)  =  (r:r^"^ («-«)--'    ^'^-^ 

and  the  difference  /(s)  -  P(s  -  a)  is  analytic  at  »  =  a.  The  terms 
P{z  —  a)  are  called  the  principal  part  of  the  function  f{z)  at  the  pole  a. 
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If  the  function  has  only  a  finite  number  of  finite  poles  and  the  prin- 
cipal parts  corresponding  to  each  pole  are  known, 

is  a  function  which  is  everj-where  analytic  for  finite  values  of  s  and 
behaves  at  2:  =  oc  just  as  /'(.t)  l^ehaves  there,  since  1\,  P.^,  ■••,  -P^all 
vanish  at  s  =  00.  If  f(x)  is  analytic  at  s  =  oo,  then  <t>(z)  is  a  constant; 
if  f(z)  has  a  pole  at  a  =  00,  then  <j>  (s)  is  a  polynomial  in  z  and  all  of 
the  polynomial  except  the  constant  term  is  the  principal  part  of  the 
pole  at  infinity.  Hence  if  a  function  has  no  singularities  except  a  finitf 
niimher  of  jmles,  and  the  jtrinciput  2>arts  at  these  poles  are  known,  the 
function  is  determined  except  for  an  additive  constant. 

From  the  above  considerations  it  appears  that  if  a  function  has  no 
other  singularities  than  a  finite  nmnber  of  poles,  the  function  is  ra- 
tional; and  that,  moreover,  the  function  is  determined  in  factored  form, 
except  for  a  constant  multiplier,  when  the  positions  and  orders  of  the 
finite  poles  and  zeros  are  known ;  or  is  determined,  except  for  an  addi- 
tive constant,  in  a  development  into  partial  fractions  if  the  positions 
and  principal  parts  of  the  poles  are  known.  All  single  valued  functions 
other  than  rational  functions  must  therefore  have  either  an  infinite 
number  of  poles  or  some  essential  singularities. 

181.  The  exponential  function  e'  =  (^(cos  y  +  i  sin  y)  has  no  finite 
singularities  and  its  singularity  at  infinity  is  necessarily  essential.  The 
function  is  periodic  (§  74)  with  the  period  2  iri,  and  hence  will  take  on 
all  the  different  values  which  it  can  have,  if  s,  instead  of  being  allowed 
all  values,  is  restricted  to  have  its  pure  imagi- 
nary part  y  between  two  limits  ?/„  S  y  <  2/|,+27r; 
that  is,  to  consider  the  values  of  e^  it  is  merely 
necessary  to  consider  the  values  in  a  strip  of 
the  «-plane  parallel  to  the  axis  of  reals  and  of  breadth  2  tt  (but  lacking 
one  edge).  For  convenience  the  strip  may  be  taken  immediately  above 
the  axis  of  reals.  The  function  e'  becomes  infinite  as  s  moves  out 
toward  the  right,  and  zero  as  z  moves  out  toward  the  left  in  the  strip. 
li  c  =  a  +  bi  is  any  number  other  than  0,  there  is  one  and  only  one 
point  in  the  strip  at  which  c'  =  c.    For 

f^  =  V «•'  -)-  U'     and     cos  u  +  i  sin  1/  =  .--  -|-  i  - 

■y/a''  +  I,-' 

have  only  one  solution  for  .r  and  only  one  for  1/  it  //  Ije  restricted  to  an 
interval  2  tt.  All  other  ])oints  foi-  which  f-  =  c  have  the  same  value  for 
X  and  some  value  y  ±  2  inr  for  //. 


27rt 
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Any  rational  function  of  i^,  as 

will  also  have  tlic  period  2  tt/.  When  ,-.■  iiio\es  off  to  tlie  left  in  the 
strip,  R(^)  will  approach  Ca„/0„,  if  />„  =^  0  and  will  Ijeconie  infinite  if 
I'm  =  0.  When  s  moves  off  to  the  right,  U  (e')  must  become  infinite  if 
n>  m,  approach  C  if  »i  =  w,  and  approach  0  if  w  <  ?«.  The  denomi- 
nator may  be  factored  into  terms  of  the  form  {e'  —  a)*,  and  if  the  frac- 
tion is  in  its  lowest  terms  each  such  factor  will  represent  a  pole  of  the 
k\X\  order  in  the  strip  because  e^  —  a  =  0  has  just  one  simple  root  in 
the  strip.  Conversely  it  may  be  shown  that :  Any  function  f(z)  which 
ha^  the  period  2  7ri,  which  further  has  no  singularities  but  a  finite 
number  of  poles  in  each  strijj,  and  which  either  becomes  infinite  or  ap- 
proaches a  finite  limit  as  z  moves  off  to  the  right  or  to  the  left,  m,ust  he 
f(z)  =  R(^),  a  rational  function  of  e'. 

The  proof  of  this  theorem  requires  several  steps.  Let  it  first  be  assumed  that/(2) 
remains  finite  at  the  ends  of  the  strip  and  has  no  poles.  Then/(z)  is  finite  over  all 
values  of  2,  including  z  =  oo,  and  must  be  merely  constant.  Next  let  /(z)  remain 
finite  at  the  ends  of  the  strip  but  let  it  have  poles  at  some  points  in  the  strip.  It  will 
be  shown  that  a  rational  function  iJ(e')  may  be  constructed  such  that/(z)  —  ii(e') 
remains  finite  all  over  the  strip,  including  the  portions  at  infinity,  and  that  there- 
fore /(z)  =  R  (e^)  -f  C.   For  let  the  principal  part  of  /(z)  at  any  pole  z  =  c  be 

I'{z-c)  =  - —:  +  - ^TrzT  +  --'  + '     ^^^^         *        _        *     . 


(z  —  c)*      (z  —  c)*-i  z  —  c  {e'  —  e<^)*      (z  —  c)* 

is  a  rational  function  of  e«  which  remains  finite  at  both  ends  of  the  strip  and  is 
such  that  the  difference  between  it  and  ^{z  —  c)  or  /(z)  has  a  pole  of  not  more 
than  the  (fe  —  l)st  order  at  z  =  c.  By  subtracting  a  number  of  such  terms  from 
/(z)  the  pole  at  z  =  c  may  be  eliminated  without  introducing  any  new  pole. 
Thus  all  the  poles  may  be  eliminated,  and  the  result  is  proved. 

Next  consider  the  case  where  /(z)  becomes  infinite  at  one  or  at  both  ends  of  the 
strip.  If  /(z)  happens  to  approach  0  at  one  end,  consider  /(z)  -I-  C,  which  cannot 
approach  0  at  either  end  of  the  strip.  Now  if  f(z)  or  /(z)  -f  C,  as  the  case  may  be, 
had  an  infinite  number  of  zeros  in  the  strip,  these  zeros  would  be  confined  within 
finite  limits  and  would  have  a  point  of  condensation  and  the  function  would  vanish 
identically.  It  must  therefore  be  that  the  function  has  only  a  finite  number  of 
zeros ;  its  reciprocal  will  therefore  have  only  a  finite  number  of  poles  in  the  strip 
and  will  remain  finite  at  the  ends  of  the  strips.  Hence  the  reciprocal  and  conse- 
(juently  the  function  itself  is  a  rational  function  of  e'.  The  theorem  is  completely 
demonstrated. 

If  the  relation  f{x  +  q>)  =  /(.«)  is  satisfied  by  a  function,  the  func- 
tion is  said  to  have  the  period  <o.  The  function  /(2  7rt',t/o))  will  then 
have  the  period  2  7rt.  Hence  it  follows  that  if  f{z)  has  the  period  w, 
becomes  infinite  or  remains  finite  at  the  emis  of  a  strip  of  vector  hrendth 
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ci),  oTid  has  no  singularities  but  a  finite  number  of  poles  in  the  strip,  the 
function  is  a  rational  function  of  e^""/".  In  particular  if  the  period 
is  2  TT,  the  function  is  rational  in  e'^,  as  is  the 
case  with  sin  z  and  cos  z;  and  if  the  period  is 
TT,  the  function  is  rational  in  e"'-,  as  is  tan  s. 
It  thus  appears  that  the  single  valued  elemen- 
tary functions,  namely,  rational  functions,  and 
rational  functions  of  the  exponential  or  trigonometric  fxmctions,  have 
simple  general  properties  which  are  characteristic  of  these  classes  of 
functions. 

182.  Suppose  a  function  f{z)  has  two  independent  periods  so  that 

/(^  +  <o)  =/(..),  f(z  +  o.')  =  f(z). 

The  function  then  has  the  same  value  at  z  and  at  any  point  of  the 
form  z  +  fiw  +  Jiiu',  where  m  and  n  are  positive  or  negative  integers. 
The  function  takes  on  all  the  values  of  which  it  is  capable  in  a  paraUel- 
osjram  constructed  on  the  vectors  m  and  w'.    Such  , 

a  function  is  called  doubly  periodic.  As  the  values 
of  the  function  are  the  same  on  opposite  sides  of 
the  parallelogram,  only  two  sides  and  the  one  in- 
cluded vertex  are  supposed  to  belong  to  the  figure. 
It  has  been  seen  that  some  doubly  periodic  func- 
tions exist  (§  177);  but  without  reference  to  these  o' 
special  functions  many  important  theorems  concerning  doubly  periodic 
functions  may  be  proved,  subject  to  a  subsequent  demonstration  that 
the  functions  do  exist. 

If  a  doubly  per  iridic  function  has  iw  singularities  in  the  parallelogrami, 
it  must  be  constant ;  for  the  function  will  then  have  no  singularities  at 
all.  If  tin,  pi-r'uidir  functions  hare  the  same  pieriods  and  have  the  same 
poles  ami  zents  (each  to  the  same  order)  in  the  parallelogram,  the  quo- 
tient of  the  f unit  inns  is  a  constant;  if  they  have  the  same  poles  arvd  the 
same  principal  parts  at  the  poles,their  difference  is  a  constant.  In  these 
theorems  (and  all  those  following)  it  is  assumed  that  the  functions 
have  no  essential  singularity  in  the  parallelogram.  The  proof  of  the 
theorems  is  left  to  the  reader.  If  f(z)  is  doubly  periodic,  f{z)  is  also 
doubly  periodic.  The  integral  of  a  doubly  periodic  function  taken 
around  any  parallelogram  equal  and  parallel  to  the  parallelogram  of 
periods  is  zero;  for  the  function  repeats  itself  on  opposite  sides  of  the 
figui-e  while  the  differential  dz  changes  sign.    Hence  in  particular 

r/(,.)..=o,    r^..=o,    rffi=o. 
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The  first  integral  shows  that  the  sum  of  the  residues  of  the  poll's  in  tlir 
parallelogram  is  zero  ;  the  second,  that  the  number  of  zeros  is  equal  to 
the  number  of  poles  provided  multiplicities  are  taken  into  account;  the 
third,  that  thenumber  of  zeros  <ff(z)  —  C  is  the  same  as  the  number  of 
zeros  or  poles  off{z),  because  the  poles  of,/Y.^)  and/(,~)  —  Care  the  same. 
The  common  number  m  of  poles  oi  f{z)  or  of  zeros  of /'(,-)  or  of  roots 
of  /(s)  =  C  in  any  one  parallelogram  is  called  the  order  of  the  doubUj 
periodic  function.  As  the  sum  of  the  residues  vanishes,  it  is  impossible 
that  there  should  be  a  single  pole  of  the  first  order  in  the  j)arallelograiu. 
Hence  there  can  be  no  functions  of  the  first  order  and  the  simplest 
possible  functions  would  be  of  the  second  order  with  tlie  ex])ansions 

(.,  _  „)2  +  '^0  +  ^.C'^  -")  +  •■  "1-  ^3^  +  '•„  +  ■••  and  -^^  +  '-'o  +  •  ■  ■ 

in  the  neighbovliood  of  a  single  pole  at  ,-.  =  a  of  the  second  order  or  of 
the  two  poles  of  the  first  order  at  s  =  a^  and  v  =  '(„.  Let  it  be  assumed 
that  when  the  periods  lo,  <d'  are  given,  a  doubly  periodic  function  (jiz,  u ) 
with  these  periods  and  with  a  double  pole  at  s  =  «  exists,  and  similarly 
that  h  (.-,  ffj,  u,^  with  simjile  jioles  at  n ^  and  o.^  exists. 

Any  doubly  jieriodic  function.  f{z)  with  the  j/eriods  a>,  <d'  7nay  be  ex- 
pressed as  a  polynomial  in  the  functions  g  (z,  nj  and  h  (.t,  a^,-  a,^  of  the 
second  order.  For  in  the  first  place  if  the  function  f(z)  has  a  pole  of 
even  order  2  k  at  ;.■  =  «,  then  f(z)  —  C[g(z,  c)]'',  where  C  is  proi)erly 
chosen,  will  have  a  pole  of  order  less  than  2  A  at  .-:  =  a  and  will  have 
no  other  poles  than  f{z).  Hem-e  the  order  of  ,/'(■-)  —  f' [.'/(■-;  ")]'  i^  ^^^^ 
than  that  of  f(z).  And  if /(«)  has  a  pole  of  odd  order  2  h  +  1  At  z  =  a. 
the  function /(a)  —  C[g(z,  a)fh(z,  a,  b),  witli  the  proper  choice  of  C, 
will  have  a  pole  of  order  2  k  or  less  at  z  =  <i  and  will  gain  a  simple 
pole  at  z  =b.  Thus  although/'-  ('///  will  i^enerally  not  be  of  lower 
order  than  /',  it  will  have  a  complex  jjole  of  odd  order  split  into  a  pole 
of  even  order  and  a  pole  of  the  first  order ;  the  order  of  the  former 
may  be  reduced  as  before  and  pairs  of  the  latter  may  be  removed.  By 
repeated  applications  of  the  process  a  function  may  be  obtained  which 
has  no  poles  and  must  be  constant.    The  theorem  is  therefore  proved. 

With  the  aid  of  series  it  is  possible  to  write  down  some  doubly  ])eri- 
odic  functions.    In  particular  consider  the  series 


P{^)  -   ^i  +  2^     I   (^   _   ,1,^    -   noi'f  {UIU,  +  710)')- 


(«) 


and  p\z)  =  -  2  2) 


wo/) 


l\3' 
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where  the  second  2  denotes  summation  extended  over  all  values  of 
vh,  n,  whether  positive  or  negative  or  zero,  and  2'  denotes  summation 
extended  over  all  these  \'alues  except  the  pair  vi  =  n  =  0.  As  the  sum- 
mations extend  over  all  possible  values  for  in,  n,  the  series  constructed 
for  3  +  <i)  and  for  z  +  J  must  have  the  same  terms  as  those  for  z,  the 
only  difference  being  a  different  arrangement  of  the  terms.  If,  there- 
fore, the  series  are  absolutely  convergent  so  that  the  order  of  the  terms 
is  immaterial,  the  functions  must  have  the  periods  w,  u'. 

Consider  first  the  convergence  of  the  series  p'(z).  For  z  =  viw  -)-  nw',  that  is,  at 
tlie  vertices  of  tlie  net  of  parallelograms  one  term  of  the  series  becomes  infinite 
and  the  series  cannot  converge.  But  if  z  be  re.stricted  to  a  finite  region  Ji  abont 
2  =  0,  there  will  be  only  a  finite  number  of  terms 
which  can  become  infinite.  Let  a  parallelogram  P  z-Triu—noi' 
large  enough  to  surround  the  region  be  drawn,  and 
consider  only  the  vertices  which  lie  outside  this  par- 
allelogram. For  convenience  of  computation  let  the 
points  z  =  mu  -(-  nu'  outside  P  be  considered  as  ar- 
ranged on  successive  parallelograms  Pj,  F^,  •  •  • , 
Pi,  ■  •  •  .  If  the  number  of  vertices  on  P  be  c,  the 
number  on  Pj  is  >-  -(-  8  and  on  Pj..  is  i/  -|-  %k.  The 
shortest  vector  z  —  niui  —  nu'  from  z  to  any  vertex  of  Pj  is  longer  than  a,  where 
a  is  the  least  altitude  of  the  parallelogram  of  periods.  The  total  contribution  of 
Pj  to  p'(z)  is  therefore  less  than  {y  +  %)a-'  and  the  value  contributed  by  all  the 
vertices  on  successive  parallelograms  will  be  less  than 

^^„+8   ^  +  8-2       y-fS-S  vJri.k 

qS  (2a)8  (3a)8        "  (kaf 

This  series  of  positive  terms  converges.  Hence  the  infinite  series  for  p'{z),  when 
the  first  terms  corresponding  to  the  vertices  within  Pj  are  disregarded,  converges 
absolutely  and  even  uniformly  so  that  it  represents  an  analytic  function.  The 
whole  series  for  p'(z)  therefore  represents  a  doubly  periodic  function  of  the  third 
order  analytic  everywhere  except  at  the  vertices  of  the  parallelograms  where  it 
has  a  pole  of  the  third  order.  As  the  part  of  the  series  p'(z)  contributed  by  ver- 
tices outside  P  is  uniformly  convergent,  it  may  be  integrated  from  0  to  z  to  give 
the  corresponding  terms  in  p  (z)  which  will  also  be  absolutely  convergent  because 
tlie  terms,  grouped  as  for  p'(z),  will  be  less  than  the  terms  of  IS  where  I  is  the 
length  of  the  path  of  integration  from  0  to  z.  The  other  terms  of  p'(z),  thus  far 
disregarded,  may  be  integrated  at  sight  to  obtain  the  corresponding  terms  of  p(z). 
Hence  p'(z)  is  really  the  derivative  of  p  (z) ;  and  as  p  (z)  converges  absolutely  ex- 
cept for  the  vertices  of  the  parallelograms,  it  is  clearly  doubly  periodic  of  the 
necond  order  with  the  periods  u,  w',  for  the  same  reason  that  p'(z)  is  periodic. 

It  has  therefore  been  shown  that  doubly  periodic  functions  exist, 
and  hence  the  theorems  deduced  for  such  functions  are  valid.  Some 
further  important  theorems  are  indicated  among  the  exercises.  They 
lead  to  the  inference  that  any  doubly  periodic  function  which  has  the 
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periods  <u,  u'  and  has  no  other  singularities  than  poles  may  be  expressed 
as  a  rational  function  oi  p(:^)  and  p'(-':),  or  as  an  irrational  function  of 
p(s)  alone,  the  only  irrationalities  being  square  roots.  Thus  by  em- 
ploying only  the  general  methods  of  the  theory  of  functions  of  a 
complex  variable  an  entirely  new  category  of  functions  has  been  char- 
acterized and  its  essential  properties  have  been  proved. 

EXERCISES 

1.  Find  the  principal  parts  at  z  =  0  for  tlie  functions  of  Ex.  4,  p.  481. 

2.  Prove  by  Ex.  6,  p.  482,  that  e=  —  f  =  0  lias  only  one  root  in  the  strip. 

3.  How  does  e<'^>  behave  as  z  becomes  infinite  in  the  strip? 

4.  If  the  values  R  (e^)  approaches  when  z  becomes  infinite  in  the  strip  are  called 
exceptional  values,  show  that  E{e')  takes  on  eveiy  value  other  than  the  excep- 
tional values  k  times  in  the  strip,  k  being  the  greater  of  the  two  numbers  n,  m. 

5.  Show  by  Ex.  9,  p.  482,  that  in  any  parallelogram  of  periods  the  sum  of  the 
positions  of  the  roots  less  the  sum  of  the  positions  of  the  poles  of  a  doubly  peri- 
odic function  is  ma  -|-  nai',  where  m  and  n  are  integers. 

6.  Show  that  the  terms  of  p'(z)  may  be  associated  in  such  a  way  as  to  prove 
thatp'(— z)  =  —  p'{z),  and  hence  infer  that  the  expansions  are 

p'(z)  =  —  2  z-  »  +  2  CjZ  -(-  4  c^z^  +  ■  •  • ,        only  odd  powers, 

and  p(z)  =  z-^  +  CjZ^  +  c„z^  +  ■■■■,        only  even  powers. 

7.  Examine  the  series  (6)  f orp'(z)  to  show  thatp'{i  u)  =p'{i  «')  =  p'(J  « -(-  J  u')  =  0. 
Why  can  p'{z)  not  vanish  for  any  other  points  in  the  parallelogram  ? 

8.  Let  p{iu)  =  e,  p(iw')  =  e',  p  (J  w -f- J  u')  =  e".  Prove  the  identity  of  the 
doubly  periodic  functions  [p'(z)]^  and  4 [p (z)  —  e][p{z)-  e'] [p (z)  —  e"]. 

9.  By  examining  the  series  defining  p{z)  show  that  any  two  points  z  =  a  and 
z  =  a'  such  that  p(a)=p  {a')  are  symmetrically  situated  in  the  parallelogram  with 
respect  to  the  center  z  =  i  (w  +  u').    How  could  this  be  inferred  from  Ex.  5  ? 

10.  With  the  notations  g(z,  a)  and  h{z,  a^,  a^)  of  the  text  show: 

P'(z)  +  P'i-)  ^  2A(z,  0,  a),        q!l±^  =  _  2MZ,  a,  0), 
P(z)-P(a)  P{z)-P(a) 

^'^^  P{z)-P{a.)       P{z)-p(a,)  ^'    1'    -' 

1  rp'jz)  +  p'{a)l 2_ p  (2)  ^  ^ (2^  a)=p(z-a)  +  const., 
4lp(z)-pia)A 

^,^,^,,a)  =  l\EM±lM]'-Piz)-pia). 
^   '  ^^  4lp(z)-p(a)A 

11.  Demonstrate  the  final  theorem  of  the  text  of  §  182. 
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12.  By  combining  the  power  series  forp(2)  and  p'(z)  show 

[p'(z)]2  _  4  [p(z)f  +  20c^p(z)  -  28 Cj  =  Az"  +  higher  powers. 
Hence  infer  that  the  right-hand  side  must  be  identically  zero. 

13.  Combine  Ex.  12  with  Ex.  8  to  prove  e  +  e'  +  e"  =  0. 

14.  With  the  notations  y^  =  20  c^  and  %  =  —  28  Cj  show 

P'(z)  =  \/4p^(z)-y„p(z)-y^     or  ^     =  dz. 


V4p8-  g^p-  y, 

d  r 

15.  If  f(r)  be  defined  by i{z)=p{z)    or   f (z)  =  —  |  p(z)d2,  show  that 

dz  ^ 

f  (z  -I-  w)  —  f  (z)  and  f  (z  +  u')  —  f  (z)  must  be  merely  constants  i;  and  i;'. 

i83.  Conformal  representation.    The  transformation  (§  178) 

"•=/(■")     or     u  +  ir  =  n{x,  ij)  +  u:(x,  ij) 

is  conformal  between  the  planes  of  s  and  w  at  all  points  x  at  which 
f'(z)  ^  0.  The  correspondence  between  the  planes  may  be  represented 
by  ruling  the  .--plane  and  drawing  the  corresponding  rulings  in  the 
?r-plane.  If  in  particular  the  rulings  in  the  s-plane  be  the  lines  x  =  const., 
y  =  const.,  parallel  to  the  axes,  those  in  the  w-plane  must  be  two  sets 
of  curves  which  are  also  orthogonal ;  in  like  manner  if  the  .^-plane  he 
ruled  by  circles  concentric  with  the  origin,  and  rays  issuing  from  the 
origin,  the  w-plane  must  also  be  ruled  orthogonally ;  for  in  both  cases 
the  angles  between  curves  must  be  preserved.  It  is  usually  most 
convenient  to  consider  the  wvplane  as  ruled  with  the  lines  u  =  const., 
V  =  const.,  and  hence  to  have  a  set  of  rulings  n  (x,  y)  =  Cj,  v  (x,  y)  =  c^ 
in  the  ^-plane.  The  figures  represent  several  different  cases  arising  from 
the  functions  • 


w— plane       (1)       z —plane 
(1)   w  =  (iz  =  (dj  +  CL^V)  (x  +  iy), 


ic—pbuae       (2)     z— plane 


(2)  w  =  log  z  =  log  Vx'-'  +  y'^  +  i  tan-^  -  j  u  =  log  Vx^  +  y',  v  =  tan~^  -  • 

Consider  w  =  .--,  and  apply  polar  coordinates  so  that 
w  =  It  (cos  *  -h  i  sin  <I>)  =  r'(cos  2  <^  +  i  sin  2  <^),       B.  =  r^,       $  =  2  <^. 
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To  any  point  (/•,  <^)  in  the  s-plane  corresponds  (H  =  r,  ^  =  'A  ,^)  in  the 
«--plane ;  circles  about  z  =  0  become  circles  about  w  =  0  and  rays  is- 
suing from  z  =  0  become  rays  issuing  from  w  =  0  at  twice  the  angle. 
(A  figure  to  scale  should  be  supplied  by  the  reader.)  The  derivative 
a-'  =  2z  vanishes  at  2  =  0  only.  The  transformation  is  conformal  for 
all  points  except  z  =  0.  At  s  =  0  it  is  clear  that  the  angle  between 
two  curves  in  the  s-plane  is  doubled  on  passing  to  the  corresponding 
curves  in  the  w-plane ;  hence  at  ^  =  0  the  transformation  is  not  con- 
formal.  Similar  results  would  be  obtained  from  w  =  «"■  except  that  the 
angle  between  rays  issuing  from  w  =  0  would  be  m  times  the  angle 
between  the  rays  at  «  =  0. 

A  point  in  the  neighborhood  of  which  a  function  ir  =  f(z)  is  ana- 
lytic but  has  a  vanishing  derivative  f(z)  is  called  a  critifal  point  of 
/(s);  if  the  derivative  f(z)  has  a  root  of  multiplicity  k  at  any  point, 
that  point  is  called  a  critical  point  of  order  k.  Let  .-  =  s^^  be  a  critical 
ix)int  of  order  k.    Expand  /'(«)  as 


f(z)  =  a,(z  -  z;)'=  +  a,^,iz  -  z^f^^  +  a,^,(z  -  sj^  +  ^  + 
k  +  l''~      ~o>       '^  k  +  2 


then  /(.)  =/(.„)  +  rXT  (^  -  ~^o)^-"^  +  r3^  (^  -  ^0)*"^  + 


or 


u-  =  w^  +  {z-z^y^'E{z)      or     ,r->r^  =  {z-zX*^E(z),     (7) 

where  £  is  a  function  that  does  not  vanish  at  z^.  The  point  z  =  z  goes 
into  IV  =  w^.  For  a  sufficiently  small  region  about  z^  the  transfornia- 
tion  (7)  is  sufficiently  represented  as 

On  comparison  with  the  case  «■  =  a'",  it  appears  that  the  angle  between 
two  curves  meeting  at  x^  will  be  multiplied  by  fc  -|-  1  on  passing  to  the 
corresijonding  curves  meeting  at  w^.  Hence  at  a  critical  point  of  the 
kth  order  the  transformation  ts  nM  confoi-mal  hut  angles  are  ni iiltiplied 
III/  k  -\-  1  on  pass inff  from  the  z-plane  to  the  ir-plane. 

Consider  the  transformation  n-  =  ,-^  more  in  detail.  To  each  point ;: 
corresponds  one  and  only  one  point  ir.  To  the  points  .-  in  the  first 
(piadrant  correspond  the  points  of  the  first  two  quadrants  in  the  u-- 
plane,  and  to  the  upper  half  of  the  s-plane  corresponds  the  whole  ?r-plane. 
In  like  manner  the  lower  half  of  the  s-plane  will  be  map])ed  upon  the 
whole  ?r-i)lane.  Thus  in  finding  the  points  in  the  «.--plane  which  cor- 
respond to  all  the  points  of  the  s-plane,  the  i^i-plane  is  covered  twice. 
This  double  counting  of  the  w-plane  may  be  obviated  by  a  simple  de- 
vice.   Instead  of  having  one  sheet  of  paper  to  represent  the  w-plane, 
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let  two  sheets  be  superposed,  and  let  the  points  corresponding  to  the 
upper  half  of  the  s-plane  be  considered  as  in  the  upper  sheet,  while 
those  corresponding  to  the  lower  half  are  considered  as  in  the  lower 
sheet.  Now  consider  the  path  traced  upon  the  double  w-plane  when  z 
traces  a  path  in  the  s-plane.    Every  time  z  crosses  from  the  second  to 


w— surface 


z— plane 


the  third  quadrant,  ir  passes  from  the  fourth  quadrant  of  the  upper 
sheet  into  the  first  of  the  lower.  When  z  passes  from  the  fourth  to 
the  first  quadrants,  w  comes  from  the  fourth  quadrant  of  the  lower 
sheet  into  the  first  of  the  upper. 

It  is  convenient  to  join  the  two  sheets  into  a  single  surface  so  that 
a  continuous  path  on  the  s-plane  is  pictured  as  a  continuous  path  on 
the  M)-surface.  This  may  be  done  (as  indicated  at  the  right  of  the 
middle  figure)  by  regarding  the  lower  half  of  the  upper  sheet  as  con- 
nected to  the  upper  half  of  the  lower,  and  the  lower  half  of  the  lower 
as  connected  to  the  upper  half  of  the  upper.  The  surface  therefore 
cuts  through  itself  along  the  positive  axis  of  reals,  as  in  the  sketch  on 
the  left* ;  the  line  is  called  the  junction  line  of  the  surface.  The  point 
JO  =  0  which  corresponds  to  the  critical  jjoint  s  =  0  is  called  the  branch 
point  of  the  surface.  Now  not  only  does  one  point  of  the  ,t-plane  go 
over  into  a  single  point  of  the  w-surface,  but  to  each  point  of  the  sur- 
face corresponds  a  single  point  s;  although  any  two  points  of  the  ir- 
surface  which  are  superposed  have  the  same  value  of  w,  they  correspond 
to  different  values  of  z  except  in  the  case  of  the  branch  point. 

184.  The  w-surface,  which  has  been  obtained  as  a  mere  convenience 
in  mapping  the  «-plane  on  the  w-plane,  is  of  particular  value  in  study- 
ing the  inverse  function  s  =  -Vw.  Eor  Vw  is  a  multiple  valued  fiinc- 
tion  and  to  each  value  of  w  correspond  two  values  of  z;  but  if  w  be 


*  Practically  this  may  be  accomplished  for  two  sheets  of  paper  by  pasting  gummed 
strips  to  the  sheets  which  are  to  be  connected  across  the  cut. 
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regarded  as  on  the  ?r-surface  instead  of  merely  in  the  w-plane,  there  is 
only  one  value  of  z  corresponding  to  a  point  w  upon  the  surface.  Thus 
the  function  's/ic  ichich  is  double  valued  over  the  u--plane  becomes  single 
valued  over  the  w-surface.  The  ^'-surface  is  called  the  Riemann  surface 
of  the  function  s  =  '\u\  The  construction  of  Eieniann  surfaces  is  im- 
portant in  the  study  of  multiple  valued  functions  because  the  surface 
keeps  the  different  values  apart,  so  that  to  each  point  of  the  surface 
corresponds  only  one  value  of  the  function.  Consider  some  surfaces. 
(The  student  should  make  a  paper  model  by  following  the  steps  as 
indicated.) 

Let  10  =  z*  —  3  z  and  plot  the  ic-surf  ace.  First  solve  /'(z)  =  0  to  find  the  critical 
points  2  and  substitute  to  find  the  branch  points  w.  Now  if  the  branch  points  be 
considered  as  removed  from  the  «)-plane,  the  plane  is  no  longer  simply  connected. 
It  must  be  made  simply  connected  by  drawing  proper  lines  in  the  figure.  This  may 
be  accomplished  by  drawing  a  line  from  each  branch  point  to  infinity  or  by  con- 
necting the  successive  branch  points  to  each  other  and  connecting  the  last  one  to 
the  point  at  infinity.  These  lines  are  the  junction  lines.  In  this  particular  case  the 
critical  points  are  z  =  -)-  1,  —  1  and  the  branch  points  are  !«  =  —  2,  -|-  2,  and  the 
junction  lines  may  be  taken  as  the  straight  lines  joining  w  =  —  2  and  jo  =  -|-  2  to 
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infinity  and  lying  along  the  axis  of  reals  as  in  the  figure.  Next  spread  the  requi- 
site immber  of  sheets  over  the  ui-plane  and  cut  them  along  the  junction  lines.  As 
10  =  2*  —  Szisa  cubic  in  z,  and  to  each  value  of  w,  except  the  branch  values,  there 
correspond  three  values  of  z,  three  sheets  are  needed.  Now  find  in  the  z-plane  the 
image  of  the  junction  lines.  The  junction  lines  are  represented  by  v  =  0;  but 
v  =  Sx^y  —  y^  —  Zy,  and  hence  the  line  y  =  0  and  the  hyperbola  Sx^—  y'  =  3  will 
be  the  images  desired.  The  z-plane  is  divided  into  six  pieces  which  will  be  seen  to 
correspond  to  the  six  half  sheets  over  the  «!-plane. 

Next  z  will  be  made  to  trace  out  the  images  of  the  junction  lines  and  to  turn 
about  the  critical  points  so  that  w  will  trace  out  the  junction  lines  and  turn  about 
the  branch  points  in  such  a  manner  that  the  connections  between  the  different 
sheets  may  be  made.  It  will  be  convenient  to  regard  z  and  w  as  persons  walking 
along  their  respective  paths  so  that  the  terms  "right"  and  "left"  have  a  meaning. 
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Let  z  start  at  z  =  0  and  move  forward  to  z  =  1  ;  then,  a.s/'(2)  is  negative,  w  starts 
at  jy  =  0  and  moves  back  to  w  =  —  2.  Moreover  if  z  turns  to  the  right  as  at  P,  so 
must  w  turn  to  the  right  tlirougli  the  same  angle,  owing  to  the  conformal  property. 
Tlius  it  appears  tliat  not  only  is  OA  mapped  on  oa,  but  the  region  1'  just  above  OA 
is  mapped  on  the  region  I'  just  below  oa  ;  in  like  manner  OB  is  mapped  on  ob. 
iVs  ab  is  not  a  junction  line  and  the  slieets  have  not  been  cut  through  along  it,  the 
regions  1,  1'  should  be  assumed  to  be  mapped  on  the  same  sheet,  say,  the  upper- 
most, I,  I'.  As  any  point  Q  in  the  whfile  infinite  region  1'  may  be  reached  from  0 
without  crossing  any  image  of  ah,  it  is  clear  that  the  whole  infinite  region  1'  should 
be  considered  as  mapped  on  V  ;  and  similarly  1  on  1.  The  converse  is  also  evident, 
for  the  same  reason. 

If,  on  reaching  A,  the  point  z  turns  to  the  left  through  90°  and  moves  along  .AC, 
then-w  will  make  a  turn  to  the  left  of  180°,  that  is,  will  keep  straight  along  ac; 
A  turn  as  at  R  into  1'  will  curre.spond  to  a  turn  as  at  r  into  I'.  This  checks  with 
the  statement  that  all  1'  is  mapped  on  all  I'.  Suppose  that  z  described  a  small 
circuit  about  +  1.  When  z  reaches  D,  w  reaches  d  ;  when  z  reaches  E,  w  reaches  e. 
But  when  w  crossed  ac.  it  could  not  have  cro.ssed  into  I,  and  when  it  reaches  e  it 
cannot  be  in  I ;  for  the  points  of  I  are  already  accounted  for  as  corresponding  to 
points  in  1.  Hence  in  crossing  ac,  w  must  drop  into  one  of  the  lower  sheets,  say 
the  middle,  II;  and  on  reaching  e  it  is  .still  in  II.  It  is  thus  seen  that  II  corre- 
sponds to  2.  Let  z  continue  around  its  circuit;  then  II'  and  2'  correspond.  When 
z  crosses  AC  from  2'  and  moves  into  1,  the  point  w  crosses  ac'  and  moves  from  II' 
up  into  I.  In  fact  the  upper  two  sheets  are  connected  along  ac  just  as  the  two 
sheets  of  the  surface  for  w  =  z-  were  connected  along  their  junction. 

In  like  manner  suppose  that  z  moves  from  0  to  —  1  and  takes  a  turn  about  B  so 
that  w  moves  from  0  to  2  and  takes  a  turn  about  b.  When  z  crosses  BF  from  1'  to  3, 
10  crosses  bf  from  1'  into  the  upper  half  of  some  sheet,  and  this  must  be  III  for  the 
reason  that  I  and  II  are  already  mapped  on  1  and  2.  Hence  I'  and  III  are  con- 
nected, and  so  are  I  and  III'.  This  leaves  II  which  has  been  cut  along  bf,  and  III 
cut  along  ac,  which  may  be  reconnected  as  if  they  had  never  been  cut.  The  reason 
for  this  appears  forcibly  if  all  the  points  z  which  correspond  to  the  branch  points 
are  added  to  the  diagram.  When  w  =  2,  the  values  of  z  are  the  critical  value  —  1 
(double)  and  the  ordinary  value  z  =  2 ;  similarly,  w  =  —  2  corresponds  to  z  =  —  2. 
Hence  if  z  describe  the  half  circuit  AE  so  that  w  gets  around  to  e  in  II,  then  if  z 
moves  out  to  z  =  2,  k)  will  move  out  to  lo  =  2,  pas.sing  by  lo  =  0  in  the  sheet  II  as 
z  passes  through  z  =  "v3 ;  but  as  z  =  2  is  not  a  critical  point,  u)  =  2  in  II  cannot 
be  a  branch  point,  and  the  cut  in  II  may  he  reconnected. 

The  w-surface  thus  constnicted  for  i«  =f(z)  =  z"  —  3z  is  the  Riemann  surface 
for  the  inverse  function  z  =f-^{w).  of  which  the  explicit  form  cannot  be  given 
without  solving  a  cubic.  To  each  point  of  the  surface  corresponds  one  value  of  z, 
and  to  the  three  superposed  values  of  w  correspond  three  different  values  of  z  ex- 
cept at  the  branch  points  where  two  of  the  sheets  come  together  and  give  only 
one  value  of  z  while  the  third  sheet  gives  one  other.  The  Riemann  surface  could 
equally  well  have  been  constructed  by  joining  the  two  branch  points  and  then 
connecting  one  of  them  to  oc.  Thi'  image  of  u  =  0  would  not  have  been  changed. 
The  connections  of  the  sheets  could  he  established  as  before,  but  would  be  dif- 
ferent. If  the  junction  line  be  —  2.  2.  +  oo.  the  point  lo  =  2  has  two  junctions 
running  into  it,  and"  the  connections  of  the  sheets  on  opposite  sides  of  the  point  are 
not  independent.  It  is  advisable  to  arrange  the  work  so  that  the  first  branch  point 
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\vliic]i  is  tiuircled  shall  have  only  one  junction  running  from  it.  This  may  be  done 
by  taking  a  very  large  circuit  in  z  so  that  to  vv-ill  describe  a  large  circuit  and  hence 
cut  only  one  junction  line,  namely,  from  2  to  oo,  or  by  taking  a  small  circuit  about 
z  =  1  so  tluit  io  will  take  a  small  turn  about  w  =  —  2.  Let  the  latter  method  be 
chosen.  Let  c  start  from  z  =  0  at  0  and  move  to  z  =  1  at  .4  ;  then  w  starts  at  to  =  0 
and  moves  to  ic  =  —  2.  The  correspondence  between  1'  and  I'  is  thus  established. 
Let  2  turn  about  A  .  then  w  turns  about  w  =  —  2  at  a.  As  the  line  —  2  to  —  oo  or  ac 
is  not  now  a  junction  line,  w  moves  from  I' 
into  the  upper  half  I,  and  the  region  across  i  n  ni  i  n  in 
AC  from  1'  should  be  labeled  1  to  corre- 
spond. Then  2',  2  and  IT,  II  may  be  filled  " 
in.  The  connections  of  l-II'  and  II-I'  are 
indicated  and  III-III'  is  reconnected,  as  the  tc— surface 

branch  point  is  of  the  first  order  and  only  two 
sheet.s  are  involved.  Now  let  z  move  from  z  =  0  to  z  =  —  1  and  take  a  turn  about 
}i ;  then  w  moves  from  w  =  0  to  i«  =  2  and  takes  a  turn  about  6.  The  region  next 
r  is  marked  3  and  1'  i.s  connected  to  III.  Passing  from  3  to  3'  for  z  is  equivalent 
to  passing  from  111  to  III'  for  w  between  0  and  6  where  these  sheets  are  connected. 
From  3'  into  2  for  z  indicates  III'  to  II  across  the  junction  from  ic  =  2  to  oo.  This 
leaves  I  and  11' to  be  connected  across  this  junction.  The  connections  are  com- 
plete. They  may  be  checked  by  allowing  r  to  describe  a  large  circuit  so  that  the 
regions  1,  1',  3,  3'.  2,  2',  1  are  successively  traversed.  That  I,  I',  III,  III',  II,  II',  I 
is  the  correspontling  succes.sion  of  sheets  is  clear  from  the  connections  between 
ic  =  2  and  cc  and  the  fact  that  from  ic  =  —  2  to  —  oo  there  is  no  junction. 

Consider  the  f miction  w  =  z^  —  Sz*  +  32-.  The  critical  points  are  2  =  0,  1,  1, 
—  1,-1  and  the  corresponding  branch  points  are  lo  =  0,  1,  1,  1,  1.  Draw  the  junc- 
tion lines  from  w  =  0  to  —  oo  and  from  U'  =  1  to  -|-  oo  along  the  axis  of  reals.  To 
find  the  image  of  r  =  0  on  the  z-plane,  polar  coSrdinates  may  be  used. 

r  =  r(cos^  -I-  tsin0),         w  =  u  +  iv  =  rV*'  —  3r*e*'<"'  +  3r-e**'. 

I'  =  0  =  r^[r'  sin  6<p  —  Sr^  sin  4 1^  -(-  3  sin  2  (p] 
=  »^sin2  0[r*(3—  4sin2<^)—  6r'cos<f,  +  3]. 

The  equation  u  =  0  thei-efore  breaks  up  into  the  equation  sin  2  ^  =  0  and 

3  cos  2  0  ±  -V  .1  sin  '2<p      v  3  sin  (KO  ±  2  *)  \^ 


r^  =  - 


S_4siu-20  2    sin  (60 -(- 2  0)  sin  (00— 2  (^)      2sin(6O±20) 


Hence  tlie  axes  <p  =  0°  and  (p  =  W  and  the  two  rectangular  hyperbolas  inclined  at 
angles  of  ±  I'l'  arc  the  inuiges  of  r  =  0.  The  z-plane  is  thus  divided  into  six  por- 
tions. The  fiuiction  «'  is  of  the  sixth  order  and  six  sheets  must  be  spread  over  the 
ir-plane  and  cut  along  the  junction  lines. 

To  connect  up  the  sheets  it  is  merely  necessary  to  get  a  start.  The  line  jp  =  0 
to  IC  =  1  i.s  not  a  junction  line  and  the  sheets  have  not  been  cut  through  along  it. 
But  when  c  is  small,  real,  anil  increasing,  lo  is  also  small,  real,  and  increasing. 
Hence  to  OA  corresponds  oa  in  any  sheet  desired.  Moreover  the  i-egion  above  OA 
will  correspond  to  the  upper  half  of  the  sheet  and  the  region  below  OA  to  the 
lower  half.  Let  the  sheet  be  chosen  as  III  and  place  the  numbers  3  and  3'  so  as  to 
corre.s]xind  with  III  and  III'.    Fill  in  the  numbers  4  and  4'  around  z  =  0.    When 
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z  turns  about  the  critical  point  2  =  0,  w  turns  about  jo  =  0,  but  as  angles  are  doubled 
it  must  go  around  twice  and  the  connections  III-IV,  IV-III'  must  be  made.  Till 
in  more  numbers  about  the  critical  point  z  =  1  of  the  second  order  where  angles  are 
tripled.  On  the  ui-sur- 
face  there  will  be  a 
triple  connection  III'-  I— VI 

II,  II'-I,  I'-III.  In 
like  manner  the  criti-  'N'vi  /// 
cal  point  2  =  —  1  may 
be  treated.  The  sur- 
face is  complete  except 
for  reconnecting  sheets  '_      > 

I,II,V,VIalongw  =  0  -'-'VI 

to  to  =  —  00  as  if  they 
had  never  been  cut.  w—surfcux  z— plane 


w  1;// 


EXERCISES 

1.  Plot  the  corresponding  lines  for :      (a)  «;  =  (1  +  2  i)z,         (ft)  w  =  {1—  li)z. 

2.  Solve  for  x  and  y  in  (1)  and  (2)  of  the  text  and  plot  the  corresponding  lines. 

3.  Plot  the  corresponding  orthogonal  systems  of  curves  in  these  cases: 

(a)  w  =  -,         {0}  w  =  l  +  z^,         (7)  10  =  cos 2. 

4.  Study  the  correspondence  between  2  and  w  near  the  critical  points: 

(a)  M)  =  2*,         (^)  w  =  1  —  z",         (y)  w  =  sin  2. 

5.  Upon  the  lo-surface  for  w  =  z^  plot  the  points  corresponding  to  2  =  1,  1  +  i, 
2i,  — i  +  jVSi,  —  i,  —I  V3  —  li,  —i,  i  —  li.  And  inthe  2-plane  plot  the 
points  corresponding  to  lo  =  V2  +  V2  i,  i,  —  4,  —  J  —  J  -^Si,  1  —  i,  whether  in 
the  upper  or  lower  sheet. 

6.  Construct  the  w-surf ace  for  these  functions : 

(a)    W  =  23,  (ft)   10  =  2-  ^  (7)    JO  =  1  +  2^,  (5)   JO  =  (2  -  1)8. 

In  (/S)  the  singular  point  2  =  0  should  be  joined  by  a  cut  to  2  =  ao. 

7.  Construct  the  Hiemann  surfaces  for  these  functions : 

(<t)   w  =  z*  -  22=,  (^)   10  =  -  2<  +  42,  (7)  JO  =  22*  -  5z-, 


(J)  10  =  2  + 


1 


(e)   10  =  Z-  +  ■ 


(f)   «>  = 


z^+  Vs- 


^•iz^  +  1 
185.  Integrals  and  their  inversion,    tlonsider  the  function 


-X" 


.-  =  In 


In- 


defined  by  an  integral,  and  let  the  methods  of  the  theory  of  functions 
be  applied  to  the  study  of  the  function  and  its  inverse.  If  u-  describes 
a  path  surrounding  the  origin,  the  integral  need  not  vanish;    for  the 
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integrand  is  not  analytic  at  w  =  0.  Let  a  cut  he  drawn  from  w  =  0  to 
?<;  =  —  oc.  The  integral  is  then  a  single  valued  function  of  w  provided 
the  path  of  integration  does  not  cross  the  cut.  Moreover,  it  is  analytic 
except  at  w  =  0,  where  the  derivative,  which  is  the  Integrand  1/w, 
ceases  to  be  continuous.  Let  the  w-plane  as  cut  be  mapped  on  the 
s-plane  by  allowing  w  to  trace  the  path  lahcdefghil,  by  computing  the 
value  of  z  sufficiently  to 
draw  the  image,  and  by 
applying  the  principles  of 
conformal  representation. 
When  w  starts  from  w  =  \ 
and  traces  1  a,  s  starts  from 
s  =  0  and  becomes  nega- 
tively very  large.   When  w 

turns  to  the  left  to  trace  a6,  z-plane  J^I^Jto^ 

z  will  turn  also  through  90° 
to  the  left.  As  the  integrand  along  a6  is  id<j>,  x  must  be  changing  by  an 
amount  which  is  pure  imaginary  and  must  reach  B  when  w  reaches  b. 
When  w  traces  he,  both  w  and  div  are  negative  and  z  must  be  increasing 
by  real  positive  quantities,  that  is,  z  must  trace  BC.  When  w  moves  along 
cdefg  the  same  reasoning  as  for  the  path  ab  will  show  that  z  moves  along 
CDEFG.  The  remainder  of  the  path  may  be  completed  by  the  reader. 
It  is  now  clear  that  the  whole  w-plane  lying  between  the  infinitesimal 
and  infinite  circles  and  bounded  by  the  two  edges  of  the  cut  is  mapped 
on  a  strip  of  width  2  iri  bounded  upon  the  right  and  left  by  two  infi- 
nitely distant  vertical  lines.  If  w  had  made  a  complete  turn  in  the  posi- 
tive direction  about  w  =  0  and  returned  to  its  starting  point,  z  wovdd 
have  received  the  increment  2  iri.  That  is  to  say,  the  values  of  z  which 
correspond  to  the  same  point  w  reached  by  a  direct  path  and  by  a  path 
which  makes  k  turns  about  w  =  0  will  differ  by  2  kiri.  Hence  when  w 
is  regarded  inversely  as  a  function  of  z,  the  function  will  be  periodic 
with  the  period  2  ttL  It  has  been  seen  from  the  correspondence  of 
cdefg  to  CDEFG  that  w  becomes  infinite  when  s  moves  off  indefinitely 
to  the  right  in  the  strip,  and  from  the  correspondence  of  BAIH  with 
haih  that  w  becomes  0  when  z  moves  off  to  the  left.  Hence  w  must  be 
a  rational  function  of  e'.  As  w  neither  becomes  infinite  nor  vanishes 
for  any  finite  point  of  the  strip,  it  must  reduce  merely  to  Ce*'  with  k 
integral.  As  w  has  no  smaller  period  than  2  iri,  it  follows  that  k  =  l. 
To  determine  C,  compare  the  derivative  dw/dz  =  Ce'  at  s  =  0  with  its 
reciprocal  dz/du-  =  w'^  at  the  corresponding  point  w  =  1 ;  then  C  =  1. 
The  inverse  function  ln~^s  is  therefore  completely  determined  as  e*. 
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In  like  manner  consider  tlie  integral 
dw 


Jii     1- 


2  =/(«.),        w  =  4'(z)=f-Hz). 


BAK 


Here  tlie  points  w  =  ±  i  must  be  eliminated  from  the  w-plane  and  the  plane  ren- 
dered simply  connected  by  the  proper  cuts,  say,  as  in  the  figure.  The  tracing  of 
the  figure  may  be  left  to  the  reader.  The 
chief  difficulty  may  be  to  show  that  the 
integrals  along  oa  and  be  are  so  nearly  equal 
that  C  lies  close  to  the  real  axis;  no  com- 
putation is  really  necessary  inasmuch  as  the 
integral  along  oc'  would  be  real  and  hence 
C  must  lie  on  the  axis.  The  image  of  the 
cut  w)-plane  is  a  strip  of  width  ir.  Circuits 
around  either  -1-  i  or  —  i  add  -rr  to  z,  and 
hence  lu  as  a  function  of  z  has  the  period  ir. 
At  the  ends  of  tlie  strip,  w  approaches  the 
finite  values  -I-  i  and  —  i.  The  function 
w  =  0(z)  Im.s  a  simple  zero  when  2  =  0  and 

has  no  other  zero  in  the  strip.  At  the  two  points  z=  ±  \ir,  the  function  w  becomes 
infinite,  but  only  one  of  these  points  should  be  considered  as  in  the  strip.  As  the 
function  has  only  one  zero,  the  point  z  =  \Tr  must  be  a  pole  of  the  first  order. 
The  function  is.therefore  completely  determined  except  for  a  constant  factor  which 
may  be  fixed  by  examining  the  derivative  of  the  function  at  the  origin.    Thus 

i  e<' 


z— plane 


w— plane 


=  tan  2, 


e2ii+  1       i  e<'  +  e- 

186.  As  a  tliird  example  consider  the  integral 
dir 


2  —  tan-'w. 


-r 


Vi 


n-' 


=  .f{u-),  ,c  =  4,(z)=f-\,).  (8) 


Here  the  integrand  is  double  valued  in  7c  and  consequently  there  is 
liable  to  be  confusion  of  the  two  values  in  attempting  to  follow  a  path 
in  the  if-plaue.  Hence  a  two-leaved  surface  for  the  integrand  will  be 
constructed  and  the  path  of  integration  will  be  considered  to  be  on  the 
surface.  Then  to  each  point  of  the  path  there  will  correspond  only  one 
value  of  the  integrand,  although  to  each  value  of  ir  there  correspond 
two  superimposed  points  in  the  two  sheets  of  the  surface. 


As  the  radical  Vl  —  w'^  vanishes  at  ju  =  ±  1  and  takes  on  oidy  the  single  value  0 
instead  of  two  ccjual  and  njipusjte  values,  the  points  jd  =  i  ]  are  branch  points  on 
the  surface  and  they  are  the  only  finite  branch  points.  Spread  two  sheets  over  the 
i'j-plane,  mark  the  branch  points  w  =  ±  1,  and  draw  the  junction  line  between  them 
and  continue  it  (provisionally)  to  w  =  oc.  At  jc  =  —  1  the  function  Vl  —  w'^  may 
be  written  vl  -f-  ?«  F{tr),  where  E  denotes  a  function  which  does  not  vanish  at 
to  =  —  1.  llenie  in  the  neighborhood  of  ;«  =  —  1  the  surface  looks  like  that  for 
V  w  near  w  =  0.    This  may  be  accomplished  by  making  the  connections  across  the 
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junction  line.   At  the  point  i«  =  +  1  the  surface  must  cut  through  itself  in  a  similar 
manner.    This  will  be  so  provided  that  the  sheets  are  reconnected  across  1  oo  as  if 
nevtr  cut ;  if  the  sheets  had  been  cross-connected  along  1  oo,  each  sheet  would  have 
been  separate,  though  crossed,  over  1,  and  the  branch  point  would 
have  disappeared.   It  is  noteworthy  that  if  w  describes  a  large 
circuit  including  both  branch  points,  the  values  of  Vl  —  w^  are 
not  Interchanged;  the  circuit  closes  in  each  sheet  without  pass- 
ing into  the  other.  This  could  be  expressed  by  saying  that  10  =  00 
is  not  a  branch  point  of  the  function. 

Now  let  w  trace  out  various  paths  on  the  surface  in  the  attempt  to  map  the  sur- 
face on  the  2-plane  by  aid  of  the  inregral  (8).  To  avoid  any  difficulties  in  the  way 
of  double  or  multiple  values  for  z  which  might  arise  if  w  turned  about  a  branch 
point  ui  =  ±  1,  let  the  surface  be  marked  in  each  sheet  over  the  axis  of  reals  from 

—  00  to  -(-1.  Let  each  of  the  four  half  planes  be  treated  separately.  Let  w  start 
at  u)  =  0  in  the  upper  half  plane  of  the  upper  sheet  and  let  the  value  of  Vl  —  ic^ 
at  this  point  be  -|-  1  ;  the  values  of  Vl  —  w^  near  10  =  0  in  11'  will  then  be  near 
-)-  1  and  will  be  sharply  distinguished  from  the  values  near  —  1  which  are  supposed 
to  correspond  to  points  in  1',  II.  As  w  traces  oa,  the  Integral  z  Increases  from  0  to 
a  definite  positive  number  a.  The  value  of  the  integral  from  a  to  6  Is  Inlinjteslnial. 
Inasmuch  as  w  =  1  is  a  branch  point  where  two  sheets  connect,  it  is  natural  to 
assume  that  as  w  passes  1  and  leaves  it  on  the  right,  z  will  turn  through  half  .1 
straight  angle.  In  other  words  the  Integral  from  b  to  c  is  naturally  presumed  to  be 
a  large  pure  imaginary  affected 

with  a  positive  .sign.    (This  fact        G — Q S S — P 

may  easily  be  checked  by  exam- 
ining the  change  In  Vl  —  w^ 
when  w  describes  a  small  circle 
about  w  =  1.  In  fact  if  the  E- 
function  Vl  -)-  wj  be  discarded 
and  If  1—10  be  written  as  re*', 
then  Vrez*'  is  that  value  of  the 
radical  which  is  positive  when 
1  —  «)  is  positive.  Now  when  w 
describes  the  small  .semicircle, 
<p  changes  from  0°  to  —  180°  and  hence  the  value  of  the  radical  along  he  becomes 

—  i\/r  and  the  integratid  is  a  positive  pure  Imaginary.)  Hence  when  w  traces 
6c,  z  traces  liC.  At  c  there  is  a  right-angle  turn  to  the  left,  and  as  the  value  of 
the  integral  over  the  infinite  quadrant  cc'  is  ^  tt,  the  point  z  will  move  back  through 
the  distance  J  tt.  That  the  point  C  thus  reached  must  lie  on  the  pure  imaginary 
axis  is  seen  by  noting  that  the  integral  taken  directly  along  oc'  would  be  pure  imagi- 
nary. This  shows  that  a  =  itr  without  any  necessity  of  computing  the  integral 
over  the  interval  oa.    The  rest  of  the  map  of  I  may  be  filled  in  at  once  by  symmetry. 

To  map  the  rest  of  the  w-surface  is  now  relatively  simple.  For  I'  let  w  trace 
r.c"d' ;  then  z  will  start  at  C  and  trace  CD'  =  ir.  When  w  comes  in  along  the  lower 
side  of  the  out  d'e'  in  the  upper  sheet  I',  the  value  of  the  integrand  is  identical  with 
the  value  when  this  line  de  regarded  as  belonging  to  the  upper  half  plane  was  de- 
scribed, for  the  line  is  not  a  junction  line  of  the  surface.  The  trace  of  z  is  there- 
fore D'E'.  When  w  traces  fo'  it  must  be  remembered  that  I'  joins  on  to  II  and 
hence  that  the  values  of  the  integrand  are  the  negative  of  those  along  fo.    This 
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makes  2  desciibe  the  segment  F'O'  =  -  «  =  -  i  t.  The  turn  at  E'F'  checks  with 
the  straight  angle  at  the  branch  point  —  1.  It  is  further  noteworthy  that  when  w 
returns  to  0'  on  I',  z  does  not  return  to  0  but  takes  the  value  ir.  This  is  no  contra^ 
diction ;  the  one-to-one  correspondence  which  is  being  established  by  the  integral 
is  between  points  on  the  lo-surf  ace  and  points  in  a  certain  region  of  the  z-plane,  and 
as  there  are  two  points  on  the  surface  to  each  value  of  w,  there  will  be  two  points 
z  to  each  w.  Thus  far  the  sheet  I  has  been  mapped  on  the  z-plane.  To  map  II  let 
the  point  w  start  at  0'  and  drop  into  the  lower  sheet  and  then  trace  in  this  sheet 
the  path  which  lies  directly  under  the  path  it  has  traced  in  I.  The  integrand  now 
takes  on  values  which  are  the  negatives  of  those  it  had  previously,  and  the  image 
on  the  2-plane  is  readily  sketched  in.  The  figure  is  self-explanatory.  Thus  the 
complete  surface  is  mapped  on  a  strip  of  width  2  ir. 

To  treat  the  different  values  which  2  may  have  for  the  same  value  of  w,  and  in 
particular  to  determine  the  periods  of  w  as  the  inverse  function  of  z,  it  is  necessary 
to  study  tlie  value  of  the  integral  along  different  sorts  of  paths  on  the  surface. 
Paths  on  the  surface  may  be  divided  into  two  classes,  closed  paths  and  those  not 
closed.  A  closed  path  is  one  which  returns  to  the  same  point  on  the  surface  from 
which  it  started ;  it  is  not  sufficient  that  it  return  to  the  same  value  of  w.  Of  paths 
which  are  not  closed  on  the  surface,  those  which  close  in  w,  that  is,  which  return 
to  a  point  superimposed  upon  the  starting  point  but  in  a  different  sheet,  are  the 
most  important.  These  paths,  on  the  particular  surface  here  studied,  may  be  fur- 
ther classified.  A  path  which  closes  on  the  surface  may  %ither  include  neither 
brancli  point,  or  may  include  both  branch  points  or  may  wind  twice  around  one 
of  the  points.  A  path  which  closes  in  w  but  not  on  the  surface  may  wind  once 
about  one  of  the  branch  points.    Each  of  these  types  will  be  discussed. 

If  a  closed  path  contains  neither  branch  point,  there  is  no  danger  of  Confusing 
the  two  values  of  the  function,  the  projection  of  the  path  on  the  w-plane  gives  a 
region  over  which  the  integrand  may  be  considered  as  single  valued  and  analytic, 
and  hence  the  value  of  the  circuit  integral  is  0.  If  the  path  surrounds  both  branch 
points,  there  is  again  no  danger  of  confusing  the  values  of  the  function,  but  the 
projection  of  the  path  on  the  w-plane  gives  a  region  at  two  points  of  which,  namely, 
the  branch  points,  the  integrand  ceases  to  be  analytic.  The  inference  is  that  the 
value  of  the  integral  may  not  be  zero  and  in  fact  will  not  be  zero  unless  the  in- 
tegral around  a  circuit  shrunk  close  up  to  the  branch  points  or  expanded  out  to 
infinity  is  zero.  The  integral  around  cc'dc"c  is  here  equal  to  2  tt  ;  the  value  of  the 
integral  around  any  path  which  incloses  both  branch* 
points  once  and  only  once  is  therefore  2  ir  or  —  2  tt  ac- 
cording as  the  path  lies  in  the  upper  or  lower  sheet ;  if 
the  path  surrounded  the  points  *:  times,  the  value  of 
the  integral  would  be  2  to.  It  thus  appears  that  w  re- 
garded as  a  function  of  z  has  a  period  2ir.  If  a  path 
closes  in  10  but  not  on  the  surface,  let  the  point  where  it 
crosses  the  junction  line  be  held  fast  (figure) -while  the  path  is  shrunk  down  to 
wbaa'b'w.  The  value  of  the  integral  will  not  change  during  this  shrinking  of  the 
path,  for  the  new  and  old  paths  may  together  be  regarded  as  closed  and  of  the 
first  case  considered.  Along  the  paths  vba  and  a'b'w  the  integrand  has  opposite 
signs,  but  so  has  dw ;  around  the  small  circuit  the  value  of  the  integral  is  infini- 
tesimal. Hence  the  value  of  the  integral  around  the  path  which  closes  in  ui  is  21 
or  —  2 1  if  I  is  the  value  from  the  point  a  where  the  path  crosses  the  junction  line 
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to  the  point  w.  The  same  conclusion  would  follow  if  the  path  were  considered  to 
shrink  down  around  the  other  branch  point.  Thus  far  the  possibilities  for  z  corre- 
spondinn  to  any  given  w  are  z  +  2fc7r  and  2mw-  z.  Suppose  finally  that  a  path 
turns  twice  around  one  of  the  branch  points  and  closes  on  the  surface.  By  shrink- 
ing the  path,  a  new  equivalent  path  is  formed  along  which  the  integral  cancels  out 
term  for  tefm  except  for  the  small  double  circuit  around  ±  1  along  which  the 
value  of  the  integral  is  infinitesimal.  Hence  the  values  z  +  2kTr  and  2mw  —  z  are 
the  only  values  z  can  have  for  any  given  value  of  w  if  z  be  a  particular  possible 
value.  This  makes  two  and  only  two  values  of  z  in  each  strip  for  each  value  of  w, 
and  the  function  is  of  the  second  order. 

11  thus  appears  that  w,  as  a  function  of  z,  has  the  period  2  7r,  is  single  valued, 
becomes  infinite  at  both  ends  of  the  strip,  has  no  singularities  within  the  strip,  and 
has  two  simple  zeros  at  z  =  0  and  z  =  tt.  Hence  w  is  a  rational  function  of  e''  with 
the  numerator  e^"—  1  and  the  denominator  e'-''=  +  1.   In  fact 


10=  C 


e"  —  e- 
e"  +  e- 


i  e'--  +  c-' 


The  function,  as  in  the  previous  cases,  has  been  wholly  determined  by  the  general 
methods  of  the  theory  of  functions  without  even  computing  a. 
One  more  function  will  be  studied  in  brief.   Let 


r 

Jo 


dw 


(a  —  w)  Vw 


a>0,        z  =/(!«),        io  =  0{z)=/-i(z). 


Here  the  Riemann  surface  has  a  branch  point  at  ui  =  0  and  in  addition  there  is  the 
singular  point  i«  =  a  of  the  integrand  which  must  be  cut  out  of  both  sheets.  Let 
the  surface  be  drawn  with  a  junction  line  from  w)  =  Otow  =  —  oo  and  with  a  cut 
in  each  sheet  from  w  =  a  to  w  =  co.  The 
map  on  the  z-plane  now  becomes  as  indi- 
cated in  the  figure.  The  different  values 
of  z  for  the  same  value  of  w  are  readily 
seen  to  arise  when  w  turns  about  the 
point  w  =  a  in  either  sheet  or  when  a 
path  closes  in  w  but  not  on  the  surface. 
These  values  of  z  are  z  +  2kiri/Va  and 
2m7ri/Vu  —  z.  Hence  lo  as  a  function  of 
z  has  the  period  2  Trin~  i ,  has  a  zero  at 
z  —  0  and  a  pole  at  z  =  iri/Va,  and  approaches  the  finite  value  w  =  a  at  both  ends 
of  the  strip.  It  must  be  noted,  however,  that  the  zero  and  pole  are  both  neces- 
sarily double,  for  to  any  ordinary  value  of  w  correspond  two  values  of  z  in  the 
strip.   The  function  is  therefore  again  of  the  second  order,  and  indeed 


z— plane 


w— surface 


A^ 


Va. 


\Y 


(e»v^ -1-1)2 


=  a  tanh^  -  z  Va, 
2 


Va 


taidi- 


■vf 


The  success  of  this  method  of  determining  the  function  z  =/(i«)  defined  by  an 
integral,  or  the  inverse  w  =f-^(z)  =  0(2),  has  been  dependent  first  upon  the  ease 
with  which  the  integral  may  be  used  to  map  the  i«-plane  or  m-surtace  upon  the 
z-plane,  and  second  upon  the  simplicity  of  the  map,  which  was  such  as  to  indi- 
cate that  the  inverse  function  was  a  single  valued  periodic  function.    It  should  be 
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realized  that  if  an  attempt  were  made  to  apply  the  methods  to  integrands  which 
appear  equally  simple,  say  to 

2=1   ^/^''  —  w'^dw,        z  =   /  (a  —  iv)  dw/Vw, 

the  method  would  lead  only  with  great  difficulty,  if  at  all,  to  tlie  rel<ition  between 
z  and  w  ;  for  the  functional  relation  between  z  and  ui  is  indeed  not  simple.  There 
is,  however,  one  class  of  integrals  of  great  importance,  namely, 

dw 


f 


V(w)  —  a,)(u)  —  «2)  ■■■.(«)  —  a„) 


EXERCISES 

1.  Discuss  by  the  method  of  the  theory  of  functions  these  integrals  and  inverses  : 
r"  dw  r"^  2dw  ,  ^     /•"'     die 

(S)  j-^^,       „)  r"d^^        ^^,  r- _^^^_. 


e  results  may  be  checked  in  each  case  by  actual  integration. 

2.  Discuss    I  and    /         (§  182,  and  Ex.  10,  p.  4i 

■'«    Vi«(l  -  10)  (1  +  w)  -^o    ^''l  -  w* 


CHAPTER    XIX 


ELLIPTIC  FUNCTIONS  AND  INTEGRALS 
187.  Legendre's  integral  I  and  its  inversion.   Consider 


-X' 


ihr 


V(l- 


0  <  /.  <  1. 


(I) 


•0(1 -/.-V) 

The  Riemann  surface  for  the  integrand*  has  branch  points  at  v  =  ±1 
and  ±  1/k  and  is  of  two  sheets.  Junction  lines  may  be  drawn  between 
+  1,  +  1/k  and  —  1,  —  l//c.  For  veiy  large  values  of  iv,  the  radical 
V(l  —  ?(•■')  (1  —  /rir-)  is  approximately  ±  /.vr^  and  hence  there  is  no 
danger  of  confusing  the  values  of  the  function.  Across  the  junction 
lines  the  surface  may  be  connected  as  indicated,  so  that  in  the  neigh- 
borhood of  M'  =  ±  1  and  IV  =  ±  1/k  it  looks  like  the  surface  for  "wir. 
Let  +  1  be  the  value  of  the  integrand  at  ir  =  0  in  the  upper  sheet. 
Further  let 


K 


-r 


div 


V(l  -  w')  (1  -  Khr")  ' 


'■'■■=X 


dw 


V(l  -  1C-)  (1  -  Ic'w') 


(1) 


Let  the  changes  of  the  integral  be  followed  so  as  to  map  the  surface 
on  the  «-plane.  As  w  moves  from  n  to  a,  the  integral  (I)  increases 
by  K,  and  z  moves 
from  0  to  .4 .  As  w 
continues  straight 
on,z  makes  a  right- 
angle  turn  and  in- 
creases bj-  pure 
imaginary  incre- 
ments to  the  total 
amount  iK'  when 
w  reaches  h.  As  w 
continues  there  is 
another  right-angle  turn  in  2,  the  integrand  again  becomes  real,  and 
z  moves  down  to  C.   (That  z  reaches  C  follows  from  the  facts  that  the 

•  The  reader  unfamiliar  with  Riemann  surfaces  (§  184)  may  proceed  at  once  to  identify 
(I)  and  (2)  by  Ex.  9,  p.  475  and  may  take  (1)  and  other  necessary  statements  for  granted. 
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integral  along  an  infinite  quadrant  is  infinitesimal  and  that  the  direct 
integral  from  0  to  ix>  would  be  pure  imaginary  like  dw.)  If  w  is  allowed 
to  continue,  it  is  clear  that  the  map  of  I  will  be  a  rectangle  2  K  by  K' 
on  the  ;t;-plane.  The  image  of  all  four  half  planes  of  the  surface  is  as 
indicated.  The  conclusion  is  reasonably  apparent  that  w  as  the  inverse 
function  of  z  is  doubly  periodic  with  periods  4  K  and  2  iK'. 

The  periodicity  may  be  examined  more  carefully  by  considering  difierent  possi- 
bilities for  paths  upon  the  surface.  A  path  surrounding  the  pairs  of  branch  points 
1  and  fc-i  or  —  1  and  —  k-^  will  close  on  the  surface,  but  as  the  integrand  has  oppo- 
site signs  on  opposite  sides  of  the  junction  lines,  the  value  of  the  integral  is  2  iK'. 
A  path  surrounding  —  1,  +  1  will  also  close  ;  the  small  circuit  integrals  about  —  1 
or  -I- 1  vanish  and  the  integral  along  the  whole  path,  in  view  of  the  opposite  values 
of  the  integrand  along /a  in  I  and  II,  is  twice  the  integral  from /to  a  or  is  iK. 
Any  path  which  closes  on  the  surface  may  be  resolved  into  certain  multiples  of 
these  paths.  In  addition  to  paths  which  close  on  the  surface,  paths  which  close  in 
w  may  be  considered.  Such  paths  may  be  resolved  into  those  already  mentioned 
and  paths  running  directly  between  0  and  w  in  the  two  sheets.  All  possible  values 
of  z  for  any  w  are  therefore  4  viK  +  2  niK'  ±  z.  The  function  w  (z)  has  the  periods 
4  K  and  2  iK',  is  an  odd  function  of  2  as  i«  (—  z)  =  j«  (z),  and  is  of  the  second  order. 
The  details  of  the  discussion  of  various  paths  is  left  to  the  reader. 

Let  w—f(z).  The  function  f(z)  vanishes,  as  may  be  seen  by  the 
map,  at  the  two  points  s  =  0,  2  iiT  of  the  rectangle  of  periods,  and  at 
no  other  points.  These  zeros  of  w  are  simple,  as  f{z)  does  not  vanish. 
The  function  is  therefore  of  the  second  order.  There  are  poles  at 
z  =  iK',  2K  +  iK',  which  must  be  simple  poles.  Finally  f(K)  =  1.  The 
position  of  the  zeros  and  poles  determines  the  function  except  for  a  con- 
sUnt  multiplier,  and  that  will  be  fixed  by  f(K)  =  1 ;  the  function  is 
wholly  determined.  The  function  /(s)  may  now  be  identified  with  sn  z 
of  §  177  and  in  particular  with  the  special  ease  for  which  K  and  K'  are 
so  related  that  the  multiplier  g  =  1. 

..  .        @(K)  H(z) 

For  the  quotient  of  the  theta  functions  has  simple  zeros  at  0,  2  K, 
where  the  numerator  vanishes,  and  simple  poles  at  iK',  2K+  iK',  where 
the  denominator  vanishes;  the  quotient  is  1  at  s  =  A';  and  the  deriva- 
tive of  sn  s  at  2  =  0  is  (7  en  0  dn  0  =  //  =  1,  whereas  /'(O)  =  1  is  also  1. 
The  imposition  of  the  condition  g  =  1  was  seen  to  impose  a  relation 
between  K,  K',  k,  k',  q  by  .virtue  of  which  only  one  of  the  five  remained 
independent.  The  definition  of  K  and  A"  as  definite  integrals  also  makes 
them  functions  K(k)  and  K'(k)  of  /;.    But 


1 
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(J,r 


V(l  -  w^  (1  -  kV-) 

X    V(i -<.•?)  (1  - /c'V)        ^  ^ 

if  w  =  (1  —  V'-a-ly  and  li^  +  h'^  =  1.  Hence  it  appears  that  K  may  be 
computed  from  k'  as  A"  from  h.  This  is  very  useful  in  practice  when 
/.-  is  near  1  and  W  near  0.    Thus  let 

--I        ,      11-  V^  ,    2  /I-  VaJV  ,         ,        ,        , 

J^  =  ©,(0,  ,y')  =  1  +  2  ry'  +  2  y'*  +  . .  .  ,  A'  =  -  ^  log  ?' ; 

and  compare  with  (37)  of  p.  472.  Now  either  k  or  k'  is  greater  than  0.7, 
and  hence  either  q  or  </'  may  be  obtained  to  five  places  with  only  one 
term  in  its  expansion  and  with  a  relative  error  of  only  about  0.01  per 
cent.  Moreover  either  q  or  q'  will  be  less  than  1/20  and  hence  a  single 
term  1  +  2  y  or  1  +  2  5''  gives  K  or  K'  to  four  places. 

188.  As  in  the  relation  between  the  Eiemann  surface  and  the  ^-plane 
the  whole  real  axis  of  s  corresponds  periodically  to  the  part  of  the  real 
axis  of  u-  between  —  1  and  +  1,  the  function  sn  x,  for  real  x,  is  real. 
The  graph  of  y  =  sn  a;  has  roots  at  x  =  2  mK,  maxima  or  minima  alter- 
nately at  (2  m  + 1)  K,  inflections  inclined  at  the  angle  45°  at  the  roots, 
and  in  general  looks  like  y  =  sin  (7rx/2  A).  Examined  more  closely, 
sn  J^  A'  =  (1  +  k'Y^  >  2"  -  =  sin  \'tv\  it  is  seen  that  the  curve  sn  x  has 
ordinates  numerically  greater  than  sin  (jrx/2  A).    As 


en  a; 


=  Vl  —  sn'^  X,         dn  X  =  Vl  —  k^  sn^  x,  (5) 


the  curves  y  =  en  x,  y  =  dn  x,  may  readily  be  sketched  in.  It  may  be 
noted  that  as  sn  (x  +  A')  =f^  en  x,  the  curves  for  sn  x  and  en  x  cannot 
be  superposed  as  in  the  case  of  the  trigonometric  functions. 

The  segment  0,  iK'  of  the  pure  imaginary  axis  for  z  corresponds  to 
the  whole  upper  half  of  the  pure  imaginary  axis  for  ir.  Hence  sn  ix 
with  X  real  is  pure  imaginary  and  —  i  sn  tx  is  real  and  positive  for 
0  S  X  <  A'  and  becomes  infinite  for  x  =  A'.  Hence  —  t  sn  ix  looks  in 
general  like  tan  (7rx/2  A'').  By  (5)  it  is  seen  that  the  curves  for  y  =  cnix, 
y  =  dnLx  look  much  like  sec  (7rx/2  A')  and  that  en  ix  lies  above  dn  ix. 
These  functions  are  real  for  pure  imaginary  values. 

It  was  seen  that  when  k  and  k'  interchanged,  A'  and  K'  also  inter- 
changed. It  is  therefore  natural  to  look  for  a  relation  between  the  ellip- 
tic functions  sn  (s,  k),  en  (.t,  k),  dn  (z,  k)  formed  with  the  modulus  k 
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and  the  functions  sn  {z,  k'),  en  (z,  k'),  dn  (z,  k')  formed  with  the  com- 
plementary modulus  k'   It  will  be  shown  that 

^     ,.     ,^       dn(«,  r)  ,     ,     ,,       dn  {iz,  k') 

Consider  sn  {iz,  k).  This  function  is  periodic  with  the  periods  4  K  and 
2  iA''  if  iz  be  the  variable,  and  hence  with  periods  4  lA"  and  2  A'  if  ,i:  be 
the  variable.  With  z  as  variable  it  has  zeros  at  0,  2  iA,  and  poles  at 
A",  2  iA'  +  A''.  These  are  precisely  the  positions  of  the  zeros  and  poles 
of  the  quotient  H  (z,  <j')/H^{z,  -/'),  where  the  theta  functions  are  con- 
structed with  q'  instead  of  g-  As  this  quotient  and  sn  {iz,  k)  are  of  the 
second  order  and  have  the  same  periods. 

The  constant  C,  may  be  determined  as  Cj  =  i  by  comparing  the  deriva- 
tives of  the  two  sides  at  s  =  0.  The  other  five  relations  may  be  proved 
in  the  same  way  or  by  transformation. 

The  theta  series  converge  with  extreme  rapidity  if  q  is  tolerably 
small,  but  if  q  is  somewhat  larger,  they  converge  rather  poorly.    The 
relations  just  obtained  allow  the  series  with  q  to  be  replaced  by  series 
with  q'  and  one  of  these  quantities  is  surely  less  than  1/20. 
In  fact  if  V  =  7ra;/2  K  and  v'  =  7rx/2  A',  then 

_  -^        2  sin  1/  —  2  y^  sin  3  V  -I-  2  g°  sin  5  V 

sn  {x,  '')  -  ^,  I  _  2 ,j  cos  2v  +  2 q*  cos  iv  -  2 q'> cos  6v  +  ■  ■  ■ 

_    1     sinh  v'  —  q'^  sinh  3v'  +  g'^  sinh  5v' 

~  Va-  cosh  v'  +  q''  cosh  3  v'  +  ?*  cosh  5  v'  -i 

The  second  series  has  the  disadvantage  that  the  hyperbolic  functions 
increase  rapidly,  and  hence  if  the  convergence  is  to  be  as  good  as  for 
the  first  series,  the  value  of  q'  must  be  considerably  less  than  that  of 
q,  that  is,  K'  must  be  considerably  less  than  K.  This  can  readily  be 
arranged  for  work  to  four  or  five  places.    For 

_         JT  /    5-nx  _  5nx\ 

q'^  =  e     '^,         cosh5v'  =  i(e='^'-He  ^'7,         0  ^  x  S  K', 

where  owing  to  the  periodicity  of  the  functions  it  is  never  necessary 
to  take  X  >  A"'.  The  term  in  q'^  is  therefore  less  than  J  q'^^.  If  the  term 
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ill  7'°  is  to  be  equally  negligible  with  that  in  <f, 

2v«=i7'^        with        log  7  log  y'  =  TT^ 

from  which  1/'  is  determined  as  about  7'  =  .02  and  q  as  about  //  =  .08 ; 
the  neglected  term  is  about  0.0000005  and  i.s  barely  enough  to  effect 
six-])lace  work  except  through  the  multiiilication  of  errors.    The  value 
of  /,■  corresponding  to  this  critical  value  of  1/  is  about  k  =  0.85. 
Another  form  of  the  integral  under  consideration  is 

(hr 


r*  de  C" 


sin  </)  =  y  =  sn  a-,         <^  =  am  .< ,         cos  ff>  =  Vl  —  sn-  a-  =  en  x, 

A<^  =  Vl  -  k-if  =  Vl  -  k''  sin^  <^  =  dn  ./■,         k''  =  1  -  k', 

X  =  sn-'(//,  /.•)  =  cn-'(Vl-y^  /,■)  =  dn-'(Vl  _  A-y,  /,). 

The  angle  </>  is  called  the  amplitude  of  ,r ;  the  functions  sn  ./ ,  en  j , 
dn  X  are  the  sine-amplitude,  cosine-amplitude,  delta-amplitude  of  ./■.  The 
half  periods  are  then 


1      Vi^T^ 


'  sin^  e  V- 

r^'        '/^  ./I 

A"  =    I  =  =  -''     o  ■^'  '■^^ 

Jo       Vl  -  ;t«  sin^  6  V 


(8) 


and  are  known  as  the  complete  elliptic  integrals  of  the  first  kind. 

189.  The  elliptic  functions  and  integrals  often  arise  in  problems 
that  call  for  a  numerical  answer.  Here  k'^  is  given  and  the  complete 
inteoral  A'  or  the  value  of  the  elliptic  functions  or  of  the  elliptic  inte- 
gral F(</>,  k)  are  desired  for  some  assigned  argument.  The  values  of 
A'  and  /•'(</),  /.)  in  terms  of  siu-V.-  are  found  in  tables  (B.  0.  Peirce, 
pp.  117-119),  and  may  be  obtained  therefrom.  The  tables  may  l)e 
used  by  inversion  to  find  the  values  of  the  function  sn  x,  en  x,  dn  x 
when  X  is  given ;  for  sn  a-  =  sn  F(<^,  k)  =  sin  <^,  and  ii  x=F  is  given, 
<^  may  be  found  in  the  table,  and  then  sn  x  =  sin  </>.  It  is,  however, 
easy  to  compute  the  desired  values  directly,  owing  to  the  extreme 
rapidity  of  the  convergence  of  the  series.    Thus 


^  =  ®.(0),    J^  =  0(O),    1±^Va  =  1,0,(0, +  e(0)), 

TT  '  y    TT  V27r 


VA-  =  -^(l+2/+...)  =  ^-flog'/  (9) 


i  +  Va- 
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The  elliptic  functions  are  computed  from  (6)  or  analogous  series. 
To  compute  the  value  of  the  elliptic  integral  F  (<^,  k),  note  that  if 

_  dn  a;  _  1  +  2  g  cos  2  v  +  2  g*  cos  4  v  +  ■  ■  ■ 
*'°*^~^~l-2?cos2v  +  29^cos4v+--'  ^     ' 

11  \      cot  X  —  1      „    cos  2  V  4-  ?°  cos  6 1/  +  •  •  • 

tan    7 TT  —  X   =  — ^^    .  -.  =  Iq    -,   ,  n  i 7 — ; ' 

\4  /      cot  \  +  1         ^     1  +  2  5'^  cos  4  V  +  •  •  • 

2  q  cos  2  V 

and    tan  (i  tt  —  X)  =  2  y  cos  2  v  or  tan  (i  tt  —  X)  =  ^    ,   „    . -—  (10') 

^*  '         '■  ^*  ^      1  +  2  y^  cos  4 1/  ^ 

are  two  approximate  equations  from  which  cos  2  v  may  be  obtained ; 
the  first  neglects  <^  and  is  generally  sufficient,  but  the  second  neglects 
only  5*.    If  h^  is  near  1,  the  proper  approximations  are 

1    dn(a:,  A-)_dn(a',  A:')^l  +  2y'cosh2v'-| 

Vfccn(x,A)-       V^       -l-2g'cosh2v'  +  ..-'    ^"^ 

tan(i7r-X)  =  2^'cosh2.'  or  tan  Q  tt  -  X)  =  ^-j-|^^j^^^^  .  (11') 

Here  y'*  cosh  8  v'  <  y '■*  is  neglected  in  the  second,  but  q'^  cosh  4  v'  <  q''^ 
in  the  first,  which  is  not  always  sufficient  for  four-place  work.  Of  course 
if  <^  with  sn  a  =  sin  </>  or  if  y  =  sn  x  is  given,  dn  a-  =  Vl  —  W-  sn^  x  and 
en  a;  =  Vl  —  sn^  x  are  readily  computed. 

/>*        ae 

Asan  example  take  |        ,  ==  and  find  E,  sn  i  K,  FU  jr,  i).   As  k"^  =  4 

_  -'a    VI— ^sin^S  '       3      <      \8     >  5/  f 

and  Vft'>0.9,  the  first  term  of  (37),  p.  472,  gives  q  accurately  to  five  places. 
Compute  in  the  form:  (Lg  =  logjj) 


LgS:'2  =  9.87506 

Lg  (l  -  VP)  =  8.84136 

Lg  2  IT  =  0.7982 

Lg  VP  =  9.96876 

Lg(l+  VP)  =  0.28569 

2Lg(l+  VP)  =  0.5714 

VP  =  9.93060 

Lg2g  =  8.55567 

Lg  .B:  =  0.2268 

1  -  VP  =  0.06940 

29  =  0.03595 

K  =  1.686 

1+  VP  =  1.93060 

q  =  0.01797 

Check  with  table. 

snBir  =  S 

^Vg  sin  ^  IT  —  q^ainw  +■■  ■ 
'  Vk    l-2f/cosf7r+... 

_2^iV3 
Vil  +  9 

sn^ir-^'"^-^^ 

3          1.01797 

-J  Lg  6  =  0.38908 

J  Lg  7  =  9.56366 

-Lg  1.018  =  9.99226 

Lg  sn  f  B:  =  9.9450 
snf.K'  =  0.8810. 

<t>=l-n-         A</>  =  dnx=  Vl  —  ^  sin^  J  tt  =  Vl  —  J  sin  J  tt  Vl  +  ^sin  Jir. 
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1  sin  J  7r  =  0.19134 

X  =  43°  28'  28" 

Lg  42.20=  1.6253 

1  -  i  sin  i  n  =  0.80866 

i  ir  -  X  =  1°  31'  32" 

Lg  A'  =  0.2268 

1+  Jsin  J  IT  =  1.19134 

Lg  tan  =  8.42540 

-Lgl80=  7.7447 

J  Lg  (1  -  J  sin  1  ir)  =  9.95388 

Lg2g  =  8.55567 

Lgi  =  9.5968 

J  Lg  (1  +  ^  sin  J  ir)  =  0.03802 

Lgcos2.'  =  9.86973 

X  =  0.3952 

-  Lg  \'k'  =  0.03124 

2  ..  =  42°  12' 

Check  witii  table. 

Lg  cot  X  =  0.02314 

180i  =  A'(42.20) 

As  a  second  example  consider  a  pendulum  of  length  a  oscillating  through  an 
arc  of  300°.  Find  the  period,  the  time  when  the  pendulum  is  horizontal,  and  its 
position  after  dropping  for  a  third  of  the  time  required  for  the  whole  descent. 
Let  x^  +  y^  —  2ay  be  the  equation  of  the  path  and  A  =  a  (l  +  ^  Vs)  the  greatest 
height.  When  y  =  h,  the  energy  is  wholly  potential  and  equals  mgh;  and  mgy  is 
the  general  value  of  the  potential  energy.   The  kinetic  energy  is 


2  \di)  ~  2  01/  -  2/2  [dt)      ^"'      2ay-ij^  \ 


di/Y  , 

--     +  mgy  = 

at/ 


2ay  —  y^\dtl  lay—xj 

is  the  equation  of  motion  by  the  principle  of  energy.    Hence 
ady  [a    r^  dw 


:  mgh 


Jo 


V-  r- 


»2  =  ^,42=A, 

2o 


=  hsu'-(\'y/at,  k), 


/2g\  (h-y)(2ay-y-)        ^0^"    \'{l -w')(l - 
Vg/at  =  sn-'(r«,  J:),         «>  =  sn  {\'y/at,  k),        y 
are  the  integrated  results.    The  quarter  period,  from  highest  to  lowest  point,  is 


K  y/a/g ;  the  horizontal  position  \s  y  =  a,  at  which  t  is  desired ;  and  the  position 
for  ylg/at  =  §  Jl  is  the  third  thing  required. 


k^  =  0.93301,         2  9'  = 


1-  Vk 


K' 


1  + 


logg' 


-2Lg9' 
Mil+Vkf 


Lg)fc2  =  9.96988 

Lg  Vfc  =  9.99247 

v'fc  =  0.98280 

1-  Vfc  =  0.01720 

1+  Vifc  =  1.98280 


Lg  (l  -  \k)  =  8.23553 

,  Lg(l+  \  i-)  =  0.70272 

-  Lg  2  =  9.69897 

Lg?'=  7.63722 

(/  -  0.00434 


Lg2  =  0.3010 

Lg2(?'-i  =  0.3734 

-  Lg  Jf  =  0.3622 

-2Lg(l+  Vfc)  =  9.4034 

Lg  K  =  0.4420. 


Hence  K  =  2.768  and  the  complete  periodic  time  is  4  Ji  va/y 


V 


■a, 

4  14 


cnw 


=  Vl- 


=  -.  -J:2  =  cotX, 


\3 


1    dniu 
Vjfc  cn«) 

Lgifc2  =  9.96988 

Lg4  =  0.60206 

-Lg  3  =  9.52288 

Lg  cot*  X  =  0.09482 


a/h,        dnj«  =  Vl 
I  -  TT  —  X  )  =  2  g'  cosh  2  v'. 


■2v' 


khi/h. 
ttK 


I'd  1 
A"  \aK' 


X  =  43°  26'  12" 
}  IT  -  X  =  1°  33'  48" 
Lg  tan  =  8.43603 
Lg  2  (/'  =  9.93825 


Lg  cot  X  =  0.02370        Lg  cosh  2  /  =  0.49778 


2/  =  1.813 
Lg  2  v'  =  0.2-584 
-Lg2,y'-i  =  9.6266 
Lg  M  =  9.6378 

Lg  ■»'--  =  9.5228. 
'    \  ((  A' 
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Hence  the  time  for  y  =  a  is  i  =  0.3333  A'  \^g  =  \  whole  time  of  ascent. 
2     |V/  2  ..      /«  _  /'  /siiili  ttK/Z  K'  -  (/'^  sinh  wK/Ky 


JLgg'  =  9.21241  r/i  =  0.1631         ^  ^  2a/t  /^^^l^V. 

-^Lg9'  =  0.78759        7'-^  =  6.1319  \6.2993/ 

This  gives  y  =  1.732  a,  which  is  very  near  the  top  at  ft  =  1.866  a.  In  fact  starting 
at  30°  from  the  vertical  the  pendulum  reaches  43°  in  a  third  and  90°  in  another 
third  of  the  total  time  of  descent.  As  .'<ii  I  K  is  (1  +  *;')"'  ''  's  easy  to  calculate 
the  position  of  the  pendulum  at  half  the  total  time  of  descent. 


EXERCISES 

1.  Di.scu&s  these  integrals  by  the  method  of  mapping  : 

,    .  /""  '''"  I      />  .  ■       * 

(a)  z  =    I      —  - ,         ^  >  0  >  0,         u)  =  ';  sn  az,      «  =  - , 

•^»     V(a2  -  io2)  (/^2  _  ,„2)  a 

(/3)  z  =    f "  '^"'  ,         II)  =  sn2  /- z,  k],        z  =  'i.  sn-i  ( Vi,  t), 

.  -         w  =  —7^  =  tn  (z,  i),        z  =  tn-i  (M),  *). 

»     V(l  +  t«2)  (1  +  A;'2u,2)  en  (z,  fe) 

2.  Establish  these  Maclaiuin  developments  with  the  aid  of  §  177: 

(a)   sn  z  =  z  -  (1  +  *:2)  f!  4.  (1  +  I4fc2  +  j4)  |! ^ 

o  !  5  ! 

(^)   en  z  =  1  -  ^  +  (1  +  4 12)  ^  _  (1  +  44  fc2  +  16  fc4)  £!  +  .  .  .  ^ 
(7)  dn  z  =  1  -  42  L  +  t2(4  +  J.2)  L  _  ^2(16  +  44ici^ici)^^  ..._ 

3.  Prove    f^    ^      -^^  =\r  "-^  />1,     sina^  =  Psin^«. 

•^»      Vl-i2sin2  0         '  •^o       V'l-(-2si„2^^ 

4.  Carry  out  the  computations  in  these  cases  : 

(«)     f^  '^^      to  find  g,         sn?A',         fAit, — 

*'»    Vl-0.1sin2(9  3  yS       VlO, 

(^)    f  '^^  to  find  A',         snlA,         f/1.,-LV 

''o    Vl  -  0.9  sin2  ff  3  ^3       VlO/ 

5.  A  pendulum  oscillates  through  an  angle  of  (a)  180°,  (^)  90°,  (7)  340°.  Find 
the  periodic  time,  the  position  at  t  =  |  A,  and  the  time  at  which  the  pendulum 
makes  an  angle  of  30°  with  the  vertical. 
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6.  With  the  aid  of  Ex.3  tiiid  the  arc  of  the  lemniscate  f'  =  :ii('-cos20.  Also 
(III'  arc  from  0  =  0100  =  30'=,  and  the  middle  point  of  the  arc. 

7.  A  head  iiaurs  around  a  vertical  circle.  The  velocity  at  the  top  is  to  the 
vcloiil.y  at  the  botl<iin  as  1  :)i.    Kxpirss  the  solution  in  terms  of  elliptic  functions. 

8.  In  V.\.  7  comptuc  llif  i^criodic  tiiiie  if  n  -  li,  8,  or  10. 

9.  Nei;l('itiiii;  uiavity,  .solve  the  problem  of  the  jumping  rope.  Take  the  i-axis 
liorizoiital  llironjili  Ihe  ends  of  the  rope,  and  the  //-axis  vertical  through  one  end. 
Hemcn'ilH'r  that.  "ic'iitrifui;al  fune"  varies  as  the  distance  from  the  axis  of  rotation. 
The  tirsl  anil  second  iiiti'uratioii.s  jrive 


0- —  11' sn .     -vl I- 


dx  =  — ,         II  -  ^  IS-       ■'  —  '  ' 


10.  Exprr.-.s    I  _  ,  II  >  1,  in  terms  of  elliptic  functions. 

•'      \  11  -  cu.sAI 

11.  A  ladder  stands  on  a  smooth  floor  and  rests  at  an  angle  of  30^  against  a 
smooth  wall.  Discu.ss  the  descent  of  the  ladder  after  its  release  from  this  position. 
Find  the  time  which  elap.scs  before  the  ladder  leaves  the  wall. 

12.  A  rod  is  placed  in  a  smooth  hemispherical  bowl  and  reaches  from  the  bot- 
tom of  the  bowl  til  the  edi;e.    Find  the  time  of  oscillation  wdien  the  rod  is  released. 

190.  Legendre's  Integrals  II  and  III.  The  treatment  of 

Jo        Vl  -  «•■-  Jii      V(l  -  «■■-)  (1  -  k-u-') 

by  the  method  of  conformal  mapping  to  determine  the  function  and  its 
invoi'so  does  not  "ivi'  satisfactofy  results,  for  the  map  of  the  Riemann 
sui  t'tu'o  on  the  .-.-plane  is  not  a  simple  region.  But  the  integral  may  be 
treated  by  a  rhan!.;e  of  varitdile  and  be  reduced  to  the  integral  of  an 
elliptic  funetion.    For  with  ir  =  sn  ii,  ii  =  sn~'  ir, 

j       — -       _i=^L^   -=^=    I      (1  —  A- sn-*  I/)  (/(/ 
J„       ^\l-  (r-)(l-/.V')       Jo  ^_  (12) 

=  II  —  k'^  I      sn'^  uilit. 

The  problem  thus  becomes  that  of  integrating  sn'^  «..  To  effect  the  in- 
tegration, .sn-  II  will  1r>  expressed  as  a  derivative. 

The  function  sn-  ii  is  doubly  periodic  with  periods  2  A',  2  i/v',  and 
with  a  polo  of  the  second  order  at  ii  =  il<'     But  now 

in 

®{ii.  +  -2  K)  =  ®{ii),  ®(ii  +  2  t7v')=:  -  q-h''^'®(v) 

log eC"  +  -  K)  =  1<';-j: 0( "))  log 'y®  +  - *^"')  =  log® (") "  7f  "  ~  ^°^ ^~  '^^' 
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It  then  appears  that  the  second  derivative  of  log  0(»)  also,  has  the 
periods  2  A',  2  iK'.    Introduce  the  zeta  function 

z  00  =  ^  log  000  =  4^'       z(")-,-^^^-         (13) 

The  expansion  of  ©'(«)  shows  that  ©'(i/)  =  0  at  «  =  wA'.  About  u  =  ix' 
the  expansions  of  Z'{u)  and  sn^w  are 

^'(")  =  -^I^^  +  "°  +  --'      ^"'^"  =  Po7::W  +  '»+-- 

Hence  F  sn^  u  =  -  Z'(v)  +  Z'(0),         Z'(0)  =  ®"(O)/0(O), 

and  /^'  f    sn^(  .Zk  =  -  Z(u)  +  «Z'(0), 

r"  (1  -  A:^  su^  u)  du  =  M  (1  -  Z'(0))  +  Z  (a).  (14) 

The  derivation  of  the  expansions  of  Z'(u)  and  sn"  u  abeut  u  =  iK'  are  easy. 
e(u)=CTT(l-(7="+^t*^^"),         loge(w)  =  2^1og(l-92n+ic*^")+logC 
log  e  (u)  =  log  (l  —  qe'  '^  ")  +  function  analytic  near  u  =  iK'. 

ITT 

e'(u)  _        iirqe    " "  _  imi  


ITT  ;-_ 

/(u)  =  e'Ji"=f(iK')  +  (u  -  iK')f'(iK')  +■••  =  </  +  (u  -  i-ST')  — g  + 


e'(»)  ^    +1     ^  d  e^(»)  _      - 1      ^ 

e  (u)      u  —  iK'  '        du  e  (u)       {u  —  iK')^ 

sn  (u  +  iK')  = ,        sn2(u  +  iK')  =  —  — —  , 

A:  sn  u  K'  sn^  u 

/(«)  =  sn  u  =  uf'(0)  +  i  u8/"'(0)  +  •  •  •  =  u  +  cu3  +  •  ■ . , 
6n2(u  +  i7r)  =  i    1-  =  1  (1  _  cu  +  . .  .y  =  1  (i  -  2c  +  . . .), 

stfiu  =  -  ( ^- 2c  +  •  •  -V 

*:2  \(u  -  iK'Y  I 

In  a  similar  manner  may  be  treated  the  integral 

r -j^^=.==  =  r  -^i^ .     (Ill) 

Jo     {yJ'  -  a)  V(l  -  v--")  (1  -  /.-^/c^       Jo     sn''  M  -  « 
Let  ^/  be  so  chosen  that  sn^  <i.  =  a.    The  integral  becomes 

Jr"  (/» 1 r  2  sn  rt  en  n  dn  a 

II     sn^  ?(  —  sn'^  a      2  sn  n  en  a  dn  «  j       sn^  a  —  sn''  a         •     \     ) 
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The  integrand  is  a  function  with  periods  2  A',  2  iK'  and  with  simple 
poles  at  tt  =  ±  a.    To  find  the  residues  at  these  poles  note 

'1±^ i; 1 ±1 


lim  — -—  =  lim 


sn^a     ui±a  2snM  cnM  dn  ?<       2  sn  «  en  «  dn  a. 

The  coefficient  of  {u  ^  a)-'  in  expanding  about  ±  a  is  therefore  ±  1. 
Such  a  function  may  be  written  down.    In  fact 

2  sn  u  en  a  dn  a  _  H'(u  —  a)       H'(u  -\-  a) 
sn^  M  -  sn^  a    ~  H  (u  —  a)       H  (u  +  a) 

=  Z,(m  -a)-  Z,(m  +  a)+  C, 
if  Z^  =  H'/H.   The  verification  is  as  above.    To  determine  C  let  m  =  0. 

m,  ^  2cnadna  1     H(u) 

Then         C  = \-2Z.(a),    but    snM  =  -7=— ^,. 

sna  1^  ^'  V^  ®(u) 

,  d  .  en  ■?«  dn  ?t 

and  -;-  log  sn  ?<  = =  ZJtt)  —  Z  (it). 

du  sn  u  ^^  '  ^  ' 

Hence  C  reduces  io  2  7,  (a)  and  the  integral  is 

r__*^_  =  ^ ^-^[loggJ^  +  2«zr«.)l.  (16) 

J„     sn^ji  — sn^'ft       2snacnadn«L    ^H(a  +  ti)  »  /J     v     / 

The  integrals  here  treated  by  the  substitution  w  =  snu  and  thus  reduced  to  the 
integrals  of  elliptic^ functions  are  but  special  cases  of  the  integration  of  any  rational 
function  R{w,  V  W)  of  w  and  the  radical  of  the  biquadratic  W  ={\  —  vfl)(\  —  k^w'^). 
The  use  of  the  substitution  is  analogous  to  the  use  of  ui  =  sinw  in  converting  an 
integral  of  R(,w,  Vl  —  m')  into  an  integral  of  trigonometric  functions.  Any  ra- 
tional function  R.(w,  VJI')  may  be  written,  by  rationalization,  as 

B(«),VF)  =  ^W  +  fiW^^  ^  flH  +  fl(t«)VTF 
R(u))  + 7e(w))yiy  ^W 

-  RAvi)  +  — ^  =  UAvS)  + '^     'JL    '^     ^ 

where  B  means  not  always  the  same  function.  The  integral  of  ij(«),  VW}  is 
thus  reduced  to  the  integral  of  B,(i«)  which  is  a  rational  fraction,  plus  the  inte- 
gi-al  of  «)R,(m°)/ VTf  which  by  the  substitution  vfl  =  u  reduces  to  an  integral  of 
R  (i(,  V(l—  u)(l—  fc^u)  and  may  be  considered  as  belonging  to  elementary  calculus, 
plus  finally 

°_  dw  -  f  RJsTi'^ u)du,        w  =  snu. 

By  the  method  of  partial  fractions  R^  may  be  resolved  and 

fsn-'-iidu        nSO,         C — n>0 

.;  J  (srfi  u  -  a)" 

are  the  types  of  integrals  which  must  be  evaluated  to  finish  the  integration  of  the 
given  K(io,  \^).    An  integration  by  parts  (B.  0.  Peirce,  No.  567)  shows  that  for 
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the  first  type  n  may  be  lowered  if  positive  and  raised  if  negative  until  the  integral 
is  expressed  in  terms  of  the  integrals  of  sn'^i  and  sn"  j:  =  1,  of  which  the  first  is 
integrated  above.  The  second  type  for  any  value  of  n  may  be  obtained  from  the 
integral  for  ji  =  1  given  above  by  differentiating  with  respect  to  a  under_the  sign 
of  integration.  Hence  the  whole  problem  of  the  integration  of  liiiv,  V W)  may 
be  regarded  a.s  solved. 

191.  With  the  substitution  iv  =  sin  <^,  the  integral  II  becomes 

Vl  -  Jc'  sin-'  6(16  =  /  dw  (1--S 

n  Jo        Vl  —  w'^  ^      ' 

=  M  (1  -  Z'(0))  +  Z  («),         "  =  P{^,  !>■)■ 

In  jjartic'ular  E  (^  tt,  k)  is  called  the  complete  integral  of  the  second  kind 
and  is  generally  denoted  by  E.  When  <f,  =  ^v,  the  integral  u  =  F(<t>,  /•) 
becomes  the  complete  integral  K.    Then 

A'  =  A-(l-Z'(0))  +  Z(/v)  =  A-(l-Z'(0)),  (18) 

and  E(^,  k)  =  EF{<t,,  k)/K  +  Z(«).  (19) 

The  problem  of  computing  E{<^,  k)  thus  reduces  to  that  of  computing 
K,  E,  F(<l>,  /,)  =  u,  and  Z(«).  The  methods  of  obtaining  K  and  F(<l>,  k) 
have  been  given.  The  series  for  Z{u)  converges  rapidly.  The  value 
of  E  may  be  found  by  computing  A'(l  —  Z'(0)). 

For  the  convenience  of  logarithmic  computation  note  that 


TT  Z  TT 


or 


A-  -  A-  =  ^  tt/ V//  •  (2  7r/A-)5  ^  (1  _  4  y'  +  . . .).  (20) 


Also         2(!t)-  ®'^'''^  -  ^  ''"^         ^'"  ^  "  -  ^  ?'  S'"  4  V  + 
^'      @(u)         K    l-2r/cos2v  +  2r/''cos4i 


(21) 


®{u)         K    1  —  27COS  2v +  2(/''cos4v 

vi^here  V  =  7r»/2  A'.  These  series  neglect  only  terms  in  7',  which  will 
barely  affect  the  fifth  place  when  k  s  sin  82°  or  k'^  g  0.98.  The  series 
as  written  therefore  cover  most  of  the  cases  arising  in  practice.  For  in- 
stance in  the  problem  which  gives  the  name  to  the  elliptic  functions 
and  integrals,  the  problem  of  finding  the  arc  of  the  ellipse  x  =  (,  sin  </., 
y  =  h  cos  </), 

(Is  =  V«^  cos^  <t>  +  l''^  sin^  4>(/<t,  =  a  Vl  -  e^  sin'^  <j>d<f>  ■ 

the  eccentricity  e  may  be  as  high  as  0.99  without  invalidating  the 
approximate  formulas.    An  example  follows. 

Let  it  be  required  to  determine  the  length  of  the  quadrant  of  an  ellipse  of 

eccentricity  e  =  O.fl  and  also  the  length  of  the  portion  over  half  the  semiaxis 

'  major.    Here  the  series  in  q'  converge  better  than  those  in  g,  but  as  the  proper 
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expression  to  replace  Z  (u)  has  not  been  found,  it  will  be  more  convenient  to  \ise 
the  series  in  q  and  take  an  additional  term  or  two.    As  A:  =  0.9,  k"^  =  0.19. 


Lgfc'2  =  9.27876 

Lg  \'lc'  =  9.81969 

VP  =  0.60022 

1  -  \'/?  =  0.33978 

1+VF=  1.66022 


Lg(l-\/fc^)  =  9.53120 

Lg(l  +  Vr)  =  0.22017 

diff.  =  9.31103 

Lg2  =  0.30103 

Lg  term  1  =  9.01000 


5  diff.  =6.55615 
Lgl6=  1.20412 
Lgterm2=  5.35103 
ternil  =  0.10233 
term  2  =  0.00002 
(/  =  0.10235. 
Lgi7r/VP  =  0.3704 
I  log  2  T/ A' =  0.0603 
Lgy  =  9.0101 
■Lg{l-iqi)  =  9.9981 
'Lg(K-  K)  =0.0449. 


Lg9  =  9.0101  Lg  2  IT  =  0.7982 

3Lg7  =  7.0303  -  2Lg(l  +  \'k')  =  9.5597 

4  Lg  (/  =  6.0404  Lg  (1  +  2  q*)  =  0.0001 

y8  =  0.0011  Lg  A' =  0.3580 

q*  =  0.0001  A'  =  2.280 

Hence  K-E  =  1.109  and  E=  1.171.     The  quadrant  i.s  1.171a.    'I'lic-  point  cor- 
responding to  J  =  ^  a  is  given  by  0  =  30°.  Then  dn  F  =  v  1  —  0.2025. 

LgdnF=  9.9509  i7r-X  =  8°31i'                      cos  2  .- =  0. 7323 

Lg  Vk'  =  9.8197  Lg  tan  =  9.1758  Hence     4 ;.  near  90° 

LgcotX  =  0.1312  Lg29  =  9.3111 

\  =  36°  28i'  Lg  cos  2  i.  =  9.8647 


1  +  2q*cosiv  =  1.0000 
2  ^  =  42°  55'. 


Now  180  F  =  A' (42.92).   The  computation  for  F,  Z,  £(J  tt)  is  then 


Lg  A'  =  0.3580 

Lg  42.92  =  1.6326 

-  Lg  180  =  7.7447 

LgF  =  9.7353 

F  =  0.5436 


Lg  2  7r/A"  =  0.4402 

Lg7  =  9.0101 

Lg  sin  21- =  9.8331 

-  Lg  (1  -  2f/  cos  2  ^)  =  0.0705 

Lg  Z  =  9.3639 


Ly;E/K  =  9.7106 

LgF=  9.7353 

EF/K  =  0.2792 

Z  =  0.2256* 
EQtt)  =  0.5048. 


The  value  of  Z  marked  •  is  corrected  for  the  term  —  2  7'  sin  4  v.  The  part  of  the 
quadrant  over  the  first  half  of  the  axis  is  therefore  0.5048  a  and  0.060  a  over  the 
second  half.  To  insure  complete  four-figure  accuracy  in  the  result,  live  places 
should  have  been  carried  in  the  work,  but  the  values  here  found  check  with  the 
table  except  for  one  or  two  units  in  the  last  place. 


EXERCISES 

1.  Prove  the  following  relations  for  Z(u)  and  Zi(«). 
Z(-u)  =  -Z(u),         Z(«  +  2  A)=  Z(«),         Z (M  +  2 i/v")  =  Z (M)  -  iTr/A. 


If  z^(u)  =  ^  log  H{u)  =  ?^,         Z,(u  +  iK')  =  Z(u).     '" 


2  7i 


-L-  =  -  za«)  +  Z'(0),  r  -^  =  -  Z,(«)  +  «Z'(0), 

ill''  u  -J   sn'  u 

d  ,  en « dn !(  „  ,., 

Z,(u)— Z(w)  =  —  logsnu  = ,         Z.(0)  =  00. 

'^  '  du  snu 
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2.  An  elliptic  function  with  periods  2  K,  2  iK'  and  simple  poles  at  Oj,  Oj,  •  ■  • ,  a„ 
with  residues  Cj,  Cj,  ■  ■  • ,  C,  Sc  =  0,  may  be  written 

f(u)  =  CiZ](u  -  a,)  +  c„Zi(u  -  Oj)  +  •  ■  •  +  c„Z,(u  -  a„)  +  const. 

fc^snacnadnasn^u^l^  1^  .^^^ 

l-fc^sn^asn^u  2    ^  '      2    ' 

/•"         sn^udn  1,      0(a  —  u) 

fc^snacnadna  | -— -^ —  =  -  log -^— — -i  +  uZ  (a) . 

Jo    1  —  iS:2  sn^  u  sn^  u      2        e(a  +  «) 

/Xdu                                /-    /    /-  \         /-en  VXw  dn  V\«       _ 
_    =  XmZ'(O)  -  Vxz  (Vxh)  -  Vx = +  C 
sii2  Vxh                                                                  sn  ^'X« 

/-  „  /          .      ,        /-  \        /r  en  Vxu  dn  Vxu  ,    _ 
=  Xu  —  V\E  (0  =  sm-i  sn  V  Xu)  —  V  X \-  C, 


sn^  Xh 

=    1  dn^  udu  - 

dn^  M      ■} 

„ sn  u  en  u 
dnu 

=  £  (0  =  siii-i  sn  u)  —  fc2 

dnu 

cn^j/du 

—  —  7y  —  2  / 

TArh  ~  sin-1  sn 

u\+      ''""      n       2dn2uV 

5.  rind  the  length  of  the  quadrant  and  of  the  portion  of  it  cut  off  by  the  latus 
rectum  in  ellipses  of  eccentricity  e  =  0.1,  0.5,  0.75,  0.95. 

6.  If  e  is  the  eccentricity  of  the  hyperbola  x'^/a^  —  y^/b'^  =  1,  show  that 

62    /<*       sec"  (fxid)  V        "«         .  ,1 

s  =  —   I      —  - — ,        where  —  y  =  tan  (p,        k  =  -, 

aeJo    Vl-it2sin20  *  e 

62 


=  —  F(<p,  k)  —  aeE{(p,  k)  +  aetan  4>  Vl  —  A:^  sin^  0. 
ae 

7.  Find  the  arc  of  the  hyperbola  cut  off  by  the  latus  rectum  if  e  =  1.2,  2,  3. 

8.  Show  that  the  length  of  the  jumping  rope  (Ex.  9,  p.  511)  is 

a(k'K/V2+  ■V2E/k'). 

9.  A  flexible  trough  is  filled  with  water.    Find  the  expression  of  the  shape  of 
a  cross  section  of  the  trough  in  terms  of  F{(t>,  k)  and  E(()>,  k). 

10.  If  an  ellipsoid  has  the  axes  a  >  6  >  c,  find  the  area  of  one  octant. 

1  ira6     Vc"  a?  —  c"  T  r  6^  _  /'2 

4  4sm0La^  a"         ^  '    'J'  a  62sin20 

11.  Compute  the  area  of  the  ellipsoid  with  axes  3,  2,  1. 

12.  A  hole  of  radius  6  is  bored  through  a  cylinder  of  radius  a  >  6  centrally  and 
perpendicularly  to  the  axis.    Find  the  volume  cut  out. 

13.  Find  the  area  of  a  right  elliptic  cone,  and  compute  the  area  if  the  altitude 
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192.  Weierstrass's  integral  and  its  inversion.  In  studying  the 
genenil  theory  of  doubly  periodic  functions  (§  182),  the  two  special 
functions  p(?/),  i,\u)  were  constructed  and  discussed.    It  was  seen  that 

f"  d,r 

J«     V4  w"  —  fjio  -  ff 

(22) 
(hr 

I- =^  !  <\+   f  ,-\-   I'.,   =   0, 

V4(,r-.,)(,.-.j(„._,g  1        -       .        ' 


r 


2' 


where  the  fixed  limit  oc  has  been  added  to  the  integral  to  make  7n  =  oo 
and  ,~  =  0  correspond  and  where  the  roots  have  been  called  *',,  e.^,  e^. 
Conversely  this  integral  could  be  studied  in  detail  by  the  method  of 
mapping ;  but  the  method  to  be  followed  is  to  make  only  cursory  use 
of  the  conformal  map  sufficient  to  give  a  hint  as  to  how  the  function 
jj  (s)  may  be  expressed  in  terms  of  the  functions  sn  z  and  en  z.  The 
discussion  will  be  restricted  to  the 
case  which  ari'ses  in  practice,  namely, 
when  g^  and  g^  are  real  quantities. 
There  are  two  cases  to  consider,  one 
when  all  three  roots  are  real,  the  other  when  one  is  real  and  the  other 
two  are  conjugate  imaginary.  The  root  e,  will  be  taken  as  the  largest 
real  root,  and  e^  as  the  smallest  root  if  all  three  are  real.  Note  that  the 
sum  of  the  three  is  zero. 

In  the  case  of  three  real  roots  the  Riemann  surface  may  be  drawn 
with  junction  lines  e^,  e^,  and  e,,  oo.  The  details  of  the  map  may  readily 
be  filled  in,  but  the  observation  is  sufficient  that  there  are  only  two 
essentially  different  paths  closed  on  the  surface,  namely,  about  e^,  e^ 
(which  by  deformation  is  equivalent  to  one  about  e^,  oo)  and  about  e^,  e^ 
(which  is  equivalent  to  one  about  e^,  —  cc).  The  integral  about  c.^,  e^  is 
real  and  will  be  denoted  by  2  t»^,  that  about  e^,  e,  is  pure  imaginary  and 
will  be  denoted  by  2  ut.-.  If  the  function  }' (■«)  be  constructed  as  in  §  182 
with  0)  =  2  (i)j,  u)'  =  2  (Uj  the  function  will  have  as  always  a  double  pole 
at  »  =  0.  As  the  periods  are  real  and  pure  imaginary,  it  is  natural  to 
try  to  express  p  (z)  in  terms  of  sn's.  As  ^j  (.~)  depends  on  two  constants 
g^,  g^,  whereas  sn  s  depends  on  only  the  one  k,  the  function  p(z)  will 
be  expressed  in  terms  of  sn  ( Vxx,  k),  where  the  two  constants  A,  k  are 
to  be  determined  so  as  to  fulfill  the  identity  p''^  =  ip'  —  g.^p  —  g^.  In 
particular  try 

p(z)  =  A-\ ■^—7= r  >         A,X,  k  constants. 

sn'^^vAs,  k) 
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This  form  surely  gives  a  double  pole  at  2  =  0  with  the  expansion  l/^. 
The  determination  is  relegated  to  the  small  text.    The  result  is 


i.(2)  =  .,+ 


-^  <  1, 


(23) 


sn-^  ( VXs,  k)  '  ''1 

A.  =  Pj  —  (',  >  0,  tuj Vx  =  K,  <u^  Va.  =  i'A'. 

In  the  case  of  one  real  and  two  conjugate  imaginary  roots,  the 
Riemann  surface  may  be  drawn  in  a  similar  manner.  There  are  again 
two  independent  closed  paths,  one  about  e,,,  e^  and  another  about  e^,  e^. 
Let  the  integrals  about  these  paths  be  respectively  2  w^  and  2  w^.   That 


2  0),  is  real  may  be  seen  by  deforming  the  path  until  it  consists  of  a 
very  distant  portion  along  which  the  integral  is  infinitesimal  and  a  path 
in  and  out  along  ej,oo,  which  gives  a  real  value  to  the  integral.  As 
2  o>2  is  not  known  to  be  pure  imaginary  and  may  indeed  be  shown  to  be 
complex,  it  is  natural  to  try  to  express  j}  (^)  in  terms  of  en  z  of  which 
one  period  is  real  and  the  other  complex.  Try 

l  +  cn(2  V^g,  k) 
1  -  cn{2  ^Jlz,  k) 

This  form  surely  gives  a  double  pole  at  £  =  0  with  the  expansion  l/z^. 
The  determination  is  relegated  to  the  small  text.    The  result  is 

i  +  cn(2v;:g,  ^)  1   .H  ^  1 

l-cn(2  Vua,  A)  2      4^ 

'  (23') 


P(^) 


p  (Z)    =   A    +   fA.- 


^  =  {e^  -  «^(e,  -  ^3),  V^o),  =  A-,  V^o,.^  =  \  (K  +  iK'). 

To  verify  these  determinations,  substitute  in  p"^  =  ip^  —  g„p  —  y^. 


p(z)  =  A  + 


8n2(Vxz,  k) 


p'(z)  = 


2X2 


^^3(l-sn^)a-fc^sn^)^^^^3^ 


sn3(^/'i,  k) 
sn' 


cn(^/\z,  *-)(ln(\/\z.  k), 


^X2         X3\  .         g„\ 

sn*        sn»/  sn- 


sn"  \  sn-= 

Equate  coefficients  of  corresponding  powers  of  sn^.    Hence  the  equations 

iA^-g^A-y,=0,         4 X^fc^  =  12  ^^  -  (/.A.  -\{l  +  k^)=SA. 
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The  first  shows  that  4  is  a  root  e.   Let  A  =  e^.   Note  -g^  =  e^e^  +  e^e^  +  e„e,. 
X  .  U2  =  3  e,=  +  e,e^  +  e,e,  +  e^e,  =  (e^  -  e^)(e,  -  e.,), 
X  +  Xt2  =  _  3  gj,  =  gj  -  e^  +  e,  -  e^, 
by  virtue  of  the  relation  e,  +  e,  4-  e,  =  0.    The  solution  is  immediate  as  given. 
To  verify  tlie  second  determination,  the  substitution  is  similar. 
l  +  cn2V'^  _„  ^  4Ai^sndn 


p{z)  =  A  +^: 


p'(z) 


(1  -  cn)2 


1  —  en  2  V/Liz 

3(l  +  cn)(fc-'  +  <:.'cn') 
(1  -  en)S 

where  (  =  (1  +  cn)/(l  -  en).   The  identity  p'^  =  4p3  -  g„p  -  g,  is  therefore 
4m=  [(»  +  2(1  -  2k"-)r-  +  <]  =  4{A»  +  3XV  +  ^A^d^  +  ^^H^)  -g„A  -  g^^t  -  9,. 
4A3-g„A-g^  =  0.         i n^  =  12  A^  -  g^,         2m(1  -  2/t^)  =  3^. 
Here  let  .1  =  e,.     The  solution  then  appears  at  once  from  the  forms 

"■^  =  3  e,=  +  e,e„  +  e^e,  +  e„e,  =  (e^  -  e,)(e,  -  e^),  ^(\-2  k^)  =  3  A/2. 
The  expression  of  the. function  p  in  terms  of  the  functions  already 
studied  permits  the  determination  of  the  value  of  the  function,  and  by 
inversion  permits  the  solution  of  the  equation  j9  (2)  =  c.  The  function 
p  (z)  may  readily  he  expressed  directly  in  terms  of  the  theta  series. 
In  fact  the  periodic  properties  of  the  function  and  the  corresponding 
properties  of  the  quotients  of  theta  series  allow  such  a  representation 


a                # 

Ck 

a 
£ 

1  """  -: 

^ei<p<aa 

2(»i+2(B, 


2  07! 


2oD,+2eo, 


0 -ccKpiO       o<p'<oo     2(a,     0-oo<pto    0<p'<a>    2a), 

to  be  made  from  the  work  of  §  175,  provided  the  series  be  allowed  com- 
plex values  for  q.  But  for  practical  purposes  it  is  desirable  to  have  the 
expression  in  terms  of  real  quantities  only,  and  this  is  the  reason  for  a 
different  expression  in  the  two  different  cases  here  treated.* 

The  values  of  z  for  which  p  (a)  is  real  may  be  read  off  from  (23)  and 
(23')  or  from  the  correspondence  between  the  w-surface  and  the  s-plane. 
They  are  indicated  on  the  figures.  The  functions  p  and  p'  may  be  used 
to  express  parametrically  the  curve 

3/=  =  4  a-' -  (7.^  -  57,     by     y=p'(z),         x=p{z). 

•  It  is,  however,  possible,  if  desired,  to  transform  the  given  cubic  4  w'  —  g2Vi  —  g^  with 
two  complex  roots  into  a  similar  cubic  with  all  three  roots  real  and  thus  avoid  the  dupli- 
cate forms.   The  transformation  is  not  given  here. 
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The  figures  indicate  in  the  two  cases  the  shape  of  the  curves  and  the 
range  of  values  of  the  parameter.  As  the  function  //  is  of 'the  second 
order,  the  equation  ^(«)  =  c  has  just  two  roots  in  the  i^arallelogram, 
and  as  p  {z)  is  an  even  function,  they  will  be  of  the  form  z  =  a  and 
2=2o),  +  2<02— a  and  be  symmetri- 
cally situated  with  respect  to  the  cen- 
ter of  the  figure  except  in  case  a  lies 
on  the  sides  of  the  parallelogram  so  z=i^^^Mi, 
that  2  u)j  -H  2  (Dj  —  «  would  lie  on  one 
of  the  excluded  sides.  The  value  of 
the  odd  function  p'  at  these  two  points 
is  equal  and  opposite.  This  corresponds  precisely  to  the  fact  that  to 
one  value  x  =  c  of  x  there  are  two  equal  and  opposite  values  of  y  on 
the  curve  y^  =  4  x^  —  g^  —  (j^  Converseh'  to  each  point  of  the  jjarallelo- 
gram  corresponds  one  point  of  the  curve  and  to  points  symmetricall}' 
situated  with  respect  to  the  center  correspond  points  of  the  curve  sym- 
metrically situated  with  respect  to  the  x-axis.  Unless  z  is  such  as  to 
make  both  ji;(,-i)  and2>''(s)  I'eal,  the  point  on  the  curve  will  be  imaginary. 

193.  The  curve  ■tp'  =  \jfl  —  rj„x  —  f/,  may  be  studied  by  means  of  the  properties 
of  doubly  periodic  functions.    For  instance 

Ax  +  By  +  C  =  Ap'(z)  +  Bp{z)  +  C  =  0 

is  the  condition  that  the  parameter  z  should  be  such  that  its  representative  point 
shall  lie  on  the  line  Az  +  By  +  U  =  0.  But  the  function  Ap'{z)  +  Bp{z)  -|-  C  is 
doiibly  periodic  witli  a  pole  of  the  tliird  oi'der  ;  the  function  is  therefore  of  the 
third  order  and  there  are  just  three  points  z„  ^^i  ^3  '"  '-'^^  parallelogram  for  which 
the  function  vanishes.  These  values  of  z  correspond  to  the  three  intersections  of 
the  line  with  the  cubic  curve.  Kow  the  roots  of  the  doubly  periodic  function  sat- 
isfy the  relation 

Zj  -I-  z,  -(-  Z3  —  3  X  0  =  2  niju,  -1-  2  m^u^. 

It  may  be  observed  thatiieither  71I1  nor  m„  can  be  as  great  as  .3.  If  conversely  Zj,  z^,  Zj 
are  three  values  of  z  which  satisfy  the  relation  z^  +  z^  +  z^  =  2?ii,Wj  -I-  2m.„u„,  the 
three  corresponding  points  of  the  cubic  will  lie  on  a  line.  For  if  Zg  be  the  point  in 
which  a  line  through  z,,  Zj  cuts  the  curve, 

z,  +  Z2  +  Zj  =  2  ?njuij  -I-  2  m2«2,        Zj  —  Zg  =  2  (m,  —  m\)  u,  -|-  2  (m^  —  m'^')  Uj, 

and  hence  Zj,  Zg  are  identical  except  for  the  addition  of  periods  and  must  therefore 
be  the  same  point  on  the  parallelogram. 

One  application  of  this  condition  is  to  find  the  tangents  to  the  curve  from  any 
point  of  the  curve.  Let  z  be  the  point  from  which  and  z'  that  to  which  the  tangent 
is  drawn.  The  condition  then  is  z  -1-  2z'  =  2»n,(jj  +  2jn.2W2,  and  hence 

2'=  — iZ,  2'=— JZ  +  Wii  Z'=— Jz+W2t  Z' =  —  J  Z -)-  Uj  -(-  Olj 

are  the  four  different  possibilities  for  z'  corresponding  to  m,  =  m.,  —  0  ;  ?nj  =  1, 
m,  =  0  ;  mj  =  0,  m^  =  1 ;  nij  =  1,  jBj  =  1-    To  give  other  values  to  m^  or  m.,  would 
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iiicirly  rcprodiioo  onp  (if  l.lic  four  iKiiiits  cxcoiit,  for  tlio  adililion  of  comiilctc  iioiiods 
lliMicr  (Ikmo  inc  fniir  t;iii;;nnls  Ici  tlie  curve  from  any  point  of  llio  curvo.  Tlio 
c|Ui-slM)n  of  llio  icalil.y  of  tlicso  tangents  may  readily  be  Iro.itod.  SiipiKise  c  denotes 
.1  real  point  of  tbo  eiuve.  If  the  (lolnt  lies  on  the  inlinitc  portion,  0  <  :  <  2  u,,  and 
tlie  first  two  point,-;  z'  will  also  satisfy  the  conditions  0  <  z'<  2u,  except  for  the 
possible  addition  of  2u>,.  Hence  tliere  are  always  two  real  tangents  to  the  curve 
from  any  point  of  the  infinite  branch.  In  case  the  roots  c,,  c!,,  e,  are  all  real,  the 
last  two  points  r'  will  correspond  to  real  points  of  tlie  oval  portion  and  all  four 
tangents  are  real  ;  in  the  case  of  two  imaginary  roots  these  values  of  z'  give  imag- 
inary points  of  the  curve  and  there  are  only  two  real  tangents.  If  the  three  roots 
are  real  and  z  corresponds  to  a  point  of  the  oval,  c  is  of  the  form  Uj  +  u  and  all 
four  values  of  z'  are  complex, 

and  none  of  the  tangents  can  be  real.   The  discussion  is  complete. 

As  an  inflection  point  is  a  point  at  which  a  line  may  cut  a  curve  in  three  coin- 
cident points,  the  condition  3  z  =  2  m,(j,  -f  2  m,u>j  holds  for  the  parameter  z  of  such 
points.   The  possible  different  combinations  for  z  are  nine  : 

z  =  0  Jc,  J„, 

Of  these  nine  inflections  only  the  three  in  the  first  column  are  real.  When  any 
two  inflections  are  given  a  third  can  be  found  so  that  z,  +  z,  -H  z,  is  a  complete 
period,  and  hence  the  inflections  lie  tliree  by  three  on  twelve  lines. 

If  p  and  p'  be  substituted  in  Ax^  +  Bxy  +  Cy^  +  Dz+  Ey  +  F,  the  result  is  a 
doubly  periodic  function  of  order  6  with  a  pole  of  tlie  6th  order  at  the  origin. 
The  function  then  has  0  zeros  in  the  parallelogram  connected  by  the  relation 

z,  -K  z,  -f  :,  -J-  z,  -I-  Z5  -(-  z,  =  2m,u,  +  27746.,, 

and  this  is  the  condition  which  connects  the  parameters  of  the  6  points  in  which 
the  cubic  is  cut  by  the  conic  Ax'  +  Bxy  +  Cy^  +  J}x  +  Ey  +  F  =  0.  One  applica- 
tion of  interest  is  to  the  discussion  of  the  conies  which  may  be  tangent  to  the  cubic  at 
three  points  z,,  c.j,  Zj.  The  condition  then  reduces  to  z,  -(-  z,  +  r,  =  m,M,  +  "Swi- 
If  m,,  m,  are  0  or  any  even  numbers,  this  condition  expresses  the  fact  that  the 
three  points  lie  on  a  line  and  is  therefore  of  little  interest.  The  other  possibilities, 
apart  from  the  addition  of  complete  periods,  are 

z,  -f  Zj  +  z,  =  u„         z,  +  z,  -^  z,  =  «„        i,  -I-  z,  -(-  z,  =  u,  +  *>j. 

In  any  of  the  three  cases  two  points  may  be  chosen  at  random  on  the  cubic  and 
the  third  point  is  then  fixed.  Hence  there  are  three  conies  which  are  tangent  to 
the  cubic  at  any  two  assigned  points  and  at  some  other  point.  Another  application 
of  interest  is  to  the  conies  which  have  contact  of  the  6th  order  with  the  cubic. 
The  condition  is  then  6z  —  2m,u,  +  2m^u^.  As  774,  774  may  have  any  of  the  6 
values  from  0  to  5,  there  are  36  points  on  the  cubic  at  which  a  conic  may  have 
contact  of  the  6th  order.  Among  these  points,  however,  are  the  nine  Inflections 
obtained  by  giving  774,  774  even  values,  and  these  are  of  little  interest  because  the 
conic  reduces  to  the  inflectional  tangent  taken  twice.  There  remain  27  polnta  at 
which  a  conic  may  have  contact  of  the  6th  order  with  the  cubic. 


r,2-i  TllKt)|;^•  ok  KCNcTroNs 

EXERCISES 

1.  The  function  f  (z)  is  defined  by  tlie  equation 

-f'(z)  =  j)(z)     or     f(2)  =  - J'p(2)dz  =  ---Cii«  +  ---. 

Show  by  Ex.  4,  p.  510,  that  the  value  of  f  in  tlie  two  cases  is 

/- „        .  /- en  VAz  dn  Vxz 

f (z)  =  -  e,z  +  VX£(,^,  i)  +  Vx , 

sn  vXz 

f(z)  =  -  (m  +  e,)z  +  2V^E{4,,  k)  +  V;; "^     ^^         (2dn2  V^Iz  -  l), 

sn  Vfizdn  V(iz 

where  X  =  Cj  -  Cj,         ifc«  =  (e,  -  ej)/(e,  -  e,),         ^  =  sin-i  sn  V\z, 

and       n  =  V(ei  -  ej)(e,  -  e,),        t'  =  J  -  3  e,/4  »i,        *  =  sin-»  sn  V^z. 

2.  In  case  the  three  roots  are  real  show  that  p (z)  —  e;  is  a  square. 

/ — /-  en  Vxz  / — TT Vx  / — 7"; /-  dn  Vxz 

Vp(z)-ej  =  VX — ,       Vi>(z)-ej  = — ,      Vp(z)-e,  =  Vx _. 

sn  vXz  sn  VXz  sn  vXz 

What  happens  in  case  there  is  only  one  real  root  ? 

3.  Let p  (z ;  g^,  (/,)  denote  the  function  p  corresponding  to  the  radical 


V4p»-9jp-ff,. 

Computep(i;  1,0),  p{\;  0,}),  p(\;  13,6).    Solve  p(z;  1,  0)  =  2,  p(z;  0,1)  =  8, 
p(z;  13,  6)  =  10. 

4.  If  6  of  the  9  points  in  which  a  cubic  cuts  y'  =  4z*  —  g^  —  g^  are  on  a  conic, 
the  other  three  are  in  a  straight  line. 

5.  If  a  conic  has  contact  of  the  second  order  with  the  cubic  at  two  points,  the 
points  of  contact  lie  on  a  line  through  one  of  the  inflections. 

6.  How  many  of  the  points  at  which  a  conic  may  have  contact  of  the  Sth  order 
with  the  cubic  are  real  ?   Locate  the  points  at  least  roughly. 

7.  If  a  conic  cuts  the  cubic  in  four  fixed  and  two  variable  points,  the  line  join-  - 
ing  the  latter  two  passes  through  a  fixed  point  of  the  cubic.  ;,  . 

8.  Consider  the  space  curve  x  =  sn  t,  v  =  en  (,  z  =  dn  (.    Show  that  to  each 
point  of  the  rectangle  4  £  by  4  iK'  corresponds  one  point  of  the  curve  and  con- 
versely.  Show  that  the  curve  is  the  intersection  of  the  cylinders  z'  +  v*  =  1^  *^  \ 
t'l'  +  z'  =  1.    Show  that  a  plane  cuts  the  curve  in  4  points  and  determine  the 
relation  between  the  parameters  of  the  points. 

9.  How  many  osculating  planes  may  be  drawn  to  the  curve  of  Ex.  8  from  any 
point  on  it?  At  how  many  points  may  a  plane  have  contact  of  the  3d  order  with 
the  curve  and  where  are  the  points  ? 

10.  In  case  the  roots  are  real  show  that  f(z)  has  the  form 

f(z)  =  !^z+V^z,(V5;z),       ,,  =  >^^_:^. 
"i  Vx 
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Hence  logo-(z)=  f  l:(z)dz  =  -'^z^  +  \ogH(y.\z)  +  C 

J  2  oij 

or  a{z)=Ce^'"<     H(y/\z). 

11.  By  general  methods  like  those  of  §  190  prove  that 

,,^     ,  ,  =  -  ^.  [f  <^  +  a)  -  f  (z  -  a)  -  2  f  (a)], 
p(z)-p(a)  p'(<() 

,  f         dz  1     ,      <r(z  +  a)  ,  „2f(a) 

and  I   = log  —5 — - — -  +  2  -5-^ . 

J   p{z)-p(a)  p'(a)        (r{z-a)         p'(a) 

12.  Let  the  functions  ff  be  defined  by  these  relations : 

m  =  Hm.      o,iz)  =  H,m,      ^,(.)  =  e(^),      9A^)  =  em 

irtiD 

with  9  =  e  "i  .  Show  that  the  ^-series  converge  if  u,  is  real  and  u.^  i.s  pure  imagi- 
nary or  complex  with  its  imaginary  part  positive.  Show  more  generally  that  the 
.series  converge  if  the  angle  from  w,  to  u^  is  positive  and  less  than  180°. 

Prove  (r(z  +  2a;i)  =  —  e''''i('  +  "i)ff{2)  and  similar  relations  for  <ra(z). 

,.     ^  „  2T),a>„       iri  iri 

14.  Let  2  >)2  =  — *— ■ •       or    ti^ui^  —  tj^ui  =  —  ■ 

Prove  (r(z  +  2^2)  =  —  e^  is'' ■*""!' (r(z)  and  similar  relations  for  ifa(z). 

15.  Show  that  <r(-  2)  =  -  (r(z)  and  develop  <r(z)  as 

16.  With  the  determination  of  i;,  a.s  in  Ex.  16  prove  that 

-  log  a  (z)  =  f  (z),         -  —  log  <r  (z)  =  -  r(z)  =  P  (z) 
dz  dz^ 

by  showing  that  p(z)  as  here  defined  is  doubly  periodic  with  periods  2a>„  2w^, 
with  a  pole  l/z^  of  the  second  order  at  z  =  0  and  with  no  constant  term  in  its 
development.   State  why  this  identifies  p  (z)  with  the  function  of  the  text. 


CHAPTER   XX 

FUNCTIONS   OF   REAL  VARIABLES 

194.  Partial  differential  equations  of  physics.  In  the  solution  of 
l)liysical  problems  partial  differential  equations  of  higher  order,  partic- 
ularly the  second,  frequently  aiise.  AYith  very  few  exceptions  these 
equations  are  linear,  and  if  they  are  solved  at  all,  are  solved  by  assum- 
ing the  solution  as  a  product  of  functions  each  of  which  contains  only 
one  of  the  variables.  The  determination  of  such  a  solution  offers  only 
a  particular  solution  of  the  problem,  but  the  combination  of  different 
particular  solutions  often  suffices  to  give  a  suitably  general  solution. 

For  instance 

c-V      o^V      „  c-V  ,ld\-      1  c- 

■^^  =0     or     -^—  H —  +  -,—,., 

oij  cr      r  or       I-  ctjy-' 


+  -r^=0     or     "-^^+-'^  +  -,^^=0  (1) 


is  Laplace's  equation  in  rectangular  and  polar  coordinates.  For  a  solu- 
tion in  rectangular  coordinates  the  assumption  I'  =  A'  (a-)  y'(y)  would  be 
made,  and  the  assumption  T  =  A' (/■)  *(<^)  for  a  solution  in  polar  coor- 
dinates. The  equations  would  then  become 

V"       1'"  /•-/.'"         J!'      *" 

_+_=0     or     ^  +  -,.+^=0.  (2) 

Now  each  equation  as  written  is  a  sum  of  functions  of  a  single  variable. 
]>ut  a  function  of  .r  cannot  equal  a  function  of  y  and  a  function  of  r 
cannot  equal  a  function  of  <fi  unless  the  functions  are  constant  and  have 
the  same  value.    Hence 

T  =  "'"''  -^  =  -'"-' 

or  (2') 

These  are  ordinary  equations  of  the  second  order  and  may  be  solved 
as  such.   The  second  case  will  be  treated  in  detail. 
The  solution  corresponding  to  any  value  of  m  is 

*  =  a,„  cos  m<\>  +  b„,  sin  m<^,         R  =  A  „,)■'"  +  ]}„,>■- "' 

and  V  =  A'$  =  (.l,„r"  +  /?,„)•""")(",„  cos  iH<t>  +  b„  sin  m<f>) 

524 
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°''  '■  =  S  (■  I ,..>■'"  +  JL>- '")(",„  fos  wcf,  +  l,,„  sill  v„f>).  (3) 

That  any  number  of  solutions  corresponding  to  different  values  of  m 
may  he  added  together  to  give  another  solution  is  due  to  the  linearity 
of  the  given  equation  (§  96).  It  may  he  tliat  a  single  term  will  suffice 
as  a  solution  of  a  given  problem.  But  it  may  he  seen  in  general  that : 
A  solution  for  V  may  be  found  in  the  form  of  a  Fourier  series  which 
shall  give  ]'  any  assigned  values  ou  a  unit  circle  and  either  be  conver- 
gent for  all  values  within  the  circle  or  be  convergent  for  all  values 
outside  the  circle.  In  fact  let  /(c^)  be  the  values  of  I'  on  the  unit  circle. 
Expand /X<^)  i"to  its  Fourier  series 

f{^)  =  h  ''"  +  ^  ("i..  ^"^  "'<^  +  '',„  sill  '»"t>)- 

Then  I '  =  i  «„  +  ^  ,••"  («,,,  cos  ;//<^  +  /,„,  sin  m<t>)  (3') 

will  be  a  solution  of  the  equation  which  reduces  to/(<^)  on  the  circle 
and,  as  it  is  a  power  series  in  ;•,  converges  at  every  point  within  the 
circle.    Li  like  manner  a  solution  convergent  outside  the  circle  is 

'■  =  h  ".i  +  ^  '■"'"  (",„  cos  »/</>  +  //,„  sin  w<f>).  (3") 

The  iiiKiiite  series  lur  1'  liave  been  called  solutions  of  Laplace's  equation.  As  a 
matter  of  fact  tliey  liave  not  been  proved  to  be  .sohuions.  The  finite  sum  obtained 
by  taking  any  number  of  terms  of  the  series  would  surely  be  a  solution  ;  but  the 
limit  of  that  sum  when  the  series  becomes  infinite  is  not  thereby  proved  to  be  a  solu- 
tion even  if  the  series  is  convergent.  For  theoretical  purposes  it  would  be  necessary 
to  give  the  proof,  but  the  matter  will  be  pas,sed  over  here  as  having  a  negligible 
bearing  on  the  practical  solution  of  many  problems.  Vm-  in  practice  the  values  of 
/(</>)  on  the  circle  could  not  be  exactly  known  and  could  therefore  be  ade(|uately 
repre.sented  by  a  finite  and  in  general  not  very  large  number  of  terms  of  the  de- 
velopinenl  of  f{<p).  and  these  terms  would  give  only  a  finite  series  for  the  desired 
function  1' 

In  some  problems  it  is  better  to  keep  the  particular  solutions  sepa- 
rate, discuss  each  pos.?'ble  particular  solution,  and  then  imagine  them 
compounded  physically.  Thus  in  tlie  motion  of  a  drumhead,  the  most 
general  solution  obtainable  is  not  so  instructive  as  the  particular  solution 
corresponding  to  particular  notes  ;  and  in  the  motion  of  the  surface  of 
the  ocean  it  is  preferable  to  discuss  individual  types  of  waves  and  com- 
pound them  according  to  the  law  of  superposition  of  small  vibrations 
(p.  226).    For  example  if 


526  THEOEY  OF  FUNCTIONS 

be  taken  as  the  equation  of  motion  of  a  rectangular  drumhead, 


_  (sin  ax,  „  _  fsin /3x,  „  _  fsin  c  vV_+_^(! 

Lcos  ax,  I  cos  /Sx,  I  cos  c  Va'^  +  /?t 

are  particular  solutions  which  may  be  combined  in  any  way  desired. 
As  the  edges  of  the  drumhead  are  supposed  to  be  fixed  at  all  times, 

s  =  0     if     08  =  0,       X  =a,       y  =  0,       y  =  h,       t  =  anything, 

where  the  dimensions  of  the  head  are  a  by  h.  Then  the  solution 


„         .     TMTX    .     ntrii  Iw^      n'- 

n  =  X  YT  =  sin sm  -— ^  cos  ctt  \  -^  +7:7''  (i) 

a  b  y(r      li'  ^  ' 

is  a  possible  type  of  vibration  satisfying  the  given  conditions  at  the 
perimeter  of  the  head  for  any  integral  values  of  in,  n.  The  solution  is 
periodic  in  t  and  represents  a  particular  note  which  may  be  omitted. 
A  sum  of  such  expressions  multiplied  by  any  constants  would  also  be 
a  solution  and  would  represent  a  possible  mode  of  motion,  but  would 
not  be  periodic  in  t  and  would  represent  no  note. 

195.  For  three  dimensions  Laplace's  equation  becomes 

d  I  .,dv\  .     1    an-  .    18/.   ,cv 


-?•■'"+  — ^-  5-^  +  ^-  —    sin  e  -r-    =  0  (5) 

or\     or  I       s\\y-%C^       sin  6  8^  \  oQ )  ^  ' 

in  polar  coordinates.    Substitute  K  =  ft  (r)®(6)<I>(<^);  then 

I  d  I    dR\  1        d  I  .       </®\  1       d'-ib 

II  dr  \     dr}^  ®  sin  9  d0  \^'"     dd)^  sin^  0  d,f>'  ~ 

Here  the  first  term  involves  r  alone  and  no  other  term   involves  r 
Hence  the  first  term  must  be  a  constant,  say,  n(n  +  1).   Then 

d  / „dR\ 
—  h^  —  \-n(n  +  l)R  =  0,  R=  Ai-  +  Br-'"\ 

Next  consider  the  last  term  after  multiplying  through  by  sin'^  6.   It  ap 
pears  that  i|>~^*"  is  a  constant,  say,  —  m\    Hence 

*"  =  —  m^^,         *  =  a„,  cos  m<l>  +  b„,  sin  m<f,. 

Moreover  the  equation  for  0  now  reduces  to  the  simple  form 

d 


,         T(l-cos^«)-^l  +  rn(»  +  l)-— ^^" 
fZ  cos  ^  L^  ^  dcosO]      I  ^      1  -  cos^  e 


0=0. 


The  problem  is  now  separated  into  that  of  the  integration  of  three 
differential  equations  of  which  the  first  two  are  readily  integrable.  The 
third  equation  is  a  generalization  of  Legendre's  (Exs.  13-17,  p.  252), 


HEAL  VARIAHLES  527 

and  in  caso  n,  m  are  positive  integers  the  solution  may  be  expressed  in 
terms  of  i)olynomials  /'„  „,  (cos  6)  in  cos  6.    Any  expression 

^  (.!„;•"  +  7,',/- "-')(((„.  cos  WK^  +  /<„.  sin  m<^)  /'„,„,  (cos  6) 

n.  III 

is  therefore  a  solution  of  Laplace's  equation,  and  it  may  be  shown  that 
by  combining  such  solutions  into  infinite  series,  a  solution  may  l)e 
obtained  which  takes  on  any  desired  values  on  the  unit  si>here  and 
converges  for  all  points  within  or  outside. 

Of  particular  simplicnty  and  importance  is  the  (tase  in  which  I'  is  sui> 
posed  independent  of  <j>  so  that  m  =  0  and  the  equation  for  0  is  soluble 
in  terms  of  Legendre's  polynomials  /'„  (cos  6)  if  n  is  integral.  As  the 
potential  V  of  any  distribution  of  matter  attracting  according  to  the  in- 
verse square  of  the  distance  satisfies  Laplace's  equation  at  all  points 
exterior  to  the  mass  (§  201),  the  potential  of  any  mass  symmetric  with 
respect  to  revolution  about  the  polar  axis  6  =  0  may  be  expressed  if 
its  expression  for  points  on  the  axis  is  known.  For  instance,  the  poten- 
tial of  a  mass  M  distributed  along  a  circular  wire  of  radius  a  is 

r.l//,       1  v'       \i  v*       1-3.5  /•"   , 

V  =  —         -  =  ^      ^ 

at  a  point  distant  r  from  the  center  of  the  wire  along  a  perpendicular 
to  the  plane  of  the  wire.  The  two  series 

(Ml  1  /■-  1  •  3  /'V,       1  ■  3  •  5 


.1//  1  /■-  1-3  z'^,       13 

—  17' ]'  H P 

ay"      2  r,-    2      2  •  4  «<  ^      2-4 


M(a  la'  „    ,    1    3«=  ,^        1-3   o  a'' 

are  then  precisely  of  the  form  2. 1,,/'"/',,,  2.1  „/-"-'/'„  admissible  for 
solutions  of  Laplace's  equation  and  reduce  to  the.  known  value  of  I' 
along  the  axis  6=0  since  P„(l)  =  1-  They  give  the  values  of  I'  at  all 
jioints  of  space. 

To  this  point  the  method  of  combining  solutions  of  the  given  differ- 
ential equations  was  to  add  them  into  a  finite  or  infinite  scries.  It  is 
also  possible  to  combine  them  by  integration  and  to  obtain  a  solution 
as  a  definite  integral  instead  of  as  an  infinite  series.  It  should  be  noted 
in  this  case,  too,  that  a  limit  of  a  sum  has  replaced  a  sum  and  that  it 
would  theoretically  be  necessary  to  demonstrate  that  the  limit  of  the 
sum  was  really  a  solution  of  the  given  equation.  It  will  be  sufficient 
at  this  point  to  illustrate  the  method  without  any  rigorous  attempt  to 
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justify  it.  Consider  (2')  in  rectangular  coordinates.  The  solutions  for 
A',  1'  are 

Y"  )'" 

-— =  — m-,   —=m^,    A' =  f(„,  cos  ma;  4- i„,  sin  ma-,     F=  .(„,«'""  + /-',„«"""', 

where  1'  may  be  expressed  in  terms  of  hyperbolic  functions.    Xow 

e~""'[cA(»i)  COS  rnxt  -\-  him)  sin  wx]  dm 

=  lim  >^  e~"'i''[a(m,)  cos  m.-a;  +  ^(»i,)  sin  m,x]  Am,- 

is  the  limit  of  a  sum  of  terms  each  of  which  is  a  solution  of  the  given 
equation ;  for  a  (m-)  and  b  (»i,)  are  constants  for  any  given  value  m  =  »»,, 
no  matter  what  functions  a(m)  and  i(m)  are  of  m.  It  may  be  assumed 
that  K  is  a  solution  of  the  given  equation.  Another  solution  could  be 
found  by  replacing  e'""'  by  e"'". 

It  is  sometimes  possible  to  determine  a  (m),  h  (m)  so  that  V  shall 
reduce  to  assigned  values  on  certain  lines.    In  fact  (p.  466) 

f(x)  =  —  /       I        /(X)  cos  m  (A.  —  x)  clKdm.  (7) 

Hence  if  the  limits  for  m  be  0  and  oo  and  if  the  choice 

1    r+'  1   f  +  °"- 

ii(m)  =  —  j        f{X)  COS  mXdk,  b(m)  =  —  I       /(K)  sin  m.\dX 

is  taken  for  a  (in),  h{in),  the  expression  (6)  for  V  becomes 


-u'l: 


<-  ~  "'"/(■^)  cos  m  (A  -  r)  dXilm  (8) 


and  reduces  to  f(x)  when  y  =  0.  Hence  a  solution  K  is  found  which 
takes  on  any  assigned  values  f{x)  along  the  x-axis.  This  solution  clearly 
becomes  zero  when.y  becomes  infinite.  When  f(x)  is  given  it  is  some- 
times possible  to  perform  one  or  more  of  the  integrations  and  thus 
simplify  the  expression  for  V. 

For  instance  if 

f(x)  =  1  when  z  >  0    and    /(z)  =  0  when  x  <  0, 
the  integral  from  —  oo  to  0  drops  out  and 

^-~f    J     e-""1co8m(\  —  x)dMm  =  -('     f    e- "'i' cos m {\  — x)dmd\ 

=  -  I      -1 — -  =  -(-+ tan-i- 1  =  1 tan-i-. 

ttJo    j,2  +  (X_2)2      7r\2  yl  n  x 
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It,  may  readily  be  shown  that  when  y  >  0  the  reversal  of  the  order  of  integration 
is  peimrssible ;  but  as  V  is  determined  completely,  it  is  simpler  to  substitute  the 
value  as  found  in  the  equation  and  see  that  V^  +  1'^^  =  0,  and  to  check  the  fact 
that  T'  reduces  to  f{x)  when  y  =  0.  It  may  perhaps  be  superfluous  to  state  that 
the  proved  correctness  of  an  answer  does  not  show  the  justification  of  the  steps  by 
which  that  answer  is  found ;  but  on  the  other  hand  as  those  steps  were  taken 
solely  to  obtain  the  answer,  there  is  no  practical  need  of  justifying  them  if  the 
answer  is  clearly  right. 

EXERCISES 

1.  Find  the  indicated  particular  solutions  of  these  equations: 

>   .1  ,„f- '"'' (a„,  cos  c»u  +  6„,  sin  cmx), 
=    >    (-■!,„  cos  cm(  +  B,„sin  cini)(a„ cos  jnj  +  6„sin  mx), 
^^.^rsincw  y^rsmcpy  r=e-t«"  +  S')' 

;^COSClW,  I^COSCjSy, 

2.  Determine  the  solutions  of  Laplace's  equation  in  the  plane  that  have  1'=  1 
for  0  <  ^  <  77  and  1'  =  —  1  for  0  <  0  <  2  tf  on  a  unit  circle. 

3.  If  V  =  \Tr  —  <t>\  on  the  unit  circle,  find  the  expansion  for  V 

4.  Show  that  ]'  =  ^n,  sin  iinrjr/l- con  cm-nl /I  is  the  solution  of  Ex.  1  (p)  which 
vanishes  at  j  =  0  and  x  =  I.  Determine  the  coefficients  Oi  so  that  for  (  =  0  the 
value  of  V  shall  be  an  assigned  function /(j).  This  is  the  problem  of  the  violin 
string  started  fivm  any  assigned  configui-ation. 

5.  If  the  string  of  Ex.  4  is  started  with  any  assigned  velocity  dV/ct  =f{i)  when 
t  =  0.  show  that  the  solution  is  Id,  sin  mtri/l  ■  sin  amrt/l  and  make  the  proper  deter- 
mination of  the  constants  a,. 

6.  If  the  drumhead  is  started  with  the  shape  :  =  f(x,  y),  show  that 


(a) 

c-V 
cx- 

r 

m 

1  (-^r 

c^  cl-' 

1 

(7) 

ct 

r.r- 

C--V 

mjTj 


;  =   >   .1,„  „sin Sin  - 

■^       •  a 


s.n-^coscx<^-  +  -. 

.1,,,,  =  —  I  /(j,  i/)sin sm—- dydx. 

ab  .'0  .'o  n  o 

7.  In  hvdrodvnaniics  it  is  shown  that  ^'  =  ?  —  |  A6  ^  |  is  the  differential  equa- 

c(^      b?i\     dxl 

tion  for  the  surface  of  the  sea  in  an  estuary  or  on  a  beach  of  breadth  b  and  depth 

h  measured  perpendicularly  to  the  j-axis  which  is  supposed  to  run  seaward.   Find 

(a)  y  =  AJf^()ac.) oxs  n/.      it^  =  iiV<?^        (P)  V  =  --^'hi^  "*•  *^)  (^"^  ^^      *  =  "V?"'. 

as  particular  solutions  of  the  equation  when  (a)  the  depth  is  uniform  but  the 
breadth  is  proportional  to  the  distance  out  to  sea,  and  when  (/3)  the  breadth  is  uni- 
form but  the  depth  is  mx.  Discuss  the  shape  of  the  waves  that  may  thus  stand  on 
the  surface  of  the  estuarv  or  beach. 


ip) 

8r2 

r   dr 

1  o^F 

7-2     C02 

(y) 

CM' 

(«) 

dl 

a^F 
■  az^' 
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8.  If  a  series  of  parallel  waves  on  an  ocean  of  constant  depth  h  is  cut  perpen- 
dicularly by  the  ly-plane  with  the  axes  horizonUl  and  vertical  so  that'?/  i=  —  A  is 
the  ocean  bed,  the  equations  for  the  velocity  potential  <p  are  known  to  be 

£!*  +  !!*  =  0  r^l  =0,         P^  +  g'^]       =0. 

dx^       dy^        '         ldyJv  =  -h  LS'^  cyAy  =  o 

Find  and  combine  particular  solutions  to  show  that  ^  may  have  the  form 

<j>  =  A  cosh  k(y  +  h)  cos  {kx  —  nt),        n^  =  yk  tanh  kh. 

9.  Obtain  the  solutions  or  types  of  solutions  for  these  equations. 

^    '    dz^         dr^        r    Sr       r^  S<tfl  LSI"  m0j 

+  F  =  0,  ^rw.  V  (a,„  cos  0  +  6„  sin  0)  /„(r), 

(an,m  cos  m0  +  bn.m  sin  m(^), 

1  a-^F_an"     an"     a'F 
*''  c2  a<2  -  ai2      aj/2  ^  ez^ ' 

10.  Find  the  potential  of  a  homogeneous  circular  disk  as  (Ex.  22,  p.  68  ; 
Ex.  23,  p.  332) 

aL2r      2.4r3^2-4.6r5''      2-4-6-8r'''  J 

a    La    '      2a2     =■      2.4a*     *      2  •  4  ■  6  a^     «  J' 

where  the  negative  sign  before  P,  holds  f or  5  <  |  tt  and  the  positive  for  6  >\ir. 

11.  Find  the  potential  of  a  homogeneous  hemispherical  shell. 

12.  Find  the  potential  of  (a)  a  homogeneous  hemisphere  at  all  points  outside 
the  hemisphere,  and  (p)  a  homogeneous  circular  cylinder  at  all  external  points. 

Q  a;2  _  a^ 

13.  Assume  -5-  cos-' is  the  potential  at  a  point  of  the  axis  of  a  conduct- 

2  a  x"  +  a^ 

ing  disk  of  radius  a  charged  with  Q  units  of  electricity.  Find  the  potential  anywhere. 

196.  Harmonic  functions;  general  theorems.  A  function  which 
satisfies  Laplace's  equation  V'^  +  F^'j,  =  0  or  F,'^  +  V'^^  +  V'^^  =  0,  whether 
in  the  plane  or  in  space,  is  called  a  harmonic  function.  It  is  assumed 
that  the  first  and  second  partial  derivatives  of  a  harmonic  function  are 
continuous  except  at  specified  points  called  singular  points.  There  are 
many  similarities  between  harmonic  functions  in  the  plane  and  har- 
monic functions  in  space,  and  some  differences.  The  fundamental  theo- 
rem is  that;  If  a  function  is  harmonic  and  has  no  singularities  ujjon 
or  within  a  simple  closed  curve  (or  surface),  the  line  integral  of  its  nor- 
mal  derivative  along  the  curve  (respectively,  surface)  vanishes ;  and  con- 
versely if  a  function  V  (x,  y),  or  F(x,  y,  z),  has  continuous  first  and  second 
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partial  derivatives  and  the  line  integral  (or  surface  integral)  along  every 
closed  curve  (or  surface)  in  a  region  vanishes,  the  function  is  harmonic. 
For  by  Green's  Formula,  in  the  respective  cases  of  plane  and  space 
(Ex.  10,  p.  349), 


r dv ^       rdv  ,      dv  ,       rr/d'v     d'v\  ^  ^ 

j    '—dS=   j   rfS-Vr=    (  (  j  V'VV  dxdydz. 


(9) 


'o  c/O 

Now  if  the  function  is  harmonic,  the  right-hand,  side  vanishes  and  so 
must  the  left ;  and  conversely  if  the  left-hand  side  vanishes  for  all 
closed  curves  (or  surfaces),  the  right-hand  side  must  vanish  for  every 
region,  and  hence  the  integrand  must  vanish. 

If  in  particular  the  curve  or  surface  be  taken  as  a  circle  or  sphere  of 
radius  a  and  polar  coordinates  be  taken  at  the  center,  the  normal  de- 
rivative becomes  c  I  '/dr  and  the  result  is 

-T-d<l>  =  0     01-       I        j       g-  sin  eded<l>  =  0, 

where  the  constant  a  or  ir  has  been  discarded  from  the  element  of  arc 
ad<l>  or  the  element  of  surface  u^  sin  6ddd<j>.  If  these  equations  be  inte- 
grated with  respect  to  r  from  0  to  a,  the  integrals  may  be  evaluated  by 
reversing  the  order  of  integration.    Thus 

J/^o  /^2Tr   Oy  ptTi      na   '^y  r^irr 


(10) 


J/^2ir  r*2ir  

I       F„rf^=  I'o   I      d.l>,     or      K„=  F„, 
0  Jo 

where  T„  is  the  value  of  V  on  the  circle  of  i-adius  a  and  V^  is  the  value 
at  the  center  and  V„  is  the  average  value  along  the  perimeter  of  the 
circle.  Similar  analysis  would  hold  in  space.  The  result  states  the 
important  theorem:  The  average  value  of  a  harmonic  function  over  a 
circle  (or  sphere)  is  equal  to  the  value  at  the  center. 

This  theorem  has  immediate  corollaries  of  importance.  A  harmonic 
function  which  has  no  singularities  within  a  region  cannot  become  maxi- 
mum or  minimum  at  any  point  within  the  region.  For  if  the  function 
were  a  maximum  at  any  point,  that  point  could  be  surrounded  by  a 
circle  or  sphere  so  small  that  the  value  of  the  function  at  every  point 
of  the  contour  would  be  less  than  at  the  assumed  maximum  and  hence 
the  average  value  on  the  contour  could  not  be  the  value  at  the  center. 
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A  harmonic  function  which  has  no  singularities  within  a  region  and  is 
constant  on  the  boundary  is  constant  throughout  the  region.  For  the 
maximum  and  minimum  values  must  be  on  the  boundary,  and  if  these 
have  the  same  value,  the  function  must  have  that  same  value  through- 
out the  included  region.  Tico  harmonic  functions  which  have  identical 
rahies  ujjon  a  closed  contour  and  have  no  singularities  irithin,  are  ideiv- 
fical  throughout  the  included  region.  For  their  difference  is  harmonic 
and  has  the  constant  value  0  on  the  boundary  and  hence  throughout 
the' region.  These  theorems  are  equally  true  if  the  region  is  allowed  to 
grow  until  it  is  infinite,  provided  the  values  which  the  function  takes 
on  at  infinity  are  taken  into  consideration.  Thus,  if  two  harmonic 
functions  have  no  singularities  in  a  certain  infinite  region,  take  on  the 
same  values  at  all  points  of  the  boundary  of  the  region,  and  approach 
the  same  values  as  the  point  (x,  y)  or  (x,  y,  z)  in  any  manner  recedes 
indefinitely  in  the  region,  the  two  f  mictions  are  identical. 
If  Green's  Formula  be  applied  to  a  product  Vd  V/dn,  then 

Cu'-fds^fv'-fdy-u'fdx 

^ji^  ( '  -  + 1  ■;;)  dxdy  +JJ{  r;  I  •;  +  r;  1  ■;>  dxdy, 

or  /  UdS-VV=  I  L'V.VVdv+  jyr.VVdv  (11) 

in  the  plane  or  in  space.  In  this  relation  let  1'  be  harmonic  without 
singularities  within  and  upon  the  contour,  and  let  U  =  V  The  first  inte- 
gral on  the  right  vanishes  and  the  second  is  necessarily  positive  unless 
the  relations  F^  =  T^  =  0  or  V'^=  r;  =  F^  =  0,  which  is  equivalent 
to  V  F  =  0,  are  fulfilled  at  all  points  of  the  included  region.  Suppose 
further  that  the  normal  derivative  dV/dn  is  zero  over  the  entire  bound- 
ary. The  integral  on  the  left  will  then  vanish  and  that  on  the  right 
must  vanish.  Hence  V  contains  none  of  the  variables  and  is  constant. 
If  the  normal  derivative  of  a  function  harmonic  and  devoid  of  singular- 
ities at  all  points  on  and  within  a  given  contour  vanishes  identically 
upon  the  contour,  the  function  is  constant.  As  a  corollary  :  If  two 
functions  are  harmonic  and  devoid  of  singularities  upon  and  within  a 
given  contour,  and  if  their  normal  derivatives  are  identically  equal 
upon  the  contour,  the  functions  differ  at  most  by  an  additive  constant. 
In  other  words,  a  harmonic  function  without  singularities  not  only  is 
determined  by  its  values  on  a  contour  but  also  (except  for  an  additive 
constant')  by  the  values  of  its  normal  derivative  upon  a  contour. 
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Laplace's  equation  arises  directly  upon  the  statement  of  some  problems  in 
physics  in  mathematical  form.  In  the  first  place  consider  the  flow  of  heat  or  of 
electricity  in  a  conducting  body.  The  physical  law  is  that  heat  flows  along  the 
direction  of  most  rapid  decrease  of  temperature  T,  and  that  the  amount  of  the  flow 
is  proportional  to  the  rate  of  decrease.  As  —  VT  gives  the  direction  and  magni- 
tude of  the  most  rapid  decrease  of  temperature,  the  flow  of  heat  may  be  represented 
by  —  /iVr,  where  fc  is  a  constant.  The  rate  of  flow  in  any  direction  is  the  compo- 
nent of  this  vector  in  that  direction.  The  rate  of  flow  across  any  boundary  is 
therefore  the  integral  along  the  boundary  of  the  normal  derivative  of  T.  Now  the 
flow  is  said  to  be  steady  if  there  is  no  increase  or  decrease  of  heat  within  any  closed 

boundary,  that  is  ^ 

kfdS'VT  =  0    or     T  is  harmonic. 

Hence  the  problem  of  the  distribution  of  the  temperature  in  a  body  supporting 
a  steady  flow  of  heat  is  the  problem  of  integrating  Laplace's  equation.  In  like 
manner,  the  laws  of  the  flow  of  electricity  being  identical  with  those  for  the  flow 
of  heat  except  that  the  potential  V  replaces  the  temperature  T,  the  problem  of  the 
distribution  of  potential  in  a  body  supporting  a  steady  flow  of  electricity  will  also 
be  that  of  solving  Laplace's  equation. 

Another  problem  which  gives  rise  to  Laplace's  equation  is  that  of  the  irrotational 
motion  of  an  incompressible  fluid.  If  v  is  the  velocity  of  the  fluid,  the  motion  is 
called  irrotational  when  Vxv  =  0,  that  is,  when  the  line  integral  of  the  velocity 
about  any  closed  curve  is  zero.  In  this  case  the  negative  of  the  line  integral  from 
a  fixed  limit  to  a  variable  limit  defines  a  function  *  (i,  y,  z)  called  the  velocity 
potential,  and  the  velocity  may  be  expressed  as  v  =  — V*.  As  the  fluid  is  incom- 
pressible, the  flow  across  any  closed  boundary  is  necessarily  zero.    Hence 

f  dS.V*  =  0     or     Cv.V^dv  =  0     or    V.V*  =  0, 

and  the  velocity  potential  *  is  a  harmonic  function.  Both  these  problems  may  be 
stated  without  vector  notation  by  carrying  out  the  ideas  involved  with  the  aid  of 
ordinary  coordinates.  The  problems  may  also  be  solved  for  the  plane  instead  of 
for  space  in  a  precisely  analogous  manner. 

197.  The  conception  of  the  flow  of  electricity  will  be  advantageous 
in  discussing  the  singularities  of  harmonic  functions  and  a  more  gen- 
eral conception  of  steady  flow.  Suppose 
an  electrode  is  set  down  on  a  sheet  of  zinc 
of  which  the  perimeter  is  grounded.  The 
equipotential  lines  and  the  lines  of  flow 
which  are  orthogonal  to  them  may  be 
sketched  in.  Electricity  passes  steadily 
from  the  electrode  to  the  rim  of  the  sheet 
and  o£E  to  the  ground.  Across  any  circuit 
which  does  not  surround  the  electrode  the 

flow  of  electricity  is  zero  as  the  flow  is  steady,  but  across  any  circuit 
surrounding  the  electrode  there  will  be  a  certain  definite  flow;  the 
circuit  integral  of  the  normal  derivative  of  the  potential  V  around  such 
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a  circuit  is  not  zero.  This  may  be  compared  with  the  fact  that  the 
circuit  integral  of  a  function  of  a  complex  variable  is  not  necessarily 
zero  iibout  a  singularity,  although  it  is  zero  if  the  circuit  contains  no 
singularity.  Or  the  electrode  may  not  be  considered  as  corresponding 
to  a  singularity  but  to  a  portion  cut  out  from  the  sheet  so  that  the 
sheet  is  no  longer  simply  connected,  and  the  comparison  would  then 
be  with  a  circuit  which  could  not  be  shrunk  to  nothing.  Concerning 
this  latter  interpretation  little  need  be  said ;  the  facts  are  readily  seen. 
It  is  the  former  conception  which  is  interesting. 

For  mathematical  purposes  the  electrode  will  be  idealized  by  assum- 
ing its  diameter  to  shrink  down  to  a  point.  It  is  physically  clear  that 
the  smaller  the  electrode,  the  higher  must  be  the  potential  at  the  elec- 
trode to  force  a  given  flow  of  electricity  into  the  plate.  Indeed  it  may 
be  seen  that  V  must  become  infinite  as  —  C  log  r,  where  r  is  the  distance 
from  the  point  electrode.  For  note  in  the  first  place  that  log  ?■  is  a  solu- 
tion of  Laplace's  equation  in  the  plane ;  and  let  U  =  V  +  C  log  r  or 
V  =  U  —  C  log  ;■,  where  U  is  a  harmonic  function  which  remains  finite 
at  the  electrode.  The  flow  across  any  small  circle  concentric  with  the 

electrode  is       ^eu",-  /i2n^o,. 

_/       ^r,ld>=-  I        ■^rdd>  +  2TrC  =  2TrC, 
Jo       ">■  Jo       ^'' 

and  is  finite.  The  constant  C  is  called  the  strength  of  the  source  situ- 
ated at  the  point  electrode.  A  similar  discussion  for  space  would  show 
that  the  potential  in  the  neighborhood  of  a  source  would  become  infinite 
as  C/r.  The  particular  solutions  —  log  r  and  1/r  of  Laplace's  equation 
in  the  respective  cases  may  be  called  the  fundamental  solutions. 

The  physical  analogy  will  also  suggest  a  method  of  obtaining  higher  singular- 
ities by  combining  fundamental  singularities.  For  suppose  that  a  powerful  positive 
electrode  is  placed  near  an  equally  powerful  negative  electrode,  that  is,  suppose  a 
strong  source  and  a  strong  sink  near  together.  The  greater  part  of  the  flow  will  be 
nearly  in  a  straight  line  from  the  source  to  the  sink,  but  some  part  of  it  will  spread 
out  over  the  sheet.  The  value  of  V  obtained  by  adding  together  the  two  values  for 
source  and  sink  is 

r  =  -lC  log  (r2  +  P-2rlcos<l>)  +  IC  log  (r^  +  p  +  2rl  cos  4,) 
=  --Clog^l--cos0  +  -j  +  -Clog(^l  +  -cos0  +  -j 

21C  ,.  ^  M 

= cos  <t>  -I-  higher  powers  —  —  cos  <p  +  ■  ■  ■ 

r  r 

Thus  if  the  strength  C  be  allowed  to  become  infinite  as  the  distance  21  becomes 
zero,  and  if  M  denote  the  limit  of  the  product  2  IC,  the  limiting  form  of  V  is 
Mr- 1  cos  <t>  and  is  itself  a  solution  of  the  equation,  becoming  infinite  more  strongly 
than  —  logr.    In  space  the  corresponding  solution  would  be  Mr-^  cos  <p. 
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It  was  seen  that  a  harmonic  funr-tion  whifli  had  no  singularities  on  or 
within  a  given  contour  was  determined  by  its  values  on  the  contour  and 
determined  except  for  an  additive  constant  by  the  values  of  its  normal 
derivative  upon  the  contour.  If  now  there  be  actually  within  the  contour 
certain  singularities  at  which  the  function  becomes  infinite  as  certain 
particular  solutions  V^,  ]\,  ■  ■■ ,  the  function  r  =  I'  —  I'^  —  T^ is  har- 
monic without  singularities  and  may  be  determined  as  before.  Moreover, 
the  values  of  V^,  V'^,  ■or  their  normal  derivatives  may  be  considered  as 
known  upon  the  contour  inasmuch  as  these  are  definite  particular  solu- 
tions. Hence  it  appears,  as  before,  that  the  haiTtionic  function  V  is  deter- 
mined by  its  values  on  the  bonndarij  of  the  region  or  (except  for  an  additive 
constant)  by  the  rallies  of  its  normal  derivative  on  the  boundary,  provided 
the  singularities  are  specified  in  position  and  their  mode  of  becoming  infin- 
ite is  given  in  each  case  as  some  jiarticular  solution  of  Laplace's  equation. 

Consider  again  the  conducting  sheet  with  its  perimeter  grounded  and 
with  a  single  electrode  of  strength  unity  at  some  interior  point  of  the 
sheet.  The  potential  thus  set  up  has  the  properties  that :  1°  the  poten- 
tial is  zero  along  the  perimeter  because  the  perimeter  is  grounded ;  2°  at 
the  position  P  of  the  electrode  the  potential  becomes  infinite  as  —  log  r ; 
and  3°  at  any  other  point  of  the  sheet  the  potential  is  regular  and  sat- 
isfies Laplace's  equation.  This  particular  distribution  of  potential  is 
denoted  by  G{P)  and  is  called  the  Green  Function  of  the  sheet  relative 
to  P.  In  space  the  Green  Function  of  a  region  would  still  satisfy  1°  and 
3°,  but  in  2°  the  fundamental  solution  —  log  r  would  have  to  be  replaced 
by  the  corresponding  fundamental  solution  1/r.  It  should  be  noted 
that  the  Green  Function  is  really  a  function 

G  (P)  =  a  («,  b ;  X,  y)     or      G  (P)  =  G  («.,  b,  c ;  x,  y,  z) 

of  four  or  six  variables  if  the  position  P(a,  b)  or  P (a,  b,  c)  of  the  elec- 
trode is  considered  as  variable.  The  function  is  considered  as  known 
only  when  it  is  known  for  any  position  of  P. 

If  now  the  symmetrical  form  of  Green's  Formula 

—   i\   (?<Aw  —  vAm) dxdy  -\-  I  ( "  "T '" 'dnj'''' ^  ^'  ^^"^^ 

where  A  denotes  the  sum  of  the  second  derivatives,  be  applied  to  the 
entire  sheet  with  the  exception  of  a  small  circle  concentric  with  P  and 
if  the  choice  u  =  C;  and  c  =  I'  be  made,  then  as  G  and  T  are  harmonic 
the  double  integral  drops  out  and 


i-'-f-r"-'^-"*^!""'^-*^'- 


(13) 
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Now  let  the  radius  r  of  the  small  circle  approach  0.  Under  the  assump- 
tion that  V  is  devoid  of  singularities  and  that  G  becomes 'infinite  as 
—  log  r,  the  middle  integral  approaches  0  because  its  integrand  does, 
and  the  final  integral  approaches  2Trr(P).    Hence 

This  formula  expresses  the  values  of  I'  at  any  interior  point  of  the  sheet 
in  terms  of  the  values  of  V  upon  the  contour  and  of  the  normal  deriva- 
tive of  G  along  the  contour.  It  appears,  therefore,  that  the  determination 
of  the  value  of  a  hannonir  function  devoid  of  singularities  within  and 
upon  a  contour  may  he  made  in  terms  of  the  I'alnes  on  the  conto%ir  pro- 
vided the  Green  Function  of  the  region  is  known.  Hence  the  particular 
importance  of  the  problem  of  determining  the  Green  Function  for  a 
given  region.    Tliis  theoreui  is  analogous  to  Cauchy's  Integral  (§  126). 

EXERCISES 

1.  Show  that  any  linear  function  ax  +  hi/  +  cz  +  d  =  0  i.s  harmonic.  Find  the 
conditions  that  a  qnadratic  function  be  lianiionic. 

2.  Sliow  that  the  real  and  imaginary  piiits  of  any  function  of  a  complex  vari- 
able are  each  hannonic  functions  of  (j:,  ij). 

3.  Wliy  is  the  sum  or  difference  of  any  two  harmonic  functions  multiplied  by 
any  constants  itself  hannonic  ?   Is  the  power  of  a  harmonic  function  harmonic  ? 

4.  Show  that  the  product  UV  of  two  harmonic  functions  is  harmonic  when 
and  only  when  U!^V^  +  UlV'^  =  0  or  VU.VV  =  0.  In  this  case  the  two  functions 
are  called  conjugate  or  orthogonal.  What  is  the  significance  of  this  condition 
geometrically? 

5.  Prove  the  average  value  theorem  for  space  as  for  the  plane. 

6.  Show  for  the  plane  that  if  V  is  harmonic,  then 

V=    l—-d.i=    \^dv  —  -^^dx 
J    dn  J     CI  iy 

is  independent  of  the  path  and  is  the  conjugate  or  orthogonal  function  to  V,  and 
that  V  is  devoid  of  singularities  over  any  rejjion  over  which  T'  is  devoid  of  them. 
Show  that  V  +  iU  is  a  function  of  z  =  j  +  iy. 

7.  State  the  problems  of  the  steady  flow  of  heat  or  electricity  in  terms  of  ordi- 
nary coordinates  for  the  case  of  the  plane. 

8.  Discuss  for  space  the  problem  of  the  source,  showing  that  C'/r  gives  a  finite 
flow  4  7rC,  where  C  is  called  the  strength  of  the  source.  Note  the  presence  of  the 
factor  4  IT  in  the  place  of  2  5r  as  found  in  two  dimensions. 

9.  Derive  the  solution  Mr--  eos  (p  for  the  source-sink  combination  in  space. 
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10.  Discuss  the  problem  of  the  small  magnet  or  the  electric  doublet  in  view  of 
Ex.  9.  Note  that  as  the  attraction  is  inversely  as  the  square  of  the  distance,  the 
potential  of  the  force  satisfies  Laplace's  equation  in  space. 

11.  Let  equal  infinite  sources  and  sinks  be  located  alternately  at  the  vertices 
of  an  infinitesimal  square.  Find  the  corresponding  particular  solution  (a)  in  the 
ca.se  of  the  plane,  and  (jS)  in  the  case  of  space.  What  combination  of  magnets  doe.s 
this  repre.sent  if  the  point  of  view  of  Ex.  10  be  taken,  and  for  what  puipo.se  is  the 
combination  used  ? 

12.  Expre.ss  V(P)  in  terms  of  G(P)  and  the  boundary  values  of  V  in  space. 

13.  If  an  analytic  function  has  no  singularities  within  or  on  a  contour,  Cauchy's 
Integral  jiives  tlie  value  at  any  interior  point.  If  there  are  within  the  contour  cer- 
tain pules,  what  nuist  be  known  in  addition  to  the  boundary  values  to  determine 
the  function  ?   Compare  with  the  analogous  theorem  for  harmonic  functions 

14.  Why  were  the  solutions  in  §  194  as  series  the  only  possible  solutions 
provided  they  were  really  solutions?  Is  there  any  difficulty  in  making  the  same 
inference  relative  to  the  problem  of  the  potential  of  a  circular  wire  in  §  195? 

15.  Let  G {P)  and  G (Q)  be  the  Green  Functions  for  the  .same  sheet  but  relative 
to  two  different  points  P  and  Q.  Apply  Green's  symmetric  theorem  to  the  sheet 
from  which  two  small  circles  about  P  and  Q  have  been  removed,  making  the  choice 
u  =  G{P)  and  «  =  G{Q).  Hence  show  that  G{P)  at  y  is  equal  to  G{Q)  at  P.  This 
may  be  written  as 

G{a,b;  i.y)  =  G (x,  y;  a,b)     or     G (a,  b,  c;  x,  y,  z)  =  G (x,  y,z;  a,  b,  c). 

16.  Test  these  functions  for  the  harmonic  property,  determine  the  conjugate 
functions  and  the  allied  functions  of  a  complex  variable: 

{a)  i,j,  (|8)  x'y  -  i  y»,  (7)  J  log  (x^  +  y"), 

(S)  e^sinj,         (f)  sin  i  cosh  y,         (f)  tan-i(coti  tanh  y). 

198.  Harmonic  functions ;  special  theorems.  For  the  purposes  of 
the  next  paragraphs  it  is  necessary  to  study  the  properties  of  the  geo- 
metric transformation  known  as  inversion.  The  definition  of  inversion 
will  be  given  so  as  to  be  applicable  either  to  space  or  to  the  plane. 
The  transformation  which  replaces  each  point  P  by  a  point  P'  such 
that  OP  ■  OP'  =  Jr  where  0  is  a  given  fixed  point,  k  a  constant,  and  P' 
is  on  the  line  1>J',  is  called  inversion  u-ith  the  center  0  and  the  radius  k. 
Note  that  if  7'  is  thus  carried  into  P',  then  P'  will  be  carried  into  P ; 
and  hence  if  any  geometrical  configuration  is  carried  into  another,  that 
other  will  be  cai'ried  into  the  first.  Points  very  near  to  O  are  carried 
olf  to  a  great  distance ;  for  the  point  0  itself  the  definition  breaks 
down  and  O  corresponds  to  no  point  of  space.  If  desired,  one  may  add 
to  space  a  fictitious  point  called  the  point  at  infinity  and  may  then  say 
that  the  center  O  of  the  inversion  corresponds  to  the  point  at  infinity 
(p.  481).  A  pair  of  points  P,  P'  which  go  over  into  each  other,  and  another 
pair  Q,  Q'  satisfy  the  equation  OP  ■  OP'  =  OQ  ■  OQ'. 
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A  curve  which  cuts  the  line  OP  at  an  angle  t  is  carried  into  a 
curve  which  cuts  the  line  at  the  angle  t'  =  tt  —  t.  For  by  the  relation 
OP  ■  OP'  =  OQ  ■  OQ',  the  triangles  OPQ,  OQ'P'  are  similar  and 

Z  OPQ  =  Z  OQ'P'  =  7r-A0-Z.  OP'Q'. 

Now  if  Q  =  P  and  Q'  =  P',  then  Z  O  =  0,  Z  OPQ  =  t,/-  OP'Q'  ==  r  and 
it  is  seen  that  t  =  tt  —  t'  or  t'  =  tt  —  t.  An  immediate  extension  of 
the  argument  will  show  that  the  magnitude 
of  the  angle  between  two  intersecting  curves  p 

will  be  unchanged  by  the  transformation ;  the 
transformation    is    therefore    conformal.     (In 
the  plane  where  it  is  possible  to  distinguish  between  positive  and  neg- 
ative angles,  the  sign  of  the  angle  is  reversed  by  the  transformation.^ 

If  polar  coordinates  relative  to  the  point  0  be  introduced,  the  equations 
of  the  transformation  are  simply  rr'  =  k^  with  the  understanding  that 
the  angle  <j>  in  the  plane  or  the  angles  </>,  6  in  space  are  unchanged.  The 
locus  r  =  k,  which  is  a  circle  in  the  plane  or  a  sphere  in  space,  becomes 
r'  =  k  and  is  therefore  unchanged.  This  is  called  the  circle  or  the  sphere 
of  inversion.  Relative  to  this  locus  a  simple  construction  for  a  pair  of 
in\erse  points  P  and  P'  may  be  made  as  indicated  in  the  figure.  The  locus 


r"  +  A:^  =  2  Va^  +  kh-  cos  4,     becomes     k''  +  r''^=2  V^F+l?r'  cos  <(, 

and  is  therefore  unchanged  as  a  whole.  This  locus  represents  a  circle 
or  a  sphere  of  radius  a  orthogonal  to  the  circle  or  sphere  of  inversion. 
A  construction  may  now  be  made  for  finding  an  inversion  which  car- 
ries a  given  circle  into  itself  and  ^ 
the  center  P  of  the  circle  into  any 
assigned  point  P'  of  the  circle ;  the 
construction  holds  for  space  by  re- 
voking the  figure  about  the  line  O/'. 

To  find  what  ligure  a  line  in  the  plane  or  a  plane  in  space  becomes 
on  inversion,  let  the  polar  axis  <^  =  0or^  =  0be  taken  perpendicular 
to  the  line  or  plane  as  the  case  may  be.    Then 

r  =  ^  sec  <t>,  r'  sec  <^  =  k'^/p  or  r=p  sec  6,  r'  sec  6  =  k?/p 
are  the  equations  of  the  line  or  plane  and  the  inverse  locus.  The  locus 
is  seen  to  be  a  circle  or  sphere  through  the  center  of  inversion.  This 
may  also  be  seen  directly  by  applying  the  geometric  definition  of  in- 
version. In  a  similar  manner,  or  analytically,  it  may  be  shown  that 
any  circle  in  the  plane  or  any  sphere  in  space  inverts  into  a  circle  or 
into  a  sphere,  unless  it  passes  through  the  center  of  inversion  and 
becomes  a  line  or  a  plane. 
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If  d  be  the  distance  of  P  from  the  circle  or  sphere  of  inversion,  the  distance  of 
P  from  the  center  is  k-d,  the  distance  of  P'  from  the  center  is  k^/{k  -  d),  and 
from  the  circle  or  sphere  it  is  d'  =  dk/{k  -  d).  Now  if  the  radius  k  is  very  large 
in  comparison  with  d,  the  ratio  k/{k  -  d)  is  nearly  1  and  d'  is  nearly  equal  to  d. 
If  k  is  allowed  to  become  infinite  so  that  the  center  of  inversion  recedes  indefinitely 
and  the  circle  or  sphere  of  inversion  approaches  a  line  or  plane,  the  distance  d' 
approaches  d  as  a  limit.  As  the  transformation  which  replaces  each  point  by  a 
point  equidistant  from  a  given  line  or  plane  and  perpendicularly  opposite  to  the 
point  is  the  ordinary  inversion  or  reflection  in  the  line  or  plane  such  as  is  familiar 
in  optics,  it  appears  that  reflection  in  a  line  or  plane  may  be  regarded  as  the  limits 
ing  case  of  inversion  in  a  circle  or  sphere. 

The  importance  of  inversion  in  the  study  of  harmonic  functions  lies 
in  two  theorems  applicable  respectively  to  the  plane  and  to  space. 
First,  if  V  is  harmonic  over  any  region  of  the  plane  and  if  that  region 
be  inverted  in  any  circle,  the  function  V\P')  =  V(P)  formed  by  assign- 
ing the  same  value  at  P'  in  the  new  region  as  the  function  had  at  the 
point  P  which  inverted  into  P'  is  also  harmonic.  Second,  if  V  is  har- 
monic over  any  region  in  space,  and  if  that  region  be  inverted  in  a  sphere 
of  radius  k,  the  function  V'(P')  =  kV{P)/r'  formed  by  assigning  at  P' 
the  value  the  function  had  at  P  multiplied  by  k  and  divided  by  the  dis- 
tance OP'  =  r'  of  P'  from  the  center  of  inversion  is  also  harmonic.  The 
significance  of  these  theorems  lies  in  the  fact  that  if  one  distribution 
of  potential  is  known,  another  may  be  derived  from  it  by  inversion ; 
and  conversely  it  is  often  possible  to  determine  a  distribution  of  poten- 
tial by  inverting  an  unknown  case  into  one  that  is  known.  The  proof 
of  the  theorems  consists  merely  in  making  the  changes  of  variable 

r  =  kyr'     or     r' =  k^r,     .    4,' =  ,\>,         6' =  d 

in  the  polar  forms  of  Laplace's  equation  (Exs.  21,  22,  p.  112). 

The  method  of  using  inversion  to  determine  distribution  of  potential  in  electro- 
statics is  often  called  the  method  of  electric  images.  As  a  charge  e  located  at  a 
point  exerts  on  other  point  charges  a  force  proportional  to  the  inverse  square  of 
the  distance,  the  potential  due  to  e  is  as  1/p,  where  p  is  the  distance  from  the 
chai-ge  (with  the  proper  units  it  may  be  taken  as  e/p),  and  satisfies  Laplace's 
equation.  The  potential  due  to  any  number  of  point  charges  is  the  sum  of  the 
individual  potentials  due  to  the  charges.  Thus  far  the  theory  is  e.ssentially  the 
same  as  if  the  charges  were  attracting  particles  of  matter.  In  electricity,  however, 
the  question  of  the  distribution  of  potential  is  further  complicated  when  there  are 
in  the  neighborhood  of  the  charges  certain  conducting  surfaces.  For  1°  a  conduct- 
ing surface  in  an  electrostatic  field  must  everywhere  be  at  a  constant  potential  or 
there  would  be  a  component  force  along  the  surface  and  the  electricity  upon  it 
would  move,  and  2°  there  is  the  phenomenon  of  induced  electricity  whereby  a 
variable  surface  charge  is  induced  upon  the  conductor  by  other  charges  in  the 
neighborhood.  If  the  potential  V{F)  due  to  any  distribution  of  charges  be 
inverted  in  any  sphere,  the  new  potential  is  kV{P)/r'.    As  the  potential  V{P) 
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becomes  infinite  as  e/p  at  the  point  charges  e,  the  potential  kV(P)/r'  will  become 
infinite  at  the  inverted  positions  of  the  charges.  As  the  ratio  ds'  -.ds-oi  the  in- 
verted and  original  elements  of  length  is  r'^/A:^,  the  potential  iF(P)/»-'  will  become 
infinite  as  k/r'  ■  e/p'  ■  i^'^/k^,  that  is,  as  r'e/kp'.  Hence  it  appears  that  the  charge  e 
inverts  into  a  charge  e'  =  r'e/k  ;  the  charge  —  e'  is  called  the  electric  image  of  e. 
As  the  new  potential  is  kV(P)/r'  instead  of  V{P),  it  appears  that  an  equipoten- 
tial  surface  V  =  const,  will  not  invert  into  an  equipotential  surface  V'(P')  =  const, 
unless  T  =  0  or  r'  is  constant.  But  if  to  the  inverted  system  there  be  added  the 
charge  e  =  —  kV  31  the  center  O  of  inversion,  the  inverted  equipotential  surface 
becomes  a  surface  of  zero  potential. 

With  these  preliminaries,  consider  the  question  of  the  distribution  of  potential 
due  to  an  external  charge  e  at  a  distance  r  from  the  center  of  a  conducting  spheri- 
cal surface  of  radius  k  which  has  been  grounded  so  as  to  be  maintained  at  zeio 
potential.  If  the  system  be  inverted  with  respect  to  the  sphere  of  radius  k,  the 
potential  of  the  spherical  surface  remains  zero  and  the  charge  e  goes  over  into  a 
charge  e'  =  r'e/k  at  the  inverse  point.  Now  if  p,  p'  are  the  distances  from  e,  e'  to 
the  sphere,  it  is  a  fact  of  elementary  geometry  that  p  :  p'  =  const.  =  r' :  i.  Hence 
the  potential 

p      p'        \p  •    kp'l  kpp' 

due  to  the  charge  e  and  to  its  image  —  e',  actually  vanishes  upon  the  sphere  ;  and 
as  it  is  harmonic  and  has  only  the  singularity  e/p  outside  the  sphere  (which  is  the 
same  as  the  singularity  due  to  e),  this  value  of  V  throughout  all  space  must  be 
precisely  the  value  due  to  the  charge  and  the  grounded  sphere.  Tlie  distribution 
of  potential  in  the  given  system  is  therefore  determined.  The  potential  outside 
the  sphere  is  as  if  the  sphere  were  removed  and  the  two  charges  e,  —  e'  left  alone. 
By  Gauss's  Integral  (Ex.  8,  p.  348)  the  charge  within  any  region  may  be  evaluated 
by  a  surface  integral  around  the  region.  This  integral  over  a  surface  surrounding 
the  sphere  is  the  same  as  if  over  a  surface  shrunk  down  around  the  charge  —  e', 
and  hence  the  total  charge  induced  on  the  sphere  is  —  e'  =  —  r'e/k. 

199.  Inversion  will  transform  the  average  value  theorem 

V{P)  =  -^£^Vd,^     into     V(P')  =  :^j"\'d>l,,         (14) 

a  form  applicable  to  determine  the  value  of  V  at  any  point  of  a  circle 

in  terms  of  the  value  upon  the  circumference.    For  suppose  the  circle 

with  center  at  P  and  with  the  set 

of  radii  spaced  at  angles  r/<^,   as 

implied  in  the  computation  of  the 

average  value,  be  inverted  upon  an 

orthogonal  circle  so  chosen  that  P 

shall  go  over  into  P'.    The  given 

circle  goes  over  into  itself  and  the  series  of  lines  goes  over  into  a  series 

of  circles  through  P'  and  the  center  0  of  inversion.    (The  figures  are 

drawn  separately  instead  of  superposed.)   From  the  conformal  jjroperty 
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the  angles  between  the  circles  of  the  series  are  equal  to  the  angles  be- 
tween the  radii,  and  the  circles  cut  the  given  circle  orthogonally  just 
as  the  radii  did  Let  I"  along  the  arcs  1',  2',  3',  ■  •  •  be  equal  to  V  along 
the  corresponding  arcs  1,  2,  3,  ■■  •  and  let  V(P)  =  V'(P')  as  required  by 
the  theorem  on  inversion  of  harmonic  functions.  Then  the  two  inte- 
grals are  equal  element  for  element  and  their  values  V(P)  and  1"(P') 
are  equal.  Hence  the  desired  form  follows  from  the  given  form  as 
stated.  (It  may  be  observed  that  d<j)  and  c/i/r,  strictly  speaking,  liave 
opposite  signs,  but  in  determining  the  average  value  V'(P'),  rfi/'  is  taken 
positively.)    The  derived  form  of  integral  may  be  written 

r-(p-)  =  _j     v'd^  =  ^j^      v'Ps',  (14-) 

as  a  line  integral  along  the  arc  of  the  circle.  If  P'  is  at  the  distance  r 
from  the  center,  and  if  a  be  the  radius,  the  center  of  inversion  0  is  at 
the  distance  a^/r  from  the  center  of  the  circle,  and  the  value  of  k  is 
seen  to  be  k^  =  (a^  —  r')a!'/r.   Then,  if  Q  and  Q'  be  points  on  the  circle, 

,,         ,   OQ'"       i\a- -  2  a^'r-' cos  i>'  +  a*r-^)      ,^ 
k^  (a-  —  rj  a^ 

Now  dxp/ds'  may  be  obtained,  because  of  the  equality  of  dyj/  and  d<f>,  and 
ds'  may  be  written  as  adfji'.    Hence 


"<'"'= ^X" 


a^  —  2  «r  cos  (j>'  +  r 


-.H'- 


Finally  the  primes  may  be  dropped  from  V  and  /'',  the  position  of  P' 
may  be  expressed  in  terms  of  its  coordinates  (/•,  </>),  and 

^'(^'<^)  =  o:;^i      ^^-2l-cos(.;'-^)  +  .-=2^i     "^    ^-^ 

is  the  expression  of  I'  in  terms_of  jts Mmidaiy  values. 

The  integral  (15)  is  called  ^Powson's/n/e-zrci--  It  should  be  noted  par- 
ticularly that  the  form  of  Poisson's  Integral  first  obtained  by  inversion 
represents  the  average  value  of  V  along  the  circumference,  provided  that 
average  be  computed  for  each  point  by  considering  the  values  along  the 
circumference  as  distributed  relative  to  the  angle  ^  as  independent  vari- 
able. That  V  as  defined  by  the  integral  actually  approaches  the  value  on 
the  circumference  when  the  point  approaches  the  circumference  is  clear 
from  the  figure,  which  shows  that  all  except  an  infinitesimal  fraction  of 
the  orthogonal  circles  cut  the  circle  within  infinitesimal  limits  when  the 
point  is  infinitely  near  to  the  circumference.   Poisson's  Integral  may  be 
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obtained  in  another  way.  For  if  P  and  P'  are  now  two  inverse  points 
relative  to  the  circle,  the  equation  of  the  circle  may  be  written  as 

p/p'  =  const.  =  r/a,     and     G  (P)  =  -  log  p  +  log  p'  +  log  (r/a)    (16) 

is  then  the  Green  Function  of  the  circular  sheet  because  it  vanishes  along 
the  circumference,  is  harmonic  owing  to  the  fact  that  the  logarithm  of  the 
distance  from  a  point  is  a  solution  of  Laplace's  equation,  and  becomes 
infinite  at  P  as  —  log  p.   Hence 

It  is  not  difficult  to  reduce  this  form  of  the  integral  to  (15). 

If  a  harmonic  function  is  defined  in  a  region  abutting  upon  a  segment 
of  a  straight  line  or  an  arc  of  a  circle,  and  if  the  function  vanishes  along 
the  segment  or  arc,  the  function  may  be  extended  across  the  segment 
or  arc  by  assigning  to  the  inverse  point  P'  the  value  V(P')  =—  V(P), 
which  is  the  negative  of  the  value  at  P;  the  conjugate  function 

takes  on  the  same  values  at  /'  and  P'  It  will  be  sufiBcient  to  prove 
this  theorem  in  the  case  of  the  straight  line  because,  by  the  theorem  on 
inversion,  the  arc  may  be  inverted  into  a  line  by  taking  the  center  of 
inversion  at  any  point  of  the  arc  or  the  arc  produced.  As  the  Laplace 
operator  Z)|  +  D^  is  independent  of  the  axes  (Ex.  25,  p.  112),  the  line 
may  be  taken  as  the  a"-axis  without  restricting  the  conclusion. 

Now  the  extended  function  V{P')  satisfies  Laplace's  equation  since 

d'^VjP')      c'V{P')  _     eM'(P)      S^V{P)_n 
ix"-  cy"^  3x^  cy^ 

Therefore  V(P')  is  harmonic.  By  tlie  definition  V(P')  =  —  T(P)  and  the  assumption 
that  V  vanishes  along  the  segment  it  appears  that  the  function  V  on  the  two  sides 
of  the  line  pieces  on  to  itself  in  a  continuous  manner,  and  it  remains  merely  to  show 
that  it  pieces  on  to  itself  in  a  harmonic  manner,  that  is,  that  the  function  V  and 
its  extension  form  a  function  harmonic  at  points  of  the  line.  This  follows  from 
Poisson's  Integral  applied  to  a  circle  centered  on  the  line.   For  let 


H(x,y)=  ('"vdy)/;    then    7f  (i,  0)  =  0 
Jo 


because  T'  takes  on  equal  and  oppo.site  values  on  the  upper  and  lower  semicircum- 
ferences.  Hence  H  =  V(P)  =  V(P')  =  0  along  the  axis.  But  H  =  V(P)  along  the 
upper  arc  and  H  =  V(P')  along  the  lower  arc  because  Poisson's  Integral  takes  on 
the  boundary  values  as  a  limit  when  the  point  approaches  the  boundary.  Now  as 
H  is  harmonic  and  agrees  with  V(P)  upon  the  whole  perimeter  of  the  upper  semi- 
circle it  must  be  identical  with  ViJP)  throughout  that  semicircle.    In  like  manner 
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it  is  identical  with  V{P')  throughout  the  lower  semicircle.  As  the  funolions  V{P) 
and  V(P')  are  identical  with  the  single  harmonic  function  B,  they  must  piece 
together  harmonically  across  the  axis.  The  theorem  is  thus  completely  proved. 
The  statement  about  the  conjugate  function  may  be  verified  by  taking  the  integral 
along  paths  symmetric  with  respect  to  the  axis. 

200.  If  a  function  iv  =  f(z)  =  u  +  iv  of  a  complex  variable  becomes 
real  along  the  segment  of  a  line  or  the  arc  of  a  circle,  the  function  maij 
be  extended  analijticallij  across  the  segment  or  arc  by  assigning  to  the 
inverse  point  P'  the  value  w  =  u  —  iv  conjugate  to  that  at  P.  This  is 
merely  a  corollary  of  the  preceding  theorem.  For  if  w  be  real,  the 
harmonic  function  v  vanishes  on  the  line  and  may  be  assigned  equal 
and  opposite  values  on  the  opposite  sides  of  the  line;  the  conjugate 
function  u  then  takes. on  equal  values  on  the  opposite  sides  of  the 
line.  The  case  of  the  circular  arc  would  again  follow  from  inversion 
as  before. 

The  method  employed  to  identify  functions  in  §§  185-187  was  to 
map  the  halves  of  the  vr-plane,  or  rather  the  several  repetitions  of  these 
halves  which  were  required  to  complete  the  map  of  the  w-surface,  on  a 
region  of  the  .v-plane.  By  virtue  of  the  theorem  just  obtained  the  eon- 
verse  process  may  often  be  carried  out  and  the  function  w  =  /(s) 
which  maps  a  given  region  of  the  »-plane  upon  the  half  of  the  w-Tp\a,ne 
may  be  obtained.  The  method  will  apply  only  to  regions  of  the  s-plane 
which  are  bounded  by  rectilinear  segments  and  circular  arcs ;  for  it  is 
only  for  such  that  the  theorems  on  inversion  and  the  theorem  on  the 
extension  of  harmonic  functions  have  been  proved.  To  identify  the 
function  it  is  necessary  to  extend  the  given  region  of  the  2-plane  by 
inversions  across  its  boundaries  until  the  w-surface  is  completed.  The 
method  is  not  satisfactory  if  the  successive  extensions  of  the  region  in 
the  «-plane  result  in  overlapping. 

The  method  will  be  applied  to  determining  the  function  (a)  which 
maps  the  first  quadrant  of  the  unit  circle  in  the  «-plane  upon  the  upper 
half  of  the  «--plane,  and  (/8)  which  maps  a  30°-60°-90°  triangle  upon  the 
upper  half  of  the  «'-plane.  Sup- 
pose the  sector  ABC  mapped  on 
the  ?('-half-plane  so  that  the  perim- 
eter ABC  corresponds  to  the 
real  axis  abc.  "\^'hen  the  perime- 
ter is  described  in  the  order  written  and  the  interior  is  on  the  left, 
the  real  axis  must,  by  the  principle  of  conformality,  be  described  in 
such  an  order  that  the  upper  half-plane  which  is  to  correspond  to  the 
interior  shall  also  lie  on  the  left.   The  points  a,  b,  c  correspond  to  points 
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A,  B,  C.  At  these  points  the  correspondence  required  is  such  that  the 
conformality  must  break  down.  As  angles  are  doubled,  each  of  the 
points  A,  B,  C  must  be  a  critical  point  of  the  first  order  for  w  =f(s) 
and  '',  b,  c  must  be  branch  points.  To  map  the  triangle,  similar  con- 
siderations apply  except  that  whereas  C  is  a  critical  point  of  the  first 
order,  the  points  A ',  B'  are  critical  of  orders  5,  2  respectively.  Each 
case  may  now  be  treated  separately  in  detail. 

Let  it  be  assumed  that  the  three  vertices  A,  B,  C  of  the  sector  go  into  tlie 
points*  M)  =  0,  1,  cc.  As  the  perimeter  of  the  sector  is  mapped  on  the  real  axis, 
the  function  w=/(z)  takes  on  real  values  for  points  z  along  the  perimeter. 
Hence  if  the  sector  be  inverted  over  any  of  its  sides,  the  point  P'  which  corre- 
sponds to  P  may  be  given  a  value  conjugate  to  w  at 
P,  and  the  image  of  P'  in  the  w-plane  is  symmetrical 
to  the  image  of  P  with  respect  to  the  real  axis.  The 
three  regions  1',  2',  3'  of  the  z-plane  correspond  to 
the  lower  half  of  the  m-plane  ;  and  the  perimeters 
of  these  regions  correspond  also  to  the  real  axis. 
These  regions  may  now  be  inverted  across  their 
boundaries  and  give  rise  to  the  regions  2,  3,  4  which 
must  correspond  to  the  upper  half  of  the  w-plane. 
Finally  by  inversion  from  one  of  these  regions  the 
region  4'  may  be  obtained  as  corresponding  to  the 
lower  half  of  the  i«-plane.  In  this  maimer  the  inver- 
sion has  been  carried  on  until  the  entire  z-plane  is  covered.  Moreover  there  is  no 
overlapping  of  the  regions  and  the  figure  may  be  inverted  in  any  of  its  lines  with- 
out producing  any  overlapping  ;  it  will  merely  invert  into  itself.  If  a  Riemann  sur- 
face were  to  be  constructed  over  the  lo-plane,  it  would  clearly  require  four  sheets. 
The  surface  could  be  connected  up  by  studying  the  correspondence  ;  but  tliis  is  not 
necessary.  Note  merely  that  the  function  f{z)  becomes  infinite  at  C  wlien  z  =  i 
by  hypothesis  and  at  C"  when  z  =  —  i  by  inversion  ;  and  at  no  other  point.  The 
values  ±  I  will  therefore  be  taken  as  poles  of  f(z)  and  as  poles  of  the  .second  order 
because  angles  are  doubled.  Note  again  that  the  function /(z)  vanishes  at  A  when 
z  =  0  by  hypothesis  and  at  z  =  oo  by  inversion.  These  will  be  a.s.sumed  to  be  zeros  of 
the  second  order  because  the  points  are  critical  points  at  which  angles  are  doubled. 
The  function 

w=f{z)  =  Cz'^(z-i)-^(z  -fi)-2=  Cz2(z2-|-  1)-- 

has  the  alxjve  zeros  and  poles  and  must  be  identical  with  the  desired  function  when 
the  constant  C  is  properly  chosen.  As  the  correspondence  is  such  that /(I)  =  1  by 
hypothesis,  the  constant  C  is  4.  The  determination  of  the  function  is  complete  as 
given. 

Consider  next  the  ca.se  of  the  triangle.  The  same  process  of  inversion  and  re- 
peated inversion  may  be  followed,  and  never  results  in  overlapping  except  as  one 

•  It  may  be  observed  that  the  linear  traDsformation  (7M  +  S)  to'  =  aio  +  ^  (Ex.  1.5, 
p.  157)  has  three  arbitrary  constants  a:  p.  y:  S,  and  that  by  such  a  transformation  any 
three  points  of  the  to-plane  may  be  carried  into  any  three  points  of  the  lo'-plane.  It  is 
therefore  a  proper  and  trivial  restriction  to  assume  that  0,  1,  x  are  the  points  of  the 
tfl-planc  which  correspond  to  A,  /J,  C. 
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2iK' 


region  falls  into  absolute  coincidence  with  one  previously  obtained.   To  cover  the 

whole  z-plane  the  inversion  would  have  to  be  continued  indefinitely  ;  but  it  may 

be  observed  that  the  rectangle  inclosed  by  the  heavy  line 

is  repeated  indefinitely.  Hence  lo  =/(2)  is  a  doubly  periodic 

function  with  the  periods  2  K,  2  iK'  if  2  A',  2  K'  be  the 

length  and  breadth  of  the  rectangle.   The  function  lias  a 

pole  of  the  second  order  at  C  or  z  =  0  and  at  the  points, 

marked  with  circles,  into  which  the  origin  is  carried  by 

the  successive  inversions.   As  there  are  six  poles  of  the 

second  order,  the  function  is  of  order  twelve.   When  z  =  K 

a.\,  A  or  z  =  iK'  at  A'  the  function  vanishes  and  each  of 

these  zeros  is  of  the  sixth  order  because  angles  are  increased 

ti-fold.    Again  it  appears  that  the  function  is  of  order  12. 

It  is  very  simple  to  write  the  function  down  in  terms  of 

the  theta  functions  constructed  with  the  periods  2  K,  2  iK'. 


^7  A  ^^      ' ' 


IK 


w=f(z)=C 


Hf(z)e«(z) 


H^(z)ef{z)H^z  -  a)e^{z  -  a)H^z  -  pfe{(z  -  ^) 


For  this  function  is  really  doubly  periodic,  it  vanishes  to  the  sixth  order  at  A',  iK', 
and  has  poles  of  the  second  order  at  the  points 

0,      K  +  iK',      a  =  iE  +  ^iK',      o:  +  K  +  IK',      p  =  2K—'a,      p+K  +  iK'. 

As  /3  =  2  A'  —  a  the  reduction  ^^(2  —  /3)  =  H^(z  +  a),  6j(2  —  /3)  =  6^(2  +  a)  may 
be  made. 

i?f(z)e«(z) 


to=/(z)=C 


H^z)e^(z)H^z  -  a)H^(z  +  c()e{(z  -  a)e^(z  +  a) 


The  constant  C  may  be  determined,  and  the  expression  for  /(z)  may  be  reduced 
further  by  means  of  identities;  it  might  be  expressed  in  terms  of  sn  (z,  k)  and 
en  (z,  *:),  with  properly  chosen  k,  or  in  terms  of  p  (z)  and  p'(z).  For  the  purposes  of 
computations  that  might  be  involved  in  carrying  out  the  details  of  the  map,  it 
would  probably  be  better  to  leave  the  expression  of  /(z)  in  terms  of  the  theta 
functions,  as  the  value  of  g  is  about  0.01. 


EXERCISES 

1.  Show  geometrically  that  a  plane  inverts  into  a  sphere  through  the  center  of 
inversion,  and  a  line  into  a  circle  through  the  center  of  inversion. 

2.  Show  geometrically  or  analytically  that  in  the  plane  a  circle  inverts  into  a 
circle  and  that  in  space  a  sphere  inverts  into  a  sphere. 

3.  Show  that  in  the  plane  angles  are  revereed  in  sign  by  inversion.    Show  tliat 
in  space  the  magnitude  of  an  angle  between  two  curves  is  unchanged. 

4.  If  ds,  dS,  dv  are  elements  of  arc,  surface,  and  volume,  show  that 


ds'  =  -ds: 
r 


k^ 


da. 


dS'  =  —dS=  —dS, 
f^  k-* 


dv'  =  —  (h)  =  —  dii. 
r3  jt« 


Note  that  in  the  plane  an  area  and  its  inverted  area  are  of  opposite  sign,  and  that 
the  same  is  true  of  volumes  in  space. 
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5.  Show  that  the  system  of  circles  through  any  point  and  its  inverse  with  respect 
to  a  given  circle  cut  that.circle  orthogonally.  Hence  show  that  if  two  points  are  in- 
verse with  respect  to  any  circle,  they  are  carried  into  points  inverse  with  respect  to 
the  inverted  position  of  the  circle  if  the  circle  be  inverted  in  any  manner.  In  par- 
ticular show  that  if  a  circle  be  inverted  with  respect  to  an  orthogonal  circle,  its  cen- 
ter is  carried  into  the  point  which  is  inverse  with  respect  to  the  center  of  inversion. 

6.  Obtain  Poisson's  Integral  (15)  from  the  form  (16').   Note  that 

dG  _  cos  (p,  n)      cos  (p',  n)  _a^  —  r^ 
dn  p  p'  a'^p^ 

7.  From  the  equation  p/p'  =  const.  =  r/a  of  the  sphere  obtain 
1      a  1  -.        I      r  V{a''-r^)dS 


:p2  4.  a-2_  2  ap  cos  (p,  n),         —  =  ■       ^  ^^        -      -2  2 


pro'  4Tra  J    I 


p      r  p'  i-raJ    [qZ -(- r"  -  2  ar  cos  (r,  a)] t 

the  Green  Function  and  Poisson's  Integral  for  the  sphere. 

8.  Obtain  Poisson's  Integral  in  space  by  the  method  of  inversion. 

9.  Find  the  potential  due  to  an  insulated  spherical  conductor  and  an  external 
charge  (by  placing  at  the  center  of  the  sphere  a  charge  equal  to  the  negative  of 
that  induced  on  the  grounded  sphere). 

10.  If  two  spheres  intersect  at  right  angles,  and  charges  proportional  to  the 
diameters  are  placed  at  their  centers  with  an  opposite  charge  proportional  to  the 
diameter  of  the  common  circle  at  the  center  of  the  circle,  then  the  potential  over 
the  two  spheres  is  constant.  Hence  determine  the  effect  throughout  external  space 
of  two  orthogonal  conducting  spheres  maintained  at  a  given  potential. 

11.  A  charge  is  placed  at  a  distance  h  from  an  infinite  conducting  plane. 
Determine  the  potential  on  the  supposition  that  the  plane  is  insulated  with  no 
charge  or  maintained  at  zero  potential. 

12.  Map  the  quadrantal  sector  on  the  upper  half-plane  so  that  the  vertices 
C,  A,  B  correspond  to  1,  ao,  0. 

13.  Determine  the  constant  C  occurring  in  the  map  of  the  triangle  on  the  plane. 
Find  the  point  into  which  the  median  point  of  the  triangle  is  carried. 

14.  With  various  selections  of  correspondences  of  the  vertices  to  the  three  points 
0,  1,  00  of  the  u)-plane,  map  the  following  configurations  upon  the  upper  half-plane  : 

(a)  a  sector  of  60°,         (/S)  an  isosceles  right  triangle, 

(7)  a  sector  of  45°,         (5)  an  equilateral  triangle. 

201.  The  potential  integrals.  If  p{x,  y,  z)  is  a  function  defined  at 
different  i)oints  of  a  region  of  space,  the  integral 

' ^^' " ^^ -JJJ  A^-.r+(,-yr+a-^r 'J  ~  ^''^ 

e\aluated  over  that  region  is  called  the  potential  of  p  at  the  point 
(^,  17,  0-  The  significance  of  the  integral  may  be  seen  by  considering 
the  attraction  and  the  potential  energy  at  the  point  (^,  -q,  Q  due  to  a 
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distribution  of  matter  of  density  p  (x,  y,  z)  in  some  region  of  space. 
If  ^  be  a  mass  at  (^,  rj,  ^)  and  m  a  mass  at  (x,  y,  z),  the  component 
forces  exerted  by  m  upon  /i  are 

J,  Mm  y  -  ,,  ^m  g  -  ^: 

—  '  J    —  C  — 5 I  X  ^=  G  — 5 I 

19) 


Z  =  c 


/ITO  X 


and 


^"=0 


/im 


F  =  -  cyit  —  +  C 


are  respectively  the  total  force  on  /i  and  the  potential  energy  of  the 
two  masses.  The  potential  energy  may  be  considered  as  the  work  done 
by  F  or  A',  Y,  Z  on  fi  in  bringing  the 
mass  fj,  from  a  fixed  point  to  the 
point  ($,  71,  i,)  under  the  action  of  m 
at  (x,  I/,  z)  or  it  may  be  regarded 
as  the  function  such  that  the  nega- 
tive of  the  derivatives  of  V  by  x,  y,  z 
give  the  forces  A',  1',  Z,  or  in  vector 
notation  F=— VI'.  Hence  if  the 
units  be  so  chosen  that  c  =  1,  and  if 
the  forces  and  potential  at  {i,  r],  ^) 
be  measured  per  unit  mass  by  dividing  by  /j,,  the  results  are  (after  dis- 
regarding the  arbitrary  constant  C) 


{i,v,n 


H 


X  = 


Y  ^■»>'y- 

1^       r 


Z  = 


i 


y  =  --r  (19') 


Now  if  there  be  a  region  of  matter  of  density  p(.r,  y,  ;:),  the  forces  and 
potential  energy  at  (f,  ij,  f)  measured  per  unit  mass  there  located  may 
be  obtained  by  summation  or  integration  and  are 


JjJ    [{i-xf+{r,-yY  +  {K-zff' 


-/f- 


(19") 


It  therefore  ai)pears  tliat  the  potential  U  defined  by  (18)  is  the  negative 
of  the  potential  energy  V  due  to  the  distribution  of  matter.*  Note  fur- 
ther that  in  evaluating  the  integrals  to  determine  A',  Y,  Z,  and  U  =—  V, 
the  variables  x,  y,  z  with  respect  to  which  the  integrations  are  per- 
formed will  drop  out  on  substituting  the  limits  which  determine  the 
region,  and  will  therefore  leave  X,  Y,  Z,  U  as  functions  of  the  param- 
eters i,  7),  ^  which  appear  in  the  integrand.    And  finally 

(20) 


dr, 


H 


*  In  electric  and  magnetic  theory,  where  like  repels  like,  the  potential  and  potential 
energy  have  the  same  sign. 
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are  conseqiiences  either  of  differentiating  t/ under  the  sign  of  integration 
or  of  integrating  the  expressions  (19')  for  X,  Y,  Z  expressed  in  terms  of 
the  derivatives  of  U,  over  the  whole  region. 

Theorem.  The  potential  integral  U  satisfies  the  equations 

known  respectively  as  Laplace' i^  and  (Potssora's  .g^MgjIiowg,' according  as 
the  point  (^,  -q,  t)  lies  outside  or  within  the  body  of  density  p  (x,  y,  z). 
In  case  (^,  ij,  ^)  lies  outside  the  body,  the  proof  is  very  simple.  For 
the  second  derivatives  of  U  may  be  obtained  by  differentiating  with 
respect  to  |,  rj,  ^  under  the  sign  of  integration,  and  the  sum  of  the 
results  is  then  zero.  In  case  (i,  r],  0  lies  within  the  body,  the  value 
for  r  vanishes  when  (^,  t;,  t)  coincides  with  (x,  y,  z)  during  the  integra- 
tion, and  hence  the  integrals  for  U,  X,  Y,  Z  become  infinite  integrals 
for  which  differentiation  under  the  sign  is  not  permissible  without  jus- 
tification. Suppose  therefore  that  a  small  sphere  of  radius  ;•  concentric 
with  {i,  r],  0  be  cut  out  of  the  body,  and  the  contributions  F'  of  this 
sphere  and  F*  of  the  remainder  of  the  body  to  the  force  F  be  considered 
separately.  For  convenience  suppose  the  origin  moved  up  to  the  point 
($,  r,,  0-  Then 

F  =  vr  =  F*  -f  F'  =    r  pV  ^  dr  +  F'. 

Now  as  the  sphere  is  small  and  the  density  p  is  supposed  continuous, 
the  attraction  /•''  of  the  sphere  at  any  point  of  its  surface  may  be  taken 
as  ^  irr^pji^,  the  quotient  of  the  mass  by  the  square  of  the  distance  to  the 
center,  where  p^  is  the  density  at  the  center.  The  force  F'  then  reduces 
to  —  J  TTp^r  in  magnitude  and  direction.    Hence 

V.F  =  v.vr  =  V.F*  +  V.F'=   I   pV.V  -  ^/c -I- V.F'. 

The  integral  vanishes  as  in  the  first  case,  and  V.F'  =  —  ^^irp^.  Hence 
if  the  suffix  0  be  now  dropped,  V.Vt'  =  —  4  irp,  and  Poisson's  Equation 
is  proved.    Gauss's  Integral  (p.  348)  affords  a  similar  proof. 

A  rigorous  treatment  of  the  potential  U  and  the  forces  X,  Y,  Z  and  their  de- 
rivatives requires  the  discussion  of  convergence  and  allied  topics.  A  detailed  treat- 
iiifut  will  not  be  given,  but  a  few  of  the  most  important  facts  may  be  pointed  out. 
Consider  the  ordinary  case  where  the  volume  density  p  remains  finite  and  the  body 
itself  does  not  extend  to  infinity.  The  integrand  p/r  becomes  infinite  when  r  =  0. 
But  as  Am  is  an  infinitesimal  of  the  third  order  around  the  point  where  r  =  0,  the 
term  pdv/r  in  the  integral  U  will  be  infinitesimal,  may  be  disregarded,  and  the 
integral  U  converges.    In  like  manner  the  integrals  for  X,  i",  Z  will  converge 
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because  p  ({  —  x)/r^.  etc..  become  infinite  at  r  =  0  to  only  the  second  order.  If 
dX/ck  were  obtained  by  differentiation  under  tlie  sign,  the  expressions  p/r*  and 
p(|  —  i)^/r'  would  become  infinite  to  the  third  order,  and  the  integrals 


C  tdxi=   CCC  ^  r2  sin  0  drd4>d0,  etc., 


as  expressed  in  polar  coordinates  with  origin  at  r  =  0,  are  seen  to  diverge.   Hence 
the  derivatives  of  the  forces  and  the  second  derivatives  of  the  potential,  as  ob- 
tained by  differentiating  under  the  sign,  are  valueless. 
Consider  therefore  the  following  device : 

d  1         SI        eu     r    d  1  ,  r    S  I, 

c^r  Bx  r  di       J  '^  ci  r  J  '^  dx  r 

dx  r       dx  r         dx  r  J      dz  r  J    r  dx  J  bx  r 

The  last  integral  may  be  transformed  into  a  surface  integral  .so  tliat 

^=rlEPd„_rPcosadS=  fCCl'^dxdydz-  ffP-dydz.         (22) 
ci       ■'     r  ex  J    r  J  J  J    r  ex  J  J    r 

It  should  be  remembered,  however,  that  if  r  =  0  within  the  body,  the  transforma- 
tion can  only  be  made  after  cutting  out  the  singularity  r  =  0,  and  the  surface  inte- 
gral must  extend  over  the  surface  of  the  excised  region  as  well  as  over  the  .surface 
of  the  body.  But  in  thi.s  case,  as  dS  is  of  the  second  order  of  infinitesimals  while  r 
is  of  the  first  order,  the  integral  over  the  surface  of  the  excised  region  vanishes 
when  r  =  0  and  the  equation  is  valid  for  the  whole  region.   In  vectors 

VU=  f^dv-  f^dS.  (22-) 

It  is  noteworthy  that  the  first  integral  gives  the  potential  of  Vp,  that  is,  the  inte- 
gral is  formed  for  Vp  just  as  (18)  was  from  p.  As  Vp  is  a  vector,  the  summation 
is  vector  addition.  It  is  further  noteworthy  that  in  Vp  the  differentiation  is  with 
respect  to  x,  y,  z,  whereas  in  VfJ  it  is  with  respect  to  |,  ij,  f.  Now  differentiate 
(22)  under  the  sign.    (Distinguish  V  as  formed  for  {,  tj,  f  and  x,  y,  z  by  Vj  and  V^.) 

£!^=   fll^^dv-   f  pcos  a- ~dS  01  Vt.ViU=  [v.^.V^pdv-   fpVjl.dS, 

or  again  V^.V^U  =  -  fv^-  -V^pdv  +  / P^:.  ^  -dS .  (23) 

Tliis  result  is  valid  for  the  whole  region.    Now  by  Green's  Formula  (Ex.  10,  p.  349) 

d    1 


dS. 
dn  r 


f  pV^-Vx  -dv+  fv^-  .V^pdu  =  J  V^.  (pV^  1\  dv  =  fp^r  --dS  =  Jp 

Here  the  small  region  about  r  =  0  must  again  be  excised  and  the  surface  integral 
must  extend  over  its  surface.  If  the  region  be  Uken  as  a  sphere,  the  normal  dn, 
being  exterior  to  the  body,  is  directed  along  —  dr.  Thus  for  the  sphere 

C  p—ldS=  CC  p\r^  sin  dd^e  =  ff  P  si"  *d<^'i<'  =  *  ^P^ 
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where  p  is  the  average  of  p  upon  the  surface.    If  now  r  be  allowed  to  approach  0 
and  V'Vr-'  be  set  equal  to  zero,  Green's  Formula  reduces  to 


r  V^  -  .W^pdv  =   r  pV^  _  .dS  +  4  irp, 


where  the  volume  integrals  extend  over  the  whole  volume  and  the  surface  integral 
extends  like  that  of  (23)  over  the  surface  of  the  body  but  not  over  the  small  sphere. 
Hence  (23)  reduces  to  V.VIT  =  —  iwp. 

Throughout  this  discussion  it  has  been  assumed  that  p  and  its  derivatives  are 
continuous  throughout  the  body.  In  pi'actice  it  frequently  happens  that  a  body 
consists  really  of  several,  say  two,  bodies  of  different  nature  (separated  by  a  bound- 
ing surface  S-^^  in  each  of  which  p  and  its  derivatives  are  continuous.  Let  the 
suffixes  1,  2  serve  to  distinguish  the  bodies.   Then 

The  discontinuity  in  p  along  a  surface  S^^  does  not  affect  a  triple  integral. 


Here  the  first  surface  integral  extends  over  the  boundary  of  the  region  1  which 
includes  the  surface  Sjj  between  the  regions.  For  the  interface  Sjj  the  direction 
of  dS  is  from  1  into  2  in  the  first  case,  but  from  2  into  1  in  the  second.    Hence 

VI-  =  J  !p  d»  -  J  ^ ds  -/  P-i^^ ds,,. 

It  may  be  noted  that  the  first  and  second'surface  integrals  are  entirely  analogous 
because  the  first  may  be  regarded  as  extended  over  the  surface  separating  a  body 
of  density  p  from  one  of  density  0.  Now  V-VU  may  be  found,  and  if  the  proper 
modifications  be  introduced  in  Green's  FormiJa,  it  is  seen  that  V-VU  =  —  4irp 
still  holds  provided  the  point  lies  entirely  within  either  body.  The  fact  that  p 
comes  from  the  average  value  p  upon  the  surface  of  an  infinitesimal  sphere  shows 
that  if  the  point  lies  on  the  interface  S^^  at  a  regular  point,  V-V  Z7  =  —  4  tt  ( J  pj  +  ^  p^). 
The  application  of  Green's  Formula  in  its  symmetric  form  (Ex.  10,  p.  349)  to 
the  two  functions  ?— '  and  U,  aud  the  calculation  of  the  inteirral  over  the  infini- 
tesimal sphere  about  r  =  0,  gives 

r(lv.vr_irv.vi)d„=  f  (l^Jl-u±l)dS-i.u 

J    \r  r!  J    \r  dn  dn  r/ 

/dU\   _/d 


-dSi2 


/^-=S/- 


-X/^^'-^^^si-/^--^'^^' 


(24) 


where  2  extends  over  all  the  surfaces  of  discontinuity,  including  the  boundary  of 
the  whole  body  where  the  density  changes  to  0.  Now  V-VZJ  =  —  iirp  and  if  the 
definitions  be  given  that 
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then  U-  =  f  ^dv+  f  ~dS+  f  T—-dS,  (25) 

J    r  J    r  J      dn  r 

where  the  surface  integrals  extend  over  all  surfaces  of  discontinuity.  This  form  of 
r  appeal's  more  general  than  the  initial  form  (18),  and  indeed  it  is  more  general, 
for  it  takes  into  account  the  discontinuities  of  V  and  its  derivative,  which  cannot 
arise  when  p  is  an  ordinary  continuous  function  representing  a  volume  distribution 
of  matter.  The  two  surface  integrals  may  be  interpreted  as  due  to  surface  distribu- 
tions. For  suppose  that  along  some  .surface  there  is  a  surface  density  a  of  matter. 
Then  the  firet  surface  integral  represents  the  potential  of  the  matter  in  the  surface. 
Strictly  speaking,  n  surface  distribution  of  matter  with  <r  units  f)f  matter  per  unit 
surface  is  a  physical  impossibility,  but  it  is  none  the  less  a  convenient  mathemati- 
cal fiction  when  dealing  with  thin  sheets  of  matter  or  with  the  charge  of  electricity 
upon  a  conducting  surface.  The  surface  distribution  may  be  regarded  as  a  limit- 
ing case  of  volume  distrib\ition  where  p  becomes  infinite  and  the  volume  through- 
out which  it  is  spread  becomes  infinitely  thin.  In  fact  if  dn  be  the  thickness  of 
the  sheet  of  matter  pdndS  =  o-dS.  The  second  surface  integral  may  likewise  be 
regarded  as  a  limit.  For  .suppose  that  there  are  two  surfaces  infinitely  near  to- 
gether upon  one  of  which  there  is  \  surface  density  —  <r,  and  upon  the  other  a  surface 
density  <r.   The  potential  due  to  the  two  equal  superimposed  elements  dS  is  the 


T.dS.      (T^dS.,         .^, /I       1\        j^  d   1    ,  J     fi  Ijo 

-1 — 1  -I-  -i — ^  =  trdS  I )  =  <rdS dn  =  <rdn dS. 

r,  r„  \r„      r^/  dn  r  dn  r 


Hence  if  rdn  =  t,  the  potential  takes  the  form  rdr-^/dndH.  Just  this  sort  of  dis- 
tribution of  magnetism  arises  in  the  case  of  a  magnetic  shell,  that  is,  a  surface 
covered  on  one  side  with  positive  poles  and  on  the  other  with  negative  poles.  The 
three  integrals  in  (26)  are  known  re.spectively  as  volume  potential,  surface  poten- 
tial, and  double  surface  potential. 

202.   The  potentials  may  be  used  to  obtain  particular  integrals  of 
some  differential  equations.    In  the  first  place  the  equation 

s'r    oH-dH-     „^        ^    ,       ,.     -1  r  fdv 

c.r        01/         Cz^  4:7r  J       r 

as  its  solution,  when  the  integral  is  extended  o\er  the  region  through- 
out which  /  is  defined.  To  this  particular  solution  for  I '  may  be  added 
any  solution  of  Laplace's  equation,  but  the  particular  solution  is  fre- 
quently precisely  that  particular  solution  which  is  desired.  If  the 
functions  U  and  f  were  vector  functions  so  that  U  =  ir^  -|-  jT^  +  k^',, 
and  f  =  i/;  -H  j/^  +  k/j,  the  results  would  be 


where  the  integration  denotes  vector  summation,  as  may  be  seen  by 
adding  the  results  for  V.vr^  =/„  V.VT^  =/„  V.vr,  =/,  after  multi- 
plication by  i,  j,  k.  If  it  is  desired  to  indicate  the  vectorial  nature  of 
U  and  f.  the  potential  U  may  be  called  a  vector  jiotential. 
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In  evaluating  the  potential  and  the  forces  at  (^,  ■q,  f)  due  to  an  ele- 
ment dm  at  (x,  y,  -.),  it  has  been  assumed  that  the  aftioii  depends  solely 
on  the  distance  r.  Now  sujjpose  that  the  distribution  p  (z,  y,  z,  t)  is  a 
function  of  the  time  and  that  the  action  of  the  element  pdv  at  (x,  y,  k) 
does  not  make  its  effect  felt  instantly  at  (^,  rj,  i,)  but  is  propagated 
toward  (|,  -q,  0  from  (x,  y,  x)  at  a  velocity  1/a  so  as  to  arrive  at  the  time 
(t  +  (()■).  The  potential  and  the  forces  at  (|,  rj,  f)  as  calculated  by  (18) 
will  then  be  those  there  transpiring  at  the  time  t  +  ur  instead  of  at  the 
time  t.  To  obtain  the  effect  at  the  time  t  it  would  therefore  be  necessary 
to  calculate  the  potential  from  the  distribution  p  (x,  y,  z,  t  —  ar)  at  the 
time  t  —  ar.  The  potential 

p(x,  y,  z,  t  —  nr)dxdydz 


U{x,  y,  z,t)=    It 


(26) 


where  for  brevity  the  variables  ,r,  y,  z  liave  been  dropped  in  the  second 
form,  is  called  a  retarded  potent iu I  as  the  time  has  been  set  back  from 
t  to  t  —  ar.   The  retarded  potential  snthfies  ihr  cjiKdlon  • 

c-U      o^U      c^U        .,c-r  ,       .>       „    ^  „  ,n,.. 

according  as  (i,  t),  0  ^'^s  irithin  or  oHtaide  the  distribution  p.  There  is 
really  no  need  of  the  alternative  statements  because  if  (|,  t),  I)  is  out- 
side, p  vanishes.    Hence  a  solution  of  tlie  equation 

c'U      o'U       c-U         ,c'r 
is  r  =  ^       ■f{x,y,z,t-nr)^j^^_ 


—    f 


r 

Tlie  proof  of  tlie  fcjuatioii  (2')  is  relatively  simple.   For  in  vector  notation, 
P(0„„   ,   „.^  rp(t-ar)-p(0. 


v.vr  =  v.v  C  PSHdv  +  v.v  C  ' 


-dv 


=  —  4-rrp  +  V.V  f 


p(l-nr)-  p{l) 


dc. 


The  first  reduction  is  made  by  Pois.son's  K(jiiation.  The  second  expression  may 
be  evaluated  by  differentiation  under  tlie  sisn.  For  it  should  be  remarked  tliat 
p(i  —  ar)  —  p  (I)  vani.shes  when  r  =  0,  and  hence  the  order  of  the  infinite  in  the 
integrand  before  and  after  differentiation  is  less  liy  unity  than  it  was  in  the  cor- 
responding steps  of  §  201.  Then 

„     r  p{l  —  ar\  —  pit)  r  ((—  a-)p'{l-  —  arWtr  11 

*/  r  •/     [^  r  T  J 
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+  (_«)p'V^r.Vj-  +  (-a)p'Vjr.Vf-  +  [p(t  -  ar)  -  p(t)]  V^.Vj- j-du. 

But  Vj  =  -  V^     and     Vr  =  i/r  and  Vr-  i  =  —  r/r^     and     V.Vr- '  =  0. 

Hence  Vji-.V^r  =  1,         V^r.V^r-i  =— r--,        V^.Vfr  =  2r-' 


p  ((  -  (,r)  -  p  (0  ,,,.  _    r  aV'  ^,,  _    (-a^  d^p{t-ar)  ^^  ^  ^^^  ?H[ 


ami      V.vJP"-"'-'-P<'>d.=  Jg^d»3=J--'-^--'d«  =  «^ 


It  was  seen  (p.  345)  that  if  F  is  a  vector  function  with  no  cuii,  that 
is,  if  VxF  =  0,  then  F«rfr  is  an  exact  differential  d<j> ;  and  F  may  be  ex- 
pressed as  the  gradient  of  <^,  that  is,  as  F  =  V<^.  This  problem  may  also 
be  solved  by  potentials.    For  suppose 

- 1  r  V.F 

F  =  V<^.     then     V-F  =  V.V<^,         ^  =  - —       Jv.        (28) 

■iTT  J       r 

It  ai)pears  therefore  that  <t>  may  be  expressed  as  a  potential.  This  solu- 
tion for  <l>  is  less  general  than  the  former  because  it  depends  on  the 
fact  that  the  potential  integral  of  V«F  shall  converge.  Moreover  as 
the  value  of  <f>  thus  found  is  only  a  particular  solution  of  V>F  =  V»V<^, 
it  should  be  proved  that  for  this  <^  the  relation  F  =  V<^  is  actually  sat- 
isfied. The  proof  will  be  given  below.  A  similar  method  may  now  he 
employed  to  show  that  if  F  is  a  vector  function  with  no  divergence, 
that  is,  if  V'F  =  0,  then  ^F  may  be  written  as  the  curl  of  a  vector 
function  G,  that  is,  as  F  =  VxG.    For  suppose 

F  =  VxQ,     then     V^F  =  V^v^G  =  VV-G  -  V.VG. 

As  G  is  to  be  determined,  let  it  be  supposed  that  V»G  =  0. 

1   r  VxF 

F  =  VxG     gives     G  =  —    I    ^^  </r.  (29) 

Here  again  the  solution  is  valid  only  when  the  vector  potential  integral 
of  VxF  converges,  and  it  is  further  necessary  to  show  that  F  =  VxG. 
The  conditions  of  convergence  are,  however,  satisfied  for  the  functions 
that  iisually  arise  in  physics. 

To  amplify  the  treatment  of  (28)  and  (29),  let  it  be  shown  that 
1        /■  V*P  1  ^VxF 

^  iir     I      r  iir       J      r 

By  use  of  (22)  it  is  possible  to  pass  the  differentiations  under  the  sign  of  integra- 
tion and  apply  them  to  the  functions  V.F  and  VxF,  instead  of  to  1/r  as  would  be 
required  by  Leibniz's  Rule  (§  119).   Then 


Then 


iirJ        r  iirJ      r 
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The  surface  integral  extends  over  the  surfaces  of  discontinuity  of  7«F,  over  a  large 
(infinite)  surface,  and  over  an  infinitesimal  sphere  surrounding  r  =  0.  It  will  be 
assumed  that  V.F  is  such  that  the  surface  integral  is  infinitesimal.  Now  as  VxF  =  0, 
VxVxF  =  0  and  VV.F  =  V.VF.  Hence  if  F  and  its  derivatives  are  continuous,  a 
reference  to  (24)  shows  that 


In  like  manner 


1     /'V-VFj 

V(^  = I   dv  =  F. 

in  J       r 

VxG  =  —   I   dv /   xdS  = I   dv  =  F. 


Questions  of  continuity  and  the  significance  of  the  vanishing  of  the  neglected  sur- 
face integrals  will  not  be  further  examined.  The  elementary  facts  concerning 
potentials  are  necessary  knowledge  for  students  of  physics  (especially  electro- 
magnetism)  ;  the  detailed  discussion  of  the  subject,  whether  from  its  physical  or 
mathematical  side,  may  well  be  left  to  special  treatises. 


EXERCISES 

1.  Discuss  the  potential  U  and  its  derivative  VIT  for  the  case  of  a  uniform 
sphere,  both  at  external  and  internal  points,  and  upon  the  surface. 

2.  Discuss  the  second  derivatives  of  the  potential,  that  is,  the  derivatives  of  the 
forces,  at  a  surface  of  discontinuity  of  density. 

3.  If  a  distribution  of  matter  is  external  to  a  sphere,  the  average  value  of  the 
potential  on  the  spherical  surface  is  the  value  at  the  center ;  if  it  is  internal,  the 
average  value  is  the  value  obtained  by  concentrating  all  the  mass  at  the  center. 

4.  What  density  of  distribution  is  indicated  by  the  potential  e-'''?  What  den- 
sity of  distribution  gives  a  potential  proportional  to  itself  ? 

5.  In  a  space  free  of  matter  the  determination  of  a  potential  which  shall  take 
assigned  values  on  the  boundary  is  equivalent  to  the  problem  of  minimizing 

i///[(k7-(f)'*©>'-i/"'-"*- 

6.  For  Laplace's  equation  in  the  plane  and  for  the  logarithmic  potential  —  log  r, 
develop  the  theory  of  potential  integrals  analogously  to  the  work  of  §  201  for 
Laplace's  equation  in  space  and  for  the  fundamental  solution  1/r. 


BOOK  LIST 

A  sliort  Ifst  of  typical  books  with  biaef  comments  is  given  to  aid  the 
student  of  this  text  in  selecting  material  for  collateral  reading  or  for 
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a",  a',  4,  45.  162 

AbeKs  llieorein  on  uniformity,  438 

Absolute  convergence,  of  integrals,  357, 
360;  of  series,"  422,  441 

Absolute  value,  of  complex  numbers, 
154;  of  reals,  35;  sum  of,  36 

Acceleration,  in  a  line,  13 ;  in  general, 
174;  problems  on,  186 

Addition,  of  complex  numbers.  ].54;  of 
operators,  151 ;  of  vectors,  154,  163 

Adjoint  e(]uation,  240 

Algebra,  fundamental  theorem  of,  159, 
306,  482  ;  laws  of,  153 

Alternating  series,  39,  420,  452 

am  =  sin-'  sn,  507 

Amp6re"s  Law,  350 

Amplitude,  function,  507;  of  complex 
numbers,  154;  of  harmonic  motion, 
188 

Analytic  continuation,  444,  543 

Analytic  function,  304,  435.  See  Func- 
tions of  a  complex  variable 

Angle,  as  a  line  integral,  2'.(7,  308;  at 
critical  i)oints,  491;  between  curves, 
9 ;  in  space,  81 ;  of  a  complex  number, 
154;  solid,  347 

Angular  velocity,  178,  346 

Approximate  formulas,  60,  77,  101,  383 

Approximations,  69, 195;  successive,  198. 
liee  Computation 

Arc,  differential  of,  78, 80, 131;  of  ellipse, 
77, 514 ;  of  hyperbola,  516.  See  Length 

Area,  8, 10,  25,  67,  77 ,  as  a  line  integral, 
288;  by  double  integration,  324,  329: 
directed,  167;  element  of,  80, 131, 175, 
340,  342;  general  idea,  311;  of  a  sur- 
face, 339 

Areal  velocity,  175 

Argument  of  a  complex  lumiber,  1.54 

Associative  law,  of  addition,  153, 163 ;  of 
multiplication,  150,  153 

Asymptotic  expansion,  390,  .397,  4.5(i 

Asymptotic  expression  for  nl,  383 

Asymptotic  lines  and  directions,  144 

Asymptotic  series,  390 

Attraction,  31,  68,  308,  332.  348,  547; 
Law  of  Nature,  31,  307;  motion  under, 
190,  264-.  See  Central  Force  and  I'o- 
tential 


Average  value,  3.33;  of  functions,  333; 

of  a  harmonic  function,  531 ;  over  a 

surface,  340 
Axes,  right-  ov  left-handed,  84,  167 
Axiom  of  continuity,  34 

B.  See  Bernoulli  numbers.  Beta  function 

15erno\dli's  equation,  205,  210 

BeniouUi's  lunnbers,  448,  456 

Bernoulli's  polynomials,  451 

Bessel's  equation,  248 

Bessel's  function.s,  248,  393 

Beta  function,  378 

Binomial  theorem,  finite  remainder  in, 
60;  infinite  series,  423,  425 

Binonnal,  83 

Boundary  of  a  region,  87,  308,  311 

Boundary  vaUies,  304,  541 
"Brachistoclirone.  404" 

Branch  of  a  function,  of  one  variable, 
40 ;  of  two  variables,  90 ;  of  a  com- 
plex variable,  492 

Branch  point,  492 

C„.    See  Cylinder  functions 
Calculation.    See  ('omputation.  Evalua- 
tion, etc. 
Calculus  of  variations,  400-418 
Cartesian  expre.ssion  of  vectoi-s,  167 
Catenary,  78,  190;  revolved,  404,  408 
Cauchy's  Formula,  30,  49,  61 
Cauchy's  Intefi-ral,  304,  •477 
Cauchy's  Integral  test,  421,  427 
Crtl'istic,  142 

Center,  instantaneous,  74,  178;   of  in- 
version, 538 
Center  of  gravity  or  mass,  motion  of  the, 
176 ;  of  areas  or  laminas,  317,  324  ;  of 
points  or  masses,  168  ;  of  volumes,  328 
Central  force,  175,  264 
Centrode,  fixed  or  moving.  74 
Chain,  equilibrium   of,   185,   190,  409; 

motion  of,  415 
Change  of  variable,  in  derivatives,  12, 
14,"67,  98,   103,  106;   in  diiferential 
equations,  204,  235.  245  ;  in  inteijrals, 
16,  21,  54,  65,  328.  330 
Characteristic  curves,  140,  267 
Characteristic  strip,  279 
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Charge,  electric,  639 

Charpit's  method,  274 

Circle,  of  curvature,  72  ;  of  convergence, 

433,  437;  of  inversion,  538 
Circuit,  89 ;  equivalent,  irreducible,  re- 
ducible, 91 
Circuit  integi-als,  294 
Circulation,  345 

Clairaut's  equation,  230;  extended,  273 
Closed  curve,  308;   area  of,  289,  311; 
integral  about  a,  295,  344,  360,  477, 
536 ;  Stokes's  formula,  345 
Closed  surface,  exterior  normal  is  posi- 
tive, 167,  341;  Gauss's  formula,  342; 
Green'sformula,349,531 ;  integral  over 
a,  341,  536 ;  vector  area  vanishes,  107 
en,  471,  505,  518 
Commutative  law,  149,  165 
Comparison  test,  for  integrals,  357;  for 

series,  420 
Complanarity,  condition  of,  169 
Complementary  function,  218,  243 
Complete  elliptic  integral,  507,  514,  77 
Complete  equation,  240 
Complete  solution,  270 
Complex  function,  157,  292 
Complex  numbers,  153 
Complex  plane,  157,  302,  360,  433 
Complex  variable.   See  Functions  of  a 
Components,  163, 167, 174,  301,  342,  507 
Computation,  59 ;  of  a  definite  integral, 
77;   of  Bernoulli's  numbers,  447;  of 
elliptic  functions  and  integrals,  475, 
507,  514,  522;  of  logarithms,  59;  of 
the  solution  of  a  differential  equation, 
195.  See  Approximations,  Errors,  etc 
Concave,  up  or  dovfn,  12,  143 
Condensation  point,  38,  40 
Condition,  for  an  exact  differential,  105 ; 
of  complanarity,  169 ;  of  integrability, 
255 ;  of  parallelism,  166 ;  of  perpendic- 
ularity, 81,  165.   See  Initial 
Conformal  representation,  490 
Conformal  transformation,  132,  477,  538 
.Congruence  of  curves,  141 
Conjugate  functions,  536 
Conjugate  imaginaries,  156,  543 
Connected,  simply  or  multiply,  89 
Consecutive  points,  72 
Conservation  of  energy,  801 
Conservative  force  or  system,  224,  307 
Constant,  Euler's,  385 
Constant  function,  482 
Constants,  of  integration,  15,  183;  phys- 
ical, 183 ;  variation  of,  243 
Constrained  maxima  and  minima,  120, 

404 
Contact,  of  curves,  71 ;  order  of,  72  ;  of 
conies  with  cubic,  521 ;  of  plane  and 
curve,  82 
Continuation,  444,  478,  542 


Continuity,  axiom  of,  34;  equation  of, 
350  ;  generalized,  44  ;  of  fulictions,  41, 
88,  476;  of  integrals,  52,  281,  368;  of 
series,  430 ;  uniifonn,  42,  92,  476 

Contour  line  or  surface,  87 

Convergence,  absolute,  357,  422,  429 ;  • 
asymptotic,  456 ;  circle  of,  433,  437  ; 
of  infinite  integrals,  352  ;  of  products, 
429;  of  serie.s,  419;  of  suites  of  num- 
bers, 39;  of  suites  of  functions,  430; 
nonuniform,  431 ;  radius  of,  433  ;  uni- 
form, 368,  431 

Cobnlinates,  curvilinear,  131 ;  cylindri- 
cal, 79  ;  polar,  14  ;  spherical,  79 

cos,  cos-i,  1.5.5,  161,  393,  4.56 

cosh,  cosli-i,  .5,  6,  16,  22 

Cosine  amplitude,  507.    See  en 

Cosines,  direction,  81,  169;  series  of ,  400 

cot,  coth,  447,  4.50,  454 

Critical  points,  477,  491  ;  order  of,  491 

CSC,  550,  557 

Cubic  curve.s,  519 

Curl,  Vx,  345,  349,  418,  5-53 

Curvature  of  a  curve,  82 ;  as  a  vector, 
171;  circle  and  radius  of,  7.3,  198; 
problems  on,  181 

Curvature  of  asurface,  144  ;  lines  of,  140  ; 
mean  and  total,  148;  principal  radii, 
144 

Curve,  308  ;  area  of,  311 ;  intrinsic  equa- 
tion of,  240  ;  of  limited  variation,  309 ; 
quadrature  of,  313  ;  rectifiable,  311. 
See  Curvature,  Length,  Torsion,  etc., 
and  various  special  curves 

Curvilinear  coordinates,  131 

Curvilinear  integral.    See  Line 

Cuspidal  edge,  142 

Cuts,  90,  302,  362,  497 

Cycloid,  76,  404 

Cylinder  functions,  247.    See  Bessel 

Cylindrical  coordinates,  79,  328 

D,  symbolic  use,  152,  214,  279 

Darboux's  Theorem,  51 

Definite  integrals,  24,  52;  change  of 
variable,  S4,  65 ;  computation  of,  77  ; 
Duhamel's  Theorem,  63  ;  for  a  series, 
451 ;  infinite,  352  ;  Osgood's  Theorem, 
54,  65 ;  Theorem  of  the  Mean,  25,  29, 
52,  3-59.  S'ie  Double,  etc..  Functions, 
Infinite,  Cauchy's,  etc. 

Degree  of  differential  equations,  228 

Del,  V,  172.  260,  343,  345,  349 

Delta  amplitude,  507.    See  dn 

De  Moivre's  Theorem,  155 

Dense  set,  39,  44,  50 

Density,  linear,  28 ;  surface,  315 ;  vol- 
ume, 110,  326 

Dependence,  functional,  129;  linear,  245 

Derivative,  dii'ectional,  97,  .172;  geo- 
metric properties  of,  7 ;  infinite,  46 ; 
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logaritlimic,  5;  normal,  97,  137,  172; 
of  higher  ordor,  11,  07,  102,  197;  of 
integrals,  27,  52,  283, 370 ;  of  yroducUs, 
11, 14,  48 ;  of  series  term  by  term,  430 ; 
of  vectors,  170;  ordinary,  1,  45,  158; 
partial,  93, 99  ;  right  or  left,  46 ;  The- 
orem of  the  Mean,  8,  10,  46,  94.  See 
Change  of  variable.  Functions,  etc. 

Derived  units,  109 

Determinants,  functional,  129;  Wroii- 
.skian,  241 

Developable  surface,  141,  143,  148,  27".) 

Differences,  49,  462 

Differentiable  function,  45 

Differential,  17, 04  ;  exact,  106,  254,  300 ; 
of  arc,  70.  80,  131 ;  of  area,  80,  131 ; 
of  heat,  107,  294 ;  of  higher  order,  67, 
104 ;  of  surface,  340 ;  of  volume,  81, 
330;  of  work,  107,  292;  partial,  95, 
104 ;  total,  95,  98,  105,  208,  295 ;  vec- 
tor, 171,  293,  342 

Differential  equations,  180,  267;  degree 
of,  228 ;  order  of,  180 ;  solution  or 
integration  of,  180 ;  complete  solution, 
270 ;  general  solution,  201,  230,  269 ; 
infinite  solution,  230;  particular  solu- 
tion, 230;  singular  solution,  231,  271. 
See  Ordinary,  Partial,  etc. 

Differential  equations,  of  electric  cir- 
cuits, 222, 226 ;  of  mechanics,  186,  263 ; 
.  Hamilton's,  112 ;  Lagrange's,  112, 224, 
413 ;  of  media,  417 ;  of  physics,  524  ; 
of  strings,  185 

Differential  geometry,  78,  131,  143,  412 

Differentiation,  1 ;  logarithmic,  5 ;  of 
implicit  functions,  117;  of  integrals, 
27,  283 ;  partial,  93 ;  toUl,  95 ;  under 
the  sign,  281 ;  vector,  170 

Dimensions,  higher,  335;  physical,  109 

Direction  cosines,  81, 169 ;  of  a  line,  81 ; 
of  a  normal,  83 ;  of  a  tangent,  81 

Directional  derivative,  97,  172 

Discontinuity,  amount  of,  41, 462 ;  finite 
or  infinite,  479 

Dissipative  function,  225,  307 

Distance,  shortest,  404,  414 

Distributive  lavr,  151,  165 

Divergence,  formula  of,  342 ;  of  an  inte- 
gral, 352 ;  of  a  series,  419 ;  of  a  vector, 
343,553 

Double  integrals,  80,  131,  313,  315,  372 

Double  integration,  32,  285,  319 

Double  limits,  89,  430 

Double  points,  119 

Double  sums,  315 

Double  surface  potential,  551 

Doubly  periodic  functions,  417,  486, 
604,  617;  order  of,  487.  See  p,  sn, 
en,  dn 

Duhamel's  Theorem,  28,  63 

Dupin's  indicatriz,  145 


e  =  2.718- ■•,  5,437 

E,  complete  elliptic  inlegi-al,  77,  514 

A'-functioM,  62,  353,  479 

E  (^,  k),  second  elliptic  integral,  514 

e',e',  4,  160,  447,  484,  497 

Edge,  cuspidal,  142 

Elastic  medium,  418 

Electric  currents,  222,  226,  533 

Electric  images,  539 

Electromagnetic  theory,  350,  417 

Element,  lineal,  191,  231  ;  of  arc,  70, 
80  ;  of  area,  80,  131,  344  ;  of  surface, 
340  ;  of  volume,  80,  330  ;  planar,  254, 
207 

Elementary  functions,  162  ;  chai-acter- 
ized,  482,  497  ;  developed,  450 

Elimination,  of  constants,  183,  267  ;  of 
functions,  269 

Ellipse,  arc  of,  77,  514 

Elliptic  functions,  471,  504,  507,  611,  517 

Elliptic  integrals,  503,  507,  511,  512,  517 

Energy,  conservation  of,  301 ;  dimen- 
sions of,  110;  kinetic,  13,  101,  112, 
178,  224,  413  ;  of  a  gas,  106,  294,  392  ; 
of  a  lamina,  318  ;  potential,  107,  224, 
301,  413,  547  ;  principle  of,  204  ;  work 
and,  293,  301 

Entropy,  106,  294 

Envelopes,  of  curves,  135,  141,  231 ;  of 
lineal  elements,  192;  of  planar  ele- 
ments, 254,  267  ;  of  planes,  140,  142 ; 
of  surfaces,  139,  140,  271 

Equation,  adjoint,  240;  algebraic,  159, 
306,482;  Bernoulli's,  205, 210 ;  Clair- 
aut's,  230,  273 ;  complete,  240 ;  intrin- 
sic, 240 ;  Laplace's,  524 ;  of  continuity, 
350;  Poisson's,  548;  reduced,  240; 
Biccati's,  250;  wave,  276 

Equations,  Hamilton's,  112 ;  Lagrange's, 
112,  225,  413.  See  Differential  equa- 
tions. Ordinary,  Partial,  etc. 

Equicrescent  variable,  48 

Equilibrium  of  strings,  186,  190,  409 

Equipotential  line  or  surface,  87,  533 

Equivalent  circuits,  01 

Error,  average,  390 ;  functions,  i/r,  388  ; 
mean  square,  390,  466;  in  target 
practice,  390;  probable,  889;  proba- 
bility of  an,  386 

Errors,  of  observation,  386 ;  small,  101 

Essential  singularity,  479,  481 

Euler's  Constant,  385,  457 

Euler's  Formula,  108,  159 

Euler's  numbers,  450 

Euler's  transformation,  449 

Evaluation  of  integrals,  284,  286,  360, 
371.   See  Computation,  etc. 

Even  function,  30 

Evolute,  142,  234 

Exact  differential,  106,  264,  300 

Exact  differential  equation,  207, 237, 254 
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Expansion,  afiymptotic,  390,  397,  450; 
by  Taylor's  or  Maclaurin's  Formula, 
67,  305;  by  Taylor's  or  Maclaurin's 
Series,  436,  477 ;  in  ascending  powers, 
433,  479 ;  in  descending  powers,  390, 
397,  456,  481 ;  in  exironentials,  405, 
467 ;  in  I^egendre's  polynomials,  460 ; 
in  trigonometric  functions,  458,  405; 
of  solutions  of  differential  equations, 
198,  260,  625.  See  special  functions 
and  Series 
Exponential  development,  405,  467 
Exponential  function.   See  a»,  fF 

T,  complete  elliptic  integral,  507,  614 

F(^,  k)  =  sn-i  sin  ^,  507,  614 

Factor,  integrating,  207,  240,  254 

Factorial,  379 

Family,  of  curves,  135, 192,  228 ;  of  sur- 
faces, 139,  140.   See  Envelope 

Faraday's  Law,  350 

Finite  discontinuity,  41,  462,  479 

Flow,  of  electricity,  553  ;  steady,  553 

Fluid  differentiation,  101 

Fluid  motion,  circulation,  345 ;  curl,  340 ; 
divergence,  343 ;  dynamical  equations, 
861 ;  equation  of  continuity,  350 ;  ir- 
rotational,  633;  velocity  potential, 
633;  waves,  629 

Fluid  pressure,  28 

Flux,  of  force,  308,  848 ;  of  fluid,  343 

Focal  point  and  surface,  141 

Force,  13,  263 ;  as  a  vector,  173,  801 ; 
central,  176 ;  generalized,  224 ;  prob- 
lems on,  186,  204.   See  Attraction 

Form,  indeterminate,  61,  89;  perma- 
nence of,  2,  478;  quadratic,  116, 
146 

Fourier's  Integral,  377,  466,  628 

Fourier's  series,  468,  405,  625 

Fractions,  partial,  20,  66.   See  Rational 

Free  maxima  and  minima,  120 

Frenet's  formulas,  84 

Frontier,  84.   See  Boundary 

Fnnction,  average  value  of,  833;  ana- 
lytic, 804;  complementary,  218,  243; 
complex,  167,  292;  conjugate,  636; 
diasipative,  225, 807 ;  doubly  periodic, 
486 ;  .E-f  unction,  62 ;  even,  80 ;  Green, 
686;  harmonic,  630;  Integral,  433; 
odd,  30 ;  of  a  complex  variable,  167 ; 
periodic,  468, 485 ;  potential,  801.  See 
also  most  of  these  entries  themselves, 
and  others  under  Functions 

Functional  dependence,  129 

Functional  determinant,  129 

Functional  equation,  45,  247,  262,  887 

Functional  independence,  129 

Functional  relation,  129 

Functions,  series  of,  430;  table  of  ele- 
mentary, 162.   For  special  functions 


see  under' their  names  or  symbols ;  for 
special  types  see  below 

Functions  defined  by  functional  equa- 
tions, cylinder  or  Bessel's,  247 ;  ex- 
ponential, 45,  887 ;  Legendre's,  262 

Functions  defined  by  integrals,  contain- 
ing a  parameter,  281,  868,  370 ;  their 
continuity,  281,  869 ;  differentiation, 
283,  870;  integration,  286,  870,  373; 
evaluation,  284,  286,  871;  Cauchy's 
integral,  804 ;  Fourier's  integral,  877, 
460;  Foisson's  integral,  541,  646;  po- 
tential integrals,  646;  with  variable 
limit,  27,  53,  209,  255,  295,  298;  by 
inversion,  490,  6(33,  617;  conjugate 
function,  536,  642 ;  special  functions, 
Bessel's,  894,  898 ;  Beta  and  Gamma, 
878;error,V,388;£(0,i:),614;F(0,i;), 
607 ;  logarithm,  802, 300,  497 ;  p-funo- 
tion,  517;  sin-i,  307,  498;  sn-',  436, 
603 ;  tan-i,  307,  498 

Functions  defined  by  mapping,  643 

Functions  defined  by  properties,  con- 
stant, 482 ;  doubly  periodic,  486 ;  ra- 
tional fraction,  ^S&\  periodic  or 
exponential,  484 

Functions  defined  by  series,  p-f  unction, 
487 ;  Theta  functions,  407        - 1  .-  , 

Functions  of  a  complex  variable,  168, 
163;   analytic,   804,   436;    angle  of, 
169;   branch  point,  492;    center  Qf 
gravity    of    poles    and    roots,    482 ; 
Cauchy's    integral,   804,   477;.; con-, 
formal  representation,  490;  continu- 
ation of,  444,  478,  642;  continuity, 
168, 476 ;  critical  points,  477, 491 ;  de- 
fines conformal  transformation,  476; 
derivative  of,  168, 476 ;  derivatives  of 
all  orders,  805 ;  determines  harmonic 
functions,  636 ;  determines  orthogonal, 
trajectories,  194 ;  doubly  periodic,  486 ;  - 
elementary,  162 ;  essential  singularity,' ' 
479,  481;  expansible  in  series,  436;, 
expansion  at  infinity,  481 ;  finite  dis-  ~ 
continuity,  479 ;  int^jai;  433 ;  integral ' 
of,  800,  860;  if  constant,  482;  if  ra^.' 
tional,  483 ;  inverse  function,  477 ;  In-^ 
version  of,  643 ;  logarithmic  derivative,^ 
482;  multiple  valued,  492 ;  number  of; 
roote  and  poles,  482;  ;periodic,  485; " 
poles  of,  480 ;  principal  part,  483 ;  resi- 
dues, 480 ;  residues  of  logarithmic  de-' 
rivative,  482;    Riemann's   surfaces, 
493 ;  roots  of,  168,  482 ;  singularities  - 
of,  470,  479;  Taylor's  Formula,  805;', 
uniformly  continuous,  470 ;  vanishes,  ',- 
158.    See  various   special    fiuctiona  ^ 
and  topics  ' 

Functions    of    one    real    variable,    40; 
average  value  of,  838;  branch  of,  40;  . 
Cauchy's  theorem,  80, 49 ;  continuous,' 
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41 ;  continuous  over  deuse  sets,  44 ; 
Darboux's  Theorem,  51 ;  derivative  of, 
46  ;  diSerentiable,  45 ;  differential,  64, 
6";  discontinuity,  41.  462;  expansion 
by  Fourier's  series,  4(i-2  ;  expansion  by 
Legendre's  polynomials,  466  ;  expan- 
sion by  Taylor's  Fonnula,  4it,  55; 
expansion  by  Taylor's  Series,  435 ;  ex- 
pression as  Fourier's  Integral,  377, 
466;  increasins,  7,  -15,  310^462;  in- 
finite, 41 ;  intinite  derivative,  46 ;  inte- 
grable,  52,  54,  310  ;  integral  of,  15,  24, 
52;  inverse  of,  45;  limited,  40;  limit 
of,  41,  44  ;  lower  sum,  51 ;  maxima  and 
minima,  7,  9,  10,  12,  40,  43,  46,  75; 
multiple  valued,  40 ;  not  decreasing, 
54,  310;  of  limited  variation,  54,  309, 
4(32;  oscillation,  40,  50  ;  Rolle's  Theo- 
rem. 8,  46 ;  right-hand  or  left-hand 
derivative  or  limit,  41,  46,  49,  462 ; 
single  valued,  40 ;  theorems  of  the 
mean,  8,  25,  29,  46,  51,  52,  359;  uni- 
formly continuous,  42  ;  unlimited,  40  ; 
upper  sum.  51;  variation  of,  309.  401, 
410.  See  various  special  topics  and 
functions 

Functions  of  several  real  variables,  87; 
average  value  of.  334,  340;  branch 
of,  90;  continuity.  88;  contour  lines 
and  surfaces,  87;  differentiation,  93, 
117;  directional  derivative,  97;  double 
limits,  89,  430  ;  expansion  by  Taylor's 
Formula.  113;  gradient.  172;  harmonic, 
530;  homogeneous,  107 ;  implicit,  177  ; 
integral  of.  315,  326.  335,  340;  inte- 
gration, 319, 327;  inveree.  124;  maxima 
and  minima,  114,  118,  120,  125;  mini- 
max,115;  multiple-valued, 90;  normal 
derivative,  97  ;  over  various  regions, 
91;  potential,  647;  single-valued,  87; 
solution  of.  117;  space  derivative,  172  ; 
total  differential,  96;  transformation 
by.  131;  Theorem  of  the  Mean,  94; 
uniformly  continuous.  91;  variation 
of,  90 

Fundamental  solution,  534 

Fundamental  theorem  of  algebra,  159, 
306 

Fundamental  units,  109 

Gamma  function,  378 ;  as  a  product, 
458  ;  asymptotic  expression,  383,  456  ; 
beta  functions,  379 ;  integrals  in  terms 
of,  380 ;  logarithm  of,  383 ;  Stirling's 
Formula,  386 

Gas,  air,  189 ;  molecules  of  a,  392 

Gauss's  Formula,  342 

Gauss's  Integral,  348 

gd,  gd-i,  6,  16,  460 

General  solution,  201,  230,  269 

Geodesies,  412 


Geometric  addition,  163 

Geometric  language,  33,  335 

Geometric  series,  421 

Geometry.   See  Curve,  Differential,  and 

all  special  topics 
Gradient,  v,  1'2,  301.    See  Del 
Gravitation.   See  Attraction 
Gravity.    See  Center 
Green  Function,  535,  542 
Green's  Formula,  349,  631 
Green's  Lemma,  342,  344 
Gudermannian  function,  6,  16,  450 
Gyration,  radius  of,  334 

Half  periods  of  tlieta  functions,  468 

Hamilton's  equations,  112 

Hamilton's  principle,  412 

Harmonic  functions.  530;  average  value. 
531;  conjugate  function.s.  536  ;  exten- 
sion of,  542  ;  fundamental  solutions, 
534 ;  Green  Function,  535 ;  identity 
of,  534  ;  inversion  of,  539 ;  maximum 
and  minimum,  531,  554;  Poisson's  In- 
tegral, 541,  546;  potential,  548;  sin- 
gularities, 534 

Helicoid,  418 

Helix,  177,  404 

Helmholtz,  351 

Higher  dimensions,  335 

Higher  order,  differentials,  i>7,  104  ;  in- 
finitesimals, 64,  356  ;  infinites,  66 

Honmseneitv,  physical,  109;  order  of, 
107" 

Homogeneous  differential  equations, 
204,^210,  230,  236,  259,  262,  278 

Homogeneous  functions,  107 ;  Euler's 
F(U-inula,  108,  152 

Hooke's  law,  187 

Hydrodynamics,    ^ee  Fluid 

Hyperbolic  functions,  5.  ^'ee  cosh,  sinh, 
etc. 

Hypergeometric  series,  398 

Imaginary,  153,  216 ;  conjugate,  156 

Imaginary  powere,  161 

Implicit  functions,  117-135.  See  Max- 
ima and  Jliuima.  Miuini;ix.  etc. 

Indefinite  integral,  15,  53.  I'^et  Functions 

Independence,  functional,  129;  linear, 
246 ;  of  path,  298 

Indeterminate  forms,  61  ;  L'Hospital's 
Rule,  61 ;  in  two  variables,  298 

Indicatrix,  Dupin's,  145 

Indices,  law  of,  160 

Induction,  308,  348 

Inequalities,  36 

Inertia.   See  Moment 

Infinite,  66  ;  become,  35 

Infinite  derivative,  46 

Infinite  integral,  352,    See  Functions 

Infinite  product,  429  . 
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Infinite  series,  39,  419 

Infinite  solution,  230 

Infinitesimal,  63;  order  of,  63;  /higher 
order,  64  ;  order  higher,  356 

Infinitesimal  analysis,  68 

Infinity,  point  at,  481 

Inflection  point,  12,  75 ;  of  cubic,  521 

Instantaneous  center,  74,  178 

Integrability,  condition  of,  255 ;  of  func- 
tions, 52,  368 

Integral,  Caucliy's,  304;  containing  a 
parameter,  281,  305 ;  definite,  24,  51 ; 
double,  315 ;  elliptic,  503  ;  Fourier's, 
377;  Gauss's,  348;  higher,  335;  in- 
definite, 15,  53 ;  infinite,  352  ;  inver- 
sion of,  496;  line,  288,  311,  400; 
Poisson's,  541;  potential,  546;  sur- 
face, 340  ;  triple,  326.  See  Definite, 
Functions,  etc. 

Integral  functions,  433 

Integral  test,  421 

Integrating  factor,  207,  240,  254 

Integration,  15 ;  along  a  curve,  291,  400 
by  parts,  19,  307  ;  by  substitution,  21 
constants  of,  15,  183  ;  double,  32,  320 
of  functions  of  a  complex  variable 
307  ;  of  radicals  of  a  biquadratic,  613 
of  radicals  of  a  quadratic,  22;  of  ra^ 
tional  fractions,  20 ;  over  a  surface, 
340 ;  term  by  term,  430 ;  under  the 
sign,  285,  370.   See  Differential  equa- 
tions, Ordinary,  Partial,  etc. 

Intrinsic  equation,  240 

Inverse  function,  45,  477 ;  derivative  of, 
2,  14 

Inverse  operator,  150,  214 

Inversion,  537 ;  of  integrals,  496 

Involute,  234 

Irrational  numbers,  2,  36 

Irreducible  circuits,  91,  302,  600 

Isoperimetric  problem,  400 

Iterated  integration,  327 

Jacobian,  129,  330,  336,  476 
Jumping  rope,  511 
Junction  line,  492 

Kelvin,  351 

Kinematics,  73,  178 

Kinetic  energy,  of  a  chain,  415;  of  a 
lamina,  3118;  of  a  medium,  416;  of  a 
particle,  13, 101  ;  of  a  rigid  body,  293 ; 
of  systems,  112,  225,  413 

Lagrange's  equations,  112,  225,  413 
Lagrange's  variation  of  constants,  243 
Lamina,    center    of    gravity   of,    317; 
density  of,  315 ;  energy  of,  318 ;  kine- 
matics of,  78,  178;  mass  of,  32,  316; 
moment  of  inertia  of,  32,   315,  321; 
.motion  of,  414 


Laplace's  equation,  104,  110,  526,  530, 
633,  548 

Lavf,  Ampere's,  360;  associative,  150, 
165;  commutative,  149,  165;  distrib- 
utive, 150,  165;  Faraday's,  350; 
Hooke's,  187 ;  of  indices,  150 ;  of 
Nature,  307  ;  parallelogram,  154,  163, 
307 ;  of  the  Mean,  see  Theorem 

Lavfs,  of  algebra,  153 ;  of  motion,  13, 
173,  264 

Left-hand  derivative,  46 

Left-handed  axes,  84,  167 

Legendre's  elliptic  integrals,  603,  611 

Legendre's  equation,  252  (Ex.  13  S) ;  gen- 
eralized, 626 

Legendre's  functions,  252 

Legendre's  polynomials,  252,  440,  466  ; 
generalized,  527 

Leibniz's  Rule,  284 

Leibniz's  Theorem,  11,  14,  48 

Length  of  arc,  69,  78,  131,  310 
.  Limit,  36 ;  double,  89 ;   of  a  quotient, 
1,  46 ;  of  a  rational  fraction,  37  ;  of  a 
sum,  16,  50,  291 

Limited  set  or  suite,  38 

Limited  variation,  54,  309,  462 

Line,  direction  of,  81,  169;  tangent, 
81 ;  normal,  96 ;  perpendicular,  81, 
165 

Line  integral,  288,298,311,  400  ;  abouta 
closed  circuit,  295, 344  ;  Cauchy's,  304 ; 
differential  of,  291  ;  for  angle,  297 ; 
for  area,  289 ;  for  work,  293 ;  in  the 
complex  plane,  360,  497 ;  independent 
of  path,  298 ;  on  a  Riemann's  surface, 
499,  503 

Lineal  element,  191,  228,  231,  261 

Linear  dependence  or  independence, 
245 

Linear  differential  equations,  240  ; 
Bessel's,  248 ;  first  order,  205,  207 ; 
Legendre's,  252  ;  of  physics,  624 ;  par- 
tial, 267,  275,  524 ;  second  order,  244 ; 
simultaneous,  223  ;  variation  of  con- 
stants, 243  ;  with  constant  coefficients, 
214,  228,  275 

Linear  operators,  161 

Lines  of  curvature,  146 

log,  4, 11, 161,  302,  449,  497  ;  log  cos,  log 
sin,  log  tan,  460  ;  —  log  r,  635 

Logarithmic  differentiation  and  deriv- 
ative, 6 ;  of  functions  of  a  complex 
variable,  482 ;  of  gamma  function, 
382 ;  of  theta  functions,  474,  512 

Logarithms,  computation  of,  59 

M-test,  432 

Maclaurin's  Formula,  57.   See  Taylor's 

Macla.urin'8  Series,  436 

Magnitude  of  complex  numbers,  154 

Mapping  regions,  543 
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Mass,  110;  o{  lamina,  316,  32;  of  rod, 
28;  of  solid,  3'2(i ;  potential  of  a, 
308,  348,  527.    See  Center  of  gravity 

Maxima  and  minima,  constrained,  120, 
404 ;  free,  120 ;  of  functions  of  one  vari- 
able, 7,  9, 10, 12,  40,  43,  46, 76 ;  of  func- 
tions of  sevei-al  variables,  114, 118, 120, 
125 ;  of  harmonic  functions,  531 ;  of 
implicit  functions,  118,  120,  125;  of 
integrals,  400,  404,  409 ;  of  sets  of  num- 
bersi  38  ;  relative,  120 

Maxwell's  assumption  for  gases,  390 

Mayer's  method,  258 

Mean.   See  Theorem  of  the  Mean 

Mean  curvature,  148 

Mean  error,  390 

Mean  square  error,  390 

Mean  value,  333,  340 

Mean  velocity.  392 

Mechanics,  ^'t'('  Equilibrium,  Motion, 
etc. 

Medium,  elastic,  418;  ether,  417.  See 
Fluid 

Meusnier's  Theorem,  145 

Minima.   See  Maxima  and  minima 

Minimax,  115,  119 

Minimum  surface,  415,  418 

Modulus,  of  complex  number,  154;  of 
elliptic  functions,  k.  k',  505 

•Molecular  velocities,  392 

Moment,  176;  of  momentum,  176,  264, 
325 

Moment  of  inertia,  curve  of  minimum, 
404 ;  of  a  lamina.  32,  315,  324 ;  of  a 
particle,  31 ;  of  a  solid,  828,  381 

Momentum,  13,  173;  moment  of,  176, 
264,  325 ;  principle  of,  264 

Monge's  method,  276 

Motion,  central,  175,  264 ;  Hamilton's 
equations,  112;  Hamilton's  Principle, 
412 ;  in  a  plane,  264 ;  Lagrange's  equa- 
tions, 112,  225,  413 ;  of  a  chain,  415 ; 
of  a  drumhead,  526 ;  of  a  dynamical 
system,  413 ;  of  a  lamina,  78, 178,  414  ; 
of  a  medium,  416;  of  the  simple  pen- 
dulum, 609;  of  systems  of  particles, 
175 ;  rectilinear,  186 ;  simple  harmonic, 
188.  See  Fluid,  Small  vibrations,  etc. 

Multiple-valued  functions,  40,  90,  492 

Multiplication,  by  complex  numbers, 
165 ;  of  series,  442  ;  of  vectors,  164 

Multiplier,  474  ;  undetermined,  411 

Multipliers,  method  of,  120,  126,  406, 
411 

Multiply  connected  regions,  89 

Newton's  Second  Law  of  Motion,  13, 173, 
186 

Normal,  principal,  83 ;  to  a  closed  sur- 
face, 167,  341 

Normal  derivative.  97,  137,  172 


Normal  line,  8,  96 

Normal  plane,  181 

Numbers,  Bernoulli's,  448 ;  complex. 
153;  Euler's,  450;  frontier,  34  ;  inter- 
val of,  34  ;  irrational,  2,  36  ;  real,  33  ; 
sets  or  suites  of,  38 

Observation,  errors  of,  380;  small  er- 
rors, 101 

Odd  function,  30 

Operation,  149 

Operational  methods,  214,  223,  275,  447 

Operator,  149,  155,  172  ;  distributive  or 
linear,  151;  inverse,  150,  214;  invol- 
utory,  152 ;  vector-differentiating,  172. 
260,  343,  345,  349 

Order,  of  critical  point,  401  ;  of  deriv- 
atives, 11;  of  differentials.  07;  of 
differential  equations,  180;  of  doubly- 
periodic  function,  487;  of  bonioueiie- 
ity,  107;  of  infinitesimal-s  63;  nf 
infinites,  66 ;  of  pole,  480 

Ordinary  differential  equations.  203 ; 
approximate  solutions,  195,  197;  aris- 
ingfrom partial,  534  ;  Bernoulli's,  20-3, 
210;  Clairaut's,  230;  exact,  207,  237; 
homogeneous,  204,  210,  230.  236  ;  inte- 
grating factor  for,  207 ;  lineal  element 
of,  191;  linear,  see  Linear;  of  higher 
degree,228;of  higherorder,234;  prob- 
lems involving,  179;  Riccati's.  250; 
systems  of,  223,  260 ;  vaijables  st-pa- 
rable._g03.   See  Solution 

Orthogonal  trajectories,  plane,  194,  234, 
266 ;  space,  260 

Orthogonal  transformation,  100 

Osculating  circle,  73 

Osculating  plane,  82, 140. 145,  171,  412 

Osgood's  Theorem,  64,  65,  32-3 

p-f unction,  487,  517 

Pappus's  Theorem,  832,  346 

Parallelepiped,  volume  of,  160 

Parallelism,  condition  of,  160 

Parallelogram,  law  of  addition,  154, 103, 
307;  of  periods,  486;  vector  area  of, 
165 

Parameter,  135 ;  integrals  with  a,  281 

Partial  derivatives,  93 ;  higher  order. 
102 

Partial  differentials,  95^04 

Partial' difierential  equations,  267;  char- 
acteristics of,  267,  279;  Charpifs 
method,  274 ;  for  types  of  surface.-. 
269;  Laplace's,  526;  linear.  267,  275. 
624 ;  Monge's  method,  27(; ;  of  physics, 
524 ;  Poisson's,  648 

Partial  differentiation.  03,  102  ;  change 
of  variable,  98,  103 

Partial  fractions,  20,  66 

Particular  solutions,  230,  524 
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Path,  independency  of,  298 

Pedal  curve,  9 

Period,  half,  468 ;  of  elliptic  functions, 
471, 486;  of  exponential  function,  161; 
of  theta  functions,  468 

Periodic  functions,  IGl,  458,  484 

Permanence  of  form,  2,  478 

Physics,  differential  equations  of,  524 

Planar  element,  254,  267 

Plane,  normal,  81 ;  tansent,  96 ;  oscu- 
lating, 82,  140,  145,  171,  412 

Points,  at  infinity.  481;  consecutive,  72; 
inflection,  12, 75, 521 ;  of  condensation, 
38,  40 ;  sets  or  suites  of,  380 ;  singular, 
^^19^476' 

Poisson's  equation,  548,^' 

PoissoiVs  Integral,  541 

Polar  coordinates,  14,  79 

Pole,  479;  order  of,  480 ;  residue  of,  480 ; 
principal  part  of,  483 

Polynomials,  Bernoulli's,  451  ;  Legen- 
dre's,  252,  440,  460,  527 ;  root  of,  159, 
482 

Potential,  308,  332,  348,  527,  530,  539, 
647  ;  double  surface,  551 

Potential  energy,  107,  224,  301,  413 

Potential  function,  301,  547 

Potential  integrals,  546;  retarded,  512; 
surface,  551 

Power  series,  428,  433,  477  ;  descending, 
389,  397,  481 

Powers  of  complex  numbers,  161 

Pressure,  28 

Principal  normal,  83 

Principal  part,  483 

Principal  radii  and  sections,  144 

Principle,  Hamilton's,  412;  of  energy, 
264 ;  of  momentum,  264 ;  of  moment 
of  momentum,  264 ;  of  permanence 
of  form,  2,  478 ;  of  work  and  energy, 
293 

Probability,  387 

Probable  error,  389 

Product,  scalar,  164 ;  vector,  165 ;  of 
complex  numbers,  155  ;  of  operators, 
149 ;  of  series,  442 

Products,  derivative  of,  11,  14,  48 ;  in- 
finite, 429 

Projection,  164,  167 

Quadratic  form,  115,  145 

Quadrature,  313.   See  Integration 

Quadruple  integrals,  335 

Quotient,  limit  of,  145;  of  differences, 
30,  61 ;  of  difierentials,  64,  67 ;  of  power 
series,-  446 ;  of  theta  functions,  471 

Raabe's  test,  424 

Eadius,  of  convergence,  433,  437;  of  cur- 
vature, 72,  82,  181;  of  gyration,  334  ; 
of  torsion,  83 


Rates,  184 

Ratio  test,  422 

Rational  fractions,  characterization  of, 
483 ;  decomposition  of,  20,  66  ;  inte- 
gration of,  20  ;  limit  of,  37 

Real  variable,  35.    See  Functions 

Rearrangement  of  series,  441 

Rectifiable  curves,  311 

Reduced  equation,  240 

Reducibility  of  circuits,  91 

Regions,  varieties  of,  89 

Relation,  functional,  129 

Relative  maxima  and  mimima,  120 

Remainder,  in  asymptotic  expansions, 
390,  398,  456;  "in  Taylor's  or  Mac- 
laurin's  Formula,  55,  306,  398 

Residues,  480,  487  ;  of  logarithmic  de- 
rivatives, 482 

Resultant,  154,  178;  moment,  178 

Retarded  potential,  552 

Reversion  of  series,  44(i 

Revolution,  of  areas,  346 ;  of  curves, 
332;  volume  of,  10 

Rhumb  line,  84 

Riccati's  equation,  250 

Riemann's  surfaces,  493 

Right-hand  derivative,  40 

Right-handed  axes,  84,  107 

Rigid  body,  energy  of  a.  293 ;  with  a 
fixed  point,  76 

Rolle's  Theorem,  8,  46 

Itoots,  of  complex  numbers,  155 ;  of 
polynomials,  156,  159,  306,  412;  of 
unity,  156 

Ruled  surface,  140 

Saddle-shaped  surface,  143 

Scalar  product,  164, 168,  343 

Scale  of  numbers,  33 

Series,  as  an  integral,  451 ;  asymptotic, 
390,  397,  456;  binomial,  423,  425; 
Fourier's,  415;  infinite,  39,  419;  ma- 
nipulation of,  440 ;  of  complex  terms, 
423 ;  of  functions,  4.30 ;  Taylor's  and 
Maclaurin's,  197,  435,  477 ;  theta, 
467.   See  various  .special  functions 

Set  or  suite,  38,  478 ;  dense,  39,  44,  50 

Shortest  distance,  404,  412 

Sigma  functions,  ir,  (ra,  523 

Simple  harmonic  motion,  188 

Simple  pendulum,  509 

Simply  connected  region,  89,  294 

Simpson's  Rule,  77 

Simultaneous  differential  equations,  223, 
260 

sin,  sin-%  3,  11,  21,  155,  161,  .307,  436, 
453,  499 

Sine  amplitude,  507.   See  sn 

Single-valued  function,  40,  87,  295 

Singular  points,  119,  476 

Singular  solutions,  230,  271 
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Singularities,  of  functions  of  a  complex 
variable,  476,  479 ;  of  harmonic  func- 
tions, 634 

sinh,  sinh-i,  5,  453 

Slope,  of  a  curve,  1  ;  of  a  function,  301 

Small  errors,  101 

Small  vibrations,  224,  415 

sn,  su-i,  471,  475,  503,  507,  511,  517 

Solid  anjrle,  347 

Solution  of  differential  equations,  com- 
plete, 270  ;  general,  2G9 ;  infinite,  230 ; 
particular,  230,'524 ;  singular,  230,  271 

Solution  of  implicit  functions,  117,  133 

Speed,  178 

Spherical  coordinates,  79 

Sterling's  approximation,  386,  458 

Stokes's  Formula,  345,  418 

Strings,  equilibrium  of,  185 

Subnormal  and  subtangent,  8 

Substitution.    See  Change  of  variable 

Successive  approximations,  198 

Successive  differences,  49 

Suite,  of  numbers  or  points,  38  ;  of  func- 
tions, 430 ;  uniform  convergence,  431 

Sum,  limit  of  a,  30,  24,  51,  419;  of  a 
series,  419.  See  Addition,  Definite  in- 
tegral. Series,  etc. 

Superposition  of  small  vibrations,  226, 
525 

Surface,  area  of,  67,  339 ;  closed,  167, 
341 ;  curvature  of,  144 ;  developable, 
141,  143,  148,  279;  element  of,  340; 
geodesicson,  412;  minimum, 404,  415  ; 
normal  to.  96,  341;  Riemann's,  493; 
ruled,  140 ;  tangent  plane,  96 ;  types 
of,  209 ;  vector,  167 ;  w-,  492 

Surface  integral,  340,  347 

Symbolic  methods,  172,  214,  223,  260, 
275,  447 

Systems,  conservative,  301;  dynamical, 
413 

Systems  of  differential  equations,  223, 
260 

tan,  tan-i,  3,  21,  307,  4-50,  4.'57,  498 

Tangent  line,  8,  81,  84 

Tangent  plane,  96,  170 

tanh,  tanh-i,  5,  6,  450,  501 

Taylor's  Formula,  55, 112,  152,  305,  477 

Taylor's  Series,  197,  435,  477 

Taylor's  Theorem,  49 

Test,  Cauchyis,  421 ;  comparison,  420 ; 

Raabe's,  424;  ratio,  422;  Weierstra.ss's 

M-,  432,  455 
Test  function,  355 
Theorem  of  the  Mean,  for  derivatives, 

8,  10,  46,  94 ;  for  integrals,  25,  29,  52 

359 
-jrherBiadynamics,Jfl6,-294_. 
Theta  functions,  H,  H.,  9,  e„  as  Fourier's 

series,  467;  as  products,  471 ;  define 


elliptic  functions,  471,  604 ;  logarith- 
mic derivative,  474,  512  ;  periods  and 
half  periods,  468  ;  relations  between 
squares,  472 ;  small  thetas,  d,  0a,  523  ; 
zeros,  469 

Torsion,  83 ;  radius  of,  83,  175 

Total  curvature,  148 

Total  differential,  95,  98,  105,  209, 
295 

Total  differential  equation,  254 

Total  differentiation,  99 

Trajectory,  196;  orthogonal,  194,  234, 
260 

Transformation,  conformal,  132,  476; 
Euler's,  449;  of  inversion,  537;  orthog- 
onal, 100 ;  of  a  plane,  131 ;  to  polars, 
14,  79 

Trigonometric  functions,  3,  161,  453 

Trigonometric  series,  458,  465,  525 

Triple  integrals,  320  ;  element  of,  80 

Umbilic,  148  • 

Undetermined  coefficients,  199 

Undetermined  multiplier,  120,  126,  406, 

411 
Uniform  continuity,  42,  92,  476 
Uniform  convergence,  369,  431 
Units,  fundamental  and  derived,  109; 

dimensions  of,  109 
Unity,  roots  of,  156 
Unlimited  set  or  suite,  38 

"ValMe-Poussin,  de  la,  373,  555 

Value.   See  Absolute,  Average,  Mean 

Variable,  complex,  157;  equicrescent, 
48 ;  real,  35.  See  Change  of.  Functions 

Variable  limits  for  integrals,  27,  404 

Variables,  separable,  179,  203.  See 
Functions 

Variation,  179  ;  of  a  function,  3,  10,  54 ; 
limited,  54,  309 ;  of  constants,  243 

Variations,  calculus  of,  401 ;  of  integrals, 
401,  410 

Vector,  154, 163;  acceleration,  174;  area, 
167,  290 ;  components  of  a,  163,  167, 
174,  342 ;  curvature,  171  ;  moment, 
176;  moment  of  momentum,  176; 
momentum,  173 ;  torsion,  83,  171 ; 
velocity,  173 

Vector  addition,   154,  163 

Vector  differentiation,  170, 260, 342, 345  ; 
force,  173 

Vector  functions,  260,  293,  300, 342,  345. 
551 

Vector  operator  v.  see  Del 

Vector  product,  10.5,  168,  345 

Vectors,  addition  of,  154,  163 ;  corn- 
planar,  169 ;  multiplication  of,  165, 
163 ;  parallel,  166 ;  perpendicular,  165 ; 
products  of,  164,  165,  168,  345 ;  pro- 
jections of,  164,  167,  342 
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Velocity,  13,  173;  angular,  346;  areal, 
175  ;  of  molecules,  392 

Vibrations,  small,  224,  626;  superposi- 
tion of,  226,  524 

Volume,  center  of  gravity  of,  328 ;  ele- 
ment of,  80  ;  of  parallelepiped,  169 ; 
of  revolution,  10 ;  under  surfaces,  32, 
317,  381 ;  with  parallel  bases,  10 

Volume  integral,  341 

Wave  equation,  276 
Waves  on  water,  529 


Weierstrass'.s  inte,i;ral,  517 

WeierstrassB  J/-test,  432 

Weights,  333 

Work,  107,  224,  292,  301 ;  and  energy, 

293,  412 
Wronskian  determinant,  241 

2-plane,   157,  302,  360,   433;    mapping 

tlie,  490.  497,  503,  517,  543 
,Zeta  functiiin.s,  Z,  512  ;  f,  522 
Zonal  harmonies.  Alee  Legendre's  poly- 
nomials 


